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Preface

The notion of R-boundedness of operator families and its relation to maximal
regularity for linear Cauchy problems has undergone a substantial developement
in recent years. The aim of this series of lectures is to summarize some important
results in this direction and to demonstrate their strength in applications to
linear and nonlinear partial differential equations of parabolic type.

In the first part of the series we state sufficient conditions implying the
maximal regularity of a linear operator in an abstract framework. In particular
we show how the search for such conditions leads to the notions of bounded
imaginary powers or an H°°-calculus of a linear operator as well as to the notion
of the R-boundedness of operator families.

In the second part we show how these results can be applied to linear and
nonlinear parabolic PDE’s. Exemplary this is demonstrated for such systems as
the Navier-Stokes equations and free boundary value problems of Stefan type.

This series of lectures was held during a stay of the author at the University
of Tokyo, which was supported by GP. He would like to express his gratitude to
GP and to the University of Tokyo, in particular to Professor Yoshikazu Giga,
for the kind invitation and the hopitality during his stay. Many thanks also to
Yasunori Maekawa and Yutaka Terasawa for taking notes of the lectures and
to Ms. Mika Marubishi for turning these notes into a first latex version of the
manuscript.

Jirgen Saal



Notation and basic definitions

Let X,Y be Banachspaces, A be a linear closed operator in X. We use the
following standard notation:

D(A) : domain of A.
R(A) = A(D(A)) : range of A.
p(A) : resolvent set of A.

o(A) =C\ p(A) : spectrum of A.
Z(X,Y)(Z(X)) : setof all linear bounded operators
from X to Y (X to X).

Isom(X,Y) : set of all (bounded) isomorphisms from X to Y.

(X,Y)op : real interpolation space for 0 < # <1 and 1 <p < o
(see Triebel [25]).

[X,Y]s : complex interpolation space for 0 < 6 <1 (see [25]).

(G, M, ) : probability space, where G is a set, M a c-algebra
on GG, and p a probability measure on M.

ap : standard scalar product in R"™.

(u,v) : standard X, X’ dual pairing ( [ wvdz if X = LP).

)IP) : complex sector X4 1= {z € C\ {0} : |arg 2| < ¢}.

We say that A : D(A) — X is the generator of a bounded holomorphic Cp-
semigroup on X, if there is a ¢ € (0,7/2) such that {e_ZA}ZG% is a family of
uniformly bounded operators on X and z — e~ *4 is strongly continuous. The
class of all generators on X we denote by HOL(X).

For  C R™ open by L,(£, X) (norm: || -|,) and H; (2, X), for 1 < p < oo,
s € R, we denote X-valued Lebesgue and Bessel potential space of order s,
respectively. By W7 (€, X), 1 < p < oo, s € R\ Z, we denote the Sobolev-
Slobodeckij space with norm

lgl lgl llgte) oWl 1,0\
llwg@.x) = 9l g, x) + e — |n+<s Tz — gt Ge—lshp PY )

where [s] denotes the largest integer smaller than s. Let T € (0,00] and J =
(0, 7). We set

{fue W3(J,X) :u(0) =u'(0) = ... = u®(0) = 0},
s L . 1 1
WL X) = if k+l<s<k+l+l keNu{o,
s : 1
Wy (J,X), if s<y

The spaces o H,(J, X) are defined analogously. Furthermore, C2°(£2, X') denotes
the space of smooth functions with compact support in Q and Cg5 (2, X) :=
{u € C*(Q,X) : divu = 0} its subspace of solenoidal functions. We also set

L2 (9, X) := Cgf,(Q,X)H'Hp. Higher order differentials are denoted by D* :=



D D3? .- Do, where a = (a1,qa,...,a,) € Nj is a multiindex and |af :=
n oy 9% — :
> j—1 . Here D;j7u(z) := s u(z) for j = 1,...,n. As usual we write

J

WkP(Q, X), k € N, for the Sobolev space and /VVLT’(Q, X) for the homogeneous
Sobolev space, which is {u € L} .(Q,X) : |Vul|, < oo} modulo constants,
whereas BUC(2, X)) stands for the space of all bounded uniformly continuous
functions on . By S(R™, X) we mean the Schwartz space of rapidly decreasing

functions and the Fourier transform defined on S(R™, X) we denote by
1
(271')"/2

whereas on S'(R™, X) := Z(S(R"), X) it is defined by duality. Finally, the
Laplace transform for f € L*°((0,00), X) is denoted by

(&) = Fu(€) :== / e Sy(x)dz, ue SR, X),

Lu(\) = /Ooo e Mf(t)ydt, A>0.

If X = R" (or C") we set LP(Q) := LP(Q,R"?), WkP(Q) := WFP(Q,R"), etc.
The classical Mikhlin multiplier result:

Let 1 < ¢ < oo, k=min{j € N:j >n/2} and let m € C*(R" \ {0}) satisfy

lml[ar := max sup [£[1*[D¥m(€)] < oe.
|a|<k zeRn

Then m is a multiplier in L9(R™) and there exists a C' > 0 such that

[F ' mF| 2 (pa@ny) < Cllmllu.

