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ON A RESOLVENT ESTIMATE FOR BIDOMAIN OPERATORS
AND ITS APPLICATIONS

YOSHIKAZU GIGA AND NAOTO KAJIWARA

ABSTRACT. We study bidomain equations that are commonly used as a model
to represent the electrophysiological wave propagation in the heart. We prove
existence, uniqueness and regularity of a strong solution in LP spaces. For
this purpose we derive an L°° resolvent estimate for the bidomain operator by
using a contradiction argument based on a blow-up argument. Interpolating
with the standard L2-theory, we conclude that bidomain operators generate
Ch-analytic semigroups in LP spaces, which leads to construct a strong solution
to a bidomain equation in LP spaces.

1. INTRODUCTION

The bidomain model is a system related to intra- and extra-cellular electric
potentials and some ionic variables. Mathematically, bidomain equations can be
written as two partial differential equations coupled with a system of m ordinary
differential equations:

(1) Ou+ flu,w) = V- (0;Vu,) = s; in (0,00) x £,
(2) O+ fu,w) + V- (0.Vue) = —5, in (0,00) x Q,
(3) Ow + g(u,w) =0 in (0,00) x Q,
(4) U= U; — Ue in (0,00) x £,
(5) oiVu;  n=0, 0.Vue-n=0 on (0,00) x 09,
(6) u(0) = ug, w(0) = wy in Q.

Here, functions u; and u. are intra- and extra-cellular electric potentials, u is
the transmembrane potential (or the action potential) and w = w(t, ) € R™(m €
N) is some ionic variables (current, gating variables, concentrations, etc.). All
these functions are unknown. On the other hand, the physical region occupied by
the heart Q C RY, conductivity matrices 0ie = 0;¢(x), external applied current
sources $; . = S;¢(t,x), total transmembrane ionic currents f : R x R™ — R and
g : R xR™ — R™ and initial data uy and wq are given. The symbol n denotes the
unit outward normal vector to 9. The reader is referred to the books [14] and [23]
about mathematical physiology including bidomain models.

There are some literature about well-posedness of bidomain equations. First
pioneering work is due to P. Colli-Franzone and G. Savaré [13]. They introduced
a variational formulation and derived existence, uniqueness and some regularity
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results in Hilbert spaces. Here, they assumed nonlinear terms f,g are forms of
flu,w) = k(u) + aw, g(u,w) = —Pu + yw («, 8,y > 0) with a suitable growth
condition on k. Examples include cubic-like FitzHugh-Nagumo model, which is
the most fundamental electrophysiological model. However, other realistic models
cannot be handled by their approach because nonlinear terms are limited. Later
M. Veneroni [39] extended to their results by using fixed point argument and es-
tablished well-posedness of more general and more realistic ionic models. These
two papers discussed strong solutions by deriving further regularity of weak solu-
tions. In 2009, Y. Bourgault, Y. Coudiére and C. Pierre [11] showed well-posedness
of a strong solution in L? spaces. They transformed bidomain equations into an
abstract evolution equation of the form

ou+ Au+ f(u,w) = s,
w + g(u,w) =0

by introducing the bidomain operator A in L? and modified source term s. Formally
the bidomain operator is the harmonic mean of two elliptic operators, i.e. (A4; Ly
A7 or A;(Ai+ Ae) " A., where A; . is the elliptic operator —V - (0; .V - ) with
the homogeneous Neumann boundary condition. They proved that the bidomain
operator is a non-negative self-adjoint operator by considering corresponding weak
formulations. Since their framework is in L?, well-posedness was only proved for
d<3in L? spaces.

The main goal of this paper is to establish LP-theory (1 < p < oo) and L°°-
theory for the bidomain operator with applications to bidomain equations. More
explicitly, we shall prove that the bidomain operator forms an analytic semigroup
e~ both in LP and L>. By this result we are able to construct a strong solution
in LP for any space dimension d (by taking p large if necessary). Our result allows
any locally Lipschitz nonlinear terms.

To derive analyticity it is sufficient to derive resolvent estimates. For LP resolvent
estimates a standard way is to use the Agmon’s method (e.g. [24], [37]). The main
idea of the method is as follows. If we have a W2?(Q x R) a priori estimate for the
operator A — e?9,;,, then A has an LP resolvent estimate. Unfortunately, it seems
difficult to derive such a W?2P a priori estimate because of nonlocal structure of the
bidomain operator. Thus we argue in a different way.

We first establish an L> resolvent estimate for the bidomain operator by a con-
tradiction argument including a blow-up argument. We then derive an LP resolvent
estimate for 2 < p < oo by interpolating L? and L> results. The LP-theory for
1 < p < 2 is established by a duality argument. Note that a standard idea to derive
an L resolvent estimate due to Masuda-Stewart (see the third next paragraph)
does not apply because their method is based on an L? resolvent estimate, which
we would like to prove.

