5 uooon

5.1 0000

Definition 1 (X, | ||x),(Y, | |y) D00O000000. 000007 : D(T)—YOOOO
00000000000000{z,}c D(T)O

lim ||z, —z| = 0 (5.1)
n—oo

lim [Tz, —y| = 0 (5.2)
n—oo

0000000zeD(T)0 Tz =y.

Remark 2 (1) D(T)0 XOOOOO (dense) 00O, (T,D(T)) O densely defined operator
ud.

(2)T : X -YO0OO0OOOOO,TO closedoperator 000 . 000, 0000000000
goboobooooboooobog.

(3) (I,D(T) 00000000000 T0000 GT) ={(2,T2) |z € D(T)} C X xY O
goboobooooboooog.

ubooo,00o0obooboboooobooboooobbo,gogboboooobooboooon
g,gboooobgooobgbobobobog.

Definition 3 00000 T : D(T) — XOOO (closable) <= {x,}°°;, C D(T') 0 limy, o0 zp =
o000 Tz, OyeXUODOUODOODO, y=0.

Example 4 (1) X =Y = L?((0,1),dz)000.
D(T)={f:[0,1] =R | fO000000 f € L%(0,1),dz) 00 f(0) = f(1) =0)}.

Tf(z)=f(zx)00000 (T,D(T))0000O0.
(2)QcR*O0000000. X=Y=L*N)0O,
AT SR
Tf(x) = am?...ax%(@ (i1 4+ in = N) (5.3)
f e D(T):=Ce Q) (5.4)

000000 (7,D(T))0000000000000.000,00000000000000.
00,00000000000000000000.
Proposition 5 00000 (7,D(T)000000. PO H{x,}22, € D(T)

lim z, = x. (5.5)

n—oo

lim Tz, 00000 (5.6)

n—oo

000zeXOOOOOOOO00,P00000000zeDO00000(5.5), (5.6)0000
{z,}0000O

Sy = lim Tx,.
n—oo

000000 well-defined0 (S,D)0000000O0.



Example 6 Example 4 (1) 000000 (2)0Q=(0,1),7=40000000000000
Proposition 50 00 00000000000000.

Remark 7 (1) D(T) cPOODOOO0O0. 00 (S,p)000000000,S07T,D0O D(T)
0oo.

(2) 00000000 (T,D(T)),(S,D(S)) 0000, D(T) C D(S)0 Sz = Tx Yo € D(T)
O00TcSO0O0O0SODTOOO (ODD)DOODODO. (1)ODODODODOOODOOO, (T,D(T))0
(I,D(T))00000000000000000000000,00000000000000.

Proposition 8 (7,D(T))00000000000.
1) (T,D(T)) 00 0.
(2) (T,D(T))000 (5,D(S)000000000000000.

0 1 00O Proposition 8 00O 0O.

02 X,YO0OOOOOOOOO. 000007 :D(T)(cX)—»YOOOO. DT)00O00

I Iz O
el = llzllx + | T[ly

00000, (7,D(T)0000000000000000 (D(T),| |lr) 00000000000
ooooooon.

gobooboobboobooobooag.

Theorem 9 (000000) XO0OOOOOOOO,0000007T:D(T)(cX)—X000O
0. Dp(M0000000,7T000000.

5.2 0OO0OOOOO
goobobobobobobobuoboboboboboXx =Yoo,

Definition 10 70 XO0OOOOO0O000000000000. 700000000 (self-adjoint
operator) 00, 0000 z,ye X000O0O (Tz,y) = (2, Ty)00000000000000.

O0000,R"O000000000D0000,C"O00000D00DO0O0000ODOOOO00
Ooooo. oooooooooooboooooobo,ogoobo. onoooooooooon
00000000 densely defined 00 0O.

Definition 11 00000 (7,D(7T)) 000000 (=adjoint operator), (0 00000 0O O =con-
jugate operator) (T, D(T*))00000000O0OO.

D(T*) = {yeX|3zeX,Vee D), Tx,y) = (z,2)}. (5.7)
Rieszx0 0000, 000
[ye X |DOOO0D C(y)D00000000 zeD(T)0000,|(Te,y)| < Cy)|lz|}
0000000o0o00.000yeD(TYOOOO,
T 'y =z (00000 (Tz,y)=(y,2) 0000000 2).
O0000. (00000 well-defined0 00 00000000O0O0O0OO.).



03 (rDT"))00Doooooooooog.
Definition 12 Vz,Vy € D(T) 0000,

(Tz,y) = (z,Ty)

oooo,
TCT*

0007000000 (symmetricoperator) 000 . T=7"00000000000 self-adjoint
operator) 0 OO .

01,0 300,000000000000000. 000000000O0DO0O0O00DODOOOO0O
go.

04 QO0R00000000000AQO000000. X =12(Q,de)000. A=31
ooo.

ll(’)x

D1::{feC?GD|fDRdDDCwDDD{xeRﬂf@y#@DDDD
QD0000000000000000)

Dy = Uec%m\fDRHmuﬁDDDQDDDDDDDDDDDDggzq

DDD,%DDDDDDDD ndooooooon.

(1) D,,D,0 XOOOOOOOOODOoOoOoOOoOoooo.