Overview of classes defined in the lecture

L (X) : class of sectorial operators in X.

RS (X) : class of R-sectorial operators in X.

MR, : class of all operators having maximal regularity on X.

BIP(X) : class of operators having bounded imaginary powers on X.

H>(X) : class of operators admitting a bounded H“°-calculus on X.

RH>(X) : class of operators admitting an R-bounded H*°-calculus
on X.

HT : class of all Banach spaces X such that the Hilbert transform
is bounded on LP(R, X)) for some p € (1, 00).

oy : spectral angle of A.

of : R-angle of A.

04 : power angle of A.

e : H°-angle of A.
" : R-H-angle of A.



R-Boundedness, H>-Calculus, Maximal (L’—) Regularity
and Applications to Parabolic PDE’s

Reference: R. Denk, M. Hieber, J. Priif, R-boundedness, Fourier multipliers
and problems of elliptic and parabolic type, Memories Amer. Math. Soc., 03,
[7].

I Significance of maximal (LP—) regularity
Motivation: Mean curvature flow

Let ¢ — I'(t) describe the motion of a hypersurface in R"*1. The evolution is
modeled by the mean curvature flow equation:

X =rv, T(0)=T,. (1)

Locally: X (t,z) = (x,u(t,z))T, k = div (Vu/+y/1 + [Vul?),
v=(-Vu,1)T/\/1+ |Vu|?). Then (1) reduces to

O =, (05 + Peb)00u = —F(u) in (0,T) x R",

(MC) .
u(0) =wp in R™.
“Quasilinear parabolic evolution equation of second order”.

Construction of solutions by a fixed point argument:

Stepl: linearize

=F'(0)u Jik

=F'(0)u—F(u)

The term F’(0) is the Frechét derivative of F at 0. The left hand side is a
“second order linearization of (MC)”.

Step 2: solve linearized problem

Owu —Au = fin (0,T) x R",

(LMC) {u(O) =g in R",

i.e. show that for all (f,ug) € F =T, x Fy = LP((0, T), LP(R")) x W2~ 2/P(R")
there exists a unique solution u € E < i, where E is the related space of
solutions.

Step 3: apply a fixed point argument to the nonlinear problem



Denote by
L™V F—E

the solution operator of (LMC), i.e. uw = L™(f, ugp). Then, formally, (MC) can
be rephrased as

u=L"*(G(u),up) ”fixed point equation”.

To apply a fixed point argument it is required that

G(E) — Iy (2)
ie. 9ud)
ju kU ) P P(R"
T VP Va2 0;0,u € LP((0,T), LP(R™)).
S——— cLp

eL> by Sobolev’s embed.

Observation: The more regularity we have for u € E, the "higher” is the chance
that (2) is satisfied.

The "maximal” regularity for the solution u of (LCM) we can expect is that
8tu, Au € ]F17 i.e.

E = WP((0,T), L*(R™)) N LP((0,T), W*P(R"))

and that
10rul|r, + [|Aullr, < C(||fllr, + [|uol|F,)- (3)

Then, for p > 1 large enough s.t. E < L*>((0,T) x R™) we have that

6j uaku

1+|Vul? € L=((0,T) x R™") = (2) is satisfied.
u

Then a fixed point argument can be applied in order to get local-in-time solu-
tions for (MC). This demonstrates the significance of estimate (3) in the treat-
ment of nonlinear PDE’s.

Definition 1.1. (Maximal regularity)

Let T € (0,00],J = (0,7),1 < p < oo, and X be a Banach space. A linear
closed operator A : D(A) — X in X is said to have maximal (LP—) regularity,
if for each (f,ug) € LP(J,X) x (X, D(A))1-1/p,p there is a unique function u
satisfying

w4+ Au = f, telJ,
’LL(O) = Uo,

f.a.a. t € J and the estimate
191120 0x) + 1Al ) < C (I1Fllzn ) + luollix.pean, ) @

with C' > 0 independent of f and ug. We denote the class of all such operators
by MR,(X).



Remark 1.2.

(a) A € MR,(X) for one p € [1,00] = A € MR,(z) for all p € (1,00).
(Sobolevskii 64 [23])

(b) If T"< oo or 0 € p(A), the term ||u'||1»(7,x) on the left hand side of (4) can
be replaced by ||ul|w1.»(s,x). Then the solution operator L7t (f,up) — u
is an isomorphism i.e.

L™" € Isom (LP(J,X) x (X, D(A))1-1/pp W"P(J, X) N LP(J, D(A))).

In this situation, by the closed graph theorem, (4) is equivalent to Au €
Lr(J, X).

Maximal regularity is a powerful tool in the treatment of nonlinear PDE’s. E.g.
it is useful in:

— constructing local-in-time strong solutions.
— constructing global weak solutions.
— proving uniqueness of “mild” solutions.

— proving existence of global strong (and therefore uniqueness of weak) so-
lutions for the 2-dimensional Navier-Stokes equations.

— constructing real analytic (classical) solutions.

Note: The search for sufficient conditions on A and X that imply the maximal
LP—regularity leads to the notions of R-boundedness, H>°-calculus, and spaces
of class HT (UMD spaces).

