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1. INTRODUCTION

The porpose of this paper is to prove the second main theorem for a holomor-
phic map from the complex plane C to the product space of the one-dimentional
projective spaces P*(C) x P}(C). Let [Xo : X;] and [Yp : 3] be the homogenious
cordinates in the first and second factors of the product space of the P1(C) x P1(C).
Let m/,n’,m”,n” be positive integers. We define the effective divisors D', D" on
P'(C) x P'(C) by the polynomials X§"' Yo" — X'y, X'y — X'y, We
prove the second main theorem for divisors D’ and D”.

The second main theorem for hyperplanes in P"(C) is proved by Cartan [1].
The case of non-linear hypersurfaces had been studied by many authors. Although
P?(C) and P*(C) x P1(C) are birationally equivallent, the second main theorem for
P!(C) x P1(C) has not been obtained.

Let i : C* x C* — P!(C) x P*(C) be the inclusion map where C* = C\ {0}. Then
Z}, is the compactification of semi-Abelian variety C* x C*.

In Noguchi, Winkelmann and Yamanoi [5], [6], the second main theorem for a
holomorphic map f from C to a semi-Abelian variety A with D is proved, where
D is an effective reduced divisor on A.

Theorem 1 ([6]). Let f: C — A be a holomorphic map such that the image of f
is Zariski dense in A. There is the compactification of A such that A is smooth,
equivalent with respect to the A-action, independent of f, and it follows that

Ty(r,[D]) < Ni(r, f*D) + Ty (r, [D])] -,
for all e > 0, where D is the closure of D in A.

If A=C*xC*, and D = D"+ D" in Theorem 1, our main theorem deals with
the holomorphic curves into A.
1
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Now we state our main theorem precisely. Let H o, Hi,1, Hap and Ha 1 be the
hyperplanes in P!(C) x P!(C) which are defined by the monomials Xy, X1, Yy and
Y;. Put Zy = P(C) x P1(C). Then there exists the sequence of the blowing-up

1,0 - Zl — Zo,
2,1 - ZQ — Zl,

Thk—1: Lk — L1

which satisfies the following condition (x):

Put Tjq = Ti41,40° 0T 451 fori < j Let _51, .5// and IEL'J‘, 1 S ) S 2,0 S] S 1
be the proper transform of D', D", and H; ; under 7. Let E;, 1 < i < k be the
exceptional divisor of the blowing-up m; ;_1, and let Ez be the proper transform of
E; under 7y, ;. Then

(x) D' +D'+%7, Z}:o Hij+ Zle E; is simple normal crossing in Zj.
Our goal is the following theorem.

Theorem 2 (Main Theorem). Let f : C — PY(C) x PY(C) be a non-constant
holomorphic map. Let f: C — Zj be the lift of f. Assume that

F(©) Z {(IXo: Xu], [¥o : V1)) € PHC) x PY(C) | CoXg'¥g* — CLX]'Y(™? =0},

for all (r1,72) € ZxZ\{(0,0)} and all (Cy,C1) € CxC\{(0,0)}, and assume that
there exist no holomorphic functions g1, g2 on C and no (a,b) € C x C\ {(0,0)}
such that

f = (expglveXPQQ)v
agr + bga = (constant),
on C. Then D' + D" is a big divisor on Zy,, and it follows that

T(r,[D' + D"]) < Ny(r, f*D') + No(r, f*D")

2 1 k
+ QZZNl(T, f*ﬁi,j) + 2ZN1(7", f*El) + Sf(?"),

i=1 j=0 i=1

where Sy(r) = O(log™ Ty(r) +log™ r)||. Here “||” means that the inequality holds
for all r € (0,400) possibly except for subset with finite Lebesgue measure.

In Siu [7], a meromorphic connection is used to prove the second main theorem.
In this paper, we also use the meromorphic connection on P!(C) x P!(C). Because
C* x C* is a Lie group, there exists the canonical connection on P*(C) x P!(C).
We extend this connection to the meromorphic connection on P!(C) x P1(C). This
connection does not “vary” under the blowing-up. This meromorphic connection
plays an important role in our arguments.

Acknowledgement. 1 would like to express my sincere gratitude to Professor
Junjiro Noguchi. He gave me a lot of fruitful ideas and suggestions, and he inspired
me a lot.
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2. NOTATION AND PRELIMINARIES

We introduce some functions which play an important role in the Nevanlinna
theory. Let E be an effective divisor on C. We write E = ) m;P;, where {P;}
is a set of discrete points in C and m; are positive integers. Put ny(r, E) =
>_1p;|<r min{k, m;}. We define the counting function of E by

Ni(r, E) = / L(i’ E) .
1

Let X be a complex projective algebraic manifold, and let D be divisors on X. Let
[D] be the holomorphic line bundle on X which is defined by the divisor D, and let
supp D be the support of D. Let f : C — X be a non-constant holomorphic map.
We define the proximity function of D by

o 1 df
(D)= % oty o
where || - || is a Hermitian metric in L. Let R(L, | - ||) be the curvature form of the
metrized line bundle (L, || - ||) representing the first Chern class. Then we define
the characteristic function of L by
,
rn= [ 5§ [ R,
1 Adt)

where A(t) = {z € C| |z| < t}. Weset T¢(r) = T¢(r, L) if L is an ample line bundle
on X. The equation
T¢(r,L) = N(r, f*D) +mys(r,D) + O(1)

is called the First Main Theorem (cf. Noguchi and Ochiai [4], Chapter V, §2).
If X = P!(C), f is a meromorphic function on C. Then we have the lemma on
logarithmic derivative (cf. Noguchi and Ochiai [4], Chapter VI, §1)