(2)0000 D00 fODOOO0 AfOOODOOOOOOO Ap, 000. 0000 D,O0ODO
Oo00000ooooooboO0o0n Ap, 000. Ap,,Ap, 00DO0OOCDOOOOO0ODODDO.

05 ¢(x)0 RODODOOOO0O000000X =L%R,dz)0000

D(T) = {feX\/ lo(x ]dx<oo}
(Tf)(@) = ex)f(z) (f D))

000000(7,D(T)0000000000000000000 (7,D(7)000000000
00000000 sup, |p(z)|<coOOOOD0OOOOO

gboobgboobooboboobgo,boboobooboboobooboboann.
D(T*)=D(T)OOOOOOOUOOUODODOODOODOOOOOOD. 00O,00000000D0OO
gbobg,boobbobboobdoda,boobuooboooboobbooboboobaooboo
gob.o0boooboobooboon.

Definition 13 00000 (7,D(7)) 000000000 (=essentially self-adjoint) 0 O, (T, D(T"))
gbobobobobooboboooooooooooooooooon.

Remark 14 (T, D(T)) 0000000000000 7T000000000000O0O000OO00



Example 15 (1) 0 4000000. (Ap,,D;) O essentially self-adjoint 0000 . (Ap,, D2)
O essentially self-adjoint 00 0. (Ap,,D2) DOOOO000O0O Neumann DO OO 000000
goooo.

(2) X = L2(RY,dr)000. T=-A, D(T)=CeR")OODO. (T,D(T)) O densely defined O
0000000 essentially self-adjoint O 0O O .

(3) X = L3(R"). V(z) O

/ V(z)]’de < oo (DO0O0<R<ooDOOOD) (5.8)
Izl <R

C:= mlean" V(z) > —o0 (5.9)

00000000, D(T) =Ce(R™), OO

(Tf)(x) = =(Af)(2) + V(2)f (2).

000o00,(7T,D(T))b0000000000 (Reed-Simon, Methods of Modern Mathematical
Physics II: Fourier Analysis, Self-Adjointness, Theorem X.28 00 0). 000000000 OO
oooooooooooa T:—CZ%—I—332D C¥R)yDOoDOOOOOODOOOODODO.

0000000O00o0ooooooOo (7,D(T)) 0000000000000 o00ooooooon
gboboboboboboboobobooooboooboobobooooooobooooooDo

Definition 16 (00000000, 0000000) 000 (7,D(7) 0000000
o(T) = {)\EC‘()\fT):D(T)HRan()\fT)DDDDDDDDD Ran(A —T) = X 0O
(A—T)*l:XHD(T)DDD} (5.10)

00000000000O00C\p(T)0TOO00000000000000X0RO00000O
00000000p(T),s(T)0ROODOOOOOO

06 XO0OOODOOOOOO.T:D(T)(CX))—XO00O0O00000. Aep(T)000000
0000000 Ran(A—-T)=XO0OA-T:D(T)—X0O10100000000.

07 0000 I=10,1000000000000X =L%[0,1],de)0000f € X00
oo

(Tf)(x) = () f(z)

gooooo
o(T)={zeR|m<z< M}

O00000000m=min, f(z), M =max, f(z) D000

08 Aep(T)OOOOuO |u—X-|A=T)"Y<1000000pep(T)000000000
00000000000

(w-T)"'=A=T)" ([ + (- NA-T)")".

0000pu-T=A-D+@p-NI={I+@E-NA\-T)"'}(\—T)000000
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0000 p(IO0O0O0O0O0O0DO0O0O00DO000ODO0OO0O00DO00DLO0D o(TLOUDODO
gbobogboobboooooobboobouoobbooboaboo

09700000000000000000(T)c{reC]|A<|T|}.
D000 > |70000M-T=X(I-5)0000000 Neumann DO OOOOO0O0O
00000000

uboooboboobobobobooboboboooboboooboobobooboobaon
oooboboooooobbooo xXpopcooobooooooooobooooRrROoOoDOOOoooDOoOO
000000000 xeROODODOOCOOO

Theorem 17 (7,D(T)) D0000000000. AeCOD,
Ker(A\—=T)={ze D(T) | ( A—=T)z =0}

ooooo.
(1) Kee(W—T)0 XO0OOOODOOOO. A=a+vV-1b¢R (a,beR)OODO ||[(A=T)z|? >
Vz||?. 000 A¢ RODODO Ker(A—T) = {0}.
(2)
X =Ran(A — T) @ Ker(A - 7). (5.11)

A000000D0O0O. 0000, 000 € XO00O0OO0ODOOO o € Ran(A—=T) O zy €
Ker(A\-T)0OOOO z=x2;+2, 000,00 (21,20) =0000.
(3)A—T:D(T) - Ran(A-T)00D00000000 C>000000,000 € Ran(A—T)
oooo,

I = 7)) < Oz (5.12)

0000000, Ran(A—-T)=X00 [|[((A=T)"}| <C.
A AX=a+V=Ib(a,beR,b#£0)000000000N-T):D(T) = Ran(A—T) 0000
0000000 z€Ran(A—T)00000