II Sufficient conditions implying maximal regularity

Definition 2.1. Let X be a Banach space and A : D(A) — X be a closed operator
in X. A is called sectorial, i.e. A € .(X), if

(i) A is injective and D(A) = R(A) =X,
~——
=AD(A)
(ii) (—00,0) C p(A) and IM > 0 s.t. [[AA+ A) "ML x) < M, A > 0.

Then, by the Taylor expansion, there exists a ¢ € (0,7) and Cy > 0 such that
Sr_s = {2 € C\{0} : Jargz] < 7 — 6} C p(~A)

and
IMA+ A H|ox) € Cor AE Sy (5)



The angle ¢4 := inf{¢ € (0,7) : (5) holds} is called spectral angle of A. If
¢a < 7/2, then A is the generator of a bounded holomorphic Cyp-semigroup.

Examples: elliptic operators on L9(f2) (e.g. Dirichlet-Laplacian Ap); Stokes
operator A = —PA on LZ(§2), = R", R, or bounded and sufficiently smooth
(see Lunardi [16]).

2.1 An equivalent condition involving R-boundedness

Let A€ S (X),0a <7/2,f € LP(R4, X), and consider

u +Au = f, t>0,
u(0) =0.

The solution to this problem is given by
t
u(t) = / e~ =45 (s)ds, t > 0.
0

Formally we have (think of A as a matrix!)

Au(t) = /Ot Ae= (=941 (5)ds

- / (oo (t — ) A=Ay (5)f(s) ds
=tkop (t—5) —:f(s)
= (op * (1)

with an operator-valued kernel k,,. On the other hand we obtain by applying
Fourier transform that

Fhop(\) = / €M X (0,00) (1) Ae™ M dt
— A/ ei)\te—tAdt
0
= A(ix—A)7!
This implies that R
Au=F AN - AT Ff. (6)

Thus the question of maximal regularity, i.e. of whether Au € LP(R,, X) holds,
is reduced to show that A — A(iA\—A)~! is an operator-valued Fourier multiplier
on LP(R, X).

Problem 2.2: What is a sufficient condition, such that m : R — £(X) is a
multiplier (operator-valued), i.e. F~1mF € L(LP(R, X)).



2.1.1. The Hilbert space case

Let H be a Hilbert space and p = 2. By Plancherel’s Theorem we get that

FimF e L(IL*(R,H)) & m e L>®(R, L(H)).
Observation: sufficient condition:

scalar-valued case, H = C \ operator-valued case

supyer [M(A)| < oo supyeg ||[m(MN)|| 2y < o0
“just replace |- | by |[-|lzcm) ” (7)

Hence we have
Proposition 2.3. Let H be a Hilbert space

maximal regularity in L*(R,, H)
S| A=A [z <O, AER,
—_—————
=I+iA(iA—A)~1

< A sectorial and ¢4 < g

2.1.2. The Banach space case

Reminder: A sufficient condition in the scalar-valued case (X = C) is (Mikhlin’s
result)

m € C*R\{0}), sup |m(N\)| <oo, sup |[Am/(\)| < oc.
AeR\{0} AER\{0}

Question 1: Does (7) also work for the Banach space case, i.e. do we have

m € CH(R\{0}, £(X)), maxp—o,1 supycp (o3 [[Am™ (N)|[z0x) < o0 @®)
= F ImFe L(IP(R,X)),1<p<oo?

Answer: No! (8) is true if and only if X is a Hilbert space. (’if’ part : Schwartz
'61 [22] ’only if” part : Pisier, see Lancien, Lancien, Le Merdy 98 [15])

Question 2: Is “at least” Prop 2.3 still valid for Banach spaces 7

10



Answer : No! Kalton, Lancien '99 [14]: Let X be a Banach space and suppose
that -
A€ MR(X) & A sectorial and ¢4 < 3

Then X is isomorphic to a Hilbert space. [Note: So far no explicit counterex-
ample is known!]

Conclusion: To solve Problem 2.2 the uniform boundedness of m(\) and Am/(\)
in £(X) is not enough, a stronger property is required.

Idea of L. Weis [26]: (Bourgain '86 X-valued [5]): Replace sup,ep oy Il - [l2(x)
(uniform boundedness) in (8) by the ”"R-bound” of an operator family.

Definition 2.4. (R-boundedness) (implicitly Bourgain '83 [4], Berkson, Gillespie
'94 [2])

Let X be a Banach space. An operator family 7 C £(X) is called R-bounded,
if there exists a C' > 0 and a p € [1,00) such that

N N
1> eiTiaillre.x) < CID g XllLre.x) (9)
Jj=1 j=1

forall N € N, T; € 7, z; € X, and for all independent symmetric {—1,1}-
valued random variables €; on some probability space (G, M, ). The number
inf{C > 0: (9) is valid} is called R-bound of T and is denoted by R(7).

Remark 2.5.
(a) In general, R-boundedness is difficult to verify directly.

(b) T C L(X) R-bounded = 7 is uniformly bounded. (Take N =1 and use
llejllrr ) = 1.)

(c) Def 2.3 is independent of p € [1, 00).
(d) If X is a Hilbert space, then: 7 R-bounded < 7 uniformly bounded.