/277 1Og+ f/(,re‘w)
0 f(rei)
where log™ 7 = max{0,logr}, and S;(r) = O(log" Ty(r) + log™ r)||. Here “|”
means that the inequality holds for all r € (0,+00) possibly except for a subset
with finite Lebesgue measure.

The following lemma is also fundamental in Nevanlinna theory.

df < Sy(r),

Lemma 1. Let h(r) > 0 be a monotone increasing function in r > 1. Then, for
arbitrary § > 0, we have
dh(r)
Cdr
Proof. See Noguchi-Ochiai [4], Chapter V, §5. O

< (h(r)™*].

Let X be a complex projective algebraic manifold, and let Y be the smooth
hypersurface of X. Let s be the holomorphic function on an open subset U C X
such that Y NU = {x € U|s(z) = 0}. Let V be a holomorphic connection on U.

We write
m—times

——
v =Vo...0V.
Then the following lemma holds (see the proof of Lemma 11.13. of J.-P. Demailly

[21)-
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Lemma 2. Let f : C — U be a holomorphic function. Assume thatY is totally geo-
desic with respect toV on U. Then there exist holomorphic functions hg, hy, -+, hpy,
on U such that

d"*(so f)

m dl o
%(2) + W@%

ds - V;T)f’(z) =ho(f(2))so f(z) + Z hi(f(2))

i=1
for z € f7Y(U).

Let X and X be n-dimensional complex projective algebraic manifolds. Let
m: X — X be a surjective holomorphic map. Then there exists a proper subvariety
S of X such that X \ 7#=1(S) and X \ S are locally biholomorphic. Let V be a

meromorphic connection on X. Let V' be a small neighborhood of p € X, and let
u, v be holomorphic vector fields on a small neighborhood V' of p. Then V'\ 77_1(5)
is locally biholomorphic with 7(V)\ S. We define the meromorphic connection 7*V
on X \ 7~1(S) by
(T V)0l r-1(5) = (Talyra-15) " Ve uTav.

Then the meromorphic vector field (7*V),v on V\7~1$ is uniquely extended to the
meromorphic vector field (7*V,v) on V. In this way, we define the meromorphic
connection 7*V on X.

3. MEROMORPHIC CONNECTION AND BLOWING-UP

Let i : C* x C* — PY(C) x P}(C) be the inclusion map. Then suppi*D’ is
a subgroup of C* x C*. Therefore there exists the canonical connection V on
C* x C* such that suppi*D’ is totally geodesic with respect to V. This connection
is extended to the meromorphic connection on P!(C) x P!(C). We also denote this
extended connection by V. Let U; ; = {([Xo : X1], [Yo : Y1]) € P}(C) x P}(C)|X; #
0,Y; # 0}, 0 < 4,5 < 1. Take the canonical local cordinate system (z,w) on
U;,; ~ C x C. Then, the meromorphic connection V is written by

dz
—dz g
‘”( 0 )

on U; ;. It is easy to see that suppi*D” is also totally geodesic with respect to V.

Lemma 3. Let f : C — PY(C) x P1(C) be a non-constant holomorphic map such
that f(C) is not contained in the support of H; ;, 1 = 1,2, j = 0,1. Then f satisfies

AV f =0,
if and only if [ satisfies the following condition (i) or (ii):
(i)
F(C) € {([Xo : X1, [Yo : Y1]) € P(C) x P'(C)| Xg'Yy? — CX7'Y{™? = 0},
for some (r1,72) € Z x Z\ {(0,0)} and some C € C\ {0}.
(i)
There exist holomorphic functions g1, g2 on C and (a,b) € Cx C\{(0,0)} such that
f = (expgi,expgs) : C = PY(C) x P(C),
agy + bga = (constant),
on C.
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Proof. Without loss of generality, we may assume that f(0) € C* x C*. The
holomorphic map

(exp(2mv/—1-),exp(2mv/—1+)) : C x C — C* x C*,

is the univeral covering of C* x C*. The induced connection on the covering space
C x C by V is the flat connection d. We put f = (f1, f2) where f; and fo are
meromorphic functions on C. Let

1
h, = 1 .
K3 27T\/jl ngla

Assume that f' A Vg f' = 0. Then there exists a meromorphic function h on C
such that
hi(z) \ _ hi (2)
(i ) =1 (5 )

hi(z) = hi(0)exp H(z), i=1,2,
in a simple connected neighborhood U of 0 € C. Here
z
H(z) = / h(t)dt.
0

If h;(0) = 0, it follows that h; is a constant function. So (h}(0),h5(0)) € C x C\
{(0,0)}. Tt holds that

i=1,2.

on C.