I8 =)~ ] < . (513
O000Ran(A—T)=X0O0O00O
Remark 18 Theorem 17 (3) 0000007 000000000OOOOO
(i) A\=T:D(T)—-X0O0O0DOO
(i) 00 C>0000000000 2z€Ran(A—T)00000|(A=T)"t2| <C|lz|
00000000 ANOOOOOOOO0OO0000D00OoO0oO0Og, 4o e(T)cROOOO

goo

Proof of Theorem 17. (1) z, € Ker(A—=T) (n=1,2,...)00 limyoozp, =2 0000000
O Txp =AMz, 0000lmyooTz, =Xz TOOOOOOOO 2zeD(T)D0 Te=Xz. OO



OzeKer(A-T)0OO0OO Ker(A—T)000000000000000000A=a++—1b
000.zeD(T)0OOO

IA=T)al* = (
(

(a+V-1b—T)z,(a+vV—1b—T)x)
(a—T)x + v—1bz, (a — T)z + V—1bx)
= |l(a—T)a|® + b*z[* > b*||«]*. (5.14)

(2) X = Ran(» — T)@Ran(A — 7) (X0OOOOO0)0000000000Ker(A-T) = Ran(h — 1)
Doooooo
(i) Ker(A — T) c Ran(A —T)" 00O

zeD(T)0 (A-T)e=00000000000000000yeD(T)0000

0= ((5\ — T)x,y) =(z,A=T)y).

000 z€Ran(A—T)-. 000 = € Ran(r — T .
(ii) Ker(A — T) > Ran(A — T)" 000

yeRan(A—T) 000000000000 zeDT)00D000(y,(A—T)z)=0. 0000
(Tz,y)=(x,\y) O0000zeD(T)DDODODO

TOODOODO0ODOO000D0yeD(TDOOTy=MAy000000000000000000000
3) () N¢R, (i) eR DDDOO0O0O0O0ODOO
() A¢ROODO
Ker(A\-T)={0}000O
X =Ran(A —T). (5.15)

D00000000X =Ran(A-T)0000. (5.15)00 y € XOOOO 2, € D(T) (n =1,2,...)
ooooag y:hmn*}oo()\—T)l‘nDDDDyn:()\—T)l‘nDDDD.ZUn:()\—T)_lynDD

1z = 2mll = [ = T) 7 (¥ = ym)ll < Cllyn = ymll = 0 (n,m — o0).

000 XOOODOO0OO0OO 2 000000 lMy—ee Ty = Too. 00O limy—o0 Ty = limy, o0 (Azy —
Yn) = Aoo—y. TOOODOOO00O 200 € D(T) 00 T2oo = Ao —y. 0000 (A=T)2oo = v.
gooooood
(i) e ROOO

0000 AN=A0000000000000000 Ker(A—T)={0}. 000000 X =
Ran(A—7). 000000, X =Ran(A—-7)00000000000000000@) 0000
goooooog|-7)7 Y <cooooooooood
(4) (1), (3)0000000.

0 10 (7,D(T))0000D000000,CeROO0O0, 0002z D(T)0O00OO,
(Tz,z) > C|z| (5.16)

O0000. 000000(T) C [C,e0). 00DO0OA<COODON-TOOOOO0DODOOO
ooo
O00: |(A=T)z|?>(C-N?z|?0000000000000000



Remark 19 (1). 000000 (b.16) 000000, 00000000000.000,C=00
oooooooo,Cc>0000,00000000.0D000O0DOOO0DOOODOOODOOd
O0000000. Example 150 0000000000000000. 00O Example 15 (2)00
00 A=-A+VOOOOOOOVOOODOOODODODODODOOOODOOOOOOoooooOOo
00000000000 O00O00OO00oOoOooooooO. (1) 0000000 o(T) C [C,00)
Joooo, 00000000000 oog, 00000 bo00. oo, bo000oo
000070000, o(T) C[C,00)0 (5.16)000000000000000000000.

(2) 0000000000 Friedrichs 0000000000000 000O0O00OOOO,O00
0000OoODObOO00000oooDoObOoOO000oooooboboOoO0d. 0O0d Reed and Simon O O
Functinal analysis0 31300000 5000. 00O, Example 15 (1)0 (A,D;) 0000000
OO00. 00 Friedrichs OO0 Dirichlet 0000000 O0OO0OODOOODODOOO.

ubboobooboobboobooboooboobobon.

Lemma 20 (7,D(7)) 00000000000,
(1) o(T) = {X e R | infjy=12enr) (A —T)z|| = 0}.

00,D(T)=X00,7T000000000000O0OO.