(e) Let Q@ C R™ be open and X = L1(Q2),1 < ¢ < co. Then 7 C L(L1(N)) is
R-bounded if and only if the ”square function estimate”

N N
NO T 5192 Loy < CHO )P ey
j=1 j=1
holds for all N € N, T; € 7, and f; € L(Q).

For the proof and further useful properties see [7].

In order to demonstrate how delicate it is to verify R-boundedness of an operator
family, exemplary we outline the proof of (d). Assume 7 C £(X) is uniformly
bounded. Then we calculate

11



N
|‘Z€jszj‘|%2(G,X)

j=1

N
= Z /G(gj(w)le‘j,€k(CU)Tkxk)wd,u(w)

J,k=1

[/G ej(w)en(w)du)(Tjay, Tyar) x

[

<.

[
i=

g (w)?dpl|| Ty 1%

I
] =

S

1

.
I

IN
Q

[ /G 5 (w)dpd] ;1%

1

J

[ /G 5 (@) (@)dl (), 71) x

x>

(II)
.Mz

J.k=1

=C| Z%‘%‘”%%G,X) q.ed.

Jj=1

z

Observe that most steps above only work in a Hilbert space context. By the
presence of the random variables €; it is clear that the intuitive “pulling in” of
norms usually used in the Banach space context is in general not possible. Even
for simple examples as e.g. A(A — A)~!, where A denotes the Laplacian in R"
one has to be very familiar with the notion of R-boundedness in order to verify
this condition. In many situations it is easier to verify sufficient conditions that
imply the R-boundedness.

Explicit examples :

— {T} is R-bounded.

— K C C compact, F : K — L(X) holomorphic = {F(A\); A € K} R-
bounded

— The family {A\(A — A)"5 ) € X,_4,} is R-bounded in L(L?(R™)) for
oo € (0,7),1 < g < .

Definition 2.6. A Banach space X is said to be of class H7 (or a UMD space)
if there exists a p € (1,00) such that H € L(L?(R, X)), where

Hf(t):lnm/ FE=9)ys ter, fes® x).
|s|>e

T e—0 S

12



Examples : Hilbert spaces, L4-spaces for 1 < ¢ < 0o, X € H7 = X reflexive
(see Amann '95 [1]).

Theorem 2.7. (L. Weis '01 [26]) (Answer to Problem 2.2) Let X be of class HT
and 1 < p < co. Assume m € CH(R\{0}, £(X)) s.t.

max RN MBI (A) : X e R\{0}}) < oo.

Then
FtmF € L(LP(R, X)).

Remark :

— Theorem 2.7 is a generalization of the classical Mikhlin multiplier result
and the H7 -valued version of Bourgain.

— Theorem 2.7 can be generalized to arbitrary dim n € N (see Weis, Strkalj
’00 [24], Haller, Heck, Noll 01 [12]).
Now consider
m(A) = iA(GA — A) 7,
Am/(A) = (iN)2(ix — A) 72
Exercise :

71,75 C L(X) R — bounded
= {T1T2 2Ty € 7'1,T2 S 75} R — bounded.

By (6) this implies
{ix(ix — A7 A e R\{0}} R — bounded = A € MR(X).
More precisely the following holds.

Theorem 2.8. Let X be a Banach space of class H7, 1 < p < oo, and A be
sectorial in X with ¢4 < 5. Then there are equivalent:

(i) Ae MR,(X),
(i) {ir(ix — A)~1; X € R\{0}} is R-bounded,

(iii)
RN+ A) BN e X, 4}) < o0 (10)
for some ¢ < 7, i.e. Ais”R-sectorial” with "R-angle”

6% .= inf{¢ € (0,7) : (10) holds } < g

13



pf: Weis "01 [26], Denk, Hieber, Priif8 '03 [7].

2.2 Other sufficient conditions.

Let J = (0,T), X be a Banach space, and let A be sectorial in X. We consider
again

(&4 Au =f t>0,
(CP){ ’ u(0) =0.

We want to regard “(:4 + A)” as a sum of closed operators in E := LP(J, X).
To this end we define

Au:= Au , D(A) :={u e LP(J,X) : Au € L*(J, X)},

Bu := %u , D(B) :={u € W"?(J, X) : u(0) = 0},

and consider the sum
A + B defined on D(A + B) := D(A) N D(B).
The problem (CP) has maximal regularity means that for all f € E there exists
a unique solution u of (CP) such that
Ile + l[Aullz < CIIf]|e-

But this is equivalent to the fact that R(A+ B) = (A+ B)(D(A)ND(B)) = E
and that

| Aul|g + ||Bull < CII(A + B)ullg , u € D(A) N D(B).

This in turn is equivalent to say that A+ B with D(A+ B) = D(A) N D(B) is
closed and R(A+ B) = E (< 0 € p(A+ B)).

Question: What are suitable conditions on A, B, X, such that A + B is closed
and R(A+ B)=FE?