This means that

hi(z) = 1(0) /0 exp H(t)dt + hi(0), i=1,2.

It follows that
B (0) 1 (2) — By (0)ha(2) = By (0) (0) — B (0)ha(0).
Conversely, assume that there exist (a,b) € C x C\ {(0,0)} such that
ahq(z) 4 bha(z) = (constant),

on C. Then ah/ (z)+bh5(z) = 0,ahf(z)+bhy(z) = 0. So it follows that f'AV f' =
0.

Therefore f" AV f' = 0 if and only if there exist (a,b) € C x C\ {(0,0)} such
that

alog f1(z) + blog fa(z) = (constant),
on C.
Assume that
(1) alog f1(2) + blog fa(z) = ¢,
for some (a,b) € Cx C\{(0,0)}, c € C. Without loss of generality, we may assume
that a = 1. For z € C, we put
fi(z) =(z—2)"hi(2), i=1,2,
where r; € Z, h;(2) is a holomorphic function on an open neighborhood of z such

that h;(z) # 0. Then, by (1), we have ry + brog = 0. When 7 # 0 for some z € C,
it follows that

log(f1(2))" + log(f2(2)) ™ = rac.
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Then it holds that the meromorphic function (f1(2))"2(f2(2))~" is a constant func-
tion on C. This means that

£(©) € {([Xo - XL, [Yo : i) € P1(C) x B (C) | X{2¥y" — CXg2y* =0},

for ry € Z, 1o € Z\ {0}, C € C. When r = 0 for all x € C, we have r; = 0 for
all x € C. This means that there exist holomorphic functions g, g2 on C such that
fi =expgi, i =1,2. Then g1 + bga = c.

Conversely, if f satisfies the condition (¢) or (i¢). It is easy to see that there exist
(a,b) € Cx C\ {(0,0)} such that

alog f1(2) + blog f2(z) = (constant),
on C. 0

Remark 1. The condition of (b) in Lemma 4 does not mean the algebraical degen-
eracy of f(C). For example, take

f(2) = (exp z,expv/—1z) : C — P'(C) x P*(C).
The divisor

2 1
D'+D"+Y Y Hij
i=1 j=0
is not simple normal crossing at {([0: 1],[0: 1]),([0: 1],[1:0]),([1:0],[0: 1]), (L :
0],[1:0])} € PY(C) x P(C). Put Zy = P(C) x P}(C). Let m: Z1 — Zo be the
blowing-up of Zj at the center {([0 : 1],[0: 1]), ([0 : 1],[1 : 0]), ([1 : 0],[0 : 1]),([1 :
0],[1 : 0])}. Let D}, D7, H,; ;1 be the strict transform of D', D", H; ; under m g,
and let E; be the exceptional divisor of 7 .
If the divisor

2 1
D} + DY + Z ZHi7j,1 + Eq,
i=1 j=0
is not simple normal crossing in Z;, we blow up Z; at the points where that divisor
is not simple normal crossing. We repeat this process for several times. We put the
I-th blowing-up m;;—1 : Z; — Z;—1. Let E; be the exceptional divisor of m;;_;. We
define
T = Ti+1,i © 42,441 ©C O Tj 451,
for i < j ( we define m;; = Id). Let Dj, D}, H; j; be the strict transform of D,
D", H, ; under 7 o, and let E; ;, 1 <14 <[, be the strict transform of E; under ;.
Then there exists a positive integer k such that

2 1 E

D+ D{+> > Hiju+Y Eix,

i=1 j=0 i=1

is simple normal crossing. We put D = Dy, D" = Dy, ﬁ” = H, ;,and E; = E; k.

Example 1. Let D’, D” be the divisor which are defined by the polynomials
X2y — Xivy,  X3vE - X3YE

Let 71,0 : Z1 — Zo be the blowing-up as above. Then D +D/1/+Z?:1 Z;:o H; i1+
E; is not simple normal crossing at four points in Z;. So ma 1 : Zy — Z; is the
blowing-up at these four points. We see that Dé—l—Dé’—&—Z?:l E}:o H; ;o +Z§:1 E;o
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is not simple normal crossing at two points in Zz. So 732 : Z3 — Z» is the blowing-
up at these two points. Then D} + DI + Zle Z;:O H; o+ Zle E; 5 is normal
crossing.

Let E} and E! be irreducible components of E; such that 7; o(supp E}) C supp D’
and m; o(supp E}) C supp D”. Then Ey = E| + E{, E; = E} + EY and E3 = EY.
Let E/ and E! be the proper transform of E/ and E/. Then it follows that

w5 oD = D' + E{ +2E},
and
730D = D" +2E] + 3EY + 6EY.

Lemma 4. There exist affine open covering {UV1<s<n, of Zi, for 0 <1<k, such
that every Ul satisfies the following five conditions:

(i)
Ul~CxC.
Take the canonical local coordinate system (z,w) of UL.

