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֓ཁ

ͻͱͭ, ;ͨͭ, Έͬͭͱ͍͏Α͏ʹࢠͲͷ͔ࠒΒͷͷʢݸʣΛ

͑Δ͜ͱʹͪͨࢲ׳Ε͖ͯ·ͨ͠. ͢Δͱ

ʮ͕݀ n͋ݸΓ, ϋτ͕ (n + 1)Ӌ͍Δ. ϋτ͜ͷ݀ͷ͍ͣ

Ε͔ʹೖΔ. ͜ͷͱ͖ 2ӋҎ্ͷϋτ͕ೖΔ͕݀ͻͱͭ͋Δʯ

ͱ͍͏͜ͱͨΓલͷ͑ࢥʹ࣮ࣄ·͢. ͜ΕΛʮോͷݪཧʯͱݺͼ·

͢. ͜͜Ͱ͜ͷݪཧΛূ໌͢Δ͜ͱͷ͠͞Λͯ͑ߟΈΑ͏ͱ͍ࢥ·͢.
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1 ോͷݪཧ Pigenohole principle

͕݀ n͋ݸΓ, ϋτ͕ (n + 1)Ӌ͍Δ. ϋτ͜ͷ݀ͷ͍ͣΕ

͔ʹೖΔ. ͜ͷͱ͖ 2ӋҎ্ͷϋτ͕ೖΔ͕݀ͻͱͭ͋Δ.

͜ͷݪཧ, σΟϦΫϨ (J. P. G. L. Dirichlet 1805-1859,ʮδϦΫϨʯͰ

ͳ͍)͕ॳΊͯ໌֬ʹݪཧͱͯ͠ड़ͯূ໌ʹ༻͍ͨ͜ͱ͔ΒʮσΟϦ

ΫϨͷந͖ग़͠๏ Dirichlet’s drawer principle, Schubfachprinzip, 1834ʯ

ʮശೖΕ๏ box principleʯͱ͔ʮ෦ׂΓ๏ʯͱݺΕ͍ͯΔ.
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෦ͷ͕nͰ͋Δͱ͖, n+ 1ਓҎ্ͷਓؒʹରͯ͠෦ׂΓΛ

͠Α͏ͱ͢Ε, ඞͣ͋Δ෦ 2ਓҎ্ׂ͕ΓͯΒΕΔ.

͜ͷ࣮ࣄࣗ໌Ͱ͋Δ͕, ͜ͷ๏ͱ͖ʹۃΊͯྗڧͰ, ෦ׂ

Γ๏͋Δ͍ോͷ๏ͱݺΕΔ. ,తʹ࢙ྺ σΟϦΫϨ͕

͜ͷ๏Λ༻͍ͯͷ݁ՌΛಋ͍ͯҎདྷ, ଟ͘ͷʹΘΕ

͍ͯΔ.ʢུޙʣ

ʢؠ ֶೖࣙయ ෦ׂΓ๏ͷ߲ΑΓ, Ҿ༻ऀʹΑΔԼઢʣ
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1.1 ͷ֬ఆݸ

ോͷݪཧࣗ໌Ͱ͋Δͱ͑ߟΒΕ͍ͯΔ. ͦΕͳͥͩΖ͏͔ʁ

ͪΖΜ

ϋτͷݸ (n+1)ͷ΄͏͕݀ͷݸ (n)ΑΓଟ͍͔Β,ҰͭʢҰ

ӋʣͣͭҰͭͷ݀ʹೖΕ͍ͯ͘ͱҰͭʢҰӋʣ༨ͬͯ͠·͏

͔Β

Ͱ͋Δ͕, ͦͦ, ͷͷݸͳͥ֬ఆ͢ΔͷͩΖ͏͔ʁ
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ʢ༗ݶʣू߹ A ͕༩͑ΒΕͨͱ͖ʹ, ͦͷཁૉͷݸΛ͑Δʹ, ͻ

ͱͭ a1, ;ͨͭ a2 ̸∈ {a1}, Έͬͭ a3 ̸∈ {a1, a2}, . . . ͱҰ, ͑ͨͷΛ

औΓআ͖ͳ͕Β, ͻͱͭͣͭͦͷཁૉΛ 1, 2, 3, . . . ͱରԠ͍ͤͯ͘͞.

a1 #→ 1, a2 #→ 2, a3 #→ 3, . . .