Theorem 2.9. (Dore-Venni ’87 [8]) Let E be Banach space of class H7 and A, B
be sectorial in E such that 0 € p(B) N p(A4) and

() (A= A) - B) " = (u— By {A— AL, A€ p(d), e p(B),
(ii) A, B € BIP(E), where A € BIP(E) means that A € L(E),s € R, and

||Ais||£(E) <C, se[-1,1 “bounded imaginary powers”,

14



(iii) 04 +0p < w, where

I | Ais
04 = T B l47]

|s|—o0 |S|

(> ¢a) “power angle of A”.

Then A + B is closed and 0 € p(A + B).
Remark: 0 € p(A) N p(B) can be removed, see Giga, Sohr 91 [11].

Cor 2.10. Let X be a Banach space of class H7T,J = (0,T) for T € (0, oo}, and
A€ BIP(X) with 04 < 5. Then we have A € M R(X).

proof: First note that A € BIP(X) implies A € BIP(L?(.J, X)), and the fact
X is of class HT that also E = LP(J,X) is of class H7. Now let Bu = v/,
D(B) ={ue Wh?(J,X) : u(0) = 0}. It is well known that B € BIP(L?(J, X))
and 0p = 5. Theorem 2.9 implies that A+ B is closed and that for all f € E

there exists a u € D(A) N D(B) such that

|Aullg + [[u'l|e < ClI(A+ Bullg = C||f||E-

Thus we have A € MR(X). q.e.d.

Next, let 0 < ¢ < 7 and set
H>(X4) :={h:34 — C: h bounded and holomorphic}

and

[2[°

HEE(8g) 1= {h € H(5,) : |h(2)| < O oo

for some C, s > 0}.

Let A be sectorial on the Banach space X and ¢4 < ¢ < m. For h € H§®(%,)
we set

1 1
- %/Fh()\)(/\—A) dx,

where T := {te? : 0o >t > 0} U {te™™ : 0 <t < 0o} with ¢4 < 6 < ¢. This
integral is absolutely convergent. Indeed, we have that

h(A)

||h<A>x\|SC/O _r 1

(1+t)2q t||x”dt§CSHx||a I'GX,

which yields h(A) € £(X). In fact, h — h(A) is an algebra homomorphism
from H§°(3_,) to L(X).

Definition 2.11 (H®-calculus, McIntosh ’86 [18]) The operator A admits a
bounded H°-calculus on a Banach space X, (4 € H* (X)), if

1A A)]l2x) < CllhllLez,), b€ Hg (5g). (11)

15



The angle ¢ := inf{¢ € (0,7) : (11) holds} is called H*-angle of A.

Now put g(2) == 2z/(1 + 2)? € H®(Zy).

Exercise:

g(A)=AQ+A)"2 and g(A)~'=A711+A)%
For h € H>(3y4) we set

€HF® (Xg)

initially defined on D(A)N R(A) € X It is known that A € M (X) implies
that (11) is valid for all h € H>(Xy).
Reference for H°°-calculus:

— McIntosh ’86 [18],

— Cowling, Duong, McIntosh, Yagi '96 [6],
— Denk, Hieber, Priif [7].
Examples
— bounded operators
— selfadjoint operators in Hilbert spaces

— Let © C R™ be of class C? bounded, exterior, or a perturbed half-space,
and 1 < ¢ < oco. Then we have that the Dirichlet-Laplacian —Aq €
H>(L(£2)) (here C? is enough) (see Priif, Sohr 93 [20]) and the Stokes
operator A € H*>(LZ(12)), where

A= —PA, D(A):=W>I(Q)NW, Q)N LLQ)
N——
::WIHM

(see Noll, S. ’03 [19]).

Relations
Let X be a Banach space and A € .%(X). Observe that (z — 2%%) € H®(3Zy).

= H>(X) C BIP(X).

Denote by HOL(X) the class of all sectorial operators generating a holomorphic
Cy-semigroup on X. Then we have
AeH=(X)= Ae BIP(X) " A e R7(X) f{é“‘i A€ MR,(X)

PA<m/2

= A€ HOL(X).

16



In particular,

Examples:
~Ain IP(R™): ¢ =0 A=¢"A=¢_a=0
B =0, in LP((0,T), X) : ¢;§:93:¢7§:¢B:g

I Applications to parabolic PDE’s

3.1 Navier-Stokes equations (NSE)

Let 1 < g < o0, T € (0,00), J=(0,T), and 2 C R™ be open. We consider the
system

ou—Au+ (u-Vu+Vp = f inJxQ,
divu = 0 inJ xQ,
(NSE) u = 0 onJxdN,
u|t:0 = Up in Q.

By applying the concept described in the previous sections here we want to show
the existence of a local real analytic solution for (NSE).

Step 1: Lincarize : — Stokes equations

Ou—Au+Vp = f inJxQQ,
divu = 0 inJ x Q,
(SE) u = 0 onJ x9N,
u|t:0 = Up in Q.

Step 2: maximal regularity for (SE):

I-
We define the Stokes operator in LL(Q) := {u € C*(Q) : divu = O}|| la
A:=—PA, D(A)=W>1(Q) N Wy (Q) N LLQ),

where
P:LYQ) — Li(Q) “Helmholtz projection”.