A blow-up argument was first introduced by E. De Giorgi [16] in order to study
regularity of a minimal surface. It is also efficient to derive a priori estimates for
solutions of a semilinear elliptic problem [18] and a semilinear parabolic problem
[19], [20]. Recently, K. Abe and the first author [1], [2] showed that the Stokes
operator is a generator of an analytic semigroup on Cy (), the L>-closure of
25, (82) (the space of smooth solenoidal vector fields with compact support in ) for
some class of domains €2 including bounded and exterior domains by using a blow-up
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argument for a nonstationary problem. For a direct proof extending the Masuda-
Stewart method for resolvent estimates, see [3]. Suzuki [35] showed analyticity of
semigroups generated by higher order elliptic operators in L spaces by a blow-up
method even if the domain has only uniformly C! regularity for resolvent equations.
Our approach is similar to his approach, but boundary conditions are different and
our equations are systems. For the Dirichlet boundary condition, we can easily
take a cut-off function and a test function. However, for the Neumann boundary
condition, we have to take a cut-off function and a test function carefully so that
we does not violate boundary conditions.

Our method is based on a contradiction argument together with a blow-up ar-
gument. Let us explain a heuristic idea. Suppose that we would like to prove
that

(Alllulloe < Cllsllo

with some C' > 0 independent of sufficiently large A, u and s which satisfy the
resolvent equation Au + Au = s in Q. Here, || - || denotes the L°°(2) norm.
Suppose that the estimate were false. Then there would exists a sequence {\;}72 ;,
|[Ar| = oo and {ug, si} satisfy Apug+Aug = s in Q such that |Ag|||ug|lco > EllSk] oo
By normalizing uy, to introduce vy = ug/||uk|lco, We observe that ||vk|lcc = 1. We
take {x;}52, C Q such that |vg(xx)] > 1/2. We rescale wy,(x) = vg(zk +2/| A |*/?).
This function solves the equation e*?*wj, + Apwy, = t;, in Q, with A, — Ag if Ahas a
nice scaling property, where e = X\ /|\¢|, tr(z) = sp(@r + /| XY 2) /| Ak [[1n] 0o
and Qp := |A\|Y?(Q — 21). Here, Ay is the bidomain operator with a constant
coefficient. Since |A;| — 00, the rescaled domain {2 converges to either the whole
space or the half space. If wy converges to some w, then w solves the limit equation
ef~w + Agw = 0 since ||tx||sc < 1/k. If the convergence is strong enough, then
the assumption |wy(0)| > 1/2 implies |w(0)| > 1/2. However, if the solution of the
limit equation e*?>~w 4+ Agw = 0 is unique, i.e. w = 0, then we get a contradiction.
The key step is a local ‘Compactness’ of the blow-up sequence {wy}7° | near zero
to conclude |w(0)| > 1/2 and ‘Uniqueness’ of a blow-up limit.

Let us explain some literatures for L°°-theory. For the Laplace operator or gen-
eral elliptic operators it is well known that the corresponding semigroup is analytic
in L*°-type spaces. K. Yosida [42] considered the second order elliptic operator on
R. It was difficult to extend his method for multi-dimensional elliptic operators.
K. Masuda [25], [26] (see also [27]) first proved the analyticity of the semigroup
generated by a general elliptic operator (even for higher-order elliptic operators)
in Cy(R?), the space of continuous functions vanishing at the space-infinity. For
general domains, H. B. Stewart treated Dirichlet conditions [33] and general bound-
ary conditions [34]. Their methods are based on a localization with L? results and
interpolation inequalities. The reader may refer to the comprehensive book written
by A. Lunardi [24, Chapter 3] for the Masuda-Stewart method which applies to
many other cases. However, in our situations, we cannot apply these methods since
we do not have LP estimates.

Originally, bidomain equations were derived at a microscopic level. The cardiac
cellular structure of the tissue can be viewed by disjoint unions of two regions
separated by the interface, i.e. = Q; UQ.UT", where €; and ), are disjoint intra-
and extra cellular domains and T’ = 9§; N 9, is their interface called the active
membrane. When we consider this model, the intra- and extra cellular potential
u;,e are functions in Q, . respectively, and transmembrane potential u = u; — u, is
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the function on I'. Bidomain equations are replaced to equations on Q;, . and I in
this microscopic model. The dynamics inside the heart is much complicated. There
are only a few papers (e.g. [13], [40]) because of standard techniques and results
on reaction diffusion equation systems cannot be directly applied. H. Matano and
Y. Mori [28] showed existence and uniqueness of a global classical solution for 3D
cable model which is one of the microscopic cellular model by proving a uniform
L*° bound of solutions.