(i)
2 1
ZZHi,j,leg + Z E;,

i=1 j=0 1<i<l

vt = (2) + (w),

on UL.
(iii)
Dilg: = (2" —w?) (or (1—2"w?) respectively),
on UL, where p' and ¢’ are non-negative integers (p',q' may depend on 1 and s).
(iv)
Dy = (1— 2w’y (or (2P —w?)  respectively),

on UL, where p"" and q" are non-negative integers (p”,q" may depend on 1 and s).
(v)
_dz 0
7T1*0V|Ul:d+( * dw)v
; ! 0 —dw
on UL.
Proof. We take affine open coverings {Ui}lésSNz by induction over [. For [ = 0,
we put {U2}1§S§4 = {Ui,j}Ogi,jSL Here Ui’j = {[XO : }/0]7 [Xl : Yl] € ]Pl((C) X
PY(C)|X; # 0,Y; # 0}. Then {UY}1<s<4 satisfies above five conditions. Assume
that we take the affine open covering {Uéil}lgsgmfl of Z;_1 for I < k which
satisfies the above five conditions. Let U} ™! € {U1}1<5<n,_, - Take the canonical
local coordinate system (z,w) of U/~! ~ C x C.
If Dj |1 = (z¢" — w?') for some positive integers p’,¢’. Then
t

DIyl = (1= w),

for some non-negative integers p”, ¢"”. The divisor

2 1
Di_y+ D"y + Z ZHi,j,l—l + Z Eiji-1,

i=1 j=0 1<i<l—1
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in Z;_1, is not normal crossing at (0,0) € U/~'. Then (0,0) is contained in the
center of the blowing-up m;;_1. We have

T (U = {((z,w), [Wo - Wi) € U1 < PH(C) | 2 W1 = wWWo}.

Let V; = {((z,w), [Wo : Wi]) € m 2 (U7 | Wi # 0}, i = 0,1. Then {Vp, 1}
are affine open covering of W;llil(Utl_l). We show that affine open sets V) and V3
satisfy the five conditions of lemma. Let uw = W7 /Wy be the holomorphic function

on Vy. Then (z,u) is the local cordinate system of Vj. It is easy to verify that V;
satisfies (i), (i), (iii) and (iv). Since

* _ * _
ﬂ—l’lilz =z, 71'“7111) = zZu,

9 0N_ (0 9N(1 0
=1\ 52 ou) ~ \ 9z ow u oz )

Let I' be the connection form of 7/, , V[y, with respect to the frame 9/02,9/0u.
Then it follows that

we have

-1 -1 dz
10 10 10 . -4 10
r=(u ) el D)0 ?) (e ) (0 )
Since )
1 0Y) 1 0
we) Tl )
we have
0 1 0 —dz 0 1 0
pe (e ) () (0 —ete ) (0 )
_dz
B (0 0)+ : 0 (1 0
- du dz u dz 1( dz du
= oz riry z<z+u) oz
_dz
0 0 : 0
du dz )T udz_u((zz+m) _dz _ du
Lo
0 du
(

So V; satisfies (v). In the same way, we can show that 1 satisfies the conditions
of the lemma.
If
’ B _ o q 1 _ p" _ q"
Di_lyis = (L= 27 wf), DY = (2 — "),
for some non-negative integers p’, ¢’ and some positive integers p”, ¢”. In the same

way as above, we can take the affine open sets in 7rl_l1_1(Utl_1) which satisfy the five

conditions of the lemma.
If
D271|U£71 =(1-2"w?), D;L1|U£71 =(1-2" w?),
for some non-negative integers p',¢,p”,q"”. Then U'"! ~ ﬂlfllfl(Utl*l) because
Utl ~1 does not contain the center of the blowing-up m,—1. By the assumption of

induction, the affine open subset m, ' | (U} ') satisfies the five conditions of the
lemma.
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This completes the proof. (Il

4. PROOF OF THE BIGNESS OF D' + D"

In this section, we show that D’ + D" is big in Z,. We note that there exists
the proof of the bigness for more general cases in Proposition 3.9. of [6].

To prove the bigness of the line bundle D’ + D, it is sufficient to show the
following lemma (cf. Theorem 2.2.16. of R. Lazarsfeld [3]).

Lemma 5. The divisor D' + D" is nef and (D' + D”)% > 0.
Proof. Because N N N o N
(D' + D")* = (D')*+2D"- D" + (D")?,
it is enough to show that (D’)2 = (D)2 = 0 and D’ and D” are nef. Without loss
of generality, we may assume that m’ < n/. Let E] be the reduced divisor on Z;
such that
moD' = D} +m'Ej.
Let F’ be the divisor on Zj, such that
miaDy =D +F
It follows that
(f)/)Q = (WZ,ODI - F' - m/WZJEi)Q
= (mhoD')? + (F')? + m"(m  BY)? — 2m oD - F
+2m'F' -7} By — 2m'my By - wp oD
=2m/n + (F')? —2m® - 2(D' + F' + m'n} , B}) - F'
+2m'F' -7 \Ey = 2m'my (B - (), DY +m/n)  BY)
=2m/n’ —2m? — (F')> —=2D' - F' —2m'D,, - E} — 2m"*(E})?.
Because D] - B = 2m/, we have
(2) (D')? =2m/n’ —2m' — (F')> = 2D’ - F'.
If m’ = n/, then D’ = D}, F = 0 and we have (D')? = 0.