͜͏ͯͯ͢͠ͷཁૉΛ͑ऴΘͬͨͱ͖ʹ, ରԠͨ͠ʹޙ࠷ an #→ n

͕ͦ͜ू߹ AͷཁૉͷݸͱݺΕΔͰ͋Δ.

͜ΕΛֶͷݴ༿Ͱू߹Aͱू߹ {1, 2, . . . , n}ͱͷؒʹશ୯ࣹʢҰର

ҰରԠʣΛͭͬͨ͘ͱ͍͏. ·ͨ͜ͷରԠʢࣸ૾ͱ͍͏ʣΛҰͭͷจࣈ

fͰදͯ͠ f : A → {1, 2, . . . , n}, f : ai #→ i ͱॻ͖ද͢.
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Ұൠʹೋͭͷू߹ A,B ʹ͍ͭͯ, Aͷ֤ཁૉ a ∈ A ʹBͷͻͱͭͷཁ

ૉ f(a) = b ∈ B ͕ରԠͤ͞ΒΕ͍ͯΔͱ͖, ͜ͷରԠ f Λू߹ A͔Βू

߹ Bͷࣸ૾ͱ͍ͬͯ f : A → B ͱॻ͖ද͢.

ࣸ૾ f : A → B ͕, ҟͳΔAͷཁૉΛඞͣҟͳΔBͷཁૉʹରԠͤͯ͞

͍Δ (a1 ̸= a2ͳΒ f(a1) ̸= f(a2))ͱ͖, f୯ࣹͰ͋Δͱ͍͏.

a1❴
f
!!

̸= a2❴
f
!!

f(a1) ̸= f(a2)
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·ͨ, ͲͷBͷཁૉ b ∈ Bʹ͍ͭͯ f(a) = bͱͳΔAͷཁૉ a͕গͳ

͘ͱͻͱͭଘ͢ࡏΔͱ͖ʹ fશࣹͰ͋Δͱ͍͏.

A ∋ a
f

""❴❴❴ b ∈ B

ࣸ૾͕શ୯ࣹͰ͋Δͷ, ஸ, f͕શࣹ͔ͭ୯ࣹͰ͋Δͱ͖Ͱ͋Δ. ͭ

·Γࣸ૾ f : A → B ͕A͔ΒBͷʢAͱBͷؒͷʣશ୯ࣹͰ͋Δͷ,

A ͷཁૉ aͱBͷཁૉ b͕, f(a) = b ͱ͍͏ؔʹΑΓஸͻͱͭͣͭޓ

͍ʹ݁ͼ͚ΒΕ͍ͯΔͱ͖Ͱ͋Δ.

A ∋ a ##
f

""b ∈ B
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͢Δͱോͷݪཧ͕ड़͍ͯΔ͜ͱҎԼͰ͍ݴදΘͤΔ.

ఆཧ 1.1 ʢࣸ૾൛ͷോͷݪཧʣ

ू߹ {1, 2, . . . , n, n+ 1}͔Βू߹ {1, 2, . . . , n}ͷ୯ࣹଘ͠ࡏͳ͍.

(n+1)ӋͷϋτͷͦΕͧΕ͕n͋ݸΔ݀ͷ͍ͣΕ͔ҰͭʹೖΔೖΓํ

͕, ஸ, ࣸ૾ f : {1, 2, . . . , n, n + 1} → {1, 2, . . . , n}ΛఆΊ, ͷΑͦʹٯ

͏ͳࣸ૾ f͕༩͑ΒΕΕ, ϋτͷ݀ͷ͖ߦઌ͕ͻͱͭࢦఆ͞ΕΔ.

{1, 2, . . . , n, n+ 1}͔Β {1, 2, . . . , n}ͷ୯ࣹ͕ଘ͠ࡏͳ͍

⇔ Ͳͷࣸ૾ f : {1, 2, . . . , n, n+ 1} → {1, 2, . . . , n}୯ࣹͰͳ͍

⇔ Ͳͷ݀ʹෳͷϋτ͕͍ͳ͍Α͏ͳೖΓํͳ͍
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ू߹ͷཁૉͷݸ͕ͦΕͧΕͷʢ༗ݶʣू߹͝ͱʹ֬ఆ͢Δ, ͭ·Γͦ

ͷ͑ํʹΑΒͳ͍ͷ࣍ͷ͔࣮ࣄΒ͔Δɿ

ఆཧ 1.2 ೋͭͷࣗવ n,mʹରͯ͠શ୯ࣹ f : {1, 2, . . . , n} → {1, 2, . . . ,m}

͕ଘ͢ࡏΕ, n = m.