Conversely at a macroscopic model, the cardiac tissue can be represented by a
continuous model (called “bi”domain model), i.e. 2 = Q; = Q. = I" though each
point of the heart 2 is one of the interior part €2; or exterior part €, or their
boundary I'. Formal derivation from microscopic model to macroscopic model was
shown by a homogenization process when a periodic cardiac structure [23], [30].
The authors of [15] showed a rigorous mathematical derivation of the macroscopic
model by using the tools of the I'-convergence theory. The paper [7] studied the
asymptotic behavior of the family of vectorial integral functionals, which is con-
cerned with bidomain model, in the framework of I'-convergence. The bidomain
model is also used to analyze nonconvex mean curvature flow as a diffuse interface
approximation [6], [9], [10]. Nonconvexity leads to the gradient flow of a noncon-
vex functional, which corresponds in general to an ill-posed parabolic problem. To
study an ill-posed problem, it is often efficient to regularize it, for example by
adding some higher order term, and then passing to the limit as the regularizing
parameter goes to zero. However, papers [6], [9], [10] introduced completely differ-
ent regularization, namely, to use bidomain equations, where hidden anisotrophy
plays a key role. Recently in [29], interesting phenomena about stability of trav-
eling wave solutions was found for bidomain Allen-Cahn equations, which is quite
different from classical Allen-Cahn equations. This is also relevant to the hidden
anisotropy of the bidomain model.

The outline of this paper is as follows. In Section 2 after preparing a few no-
tations, we state an L* resolvent estimate for bidomain equations, which is a key
estimate of analyticity in LP and L* spaces. In Section 3 we give our proof of an
L resolvent estimate by using a blow-up argument. In Section 4 the system of
bidomain equations is replaced by a single equation by using bidomain operators
in L? spaces. Then we show existence and uniqueness of the solution. The method
is based on a continuity method [21]. We also establish LP and L* resolvent es-
timates for bidomain operators based in our analysis in Section 3. In Section 5 to
solve original problem (1)-(6) in L? we define bidomain operators and domains of
their fractional powers in order to handle nonlinear terms f, g having only locally
Lipschitz continuity. From an LP resolvent estimate, we show bidomain operators
are sectorial operators and then we derive existence, uniqueness and regularity of
a strong solution to (1)-(6) in LP spaces.

The authors are grateful to Professor Yoichiro Mori for guiding them to this
problem.

2. RESOLVENT ESTIMATE FOR BIDOMAIN EQUATIONS

2.1. Preliminaries, notations and definitions. In this subsection we give a
rigorous setting in order to state an L° resolvent estimate. We first recall the
definition of uniformly C*-domain for k£ > 1 and function spaces V[/lif ().
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Let B(xg,r) be an open ball with center zp, radius r > 0, i.e. B(xzo,7) = {x €
Re | |z — z0| <7}
Definition 2.1 (Uniformly C*-domain). Let Q C R? be a domain with d > 2. We
say that Q0 is a uniformly C*-domain (k > 1) if there exist K > 0 and r > 0 such
that for each point xo € O there exists a C* function v of d — 1 variables ' such

that -upon relabeling, reorienting and rotation the coordinates axes if necessary- we
have

QN B(xg,7) = {z = (2',24) € B(xo,7) | g > v(2")},

s = sup |8y < K.
|a|<k, z’€R4—1

Definition 2.2. We say u € W2P(Q) if there exists v € WP (R?) such that u = v
a.e. in Q.

The conductivity matrices o; . are functions of the space variable z € Q with
coefficients C''(Q) and satisfy the uniform ellipticity condition. Namely, we assume
that there exist constants 0 < g < @ such that

(7) olél? < (oie(2)€, ) < T¢I

for all z € Q and ¢ € R% Let a = a(x) denote unit tangent vector at the point
z € Q. Set the longitudinal conductances k{, : 99 — R and the transverse
conductances kf , : 9 — R along the fibers. Commonly used conductance tensors
are of the form ([12])

Oie(1) = ki o(2)] + (ki o(2) = ki .(2))a(z) ® a(z) (z € 09Q).

By this form we have the normal n is the eigenvector of o; . whose eigenvalue is
Kie():

oic(x)n(zr) = kfe(w)n(x) (z € 00).
When the model is constructed, these are naturally considered. Under these as-
sumptions of o; ., we have the property of boundary conditions:
(8) 0;.eVu-n=0<< Vu-n=0on J.

Source terms s; . also have important property. In physiology no current flow
outside through boundary 92 and the intra- and extra-cellular media communicate
electrically through the transmembrane. Hereafter we assume current conservation;

/Q(Si<t) + 8¢(t))dz =0 (¢t > 0).

This is nothing but the compatibility condition for bidomain equations. This aver-
aging zero condition is used when we transform the system of bidomain equations
(1)-(6) into single equation (28)-(29).

2.2. Resolvent estimate. We consider the following resolvent equations

M — V- (o;Vu;) = s in Q,

A+ V- (0. Vue) =s in Q,
()9 .

U= U; — Ue in Q,

oiVu; -n =0, 0.Vu,-n=0 on 012,
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corresponding to (1)-(6). These equations come from the Laplace transformation
of linear part of bidomain equations.