(2) 172 = |71
(B) ft) =3 ,at* 000000000000, f(T)=>1,e7*00000000000
0. f(T)ODUOOODODOODOODOO,

(4) T = sup{|z| | = € o(T)}.
Remark 21 (4)0000000000000O0O0O00OOOOOOOOOOTOOOOO
sup{|z| | € o(T)} = lim 77"/

n—00
goooooogg|T < |IIT"oode(T) c{zeC ||z <|T|}000. ODODDODOOOOO
Neumann OO OO OOOO0OOOOOODOOOODO
Proof. (1) p(T)NR={XA€R| ianmH:l,xeD(T) IA=T)z|| >0, 00000000000 p(T)
doooooooooono
(2) ||T2HS”TH2D|:|D|:|D|:|D|:|DDDDDDDDDDDDDDDDDDDDD

IT|I* = sup (Tw,Tz) = sup ([%z,2) < sup |[T%z|| < |17 (5.17)
ol <1 ol <1 ol <1

(3) A(TODDOOODDDOOOODOf(e(T)) Co(f(T)DD0O0DDOO. o(f(T)) C f(ao(T))D
D000000. a,#0000. Aeo(f(T)000. AN00DDO0. f#)—A=000000
000000 w; (e=1,....mO000000 ¢,...,q 00000 (1#£500 ci=c; 00000
Ooooooo)

F&)=A=an [] t=p) J] *+e¢p)- (5.18)

1<i<m 1<5<l



0000n=2+m000000000000000000O0O0O0DOOOOODODODOOO (OO
000000 POODOODOODOOO Pt)y=000000000O000O0OOO)DOOOODODOO
goboobooobooboooobooon

a,' (FT) =N = ] @) [[ @ +¢) (5.19)

1<i<m 1<5<1

Aeo(f(T) D00 inf{||(f(T)—Na|| | |z =1} =000007T2+¢ 0000000000

mf{|( [T (T —pa))al | |zl =1} =o0.

1<i<m

000000,00:00000 inf{||(T—pw)z||| 2] =1}=0000000000000 40
000 4 €o(T)00000000D0 f(u)=A0000
(4)00

||T2H:sup{|:v]|x€0(T2)} (5.20)

000.00000000,0(T)CR, (2),3)00
ITI1? = |T%|| = sup {|z| | = € o(T?)} =sup {a* | 2 € o(T)}.

00000000. 0000000000 7T0000,0 900 ||T?] > sup{|z| |z€a(T?)}.
O00|T|I?eo(T?) 0000000

sup (T?z,z) = sup (Tz,Tx) = ||T|* (5.21)
[lzf=1 llzl=1
googd
it Q71 =T2)al? = it (T + T2 = 2T 0))
< Hi]|f|1f12HT\|2 (IT)1* = (T%z,z)) = 0. (5.22)
z||=

(522)0 (5.21)0000.00000, (000000000000 O

Remark 22 TODO0O0000000o(7T)={0}00700000000000000000
0.00,X=L[0,1])0

uww=4f@@

0000, Neumann 0 00000000 o(T)={0}0000. 000T#0.0000T00O0O
gooooo.

011 00 (0)00o0oooT0o000o(T)={0}000.000,T*0000T#T*000.



53 0000000000O0O0O000O ()

gobooooboboobbooobbooboboooboooboooobobooobobooobboo
gbobobobobooooobooboooooooooooon

Theorem 23 X =C*000 R*"O00000O00CO0O0ODOODO0O0T: X —-X0OO0OO
00 AD0DDDOOX =CrO000007T0000000% A=A, X=R"'0000'A=A0
gobooboobbooboobooobooboobboorobooboobobooboo
gbodobrnbOoobobobboboobooboboboibd og,...,a, DO0O0O000 o 0
000000000000 X;0000+:¢#;000 X, 1LX;0000000Xx,00000 B0

goo
k

T:}jma

i=1
gooooo

0000000000000 0000000000DO (00000000000 OO0)O von
Neumann OO 0000000000000 0OO00O0O0DO00O0O0DOOTheorem 23000000
000000 NeROODOOODOOOO EN)O

E(\) = > P

{i | ci<A}
= {®4 | menXi} 0000 (5.23)
gogoooooooboboooood
(i) A<pOO00 RanE(N\) C RanE(u).
(i) 000 z2eXO00000lmyseo EAN)z =200 limy—,_o E(A)z = 0.
(i) 000 peRO zeX00000kmy,p0ER) =E(y).

00 (i),3G),(il) 00000000000 {E\)} 000000000000 {ay,...,ax} C (a,b)
0000000000000 [¢,6)|0000]e,b 000

A={a=cy<...<cpy=0>}

oooo
m—1
IAEN) =) ¢ (B(eis1) — E(e)) (5.24)
=0
D000000zeXOO0OOOO
k
lim I(A,E(\))z =Y oPx=Tax (5.25)

Al=0 i=1

0000000000000 0Lma o[(A,E(\)D00D00000 [PAEMNDDDC

T = / " \EO) (5.26)

goboooboobooobooooo



012700000000 (X,(,))00000000000000000000000000
U)TDXDDDDDDDDLDDDDDDDDDD
(2)T2=T00 T*=T.