ͳͥͳΒ,͍·ू߹A͔Βू߹{1, 2, . . . , n}ͷ,͓Αͼू߹{1, 2, . . . ,m}

ͷશ୯ࣹ f : A → {1, 2, . . . , n}, g : A → {1, 2, . . . ,m}͕ͦΕͧΕ༩͑Β

Ε͍ͯΔͱ͢Δ.

{1, 2, . . . , n} A {1, 2, . . . ,m}
x
!"

a
f

##
!"

g
"" y
!"
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{1, 2, . . . , n} A {1, 2, . . . ,m}
x
!" f−1

"" a
!"

g
"" y
!"

֤ x ∈ {1, 2, . . . , n}ʹରͯ͠ f(a) = xͱͳΔ a ∈ A͕ஸҰͭ͋ΔͷͰ,

͜ͷaΛxʹରԠͤ͞Δ͜ͱͰࣸ૾ f−1 : {1, 2, . . . , n} → Aʢfͷ૾ࣸٯʣ

.ΒΕΔ࡞͕

͜ͷͱ͖x ∈ {1, 2, . . . , n}ʹରͯ͠, ઌͣ f(a) = xͱͳΔ a = f−1(x)Λ

ରԠͤͯ͞, ͦͷޙͰ͜ͷ aʹ y = g(a) ∈ {1, 2, . . . ,m} ΛରԠͤ͞Δ͜ͱ

Ͱ߹ࣸ૾ g◦f−1 : {1, 2, . . . , n} → {1, 2, . . . ,m}, (g◦f−1)(x) = g(f−1(x)),

x #→ a #→ g(a), ͕ఆٛ͞ΕΔ.
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{1, 2, . . . , n} A {1, 2, . . . ,m}
x
!" f−1

"" a
!"

g
"" y
!"

͢Δͱઌͣશ୯ࣹ fͷ૾ࣸٯ f−1શ୯ࣹʹͳΔ͜ͱ͕͔Δ.

ͦͯ͠ͱʹશ୯ࣹͰ͋Δೋͭͷࣸ૾ f−1ͱ gΛ߹ͯͨͬ͠࡞߹ࣸ

૾ g ◦ f−1 : {1, 2, . . . , n} → {1, 2, . . . ,m}શ୯ࣹʹͳΔ͜ͱ͕͔Δ.

ͦ͜Ͱఆཧ 1.2ʹΑΓ n = m Ͱ͋Γ, ू߹Aͷཁૉͷݸ, ࣸ૾ f, g

͕ఆΊΔ͑ํʹΑΒͣʹ֬ఆ͢Δ͜ͱ͕͔ͬͨ.

ͱ͜Ζ͕͜ͷ࣮ࣄʢఆཧ 1.2ʣോͷݪཧ͔Βࣔ͞ΕΔͷͰ͋Δ.
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ೋͭͷࣗવ n,mͷؒʹશ୯ࣹ f : {1, 2, . . . , n} → {1, 2, . . . ,m}͕༩͑

ΒΕ͍ͯΔͱͯ͠, n ̸= m Ͱ͋ΔͱԾఆ͢Δ. ͍·ҰൠੑΛࣦ͏͜ͱͳ͘

n > mͰ͋Δͱͯ͠Α͍. ͭ·Γ n ≥ m+ 1.

ࣸ૾ fΛू߹ {1, 2, . . . ,m+ ಘΒΕΔࣸ૾ͯ͠ݶ੍ʹ{1 g(i) = f(i),

g : {1, 2, . . . ,m + 1} → {1, 2, . . . ,m} Λ͑ߟΔ. ͢Δͱ͜ͷࣸ૾ gू߹

{1, 2, . . . ,m + 1}͔Βू߹ {1, 2, . . . ,m}ͷ୯ࣹͱͳΓ, ോͷݪཧͷࣸ

૾൛Ͱ͋Δఆཧ 1.1ʹໃ६͢Δ. Αͬͯ n = m Ͱͳ͚ΕͳΒͳ͍.

,ہ݁ ോͷݪཧΛ, ू߹ͷཁૉͷݸͷେখΛൺֱ͢Δ͜ͱʹΑͬͯࣗ

໌Ͱ͋Δͱ͢Δͷ, ू߹ͷཁૉͷݸͦͷͷ͕ോͷݪཧʹΑܾͬͯ

·ΔͷͰ, ॥͍ͯ͠Δͱ͑ߟΒΕΔ.
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ҙ 1 ఆཧ 1.2ू߹ {1, 2, . . . , n}, {1, 2, . . . ,m}͕ͱʹ༗͔ͩݶΒ

Γཱͭ.