Let us state an L resolvent estimate. We set Xg 5 := {A € C\ {0} | |arg A\| <
0, M < |\|} and N (u,u;, ue, A) of the form

N (w3, 3) 1= sup (INllu(@)] + N2 ([Fu(@)] + [ Vui(@)] + [Vue (@)

Theorem 2.3 (L™ resolvent estimate for bidomain equations). Let @ C R? be
a uniformly C?-domain and o; . € C1(Q,S%) satisfy (7) and (8). Then for each
e € (0,7/2) there exist C > 0 and M > 0 such that

N (u, ui, te, N) < C[s]| Lo ()

for all X € Xx_. a, s € L(Q) and strong solutions u,u; . € ﬂn<p<00 V[/if(ﬁ) N
W22 (Q) of (x).

Remark 2.4. (i) It is impossible to derive an estimate |M||uiclloo < C|8] L)
because if (u,u;,ue) is a triplet of strong solutions then so is (u,u; + ¢, u. + ¢) for
all c e R.
(ii) By the Sobolev embedding theorem [5],

() wzr@nwh=@c () c*@).

loc
n<p<oo 0<a<l1

Hence (u,u;,ue) are C' functions and the left-hand side of the resolvent estimate
makes sense.

3. PROOF OF AN L°° RESOLVENT ESTIMATE

Proof of Theorem 2.3. We divide the proof into five steps. The first two steps
are reformulation of equations and estimates. The last three steps (compactness,
characterization of the limit and uniqueness) are crucial.

Step 1 (Normalization)

We argue by contradiction. Suppose that the statement were false. Then there
would exist € € (0,7/2), for any k € N there would exist A\, = |\g|e?* € S, ,
s € L°°(Q) and g, uik, Uek € [V,cpeno I/Vlzof(ﬁ) N W (Q) which are strong
solutions of resolvent equations

)\kuk -V (O’ivuik) = Sk in Q,
At + V- (0eVuer) = sk in Q,
U, = Uik — Uek in Q,
o Vi -n =0, 0cVer -n=0 on 0f,

with an L estimate N (up, Wik, Uek, \k) > k| sk || Lo (0)-

We set
Uk | Ak u
Vik _ L | Ak |wir
Vek N (ks Wik Ueks A) | 1Ak ltte

Sk Sk
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Then we get normalized resolvent equations of the form

i0 1 . .
ekyy, — WV (0; V) = 8k in Q,
eryy, + ﬁv (0eVUer) = 8k in Q,
Vg = Vil — Vek in €,

o Vi -n =0, 0.V -n=0 on 0f),
with estimates + > |55 1 () and
Vg Uik Vek
N IEWR ’ 7)‘
(lm ARl Pl ’“)
=sup ()] + el (Vo (o) + [ Vois(2)] + Fen(z)
S

=1.

Step 2 (Rescaling)

Secondly, we rescale variables near maximum points of normalized N. By defi-
nition of supremum there exists {x;}72, C Q such that

1
e (@) + [Xel ™2 (Vo (@) + [V (@e)] + [Vve (z1)]) > 5

for all k € N. We rescale functions {(wg, Wik, Wex) }52 1, {tx 1721, matrices { (i, oer) }72
and domain €2 with respect to xp. Namely, we set

W Vg -
Wik (x) = Vik (3% + |)\1/2) )
Wek Vek k

L x
tr(x) =58k | x + W )

Pyp— x = 1’
oi(x) := oy ZkJrW ; Oek(T) 1= 0 kaFW )
Qi =\ V2(Q — z,).

By changing variables Q > x — |\;|'/?(x — x1,) € Q, we notice that our equations
and our estimates can be rewritten of the form

ewkwk -V (oikaik) =1 in Q,
(310"'11}1C + V- (0 Vwer) = tg in Q,
WE = Wik — Wek in Qy,
oikaik N = 0, oekaek N = 0 on BQk,

with estimates
1
7> It || oo (02

3

z))) =1,

N | =

|wi (0)] + |Vwk(0)\ + |Vw;r(0)] + |Vwer (0)| >
sup (Jwe(@)] + [Vwe(2)| + [Vwir ()] + [Vwer

rxelly

—~
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where nj denotes the unit outer normal vector to ;. Here, we remark that un-
known functions w;; and w. are defined up to an additive constant. So without
loss of generality we may assume that w;;(0) := 0.