Now we prove (D’)? = 0 by the induction over the positive integer m’ 4+ n’. Let
El, i=2,---k be reduced effective divisors on Z; such that

supp (1 Dj_y — Dj) = supp Ej.
Let E‘z’ be the strict transform of E! under 7 ;. There exist non-negative integers
as,as,- -+ ,ar such that
F = ayEy + asEy+ - - - + apEj.

Now we take another divisor A’ on P!(C) xP!(C) which is defined by the polynomial

Xy v
There is, as in Section 3, the sequence of the blowing-up

o1o : W — PYC) x P(C),

Ok—1k—2 ° Wi_1 = Wi_o,
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such that the following condition (xx) satisfies:
Let S be the reduced divisor such that

2 1
supp (o5 10 | A"+ ZZH” = supp S,

i=1 j=0

where Ok—1,1=0100 " 00k—1k—2- Then
(#x) S is normal crossing in Wj_;.
Let B, be the exceptional divisor of o;;_1, and let B} be the strict transform

of B] under ;11,0 -0 0k_1,-2. Let A" be the strict transform of A’ under
01,00 00k_1,k—2. It follows that

(0’1’0 O-:--0 kal’kfg)*A/ = Aﬁ + aggi + aggé + -+ ak§2—17
and

EQ-E} =B _,-B

j—1s D/'Ez{:A/'le'—la

forall 2 <i,j <k PutG = agéi + aggé 4+ 4+ aké,’c_l. We have

(3) (F?=(G")?, D-F=A4.¢.

It follows that

(Z’)Q = (0271,014/ - G/)Q

=2m'(n' —m/) = 20}_, yA' - G' + (G')?
=2m/(n' —m') =24 + @) -G’ + (G')?
=2m/(n' —m') — (G')? — 24" . &.

By the assumption of the induction, we have

(4) (G +24" -G —2m'(n' —m') = 0.

. By (2), (3) and (4), it follows that

(D)2 =2m/n’ —2m? — (F')> —=2D' - F' =2m/(n' —m/) — (G')? = 24" - G’ = 0.

Then we complete the induction. By the same way, we can show that (5” )2 =0.
Now we show that D’ is nef. Let m’ = dp, n’ = dq, where d is the greatest
common divisor of m’ and n/. Then it follows that

d—1
Xgye = Xy = [ (XY — (ea) XTYY)
i=0
where £4 = exp((2mv/—1)/d). Let C; be the irreducible divisor on P!(C) x P!(C)
which is defined by the polynomial XJYy! — (£4)'X7Y,?, and let C; be the strict
transform of C; under 7y, 9. By the above arguments, we have (Cp)? = 0. Because
Coy and C;, 1 <7 < d—1, are linearly equivalent, we have

Ci-D' = (C)* = (Cp)? =0.

Therefore D' is nef. By the same way, we can show that D" is nef. O
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5. PROOF OF THE MAIN THEOREM

Let f: C — P(C) x P}(C) be the holomorphic map, let f: C — Zj be the lift
of f, and let V =} V.

1,0 2,1 3,2 Tk, k—1

Zo <2 7, Zs

C-

Let &' € I'(Zy,[D")), & € T(Zy, [D"]), hi; € U'(Zy,[Hi;)), €& € T'(Zy, E;) be the
holomorphic section such that

@)=D', (@) =D", (7%,3‘) =H;;, (&)=E.
Lemma 6. Assume that

1

2
F(C) gsupp | D'+ D" +> > Hij|,

i=1j=0
and assume that
PNV f 0.
Then it follows that
/ log™* _ _ [F& /2\ %f/?(z)ﬂ/\? T2y ] _ do
o= E P15 (Pl 3y T2 T s (Pl T [z, 27
= S¢(r).

Proof. For the convinience of the notation, we assume that D’ and D" are irre-
ducible. Put

2 1 k
A=D'+D"+> > Hi;+> E;
i=1

i=1 j=0
€(z) = ||JE/\€)?/JE(Z)||/\2TZ,€

D)l 15 Pl 5oy T T I1has (D, THs I ()l

Note that A is simple normal crossing in Z.
Let

2 1 k
HARS U U suppftfi,j N U suppEl.

i=17=0 i=1
By Lemma 4, there exist an affine open neighborhood U, of z and local cordinate
system z,,w, on U, which satisfies the five conditions of Lemma 4. We put

VL‘ - Ul.\supp (ﬁ/+5//)7

and put
flzzmofa f2:wmof7
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on f~1(V,). It follows that

A I A I
FAvsf = (f{ (RSB -REL ) 5

on f~1(V,). Then it follows that
o ~ N2~ o~ N2
W () f2 fiff
5 =s|l== ==+ =—-=|= @, ;
) ) fife f1lfe (fl) fo h (fQ) (=)
on f~1(V,), where ®, is a smooth function on Vj.
Let

2 1 k
x €supp D' N U U supp H; ; U U supp E;
i=14=0 i=1

2 1 k
or z€suppD’'nN U U supp H; j U U supp E; | , respectively
i=14=0 i=1
By Lemma 4, there exists an affine open neighborhood U, of x and local cordinate
system z,,w, on U, which satisfies the five condition of Lemma 4. Because D’ and
D" are irreducible, it follows that