Then (SE) is formally reduced to

v+ Au = f in J,
(CP) {u(O) = ug.
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To demonstrate the method from now on let Q@ = R™, and write L? = LI(R"™),
Wka = Wk4(R"), etc. Then we have P = I + RR”, where

_ 1 Zf}
=7 [a d

denotes the “Riesz operator”. An application of the classical Mikhlin multiplier
result yields
Pe (LY LY).

Furthermore we have that PA = AP, which implies
A= —Al|pa, where D(—A)=W>4.

This also yields (A + A)~! = (A — A)7!|ps or even more general that h(A4) =
h(=A)|pe for h € H*(3 ,) » ¢ € (0,m). This means, in order to show A €
MR(L2) it suffices to prove —A € M R(L?).

Lemma (exercise) Let k > %, ¢ € (0, 7). Then
Fh(=A)f = h(|EP)Ff, felf,
and there exists a Cy > 0 such that

max sup [£[1*DR(|E*)] < Cyl[hl| Lo (sy), h € H(Sy).
lal<k gern\ {0}

Hint : Cauchy’s estimate formula for holomorphic functions.

Mikhlin’s result now implies

—A e H®(LY) = A e H®(LL) C MR(LY).

Step 3: Applying a fixed point argument:
We define the class of data as

Fr :=F} x {0} x Ff := LY(J, LE) x {0} x (LL, D(A))1-1/4.q,

=w2=2/9nLe
and the class of solutions as
Er = B} x B2 := Wh9(J, L1) N LI(J, D(A)) x LI(J,Wh9).
Furthermore, we set

Ou — Au+ Vp
L(u,p) := divu . (u,p) € Ep.
U|t:0

18



Now,
Ae MR(LL) = L € Isom(Ep,Fr).

Next, for (f,ug) € Fr we set
(u*,p") == L7(f,0,u0) € Er.
and F(u) := —(u- V)u. We rephrase the system (NSE) as
L(u,p) =(f + F(u),0,uo)
YRS L o,m) =(f + F(u),0,u0) — L, p°)
=(F(v+u"),0,0) =: Hy(v, 7).
Thus, our fixed point problem reads as follows:
(v,7) = L~ Hy(v,7), (v,7) € oEr,

where
oEr :={(u,p) € Ep : u|s=o = 0}.

Observe that the reduction to a fixed point problem in a space with zero time
trace at ¢ = 0 has the following two advantages:

e The norm [|L™|z(Fy, o5y is uniformly bounded in T' € [0, Tp] for Tp > 0
fixed.

e The constant of the Sobolev embedding W,4(J, X) — BUC(J,X) is
independent of T' < Tj.

Assume that p > n + 2. By a result of Amann (see [1]) we know that

Sobolev
(SN

E} — BUC(J,W2~1/7) BUC(J,BUCY).

Note that the embedding constants of the above two embeddings can be chosen
uniformly in T € [0, Tp], if we assume that time trace is zero at ¢t = 0, i.e. if we
replace EL by oEL. This implies that

[(u - V)wllp, < |Jul| Lo (7xrm) ||V |51,

< Cllullgs [Jwllgs, u,w € Ef.
Next, we calculate the Frechét derivative of F', that is
DF(v+u")w] =[(v+u")-V]i+ [ V](v+u").

Now, let (v,7) € ¢Bp(r) = {(v,p) € oEr : |[(u,p)||gr < r} and (T,7) € ¢Eqp.
Then, by the discussion above, we obtain for the Frechét derivative of Hy that

1D Ho (v, 7)[0, 7 [[p, < [[DF (v + u”)[0]][gy,
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< (v V)ulley, +[1(w” - V)0lley, + [ - V)olles + 11T V)u"|lg,
< ol zoe (arxrm || (@ Tl + (107 |ley 1@, T)loEr

+ |l Lo (rxrm) [[0s 7| [gm 7 + [0l Loo (7m0 |2,

sc( o ler + il )||<v,7r>|oET,
— ——
Sm for small r §m for small T
where ||[L7Y| := ||L7| z(F,ok,)- This implies that
I DHo(v, )| < ! (12)
v, T —_—
0 ) E(Q]ET,]FT) = 4HL_1||

for sufficiently small r,T > 0. Applying the mean value theorem we therefore
get that

HL_IHO(U77T)H0ET

IN

L= Y|(|| Ho(v, ) — Ho(0,0)||rs) + || Ho(0,0)]|r,
1 o -
@ Dleer + Nl - V)u'lls, < 3.

<% for T small enough

IN

In other words we can find rg, Ty > 0 such that L= Hy(oBr,(r0)) C oBr, (r0)-
Furthemore, we also obtain that

||L71FI()(1117 71'1) - LilHO(’UQa 7T2)| |0]ET

1
<L |[Ho(ve,m1) — Ho(va, 72) ||y < 7 (v1,71), (v2,m2) € B, (70)

The contraction mapping principle then implies the existence of a unique fixed
point (v, 7) € oBr, (r9). Thus, (u,p) = (v + uv*, 7 + p*) solves (NSE).

Hence we have proved the following result.