Step 3 (Compactness)

In this step, we will show local uniform boundedness for {(ws, wik, Wer)}72 ;-
If these sequences are bounded, one can take subsequences {(wg,, Wik, , Wek, ) }72;
which uniformly convergences in the norm C! on each compact set. We need to
divide two cases. One is the case Qo = R? and the other is the case Q. = Ri up
to translation and rotation, where ., is the limit of €.
We set dy = dist(0,0Q) = |\|'/?dist(zy,09) and D := lim inf d.
o0

Case(3-i) D =

In this case Qo = R? (See [35]). Let cut-off function p € C§°(RY) be such that
p(z) =1for |z] <1 and p(x) =0 for x| > 3/2. We localize functions wg, Wik, Wek
as follows

wh W
P — ;

why =p | wi in Q.
P

Wi Wek

By multiplying rescaled resolvent equations by p, we consider the following localized
equations

(9) ekl —V - (04, VW) = trp + Lix in O,
(10) ekl +V - (0o VW) = tep + Lok in Qp,
(11) wy, = wp, —why in Q,
(12) oiVwh, - np =0, o, Vw?, -ni =0 on O,
where
Li, = — Z {((Uik)mn)xmpxnwik + (T ) mn P e, Wik
1<m,n<d

+(O'ik)mnpxn (wik)wm + (Uik)mnpa:m (wik)ocn }7

Iek = Z {((O’Ek)mn)zmpmn Wek, + (Uek)mnpmmxn Wek
1<m,n<d

+ (O'ek)mnpwn (wek)xm + (Uek)mnp:vm (wek)wn }

are lower order terms of w;; and wer. Here, we take sufficiently large & such that
B(0,2) C Q.

Take some p > n and apply W2P(§;,) a priori estimate for second order elliptic
operators —V - (04, V), which have the oblique boundary (12). By (9) there exists
C > 0 independent of k € N such that

[wf w2 (qy)
<C (lwf oo + lwglle@e + tkpllLe @i + 1Tl o))
<CIB(0,2)['"” (|[whll Loe ) + lwfll oo ) + IExpll oo ) + [ Tinll Lo ()
=:C|B(0,2)|"?P (I + IT + IIT + 1V,
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where we use Holder inequality in the second inequality. The first term I is uni-
formly bounded in k since w(0) = 0 and ||[Vwix|| £ (q,) < 1. The second term
IT and the third term III are also uniformly bounded in & since ||wg||r(0,) < 1,
llpllLee (@, < 1 and [[tg|lL=(q,) < 1/k. Finally the forth term IV is also uniformly
bounded in k since

v <C(d, Sl;pHO—ikHWL”(Qk))HwikHWL“(Qk)
<(C.

Here, the constant C' may differ from line to line. Therefore the sequence {w?, }32,
is uniformly bounded in W?2?(€y,). Functions {w?, }32; and {w}}72, are also uni-
formly bounded in W?2?(§2;,) since the same calculation as above and (11). Here, 2
depends on k € N. By zero extension from 0, to R%, we have {(wf, w!,, w?, )} | is
uniform bounded in the norm (W2’p(Rd))3. Thus we are able to take subsequences
{(wy,, why, , wh )32, and w, w;, we € W2P(R4) such that

o

wy, w )

wh, | = | w; | in the norm C'(R?) as | — oo,
P

wl, Wwe

by Rellich’s compactness theorem [5]. Since
1
|0k, (0)] + [Vw, (0)] + [Vwir, (0)] + [Vwer, (0)] > 5,
we get

[w(0)] + [Vw(0)] + [Vws(0)| + [Vwe(0)] =

|~

Case(3-ii) D < o0

In this case Qo = R% up to translation and rotation (See [35]). Let cut-off
functions {px}32, C C3°(B(0,2)) satisfy 0 < py < 1, Opi/Oni =0 on O, pp =1
on B(0,1) and there exists K > 0 such that supyey ||pxllw2.(B(0,2)) < K. This is
of course possible [4, Appendix B]. Take a bounded C?-domain 2}, with the unit
outer normal vector 7y such that Q) C Q, N B(0,2), B(0,1) N0y, C 09 and
Opy /0N, = 0 on 0.

We argue in the same way as Case(3-1), we localize (wg, wik, wex) by multiply-
ing pr and get W2P(£}) a priori estimate for (w}*, wi, w’). We consider some
neighborhood U C €2}, near the origin such that (U NR%) is smooth. Then we can

take subsequences {(wZ:” , wf,fl’ , ws;;j )32, and w,w;, we € W2P(U N @) such that

Pk
w w

ky _
wf,ff - | w in the norm C*(U NR%) as | — oc.
wpkl w,

ekl €

As in Case (3-1), we get the same inequality.
In this step, we are able to conclude that w # 0 and w; . are not constants on
some neighborhood near the origin.

Step 4 (Characterization of the limit)
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Let us explain resolvent equations of wy,, wik,, Wek, tend to the limit equation

e — V- (0i00Vw;) =0 in O,
(13) e + V - (0eoo Vwe) = 0 %n Qoos

W = W; — We m Qooa

Oico VW; *No = 0, Teco VWe * Noo = 0 on 9N,

in the weak sense, where 0., = limy_, o Ok, Tiso, Teco are constant coefficients ma-
trices defined as below which satisfy uniform ellipticity condition and n, is unit

outer normal vector (0,---,0,—1) when Q. = ]R‘i. If Qo = R?, we do not need
to consider boundary conditions.
We have w, w;, we € (,,<p<o WP Q) N W (Qy,) and
W, w
Vwig, — | Vuw; weak * in L®(Qx) as | — oo
Vwekl Vw@
since sup (|wg(z)| 4+ |[Vwi(2)| + |Vwir(z)| + |Vwer(z)]) = 1.