Remark 24 0000000000 {7,}00000000000O00O0TOOOODOOOOO
xeX0OOO0 limy,eTpx=T2z000000007,07T0000000000I(A,E(N)DO
TODODODOODOODbOODO

00000000000000000000000000000700000000 (i), (if), (i)
000000000000 {EW\)| —co<A<oo}OO0O000

Tx:(ﬂinmuox z € D(T)

gobobobobobobobobobobobobo

Theorem 25 (000000000) D0000O00 (X,(,))000000000 (T,D(T))0
0000000000000000{EQ\) | —co<A<oo}00D0000 (i), (i), (i) 0000
000000000000000000

D(T) = {xEXﬂ(/ZA%QﬂM%x%<m}, (5.27)

Tz = < /_ Z AdE(A)) z. (5.28)

goboobooooboooo
e JIUJ0ODODDODDOO(DOOODO,O00DO)
e J00OO III(DDDODO,0000,0000O)

0ooo0o0o00o00
0o0Oo (i), (i), (i)0000 EA)DO00O0ODO0O0O000000O0O0000. 00, AQ
[¢,5)0000000000

b
//\Qd(E(/\)x,x) \ilgoz “{(E(¢it1)x,z) — (E(c)z,x)}, (5.29)
/Oo MNd(E(\z,z) = é_hri:+ /)\2 ,x) (5.30)
b
/a ME() = lim (A B() (5.31)

013 {E(\) | AeR}000000000D(T)O (5.27)00000000
(1) ¥>A0D0000002zeX0000 (BEW)z,2)> (E\z,2)>00000000000

b b
DDDDDDa<d<U<bDDDO</ﬁVﬂ an)(/A%(umﬂgDDDDDDD
000000000 (.30)000000000000000000

10



000000000 E\)OD0O ()0000o0

(2) limaj o I(A,E(\)000000000000000000000
0000AA000000000000000

(3)a<b, c<dlO00(a,bN(cd=00000000zeX0000

< / " NEO), / ‘ AdE(A)z:) _

0000 (a,b]N(e,d] #0000 a=max(a,c),=min(b,d) 00000
b
(/)\dE /AdE )/AQ ,T)
oooo

(4)zeD(T)0000 lim (/ uE )xDDDDDDDDDDD

a——00,b—00

(5) 00000 {EX)}0O00O (5.27), (5.28)00000000 (7,D(T)0000000000
ooooooo

54 00000000O0OOOOOOO (ID)

gboobogooboooooobooboobooboobobobobooboobobooboobooobobo
0000000000000 00000000000 (00000 Dirichlet(O O O Neumann) O
0000oooO00ooOoO0)0oooo0o0ooooo0oooO0o0oooOoooooOUooo
gbobo,oboobooobogoboboboobobobobobobobobobobobOobOoon

Definition 26 (X,| )0 0000000007 € L(X,X)0 0000000000000 00
goooooon

{7}y C X O sup, [|7,]x <coOODOO0D0O0D000000 @,4) 0000 limg oo T2y
goooon

Remark 27 X OOOOUOOOOOOOOODOO,D000000DOO00O0DOOO.

Example28()X C([O 1]—>R)DDDD sup-norm 0 0 0. K(z,y) O (z,y) €1[0,1200

ooooo, = [l K (y)dy0OOO.O000O0O,7T00000000000O0.
()X—L%mudmmmm K@y[mePny)MMﬁUmDDDDDDDD.@ﬁ():
JI K (y)dy0OODOOTODDODDOOOOODOD.

U 14 000bo0boobboobooobboooboon

Theorem 29 (0000000000000 O00000) S:X—»X00000O0D0O0OO0O0O0O
00000.dmX =000000000 (1), (2)00000000000000
(1) ¢(S)000000O000

0000000000, 0(S)={6,---,8,u{0}000.000,4000000000
00000000.0000,00000000{X;}",0X;1X,(#;)000000000
00,P0X00 X, 00000000,

Tz =) BiPu. (5.32)

11



oooo.
(2) ¢(S)000000000

00000,0(S)0000000000000, o(S)={6:}2,u{0}000. 000, 60
0000000 000000000.000

(i) hmi_)oo ﬂz =0.

(i) X0ODOOOOOD00O0 X;00000,i#,000 X, LX;0X00 X,00000
pP,0000,0002zeX0000,

Sz =Y BiPu. (5.33)

=1
000 ze (@2, X,) 000 Sz=0.

Remark 30 OO (2) (i) 00 OO

éX‘ = {xeX | 3x; € X, x:ix,}
i=1 =1

oo0000. X;0S0000 3000000000000, X=@,,X;00000000
DD.(@;’;XZ-)J‘:@DDD obodoboobooboobooobooboboboboonooboboooobooog.
O0000 sSooopooooooo ElO

O x

{i | Bi<A}

gobogooab.

Proof 0000O0O0D0OO.
oo,

(i) peaS) (000000 2#0,Te=pxz000.
(i) Sz =pz, Sy=vy, pn#v 000 (z,y) =0.
(i) D00 peR(p#0)0000,dim{zr e X | Tz = pux} < co.

ooo.
00,s(S)0000000000000000.
eo(S)00D0O00O0DO0O:

0eo(S)00000(S)\ {0} ={a1, -+ ,a,}000. X;={zeX|Sr=a2}0000 (iii)
00 dimX; < co. V= (@7, X,)" 0000 dimX =co000Y #{0}. SY cYODO SO
YyOoOoOoosSy000000000000000000. beo(Sly),b#£00000 ()00
{reY |Te=0bz}#0. 00000000000, 00006 (T|y) = {0}. Lemma 20 (4) 00,
Sly=0000.000000e0(T)000.