Theorem 3.1. Let ¢ > n+ 2, T € (0,00), and J = (0,7). Suppose also that
fe Li(J,LY) and ug € (LL, D(A))1-1/q,q- Then there exists a Ty > 0 and a
unique (strong) solution (u,p) of (NSE), such that

we WhI(I, L) N LY(I, D(A)),

p€LIYI,Wh)  (here I = (0,Tp)).

Remark 3.2.

n+2

(1) ¢ > n+2 can be improved to ¢ > “==.

(2) Basically, step 3 applies to all @ C R™ such that A € MR(LL(Q)).
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Step 4: Analyticity :
Let (u,p) the unique solution constructed in step 3 and f € FL real analytic
in ¢ and z. In order to prove analyticity we employ a “parametertrick”, i.e. we
introduce

unp(t, @) == T uu(t, ) == u(t, x + tp),

Pault, ) i=Taup(t, x) = p(AL, z + tp),
for (\, p) € (1—9,148) xR™ and show that the dependence on (), p) is analytic.

(Idea goes back to Masuda [17], Angenent.) To apply this parametertrick to
nonlinear PDE’s we need the following.

Basic ingredients:

(1) maximal regularity for the linearization,

(2) TauF = F1\p, F € C¥(Gr,EL), for certain Gy C Er and the nonlinear-
lty F (here GT - OBT(T) + (U*;p*)),

(3) the implicit function theorem.
For simplicity assume ug = 0. The couple (uy ,,px ) satisfies
8tu)\:# — )\AU)\’M + /\VP)\’H = )‘f)nﬂ — )\F(U)\’M)-F < u|Vu >
divuy, =0,

UA,u|t=0 =0.
The “implicit function” is then defined by

O — AMAV + AVT — Afy , — AF(v)+ < p|Vo >
(0, ) ) = div'v
Vlt=0

Lemma (exercise) Let T' < Tp. There exists a neighborhood A4 C (1-4, 140) xR"™
of (1,0) s.t.
@) [fxnller < 20 flles > (Ap) €4,
(i) flunpllors, < 2lullors » (Ap) €4,
(i) [[papllez < 2llpllez » (Ap) € 4,
This implies that for » < 22 the function
v OBT(T’) x A — FT

is well-defined. Next, let D1 ¥ be the Frechét derivative with respect to (v, ).
Then
qu/((u,p), (>\a u))[ﬂa ﬁ] = L[@v ﬁ] - DHO(uyp)[ﬂv ﬁ]
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The maximal regularity now yields that
L € Isom (OET7]FT)

From step 3 we know that

;o (u,p) € oBr(r).

N

HDHO(uvp)H[,(o]ETJFT) =

Thus DHy(u,p) can be regarded as a small perturbation of L. By a standard
Neumann series argument we therefore obtain that

DY ((u,p),(1,0)) € Isom (oEr,Fr).

Clearly, we also have that ¥U((u,p),(1,0)) = 0. The implicit function theorem
now implies the existence of a neighborhood U C A of (1,0) and a neighborhood
V CoEr of (u,p) and a function

(91,92) : U =V, (A ) = (91(\ 1), g2(A, )

such that
U((91,92), (A, i) = 0.

The uniqueness of (u,p) implies that (g1,92) = (uxpu,Pr.). Moreover, from
F e C¥(oEr,Fr) we deduce ¥ € C*(Br(r) x A,Fr). Hence we also have that

(()‘7U) = (UA,uapA,u)) € Cw(/la OET)~

In view of

oEr — (BUC(J x R™))* x C'(J x R")
we may fix (to,z0) € J x R™ and obtain
[\, 1) = (w(Mo, zo + top), p(Xto, o + top))] € C*(4,R™ ).
This finally results in
(u,p) € C*¥(J x R, R™ 1),
i.e. u,p are real analytic functions. q.e.d.

Remark 3.3.

(1) For the general case with ug # 0 one can employ the splitting (u,p) =
(v,m) + (u*,p*) and prove first that (u*,p*) € C¥(J x R, R"*1). This in
turn can be done by the same method, i.e. by applying the parametertrick
to (SE).

(2) Since the mean curvature flow (MC) (see Chapter I) has the same lineariza-
tion as (NSE) we already have maximal regularity for (MC). Therefore,
by applying step 3 and 4 to (MC) one can obtain similar results as for
(NSE), i.e. local-in-time existence and analyticity of solutions.

22



IV More on applications of R-boundedness and H*-calculus

Once again : The crucial step in the approach to nonlinear PDE’s presented in
Chapter II is:

“Verification of maximal regularity for the linearized system”.

This requires optimal mapping properties (regularity) of the related “principal
symbol”.

Example (Chapter II): The heat equation in R™ as a linearization of (NSE) and

(MC). Principal symbol:
m(\€) = A+ ¢!

Formally we have

(0, — A f=F Lt mLES,

where £, F denote Laplace and Fourier transform respectively. Then by A €
H*>(L4(R™))+ and the Dore and Venni Theorem (Theorem 2.9) we obtain that

(0 — At e L(L9, WH(J, LY N LY(J, D(—A))).
However, if, for instance, 2 C R™ has a boundary, the principal symbol i.g.
has a more complicated structure (i.g. it is no sum).