ແूݶ߹ XͱY Ͱ, X͕Y ͷਅ෦ू߹Ͱ͋ͬͯXͱY ͷؒʹશ

୯ࣹ࡞ΕΔʢΨϦϨΦɾΨϦϨΠʣ

ྫ͑ࣗવશମͷू߹ N = {1, 2, . . .}ͱͦ͜ʹೖ͍ͬͯͳ͍ཁૉ a ̸∈ N
ʹ͍ͭͯू߹N ! N ∪ {a}Λ͑ߟΔ. f(n) = n+ 1 (n ∈ N), f(a) = 1ͱ͢

Εࣸ૾ f : N ∪ {a} → Nશ୯ࣹ.

N ∪ {a} a

$$❀
❀❀

❀❀
❀❀

❀ 1

$$❀
❀❀

❀❀
❀❀

❀ 2

$$❀
❀❀

❀❀
❀❀

❀ 3

%%❄
❄❄

❄❄
❄❄

❄❄
· · ·

N 1 2 3 4 · · ·
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2 ോͷݪཧΛূ໌͢Δ

ോͷݪཧ͋Δ͍ఆཧ 1.1, ຊ࣭తʹࣗવʹؔ͢Δ໋Ͱ͋Δ͔

Βֶతؼೲ๏Ͱূ໌ͯ͠ΈΑ͏. ఆཧ 1.1ͷ໋

ू߹ {1, 2, . . . , n, n + 1}͔Βू߹ {1, 2, . . . , n}ͷ୯ࣹଘ͠ࡏ

ͳ͍.

͋Δ͍ಉ͜͡ͱ͕ͩ

ҙͷࣸ૾ f : {1, 2, . . . , n, n+1} → {1, 2, . . . , n}୯ࣹͰͳ͍.

ΛA(n)ͱॻ͍ͯ, ͜ΕΛࣗવ nʹؔ͢Δֶతؼೲ๏Ͱূ໌͠Α͏.
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·ͣ n = 1ͷͱ͖Λ͑ߟΔ. ࣸ૾ f : {1, 2} → {1} f(1) = 1 = f(2)Ͱ

͋Δ͔Β୯ࣹͰͳ͍. ΑͬͯA(1)ཱ.

A(n)͕ਖ਼͍͠ͱԾఆͯ͠ʹ࣍ A(n+ 1)Λಋ͜͏.

ࣸ૾ f : {1, 2, . . . , n+ 1, n+ 2} → {1, 2, . . . , n, n+ 1}͕༩͑ΒΕ͍ͯΔ.

͍·͜ͷ f͕୯ࣹͰ͋ΔͱԾఆ͢Δ.

߹ 1. ॳΊʹ n + 1 ͕ f ͷҬʹೖ͍ͬͯͳ͍ͱ͢Δ. ͭ·ΓͲͷ

i ∈ {1, 2, . . . , n + 1, n + 2}ʹ͍ͭͯ f(i) ̸= n + 1 Ͱ͋Δ. ͜ͷͱ͖ࣸ

૾ f Λ {1, 2, . . . , n + ಘΒΕΔࣸ૾ͯ͠ݶ੍ʹ{1 g : {1, 2, . . . , n + 1} →

{1, 2, . . . , n} ͕୯ࣹͱͳΓؼೲ๏ͷԾఆ A(n) ʹ͢Δ.

16



[f : {1, 2, . . . , n+ 1, n+ 2} → {1, 2, . . . , n, n+ 1}୯ࣹ]

ҎԼ, n + 1 ͕ f ͷҬʹೖ͍ͬͯΔ߹Λ͑ߟΔ. i0 ∈ {1, 2, . . . , n +

1, n + 2}Λ f(i0) = n + 1ͱͳΔΑ͏ʹऔΔ. f͕୯ࣹͰ͋Δ͔Β, ͜ͷΑ

͏ͳ i0Ұҙʹܾ·Δ.