00000000000 (1)0000000000000

eo(T0D0D0O0O0D0DODO

12



(iv)o(T)0D 000000000000.
0 (i), (i)000000000.0000¢(7T)000000 (2)0000000000000
0000000. 00, (@2, X)"#£{0}000 S, xyt =0000000. O
=17

0 15 00 (i), (i), (iii), (v) 00000

oboobooooboooooooon

Theorem 31 (000000000000000000000000000000) (T,D(T))0
(Tz,z) > C|z|? (x € D(T))00000000000000. A<COOOOOOOO (A=T)"
00000000000000.00000000000.

() X000000000 X,000000n#m0O000 X, L X,00

X = éx (5.34)
=1

(2) +0o00000000000000 {an}2, 0 >CO00000000, D(A)0000
0oooooooo.

D(T) = {x e X ‘ 3 Q2| Paally < oo} . (5.35)
n=1
(3)zeD(T)0D0OO,
Tz =) anPuw. (5.36)
n=1

Proof. S=(A—T)"'000.S000000000000000 kerS={0}000,0000
000000000000000000 {4}, 000000000 X;000000

Sz =Y piPu. (5.37)
i=1

(A=Tz, ) <A-O)||=z|*> =2eD(T)D0000002(#0eX0000
(Sz,x) <0. (5.38)

oO00DooO0o0obD <0000 B;<0. 00000000000, ;00000000 000000
000000000000000 T T=XA-S"1000 (5.37)000

Tz = i ()\ — ;) Pix. (5.39)

i=1
O000D7T=7T0000000000000000000000,00000000.

(i) aiz)\—%DDDDD o 0 oo 0OOOOOODODOOOOOO
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(i) (5.35) 0000 T0O00000000 (7,D(T)00000000 (D(T) 0 dense 000
D00D0000000)000.000,R0S0000000 AROOO.

(i) S=\-7)"'00000000T=T000.
(iv) 000 oy >CO000

ooooooooooo. [

0 16 00 (i), (i), (i), (iv)0 00000000000,

Remark 32 000000000000 (Theorem 25) 00000000 OOOTheorem 3100
goobooo,roogooboon

EN= > P (5.40)
{i | i)}
(5.40)000000O0ODODOOODO
/ Nd(ENz,z) = Zaf”PimHQ (5.41)
oo i=1

( / h AdE(A))m _ gaiﬂm (5.42)

—00

5.5 U

goobo,boobooboboobobbobbobbooboobbobboobo0o.bbobobo
goboobooobboobooobooooboa.

Theorem 33 Example 15 (1)Neumann OO0 0000000000 0ORemark 1900000
Dirichlet 0000000000 OOODOOO, Theorem 31 OOOOOODOO.

Example 34 0000000000 D =(0,)) (1 >000000000X00000000

O LQ((O,Z),dm)DDDT:%D Neumann 0000 «/(0) =«/(I) =00000000000
2

DDDDDDD%@%:V?ewm:VCam(7@(nzlﬂJDDDD{%}m:OJVJ

070000\ =-(%)’ 000000000 X000000000000feX00000
u(t,z) =320 je (f,en)en(r) (00 XOOOOODOOO, (fe,) 0 XOOODO)OOOO u(t,x)
gooooooobobobbooooogg

ou 0%

’LL(O,%’) = f(x)a
3 u(t, x) = 0. (Neumann OO0 0)
z=0,1

l
p(t,z,y) = Yoo geMlen(x)en(y) (6> 0,2,y € D)OOOO u(t,z) = [ypt z,y)f(y)dyD000
00 p(t,2,y) 000000000000000000000000 f!p(t,z,y)dy =1, p(t,z,y) =

14



p(t,y,z) 00000000000000000000000000000000 p(t,z,y)>00
000000000000 Op(t,2,y)0 DOO0OODOO0OO0O0OO0O00O00O0O000000000
00000000000000000 p(t,z,y)0000000000000000000 DOO
000000000e,(2),\, 000000000000

0 17 X = L*(D,dx) O T:%DDDDDDDDDDDDDDDDDDDDDDDDDDDD
000000000000 b0obo0ubdOExample 34 DO O OOODOOOOOODOO
o0000ooogooo(,)0o0!/000oooo0O00o00oooooooDODoO0o0o0nOOn

(1) (Dirichlet0000) u(0) = u(l) =0.

(2) (00D00O00) w0) = u(l),u(0) = ().

Theorem 35 X = [>(R") 0007 =-A+V(z), D(T)=C000. V(x)0DOOODOO
o0 o0< R<OOODOO sup||wHSR|V(x)] < oo QOO hm”xH_)OOV(x):—FOODDDDDDD
Example 15 (3) 000 (T, D(T))0000000000000000000000 Theorem 310
ogoooooo

U000 Theorem 33, Theorem 35000 00O 00O0O0OO0O0O0OOO0OOOOOOOOODOO
oooo00oO0oooOoO00oO0o0DOoOobOO00DOO0DbOO00n RellichOOooooo

Theorem 36 Q C R*"000000000CE(Q) 00000000000 f,ge CP(Q) 00
ooo

oy = .35, @) g ) (5.43

DO000{f}52; € CR(Q) O sup, || fullgy <o 00000000200 000000000
0 {fuw}2, 000000

000000000000 00ooOoOU000DD0DOoOLO000D0DO (DoOboboooooooo

00)o
Theorem 33000 O

sup [[(1 = T) fnllx < o0
n

ooo, f,,0000000b0C0ooo0ooD. oo,

| tapdo 41ty = [ fa@Pde+ [ (ARl (5.44)
Q Q Q
< 0 -Dfal% (5.45)