D'ly, = (2. — 1) (or D"|y, = (2, — 1), respectively),

and z;(z) = 1,w,(x) = 0. We take z/, = z, — 1. Let V, be an affine open subset of
U, such that

_ —(dz;)/ (2, + 1) 0
Viv, =d+ ( 0 ~dwy)jwy )
We note that z,(z) +1 # 0 on f~1(V,). We put
fi=zof, fo=wsof,
on f~1(V,). It follows that

and

~ o~ ~ o~ ~ ~ 2
(6) IOl [EL Sl S <i> 0,(f(2)
I

on }Ll(Vm), where ®, and ¥, are smooth functions on V.
Let x € supp D’ Nsupp D”. There exists an affine open neighborhood V,. of z
and holomorphic functions z,,w, on V, such that

D'lv, = (), D"lv, = (wy),

A|VE = (Zw) + (ww)v
on V,. It follows that dz, and dw, are linearly independent on V,. We put

.}lezxof"v’ .f;:wmo.}v.'
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By Lemma 2, there exist holomorphic functions go, g1, ho, h1 on V, such that
dze - Vi ') = go(F)) (V) + 9 (FO F () + (),
for all v € f~1(V,), and
duw, - V57 (3) = ho(F) o) + b (Fo) o) + T ),
for all v € f~1(V,). It follows that
F' A Vf/f/
= | (hDF+ D+ 5 ) = B (90 DI+ n(DFi + 53

Then it follows that

o .9
0zy  Owy

f 7
7 =0, +®0())2
) €)= 0ea(HF + e B B
+<1>x,3(f)f1 f2+<1> (f)ﬁé %,df)ié,
1J/2 1J2 1 f2
o f~!(Vz), where &, 1,.-., Py 5 are smooth functions on V.

Let R = {x € Zj]| « is contained in two irreducible components of A }. Note that
R is a finite subset of Zi. For x € R, we take affine open subset V, and holomorphic
functions z,, w, as above arguments. Then {V, }.cr is an open covering of Z;. We
take an open covering {V.'},ecr of Zj, such that V] C V, and V/ is relatively compact
in V. We take a partition of unity {¢;}scr which is subordinate to the covering
{V trer. Fix z € R. Let fi = 2z0f, fo = wy o f be a holomorphic function on

f~Y(V,). Then f, and f5 are extended to meromorphic functions on C. By (5), (6)
and (7), we have

/. ¢i<f<z>>1og+§<z>;i9

+ \f z |d9

</||—r Z/| e
+lf" )| db e 8
+Z I = R CTE

where I is a bounded smooth function on Zj. By using the lemma on logarithmic
derivative, it follows that

[ o F ()] do
lyl=r | Fi()
It holds that

~ ., .df 1 = o
JIR O e R T O
jzl=r i j2l=r

1 db
< 2/||— log* |/ ()l134, 5 + O(L),

‘ U

- < Sf(?“)

[\
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where || - |7z, is a hermitian metric of TZ),. By Lemma 1 and the concavity of log,
we have that

1 do
o R Ol

1 - df
5[ eslF Gl + g

IN
I

AN
I
—
o
0

do
1+ [ PGl ) -0

L LA P, Y

27r dr |z|<r

(
g
sos (15 ([ 17 W Y has naz) ) + 0t
1
2
4

IN

dz A dz) +0(1)

IN

2mr

d — 146
1+;<dr/ t/<T ||f ”TZk\/;dz/\dz> >+O(l)|

1 dt V=T @
< Liog (1+(/ Tl e nd) ) o)
S

where 4 is any positive number.
Because ) . ¢=(f) =1 on C, it follows that

/z log™ £(» Z/ )) log™ & (2 )di < Sp(r).

|zl=r TER

The following lemma is useful.

Lemma 7. It follows that

2 1
2 m’é,on:ZZHﬁZmE +ZE
7=0

i=1 i=1 j=0

Proof. Let the divisor H; j; on Z; be the strict transform of H;; under m o, and
let E;;, ¢ <1, be the strict transform of E; under 7 ;, where E;; = E.
We show

2 1
ZZ Tt = ZZHZJZ+Z7leE +ZE117
i—1 j=0

=1 j=0

by induction over [. If I = 1, we have

2 1 2 1
Z Z 71'>1k,0Hi,j = Z Z H; 1+ 2F;.

i=1 j=0 i=1 j=0

Therefore the statement of the induction holds for [ = 1. Assume that the statement
holds for I — 1,1 < <k. Let C; i =1,2,...,r be irreducible divisor on Z;_; such
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that
2 1 T
supp Z Z oty | = U supp C;.
i=1j=0 i=1
There exist positive integers aq,as, ..., a, such that
2 1 T
DD miaoHig =) aiCi
i=1 j=0 i=1