߹ 2. ͠ i0 = n + 2Ͱ͋ΔͳΒ, i ∈ {1, 2, . . . , n + 1}ʹ͍ͭͯ

f(i) ∈ {1, 2, . . . , n} Ͱ͋Δ͔Β, ͼࣸ૾࠶ fΛ{1, 2, . . . , n+1}ʹ੍ͯ͠ݶ

ಘΒΕΔࣸ૾ g : {1, 2, . . . , n + 1} → {1, 2, . . . , n} ͕୯ࣹͱͳΓؼೲ๏ͷ

Ծఆ A(n) ʹ͢Δ.

n+ 2

&&❏
❏❏

❏❏
❏❏

❏❏
n+ 1

''◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗
n · · ·

n+ 1 n · · ·
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߹ 3. ͋Δ i0 ∈ {1, 2, . . . , n+ 1}ʹ͍ͭͯ f(i0) = n+ 1. ͜ͷͱ͖ f͕

୯ࣹͰ͋Δ͔Β, f(n+ 2) = j0 j0 ̸= n+ 1, ͭ·Γ j0 ∈ {1, 2, . . . , n}. ͜

ͷͱ͖ҎԼͷࣸ૾ g : {1, 2, . . . , n+ 1} → {1, 2, . . . , n}͕୯ࣹͱͳΔ.

g(i) =

{
f(i) i ̸= i0 ͷͱ͖

j0 i = i0 ͷͱ͖

f : n+ 2

((❩❩❩❩❩
❩❩❩❩❩❩

❩❩❩❩❩❩
❩❩❩❩❩❩

❩❩❩❩❩❩
❩❩❩❩❩❩

❩❩❩❩❩❩
❩❩❩❩ n+ 1 · · · i0

))♠♠♠
♠♠♠

♠♠♠
♠♠♠

♠♠♠
♠ · · · j0 · · ·

n+ 1 · · · i0 · · · j0 · · ·
g : n+ 1 · · · i0

**((
(((

(((
(((

(((
(( · · · j0 · · ·

· · · i0 · · · j0 · · ·
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Αͬͯͯ͢ͷ߹ʹ͓͍ͯ, A(n)ͱ୯ࣹ f : {1, 2, . . . , n+ 1, n+ 2} →

{1, 2, . . . , n, n + 1}ͷଘࡏໃ६͢ΔͷͰ, A(n) ͳΒ͜ͷΑ͏ͳ୯ࣹ

ଘͣͤࡏ, ैͬͯ A(n+ 1) ͕ਖ਼͍͠.

ΑΓࣗવʹه্ nʹؔ͢Δֶతؼೲ๏ʹΑΓ, ҙͷࣗવ nʹͭ

໋͍ͯA(n)͕ਖ਼͍͜͠ͱ͕͔ͬͨ. ✷

3 ূ໌ͷ͠͞Λͳͥʹ͢Δ͔ʁ

ͷ໋A(n)ʹʮҙͷࣸ૾ه্ f : {1, 2, . . . , n, n+1} → {1, 2, . . . , n}ʯ

ͱ͍͏ରΛؚΜͰ͍Δ. ͦͷΑ͏ͳࣸ૾ nn+1͋ݸΓ, ͜Ε͚ͩͨ͘͞

Μ͋ΔϞϊʢࣸ૾ʣͯ͢Λશʹݟ௨ͯ͠Ѳ͠Εͳ͍.
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,Δূ໌Ͱ͕͢ػࢉܭ ,ଇʹͷΈैͬͯنցతͳػతରʹؔ͢Δࣜܗ

ਪ͕ਐ͢ߦΔ. ຊ࣭తʹ໋A,Bʹ͍ͭͯ, ҎԼͷ͔ͨͪͷਪͷΈ

ΘΕΔɿߦ

(A ·ͨ B) ͔ͭ (A ·ͨ (BͰͳ͍)) ͳΒ A

ോͷݪཧ A(n) ΛػցՄಡͳܗ A′(n)ʹॻ͖ͯ͑Ε, ͜ͷۃΊͯ

୯७ͳ໋ͷૢ࡞ͷ܁Γฦ͠ʹΑͬͯ, ֤n͝ͱʹA′(n)ূ໌͞ΕΔ. ͠

͔ͦ͠ͷূ໌ʹཁ͢Δ໋ૢ࡞ͷճ 2nͷΦʔμʔΛͨ࣋͟ΔΛಘͳ

͍͜ͱ͕͔͍ͬͯΔ (A. Haken, 1985).