O00,Rellich00000,0KO00. (544)000000000O0O0OO.
Theorem 350 0 0O O

0000 C:=infuern V(z) > —00. 0 10000 (1+1|C|+A)~'0 XO0O0OOOOO0O0OOO
O0.000000000000DODOO.{f,}cXO

A +[Cl+A)fallx <1 (5.46)
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0000000.000000 |fxllx <100000000000000e000000000
O0R>00000, inf>g_1 V(z) >e ! (5.46) 00

/ V(z) folz)?dz < 1.
lz]|>R~1

ooooo
/ fo(@)?de <e. (5.47)
lz]|>R~-1
prU
1 if 2| <R -1
¢R() {0 it 2] > R (5.48)

O00D000000. 000Osup, |pr(r)| <100 sup,;

%g@ﬂgzmmmmmmmm.mmm

9 O fur) |’ Ofu |’ )
+— (fnp :/ ——| dz < / dxr + 8 fn(x)“dx
H al‘z ( R) L2(R") [|z]|[<R+1 axl axz R™ ( )
< / (=Afo) (@) fou(2)da + 8
< (5.49)

00000, Rellich 000000, {fupg)e, 0000 LR O000000000000000
0. DDDD®4UDDDDD UJDDDDDDDDL%RQDDDDDDDDDDDD

googoobooboobooooo

Emmmm37X:JHR%DDDT:—A—@WDGU=C$m%DDD.DDTDDDDD
0000000000000000000000000000000000000000000
DDDDDDDDDDD.DDDDJﬂxH” —oco0 00 Example 15 (3) 000000000

ooooooboboobD. oob,0b0do-RellichdO00O0O Theorem 39 DODODO, 0000
gbobobob.rTobob0obobobobobobobToOooOobDOoboooboooDg.

Theorem 38 (0 0-Rellich) (S,D(S))00000000 X000000000000. (B,D(B))
ooooooo
(1) D(S) € D(B)
(2)000<6<10C>0000000000=zeD(S)0000,

| Bx|| < 6[|Sz|| + Cll|] (5.50)
00000000000,S+B0D(S)0000000,0000000000.
Theorem 39 000 0<46<10000COO000O0O000,000 feCP@®R)OOODO,

sup [f(2)] < S Aflr2 + Cllf ] 2 (5.51)

zeR
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0 18 Theorem 390000, S = —A,
(Bf)(x) = —f(z) (5.52)
D(B) = {f € L*(R3) | f(;) € L2} (5.53)

OodboOd, Theorem 38000 00O0ODOODOODOO.

0 19 (40,D(4) 00000000 X0O0OOOO000000000004,0000000
0 (A,D(A) 00000000 CO00000000 z€D(A4)00000(Agz,z) > Cllz|? O
00000 zeD(A)0000 (Adz,2) > C|z|?00000000

020 feCPR)OOO.00000 0000,

f(x,y,2)°
RS \/ 22+ y? + 22

goo.

1
dodydz < 5 [ (V) @y, 2)Pdudyds + o [ 5,00 dodyd:
2 R3 2e R3

000 : z=rsinfcosp,y =rsinfsing,z=rcos§ 000000000 0O00DO0OO. 0000
r:g(é)DDDDD,DDDDDD.DD,azmbEODDDDDDDab§%+%§DDD
0o.

021 X=L2R%dr)000. Ag=-A—- —L— D(A) =CR}) 000O. 40000

/22492422’
000 A00D0OOODOOOOOOODOODO.

5.6 UOOOOOOUO

0000000000000 000000000000000000000000000000
0000000000000000000000000000000000000000000
0000000000000 000000000000000000000000000000
000000000000000(T,D(T))00000000,E(\) 0000000000000
O0a<bO0O000E((e,b])=EOb) —E(@DD000000000000000000000000

Proposition 40 A e o(T)0 00000000000 e>00000 Ran E((A—¢g,A+¢]) #0.

Definition 41 (1) \0 70000000000000 «(7)0000000000000 o4is(T)
00000000000 (discrete spectrum) O 0 OO

(2) Gess(T) = o(T) \ 0uise(T) 0 TOOODOODOOOD (OODODOODOODDODOO
essential spectrum) 0 O OO

(3) 7000000000 (D000 2#£00Te=XA000A00)0 0,(7) 00000000
00 (point spectrum) 00 OO

Remark 42 0000000 OO0ODOOOODOOOODOODOO.

vbooooboobooobooboooboooooobobooboobooboboooo
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Theorem 43 L2(R",dz)0 T = -A+V, D(T) = Co(R")000000000r=30000
VelL?(R"ds),n>4000000 p>n/200000 Ve LP(R*dz) 0000000000
(T,D(T))00000000000000000000 TOO00 0ess(T) = [0, 00).

000 o(—A) = 0ess(—A) = [0,00) OO O.