Discussion of some examples: [No explicit derivation, just discussion of the prin-
cipal symbol]

4.1. Stefan problem with surface tension.

The classical situation of the two-phase Stefan problem is a melting ice cube in
water. Mathematically this situation is modeled by

ug—cAu = 0 in [J,oo({t} UQ(2))
u* ok on [y o({tUoQ(t

),
)

(SP){ cout —cou~ =V, on o({t}UoQ(t)),
ult=o = wo in (0),
P|t:0 == Fo.

Here we have Q = QT U Q™ and
o: surface tension coefficient,
K: mean curvature,

V,: normal velocity of T'(t),

u™: temperature phases,
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I': (Free) interface,
¢ > 0: diffusion coefficient.

By a localization procedure these equations can be reduced to a quasilinear
problem on
(0,00) x R™ x R\{0}
—_———
—.Rn+1

A suitable linearization of this quasilinear problem reads as

up —cAu = f in (0,00) x R*+1
uF+Ap = g on (0,00) x R",
(LSP){ pt+ cOyu™ — coyu~ h  on (0,00) x R™,
u|t:0 U in Rn—&-l,
Plico = po iR,

where p is a function describing the motion of the free interface, i.e. I' = graph(p)
(see Escher, Priil, Simonett '03 [9] for more details). Since u solves a heat
equation, the problem is essentially solved if sufficient regularity for p is proved.
Now, by applying Fourier and Laplace transform we can obtain the following
explicit representation:

1
A+ VelEPV/A + el

=m(),J¢2) “principal symbol”

Ej:p()‘? g) =

LFh(A,E).

Observation: Here we have no “sum” structure as for the symbol (A + [£]?)~! of
the heat equation. Therefore Theorem 2.8 or Theorem 2.9 can not be applied
directly. Here we need a corresponding result for a more general class of symbols.

First let us determine the spaces of regularity for h and p. Since it solves a heat
equation, the space for u is

oHY(J, LYR™ 1)) N LI(J, D(—A)).

By trace theory we therefore have that

1

+ 2
8yu |8R1+1 S 0Wq

1
#(J,L9) N LI(J, W, ~/9) = F.

Since this should also be the space for the right hand side h, we obtain by the
equations as desired space for the free interface p,

oWS2T 20 (] L9) M oWy 49(J, H?) N LY(J, W4 4) = K.
Now let Gu := 0;u be defined on

D(G) = (W23 Y241, L) o H Y (J, W) ~1/9)
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and Bu = —cAu be defined on
D(B) = (W24 J, H2) N L(J, W3~ 1/9)
Formally, we have to show that
m(G,B) = F L7 [m(), [€*)]FL € L(F,E)

exercise
<

5 Gm(G, B), (G + B)?m(G, B) € L(F,F). (13)

To this end note that it is well known that

™
G.BEH*(F), ¢F =5, ¢F=0.

Lemma 4.1. (Exercise) Let pg € (0,5),¢ € (0,%). Then there exists a C' =
C(¢0, %) > 0 such that

[[AM(A, 2)|| Lo (2 <C.

voxs,) S

oo x %) T+ 2)2mN 2) |1 n
Now, in view of B € H*>(F), Lemma 4.1 implies that
IAm(, B)llee.m) + [[(A+ B)*m(X, Bl cwr) < O, A€ Tn g,

In order to obtain (13), would like to insert G for .

But: Corresponding to Problem 2.2 in Chapter I the uniform boundedness is
in general not enough. Also here we need the R-boundedness.

Theorem 4.2. (Kalton, Weis ’03 [13]) Let X be a Banach space of class H7 and
A e H>®(X). Let F: X, — L(X) such that

(1) {F(N\) : X € X4} is R-bounded.

(2) FOY— )" = (= AT F(N), A€ Sy, € p(A).
If ¢ < ¢, then

[F(A)lex) < C(¢, dF )R{F(N) : A € Eg}.
Tt is well known that B € RH>(F), i.e. the operator B admits an R-bounded
H>-calculus that is B € H*(F) and the set {h(B) : h € H*(Z,), ||h]lec < C}
is R-bounded for ¢ > ¢% and some C > 0. This implies that
RN B) : A € %r_ oo LRI+ B)Y2m(N, B) 1 A € 2p_yy } < 0.

Thus, by an application of Theorem 4.2 we deduce (13). This finally results in

(h— p) € L(F,E).
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Based on this fact one can prove maximal regularity for (LSP) and similar to
Chapter I the existence of a local-in-time analytic solution (u,T') for (SP) (see

[9])-

4.2. Other examples

In a similar way as described in Section 4.1 more complicated problems and the
related principal symbols can be handled.
Example 2. Stefan problem with two different diffusion coefficients

(This is for example the case in the water-ice situation)
Principle symbol:

m( €[2) = !

Ao e eV + e 6 + o eI/ A+ e g

Example 3. Model problem associated to the spin coating process. (A process
used in the production of electronic semiconductors).

Principle symbol:

1
(X, €)372 + M|+ 3w(N, OIE) + (w(N, &) + [€]) €3

where w(\, €) := /X + [€]2.

mOv ) = 50
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