ֶͷূ໌Λػࢉܭʹͤ͞Α͏ͱ͢Δͱ͖ʹ, ؔࢦ 2n͋Δ͍ോͷ

ݪཧҰͭͷোนͱͳΔ.
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4 ূ໌Ͱ͖ͳ͍͜ͱΛͲ͏ͬͯূ໌͢Δ͔ʁ

͍͔ͭ͘ͷݪཧʢެཧʣ͔Β͋Δ໋͕ಋ͚ͳ͍͜ͱΛࣔ͢ํ๏ͷҰͭ

, ͦΕΒͷݪཧΛຬͨ͠ͳ͕Βͦͷ໋Λຬͨ͞ͳ͍Ϟσϧʢߏʣͷ

ଘࡏΛ͍͏͜ͱͰ͋Δ. ͜ͷํ๏ʹΑΔݹయతͳྫ, ϢʔΫϦουͷݪ

ʹ͓͚Δୈެޒ४ʢฏߦઢެཧʣ͕ଞͷެ४͔Βಋ͚ͳ͍͜ͱͷূ໌Ͱ

͋ͬͨ.

ྫ͑ٿ໘্ͷେԁΛʮઢʯͱΈͳͤ, ϢʔΫϦουͷॳΊͷ࢛ͭ

ͷެ४ͯ͢ຬͨ͞ΕΔ͕, ୈެޒ४, Γཱͨͳ͍.

ଞํͰୈެޒ४ฏ໘্Ͱཱ͢Δ͔Β, ୈެޒ४ଞͷެ४͔Β

ಠཱͳʢߠఆ൱ఆͰ͖ͳ͍ʣ໋Ͱ͋Δ͜ͱʹͳΔ.
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5 ോͷݪཧͷಠཱੑ

ࣗવʹؔ͢ΔެཧͰ࠷ॏཁͳʮֶతؼೲ๏ʯͷެཧ, ҎԼͷΑ

͏ʹड़ΒΕΔ. ࣗવʹnʹؔ͢Δ໋ B(n)ʹ͍ͭͯ

B(1)͕ਖ਼ͯ͘͠,͔ͭҙͷࣗવ nʹ͍ͭͯ, B(n)ͳΒB(n+

1)͕Γཱͯ, ҙͷࣗવ nʹ͍ͭͯ B(n)ཱ͕͢Δ.

͜ͷֶతؼೲ๏ͰͷB(n)ͱ্ͯ͠هͷA(n)ΛऔΕോͷݪཧূ

໌Ͱ͖ͨ. ͜ͷ໋ A(n)ʹʮҙͷࣸ૾ f : {1, 2, . . . , n, n + 1} →

{1, 2, . . . , n}ʯͱ͍͏֓೦ؚ͕·Ε͓ͯΓ, nΛม͑Δͱ͑ߟΔ͖ࣸ૾ͷ

ݸ nn+1 มΘͬͯ͘ߦ.
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ോͷݪཧΛূ໌͢ΔͨΊʹ, ؔࢦ 2n͋Δ͍ʮҙͷࣸ૾ f :

{1, 2, . . . , n, n + 1} → {1, 2, . . . , n}ʯͱ͍͏֓೦͕ઈରʹඞཁ͔Ͳ͏͔͕

ͱͳͬͯ͘Δ.

ͦ͜Ͱ, ͦͷΑ͏ͳ֓೦ͷ༻Λެͨ͠ࢭېཧ͔ܥΒോͷݪཧ͕ಠ

ཱͳͷͰͳ͍͔ʁͱ༧Ͱ͖Δ.

ઌͣదͳެཧܥΛಋೖ͢Δ. ࣗવ nͱࣗવ্ͷࣸ૾ fʹؔ͢Δ

໋ B(n, f) Λ͑ߟΔ. B(n, f)ʹؚ·ΕΔʮҙͷࣗવ m ʹ͍ͭͯʯ

ʮ͋Δࣗવ m͕ଘͯ͠ࡏʯʹ͓͍ͯ, m ͕ಈ͘ൣғΛnͷ͋Δࣗવ

.Δ͢ݶ੍ʹͷଟ߲ࣜ
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m ͕ಈ͘ൣғ͕nͷ͋Δࣗવͷଟ߲ࣜ

p(n) = adn
d + ad−1n

d−1 + · · ·+ a1n+ a0 (d, ad, ad−1, . . . , a1, a0 ∈ N ∪ {0})

ఆ͞Ε͍ͯΔͱ͖,ͭ·Γʮҙͷࣗવݶʹ m ≤ p(n)ʹ͍ͭͯʯʮ͋

Δࣗવ m ≤ p(n)͕ଘͯ͠ࡏʯͱ୳͢ൣғ͕p(n)Ͱ͑ΒΕ͍ͯΔͱ͖,

B(n, f)Λ∆0(f)-໋ͱ͍͏.