TEQY,
Case(4-i) Qs = R?

Proposition 3.1. The limit w,w;,we € [V, -pcoo W2P(RY) N WL (RY) satisfy
that for any ¢; . € C5°(RY)

6i900(w, ¢i)L2(Rd) + (Gi00 Vi, V¢i)Lz(Rd) =0,
€10 (), ¢€)L2(Rd) — (Ceco VWe, v¢e)L2(Rd) =0,
W = W; — We,

where Oy = limy_, o0 O and 0jso, Teoo are constant coefficients matrices which sat-
isfy uniform ellipticity condition. Here, (-,-)p2(ra) denotes L2 inner product.

Proof of Proposition 3.1. For each function n € C§°(R?), there exists k, € N such
that suppn C €, for £k, < k. Since suppn is compact, there exist wg,, Wir,, Wek,
such that

W, w

wik, | = | wi weakly on W2P(suppn) as | — 0o

Wek, We

for all n < p < co. Now we have to determine 0o, and 0¢s. For matrix A =

{@mn }1<m.n<d; set ||A| = maxi<m n<d|@mn|- Since o; is uniformly continuous,
for each € > 0 there exists 6 > 0 such that if |z + W — Tk = ‘W <9
then ‘ o; (a:k + W) — ai(:ck)H = ||oix(z) — 0k (0)]] < e. We can take kg € N

such that ’W’ < 9 for kg < k since x € suppn and |A\;| — oco. Since ||o;(xr)] <

SUp,cq |loi(z)|], there exists a subsequence {o;x, }7°, and a constant matrix ¢,
such that o1, (0) = 04(xk,) = Tice (I = 00). Then for kg < k
loik (%) = Ticoll < lloir, () = air, (0)]| + lloik, (0) — Ficol
< e+ o, (0) = gico|
— e (I = o0).
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Since € > 0 and x € suppn are arbitrary, we get |0k, — 0iool| = 0 (I = 00). The
above calculation is also valid for o.. Naturally, 0;,, and 0., are positive definite
constant matrices.

We consider the weak formulation of the resolvent equation under oblique bound-
ary condition. For any test functions ¢; . € C§°(R?),

et (Wrys $i)r2(0,) + (il VWik, s Vi) L2(0y,) = (brys $i) 22(04,)
e (Wrys Pe)r2(y,) = (Tek, Ver,, VPe)r2(0y,) = (ks Pe)12(4,)
Wi, — wkl — Wi

l [

As [ — oo,
e (w, ¢i) L2 (ra) + (Tioo Vi, Vi) 12(ma) = 0,
el (w, ¢e)L2(Rd) — (Oeco Vwe, v¢e)L2(Rd) =0,
W = W; — We.

Case(4-ii) Qo = R%

Proposition 3.2. The limit w,w;, we € (), <pcno Wi’f(@) N Wl’“(@) satisfy
that for any ¢; . € C§° (Rd)|Ri

e (w, $i)r2re) + (Tic VWi, Vi) p2re ) = 0,
e (w, $e) 2(ra ) — (Teoe Ve, Vbe) p2(ra ) = 0,
W = w; — We,
where O = limy_, o O and 0jco, Teoo are constant coefficients matrices which sat-
isfy (7) and (8).
We can prove this proposition by similar calculation to Case (4-1).

Step 5 (Uniqueness)

In this last step we prove that limit functions are unique. The method is to reduce
existence of solution to dual problems and use the fundamental lemma of calculus of
variation. In order to solve the dual problem we use the Fourier transform. In the
half space case we extend to the whole space. However, we have to pay attention
to the boundary condition. We overcome the difficulty by using the condition (8).

Case(5-i) Qo = R?
W2AP(RY) N W (RY) satisfy

n<p<oo ' loc
€% (w, ¢;) 2 (ra) + (Cioa VWi, Vi) p2ray =0 (Vs € C5°(RY)),
(14) ez@oo(w) ¢6)L2(Rd) — (Teco Ve, v<z)e)L2(]R{d) =0 (Vo€ Cgo(Rd))a

W= w; — We,

Lemma 3.3. Let w,w;,w, € )

then w = 0 and w; = w, =constant.

Proof of Lemma 3.3. Equations (14) implies the following equations
(wia ei0w¢i -V (inv¢i))L2(Rd) - (w€7 ewoo (bi)L?(]Rd) =0,
(wia el ¢€)L2(Rd) - (we; el ¢e — V- (O-EOOV¢€))L2(R{1) =0,
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(wi, 67;000 (¢z + (be)_ (Uzmv¢z))L2 (Rd)
(we> = (¢i + de) — (Uemv¢€))L2(Rd) =0.