By the assumption of the induction, we have

l r

*
E B = g (a; —
i—1 i=1

Let z € Z;_; be one of the points of the center of 7;;_1, and let F} be the irreducible
component of E; such that m;;_1 (supp F;) = x. Assume that z € supp Cp, Nsupp Cy
for 1 < p < g < r. Then the coefficients of Fj in Z?:l Z;:O T oHij is ap +ag, and

the coefficient of Fj in Zi;i 71';"ZEz is a, + aq — 2. Therefore we have

2 1
DD mioHi, ZmE ZZHW+ZEH

i=1 j=0 i=1j=0

This complete the induction, and the lemma follows. O

Proof of the Main Theorem. We put Wg(]?) = f’ A %f,f'. We denote by ord, g
the order of zero of g, where g is a holomorphic section of a line bundle on a
neighborhood of z. By (5), (6) and (7) in Lemma 6, it follows that

2 1 k
ord. | & (Fa"( HHE,J»G)Ha(f) — ord. (We(F)
i=175=0 =1

< min{ord, &(f), 2} + min{ord, 5" (f), 2}

2 1 k
+2 Z Z min{ord, 71” (), 1} +2 Z min{ord, &(f),1}.

i=1 j=0 i=1

Therefore it follows that

1

ZTf ZTf(r,E—)
1

<No(r, f*D') + No(r, f*D") +2> > Ni(r, f*H; ;)

i=1 j=0

Mw

(8) T#(r, Kz,) + T5(r, | [D' + D"]) +
1y

(S
Il

23 N FE) + 84(0),
1<i<k
where Kz, is the canonical line bundle of Z;. The canonical line bundle of Zj, is
equal to

e oKp1(C)xpr(C) + T 1 B1 + T o B2 + -+ - + Bk
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By Lemma 7, it follows that

(9) ~Ti(r, Kproyxpic) = Tp(r,0(2,2)) =YY Ti(r,wi o Hi )

By (8), (9), it follows that
THr,[D'+ D)) < Ny(r, f*D') + Na(r, f*D”)

2 1 k

+23 S Ni(r, P H ) + 2 Ni(r, fRE) + Sy (r).

i=1 j=0 i=1
By Lemma 4 and Lemma 5, our main theorem follows. t
Corollary 1. Let f : C — C* x C* C PY(C) x P(C) be a non-constant map.
Assume that

F(C) Z {([Xo - Xu], [¥o : Y1]) € P(C) x P'(C) | CoXg' ¥ — CLX1'Y{ = 0},

for all (r1,m2) € Z x Z\ {(0,0)} and all (Cy,C1) € C x C\ {(0,0)}, and assume
that there exist no (a,b) € C x C\ {(0,0)} such that

alog f1 + blog fo = (constant),
on C. Then it follows that

Tf(ra [DD < NZ(Tv f*D/) + NQ(Tv f*D”) + Sf(r)'
Proof. Because Na(r, f*ﬁfu) =0 and Ny(r, f*ff?z) = 0, we have the corollary. [
Example 2. Let D', D” be the divisor which are defined by the polynomials
XoYo — X1Y1, XoYh — XiYo.

Then
2 1

Dy+D{+3 Y Hija+Er,
i=1 j=0

is normal crossing in Z;. Therefore D = Dy, D" = DY. Let E0,0), E(0,00)5 E(00,0) E(o0,00)
be irreducible components of E; such that

m1,0(supp Eo,0)) = ([0:1],[0: 1]), 71 0(supp Eo,00)) = ([0: 1], [1: 0]),
m1,0(supp E(oo,o)) =([1:0,[0:1]), m10(supp E(Oopo)) =([1:0],[1:0]).

Let f = (f1, f2) : C = Zy be a non-constant holomorphic map, and let f: C— 7
be the lift of f. It follows that

T(r, [D']) = T5(r, [x7 4 D']) = T5(r, [E0,00))) = T, [Es0,0)));

and
T]?(’I“, [WI,OD/D = Tf<r7 0(1’ 1)) = T(Tv fl) + T(Tv f2)a
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where
L, d0
T(r, fi) = . log™ [ fil5— + N(r. (fi)oo):
for i = 1,2. By the first main theorem, we have

Tf(ra E(O,oo)) = N(T’, f*E(O,oo)) + mf(ra E(O,oo))a

TfN(Tv E(OO,O)) = N(Ta f*E(oo,O)) + mfN(Ta E(oo,()))

It holds that
4 1 do

mz(r, E ) :/ log"m ——
FUH £(0,00) — )
= R T

1 do

mz(r, E )——/ log" ———.
F\UH £(00,0) 9
|z|=r /|f1 1|2 |f2|2 T

By these equations, we have

and

Ti(r, D) = N(r, (f1)o0) + N(r, (f2)oe) = N(r, * Eg.00) = N(, [* E(oo.0))

do
[ og Il +log I£2) 5
|z|=r u

- / logh ———+log" ———-—
== Al + 1P 2+ 12l

Let f1 = P(z), f2 = exp z, where P(z) is a polynomial of degree p on C. Then
T(r, f1) = plogr+ O(1), and T(r, f2) = |r| + O(1). Because

1 1
logt ——— <log" —

VIAE+ 15 1Al
it follows that

mz(r, Eo,00)) < T'(r, Y =T(r, f1) +0(1) = plog|r| + O(1).
So we have
m(r, Eo,00)) = o(r).
By the same arguments, we have
m#(r, E(so,0)) = o(r).
Then it holds that

Ti(r,D') =1+ o(r).