ࣗવʹؔ͢ΔެཧͷதͰ, ֶతؼೲ๏Λ∆0(f)-໋ʹ੍ͯ͠ݶಘΒ

ΕΔެཧܥΛ I∆0(f)ͱॻ͖ද͢.
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ֶతؼೲ๏ҙʹݻఆ͞Εͨࣗવ্ͷࣸ૾ f ͱ͜ͷ ∆0(f)-໋

B(n, f)ʹ͍ͭͯ

B(1, f)͕ਖ਼ͯ͘͠, ͔ͭҙͷࣗવ nʹ͍ͭͯ, B(n, f)ͳΒ

B(n+ 1, f)͕Γཱͯ, ҙͷࣗવ nʹ͍ͭͯ B(n, f)

ఆཧ 5.1 (M. Ajtai 1988)

I∆0(f)Ͱ, ࣸ૾ f ʹؔ͢Δോͷݪཧূ໌Ͱ͖ͳ͍ɿ

ҙͷnʹ͍ͭͯ, fͷ{1, 2, . . . , n, n+1}ͷ੍ݶ, {1, 2, . . . , n}

ͷʢશʣ୯ࣹͰͳ͍
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ূ໌ͷૈے.

·ͣʮࣗવʯͷ֓೦Λม͢ߋΔ.

͋Δू߹ M = N∪ {a1, a2, . . .}Ͱ, fΛؚ·ͳ͍ࣗવʹؔ͢Δ໋ʹͭ

ֶ͍ͯతؼೲ๏ཱ͕͢Δͱ͍͏ҙຯͰࣗવN = {1, 2, . . .}ͱΑ͘

,Δ͕͍ͯࣅ ͯ͢ͷࣗવΑΓେ͖͍ཁૉ 1 < a, 2 < a, . . . ΛؚΉΑ

͏ͳͷΛ࡞Δ.

͜ͷΑ͏ͳू߹MΛࣗવͷެཧͷ४Ϟσϧͱͯͬݴ, ͯ͢ͷࣗવ

ΑΓେ͖͍ཁૉΛ४ཁૉͱ͏ݴ.
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ࣗવʹؔ͢ΔϖΞϊͷެཧͷͰֶతؼೲ๏Ҏ֎ͷެཧΛ͑ߟΔ. ू

߹MͱͦͷҰͭͷཁૉ 1 ∈ M͓ΑͼM্ͷࣸ૾ S : M → Mͷ͕Ҏ

ԼΛຬͨ͢ͱ͖ʹ, ͦͷΛԾʹࣗવମܥͱݺͿɿ

1. SM্ͷ୯ࣹͰ͋Δɿx ̸= y ∈ Mʹ͍ͭͯ S(x) ̸= S(y).

2. ࣸ૾SͷҬ {x ∈ M |x ̸= 1}Ͱ͋Δ.

ೋͭͷެཧ͕ड़͍ͯΔͷ, ·ͣ 1 ∈ Mࣸ૾SͷҬʹೖΒͳ͍,

ҙͷx ∈ Mʹ͍ͭͯS(x) ̸= 1 Ͱ͋Γ, ·ͨҙͷ 1 ̸= x ∈ M ʹ͍ͭͯ

S(y) = xͱͳΔ y ∈ M͕ଘ͢ࡏΔͱ͍͏͜ͱ. ҰͭͷͷެཧͱซͤΔ

ͱࣸ૾ SΛ S : M → {x ∈ M |x ̸= 1}ͱΈͳͤ, ͜ͷ S͕શ୯ࣹʹͳͬ

͍ͯΔͱ͍͏͜ͱΛड़͍ͯΔ.
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S : M → {x ∈ M |x ̸= 1}શ୯ࣹ

M = N, S(x) = x+1ͱ͑ࢥ্هͷެཧຬͨ͞ΕΔ͕N্͚͕ͩهΛ
ຬͨࣗ͢વମܥͰͳ͍. ྫ͑, M = N

∐
Z. n ̸= (1, n), (1,−n)

ͱͯ͠

M = 1, 2, 3, . . . . . . , (1,−3), (1,−2), (1,−1), (1, 0), (1, 1), (1, 2), (1, 3), . . .