Theorem 44 Example 15 (3) 0000 L2(RV,dz)000000000000007T =-A+V
O000. 000 liminf, .\ooU(z) =c00000. 0000 0ess(T) C [c,00).

goboobooboobbooboo

Theorem 45 00000000000

(1) A € 0ess(T).

(2) A0 ¢(T)00000000000000000000000000
(3) 000 e>00000dim Ran E(A—¢,A+¢]) = oo.
(4)A0000000000000 {z,} 000000

(

i) {zn} C D(T).

(i) {z,}000000000.

(i) limpy—oo [|[(A = T = 0.
TOODODOOOOOOOOO E(\)DO00O0OOO0O0OO

Definition 46 (1) X, 0 TOODO0O0O00000000000000000000
(2) X.0 (E(\z,2)0 ADODODODODOOOOOO 2000000000
(3) Xoe O (E(\)z,2) 0 ADOODOODDDD0O0000 2000000000

Remark 47 00 F(¢) (tcR)000000000000000000000000O
e J00e>000006>00000000000000000000 {(a;,b]|1<i<n}O
S (bi—a;)<600000 X" |F(b) — F(a)| <eD0DOD.

0000000000000 000000000 F)OOODODODOOooooooooooo
goog

e (000000000 ¢t0000000000 —co<a<b<-4oo0000 F € L([a,b], dt)
0000000

b
ﬂw—Fmﬁi/F%Mt (5.54)
a
DD|:|DDDDDDD(5.54)DDDDDDDDDDDDDDDDD

Theorem 48 (1) X, X,,0 XO0O00OODOOODOOODODO0 X=X,6X. 000000000
(2) T(D(T)NX,)Cc X.. 000 (TIprynx..D(T)NX) 0 X, 0OODODODODOO0OO0OO0

Definition 49 Theorem 48 (2) 00000000 (T|paynx., D(T)NX,) 000000000
o (T)0000T000000000000

Remark 50 DUO0DOO00O0OO0DOOOOO0OO0ODOOOODOOODOOOODOODOOOODO
0000000000000 0000000D0000000O(oOoOOoO0)DOOOO00O0OD
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Xp, X, XoeODOOOOOODOOOOOOOOOOOOOOOOOOOOO0O0O0000000
gobooboobooboobgooboroobooboooboobobobobo0o HOobOoooo
goo

Definition 51 HO COO0U00OU00O00O0 XOOOOODOODODOUOE\OODODOODOOOOOO
teROODODODODXOOOOOOOOO

b
VERMIB() = i —Vlet — B(e; :
/a e IAIITO Z e E(cit1) (ci)) (5.55)

00000 (D00ooO00000oO0O0U00b0OoO00o0DUbOODOOoDUOOD). o0 A={a=
<-<cp,=0}000[eb 000000000 OODOOOOOOO

b
Ut) = e V1 = lim (/méV*”MﬂM> (5.56)

oooooao
Remark 52 (1) U(t) 00000000 (|JUWz|| = ||| V2 € X) 000000000000
ooo

d

ZUWMz = —V/-1HU(t)z  (t€R) (5.57)

U0z = = (5.58)

000 H=-A+V0O00O00000000000000000
(20000000 HOOODODOOOOOOOOOOO0O0 f(\)0000000 f(F)00000

0oooooo
/ FOVAE(A

000000000f00000000f(H)00000000000O0f(\)O000000000
000000000000000000000000000000000AHOO0O0O0O00000
00 fA) =" e 00000((.55)0000000000000000000

}:%sz/mfumEQ)
k=0 >

gooog.

Theorem 53 H=-A+V 0O X =L*R"—C,de) 000000000000000000
(HueX,000

lim sup/ |e_t\/j1Hu(x)\2da: =0. (5.59)
R=00 150 J{z | 2|>R}

(2) VO -A-D0D00O0O0O0O0Owe X, O0OO

T
hm,lt/ L/ eV THy ()2 | dt =0, VR >0, (5.60)
T=oo T Jo \Jia | al<R}
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(3) VO —A-000000000u€ X, 000

lim le= =y (2)Pde =0, VR > 0. (5.61)
t=%00 Jia | |z|<R}

Remark 54 VO —-A-000000O0ODOOCDOODOO

e {un} C D(=A) O sup, [[unl|r2@n) < 00, sup,, || — Aup||p2@ny <00 00O O O0{V -up}y
0 XR" 000000000000

goo

(i) Ve L*R")
(i) limy) o V(z) =0

0000000000 -A-000000000
DDDDDDDDDDDDDD/w4ﬁﬂmemmDDDDDDDDDDDDDDDDD

A
Oo0oooopoot¢t0oo0 ADODODOUOOU0ODOOODOCOOOUOUOODODDOODOOOOODO
gboooooo

(1) veX,00DOOOOOOO0O0DO0DO0O0OO0O0O0O0O0O0 (D000, bound state)

(2) veX OOOOOODOOUOOOUOOOUOOOOODOOUOOOODDOOOODOOUOOOOOO
O00000,000000000000 (0000, scattering states)

3) ve X, 0OOOODODODOODODOUOUOO (DODODODOODOOOODODOOODOO)ODDOOODOOO
00o0o0o0oo0ooooooo(@ooooooon)

000000000000 Reed-Simon 00000000000 OOOO,0000000
O0)0ooooooooo
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