Since C§°(R?) is dense in S(R?), we can take ¢; . in S(RY) as test functions. So we
consider the dual problem of the limit equation. For all ;. € C§°(RY) satisfying
Jra (i — the)da = 0, we would like to find solutions ¢; . € S(R?) such that

€= (¢; + pe) — V - (0isc Vi) = U in R?,
ezom (¢z + ¢e) -V (erov¢e) = e in R

We are able to solve these equations by the Fourier transform. Solutions ¢; . €
S(R?) are of the form

;g =F !
¢ <<O-ioo€7

e — f71

where F and 7! denote the Fourier transform and its inverse. Therefore, we have
for all ¥; . € C5°(R?) satisfying [, (¢ — ¢e)dz =0,

(<0'eoo§ f + 619 )-szz - €i9oc]:'we
§){0ect, §) + € ((0iccd, ) + (e, €)
(i€, €) + €=) Fpe — &= Fy;
§> (Teoo, €> + eife (<Uioo§7£> + <UEOO§a§>>

(wia¢i)L2(Rd) - (wev¢e)L2(Rd) =0.

Let 1; = ¢, then (w,1;)2(ray = 0 for all ¢; € CF° (R%). By fundamental lemma
of calculus of variations, we get w = 0. Let ¢, = 0 then (w;,;)2@e) = 0 for
all ¥; € C§°(RY) satisfying Jga idz = 0. This means w; = constant. Obviously
We = W; Since w = w; — We. O

Lemma 3.4. Let w,w;,w. € ) WEP(RE) N Whe(RY) satisfy

n<p<oo loc

e (w, §i) 2 (re) + (Tico Vi, Vi) poa) = 0 (Vs € C§°(RY)|ge
(15) ewoo(w, QSG)LQ(]Rd) - (anOVwe, vqﬁe)Lz(Ri) =0 (ti)e S O(?O(Rd”R

W= w; — We,

),
),

d
4
then w = 0 and w; = w, =constant.
Proof of lemma 3.4. Equations (15) implies the following equations;
(wi7 eiew ¢z - v (Uzoov¢z))L2 Rd ) (wea eieoo (bi)L?(]Ri) = 0
(V(,ZSz € C(C))O(Rd”]Ri s.t. aongbZ N = 0),
(wi, eieood)e)Lz(Ri) — (we, ei9m¢e -V (erov('be))[?(Ri) =0
(Ve € Cgo(Rd)hRi 8.t Teoo Ve - Nop = 0),

(wi; el (i + ¢e)=V - (Jioovqbi))[g(]gi)
— (we, ew“ (¢z + ¢e) - (erv¢e))L2 Rd) = 0.
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The problem can be reduced to the whole space. Let Fw; . be an even extension
to the whole space R?, i.e.

() e d Wie(@wa)  (2a 20)
E 'LE( ) . {’wi,e(l‘/a_xd) (.Td < 0)

Matrices 000 and oo are constant so we extend these to whole space R?, which
we simply write by ;00 and ges. Since O'ZOOV’LUZ ‘Moo = VW; - Noo = 0, Teno VW -
Moo = Ve * Moo = 0 and wj e € N, pecoo Wi ’p(Rd) N W (RY), we have Ew; . €
Ni<p<oco Wio ’p(Rd) N WL (RY). For arbitrary ¢; . € C5°(R?), let ©f%™ and @7
be the even and odd parts of ¢; ., i.e.
even o (pi,e(x/’ l’d) + (Pi,e(x/, —(Ed)
Qoze ( ) T 2 )
901‘76(33/7 xd) - @i,e(x/a _xd)
5 .

% (x) =

For simplicity, set a linear operator L;- := e~ .~V (05, V-). From the assumption
Gico O

0 T;
(d — 1) matrix ;00 and 7 > 0 because (0,---,0,—1) is eigenvector of 0. So we
have that L;p$"*" is even function and ngagdd is odd function. Consider L, same

as L. Naturally, L. also has the same property. Then we have

of o;, note 0;, have the form of o;,, = for some constant (d — 1) x

(sza e+ Lz‘Pz)L%ﬂgd) - (Ewea i < i+ Le@e)Lz(]Rd)
_ (Ew“ 61000 (wgven + Sogdd) + Li(‘p?ven + sDlodd))Lz(]Rd)
_ (Ewe7ei9°° (Sole;ven + sD;)dd) + Le( even (pe ))LZ(]Rd)
:(Ewi, eieoo(piven + thpfve )LQ(Rd) - (E’U}e, 0o even + Leg@(;ve ) L2(R%)

=2 {(wz, e =@t + Li@?ven)m(mi) — (we, e’ ;" + Le@?jven)m(Ri)} .

even even | even

The function @§¥°" satisfies 000 V5V  Noo = V5 = 0. Function ¢g"*" also
satisfies same boundary condition. Since the last term of above calculation equals
to zero, we conclude that for any ¢; . € C5°(R?)