ࣸ૾S : M → MΛ, ࣗવ n ∈ Nʹ͍ͭͯS(n) = n + 1ͱͯ͠, ͦΕ

Ҏ֎ͰS((1, n)) = (1, n + 1) (n ∈ Z)ͱఆΊΔ. 1 ∈ Mࣗવͷ 1. ͢

Δͱ͜ͷS ʹ͍ͭͯM͕ΓࣗવମܥͰ͋Δ͜ͱ͕༰қʹ͔Δ.
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४ཁૉ a ∈ Mʹ͍ͭͯ {x ∈ M |x < a} ແूݶ߹ͳͷͰ, ҙ 1ʹ

ΑΓ, {x ∈ M |x < a + 1} = {x ∈ M |x < a} ∪ {a}͔Β {x ∈ M |x < a}

ͷશ୯ࣹG͕ଘ͢ࡏΔ.

ͳͷ, ͜ͷΑ͏ͳશ୯ࣹGʹΑΔ∆0(G)-໋B(n,G)ʹద༻͞Ε

ֶͨతؼೲ๏Λཱͤ͞ΔͨΊʹ, GΛ্खʹߏ͠ͳ͚Ε͍͚ͳ

͍͜ͱ.
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ྫ͑G : M → MΛ, ࣗવn ∈ Nʹରͯ͠G(n) = nͱͯ͠, ४

ཁૉ b ∈ MͰ, ͋Δࣗવ nʹ͍ͭͯ b < a + nͱͳ͍ͬͯΔ b ʹ͍ͭͯ

 G(b) = b− 1ͱ͠, ͦΕҎ֎ͷ bʹ͍ͭͯ G(b) = a+ b.

1

!!

· · · a− 1

++✇✇
✇✇
✇✇
✇✇
✇✇

a

,,③③
③③
③③
③③
③

· · · b

''◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗
◗◗ · · · · · · · · ·

1 · · · a− 1 a · · · b · · · a+ b · · ·

GΛू߹ {x ∈ M |x < a+ ૾ࣸͨ͠ݶ੍ʹ{1 H શ୯ࣹH : {x ∈ M |x <

a+ 1} → {x ∈ M |x < a}Λ༩͑Δ.
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1

!!

· · · a− 1

++✇✇
✇✇
✇✇
✇✇
✇✇

a

,,③③
③③
③③
③③
③

· · · b

''◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗
◗◗ · · · · · · · · ·

1 · · · a− 1 a · · · b · · · a+ b · · ·

໋B(x, f) :⇔ f(x) < a+ xΛ͑ߟΔͱ

B(x,G)(⇔ G(x) < a+ x) ⇔ x < a+ n ͱͳΔࣗવ n ∈ N ͕ଘ͢ࡏΔ

x+ 1 < a+ (n+ 1), n+ 1 ∈ NΑΓʮB(x,G)ͳΒB(x+ 1, G)ʯ͕ҙ

ͷ x ∈ MͰཱ. ͔͠͠ྫ͑ b = 2aͱ͢Δͱҙͷࣗવ n ∈ Nʹͭ
͍ͯ b ̸< a+nͳͷͰB(b,G)ਖ਼͘͠ͳ͍. Α্ͬͯهͷGʹ໋͍ͭͯ

B(n,G)ʹద༻ֶͨ͠తؼೲ๏ཱ͠ͳ͍.
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४ϞσϧMͷଘࡏΛࣔ͢ʹ, ʮίϯύΫτੑఆཧʯͱݺΕΔֶ

.ͷఆཧΛ༻͍Δૅج ,༩͑ΒΕͨΒݸݶໃ६͠ͳ໋͍͕ແʹ͍ޓ ͦ

ΕΒͯ͢Λຬͨ͢ϞσϧͷଘࡏΛอূ͢Δͷ͕ʮίϯύΫτੑఆཧʯ

ֶతؼೲ๏ཱ͕͢ΔΑ͏ͳશ୯ࣹGΛߏ͢Δʹ੍ڧ๏ͱ͍͏ख

๏Λ༻͍Δ. ʑݩ๏੍ڧ P. Cohen, 1963-64 ͕, બެཧͱ࿈ଓମԾઆ

ͱ͍͏ू߹ͷ໋ͷू߹͔Βͷಠཱੑূ໌ͷͨΊʹߟҊͨ͠ํ๏.
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