Let D" and D" be divisors on P*(C) x P! (C) which are defined by the polynomials
XPYg - XPYP, XY - XYY

(i,e,, m=m' =n" and n =n' =m”. ) We have the following theorem.
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Theorem 3. Let f: C — PL(C) x PY(C) be non-constant holomorphic map such
Let f : C — Zg be the lift of f. Assume that
F(€) ¢ {([Xo : X1, [Yo : Y1]) € PY(C) x P'(C) | CoXg' Yy — CL.X[Y(® = 0},

for all (r1,72) € ZxZ\{(0,0)} and all (Cy,C1) € CxC\{(0,0)}, and assume that
there exists no holomorphic functions g1, g2 on C and no (a,b) € C x C\ {(0,0)}
such that
f = (expgi,expgs) : C = P'(C) x P(C),
agi + bga = (constant),
on C. Then it follows that
4

C—m+n)@wﬂ7+ﬁwSAan?ﬁwH%mF5@+%v>

Proof. Let a1 = min{m, n}. It follows that
T o(D'+ D") =D} + DY + a1 Ey,

on Zi, where D{ and DY are proper transform of D’ and D” under 7. Let
az = min{max{m,n} — a1, a1} < ay. It follows that

’/T)QkyO(DI + DH) = D/2 + DIQ/ + a2E2 + a17r’2"71E1,

on Zs, where Dj and DY are proper transform of D’ and D" under 72 9. Repeating

this process, there exist positive integers ag - - - ,ax such that
k
* / " n/ I3 *
mioD +D")=D'+D"+ amj E;
i=1

Without loss of generality, we may assume that m < n. Then it holds that
m>ay; > ag > - > ag. It follows that
k

T]?(’I‘, D'+ D")) > Tf(r, ThoO(m +n,m+n)) — mZTf(T, g i Ei)-
i=1

By Lemma 7, we have

2 1
TH(r, 7} 00(2,2)) Z; THJ+ZT~M,” +ZT~TE

Then we have

T(r,[D'+ D))

k k
m-+n m-+n "
> 5 (Tf(r T 00(2,2)) g Tr(r,my B ) + ( 5~ m) g TH(r, 7y, Ei)

k
_ern ZZT TH,] +ZT
1

=1 j=0 i=

By Theorem 2, it follows that
~ ~ - ~ - 4 ~
To(r, (B + D) < Na(r, J* D)+ Nalr, J* D)) + ——T3(r, [0’ + D)) + 85r).

Then the theorem follows. O
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Corollary 2. Assume the hypothesis of Theorem 8, and assume that
£(©) € PH(C) x P(C) \ supp (D' + D").
If m+n > 5, then it follows that f(C) C suppH; ; fori=1,2 and j =0,1.

Proof. Assume that f(C) is not contained in the support of Zle Z;ZO H, ;. By
Theorem 3, f satisfies the following condition (i) or condition (i):

(i)  f(C) C {([Xo: Xi],[Yo: Y1]) € PY(C) x P1(C) | X' Vg2 — C1 XY = 0},
for some (r1,72) € Z x Z\ {(0,0)} and some C; € C\ {(0)}.

(ii)  There exists holomorphic functions g1, go on C and (a,b) € C x C\ {(0,0)}
such that
f = (expgi,expga) : C = P1(C) x P(C),
agy + bga = (constant),
on C.

If f satisfies condition (i), without loss of generality, we may assume that r; >
0,72 > 0. Assume that ro > 0. Let R be an irreducible component of {Xj'¥;? —
CX7'Y{? = 0}. Then ([0 : 1],[1 : 0]),([1 : 0],[0 : 1]) € supp R N suppD’, and
supp R N supp D" contains at least one point which is not ([0 : 1],[1 : 0]) nor
([1:0],[0:1]). Therefore the holomorphic map

f:C — supp R\ supp (D’ + D")

is a constant map.
Assume that 79 = 0. We have

f(C) C {([Xo: Xu],[Yo : Y1]) € P(C) x P(C) | X' — C X7 =0}

Let S be an irreducible component of {X' — CX* = 0}. Because m+n > 5, m
or n is more than 2, it follows that supp .S N supp D’ or supp S Nsupp D" contains
at least three points. Then f is a constant map.

If f satisfies condition (ii), it is easy to see that f is a constant map. O

Remark 2. Let 10 = ([0 : 1],[1 : 1]),211 = ([1 : 0],[1 : 1]),220 = ([1 : 1],[0 :
1]),291 = ([1: 1],[1:0]) € Zy = P}(C) x P}(C). Let W = Z; \ supp D’ Usupp D",
and let W* = W\ {z1,0,%1,1,22,0,%2,1}. By Corollary 2, there exist no non-constant
holomorphic map from C to W*.

Let 2 : W* — W be the inclusion map, and let dy -, dy be the Kobayashi pseudo
distance of W*, W (see Noguchi-Ochiai [4]). By Proposition 1.3.14. of [4], we have
*dw = dw«. Therefore W* is Brody hyperbolic but not Kobayashi hyperbolic.
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