(Eww *Pe + Lz‘pz)Lz(Rd) (Ew€7 ei9°o Yi + Le@e)LZ(Rd) =0.

This means Fw; = Fw, = constant by the Case(4-1). Therefore we have w = 0 and
w; = w, = constant. [l

Results of Step 3 and Step 5 are contradictory, so the proof of Theorem 2.3 is
now complete. ([

4. BIDOMAIN OPERATORS

4.1. Definition of bidomain operators in LP spaces. In this subsection we
define bidomain operators in LP spaces for 1 < p < co. To avoid technical difficulties
we assume that ) is a bounded C?-domain. We reformulate resolvent equations
corresponding to the parabolic and elliptic system as are derived in [11]. The new
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system contains only v and u. as unknown functions. Since u; = v+ u, by (4), the
new system is of the form:

(16) A —V - (o;Vu) = V- (0;Vu.) = s in £,
(17) -V - (o;Vu+ (0; +0.)Vu.) =0 in Q,
(18) oiVu-n+o;Vue -n=0 on 01},
(19) oVu-n+ (0, +0.)Vue -n=0 on 0f.

Let 1 < p < oo and € be a bounded C%-domain. Set L? (Q) := {u € LP(Q) |

Jqudz = 0} and the operator P,, defined by Py u :=u — ﬁ Jq udz, which is the
orthogonal projection. Evidently, L2 () is a closed subspace in LP(Q)) and P,, is
a bounded linear operator on LP(£2). We similarly define a function space WP (Q),
ie. W2ZP(Q) =W?2P(Q) N LE, (). We define an operator 4; . in L2, (Q) with the
domain D(A; ) corresponding to a uniformly elliptic operator —V - (0;,V-) with
the oblique boundary condition. It is explicitly defined as

u€ D(Aje) = {ueW2iP(Q) | o;Vu-n=0ae in 90} C L2 (),

Aj et ==V - (0;.Vu).
Lemma 4.1 ([32]). Let 1 < p < oo and let Q be a bounded C*-domain. Assume
that o; . € C1(Q) satisfies (7). Then the operator A; is densely defined closed linear

operator on LP (Q) and for any f € LY () there uniquely exists u € D(A;) such
that A;u = f. The operator A, also has the same property.

If we assume that o; .Vu-n = 0 is equivalent to Vu - n = 0, then D(4;) =
{ueWZP(Q) | Vu-n =0 ae. in 00} = D(A.). So we are able to define the oper-
ator A;+ A, with the domain D(A4;)(= D(A.)) and we observe that inverse operator
(A;+Ac)"! on LP, is a bounded linear operator. Under [, ucdz = 0, which is often
used assumption to study bidomain equations, from (17),

AiPoyu+ (Ai + Ac)ue =0
(A + Ae)ue = —A;iPyyu - (€ LE,(Q))
S, = —(A; + Ao) 1A Poyu (€ D(Ay)).
We substitute this into (16) to set
M+ A Poyu — A (A + Ae)_lAiPavu =35
Su+ Ai(A + Ae) T AcPayu = s.
We are ready to define bidomain operators A.

Definition 4.2 ([11, Definition 12(p = 2)]). Forl < p < oo, we define the bidomain
operator A: D(A) := {u € W2P(Q) | Vu-n =0 a.e. in 90} C LP(Q) — LP(Q) by

(20) A:Ai(Ai+Ae)_1AePav-

Under [, uedr = 0, equations (16)-(19) for the function u can be written in a
single resolvent equation of the form

(21) A+ Au=s inQ.

Once we solve this equation, we are able to derive u, = —(A; + Ac) 1 A; Pyyu.
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4.2. Resolvent set of bidomain operators. We study existence and uniqueness
of the solution for bidomain equations (21). We derive WP a priori estimate for
fixed A by W?2P a priori estimate for the usual elliptic operator A.. To define
the bidomain operator A, we now assume that € is a bounded C?-domain and
oi. € C1(Q) satisfy (7) and (8), which will be used throughout.

Theorem 4.3 (A priori estimate for bidomain operators). Let 1 < p < co. For
each A € ¥, o there exists Cx > 0 such that

lullw=r@) < Cx (1A + Aullzo@) + lullr(e)
for all w € D(A).

Proof. We operate (A; + AE)A;lPav to (A+ A)u = s to get (A + Ao)Pupu =
(A; + Ae)Ai_le,s — /\AeAi_le,u. Since A, has a resolvent estimate [36], for each
e € (0,7/2) there exists C' > 0 such that

I Pavttl o0y + N2V Pavtil o) + |V Pavtt]| o
< C”(Az + Ae)Aiil-PavS - )\AeA;lpavu”Lp(Q)
< Cllsllore) + ClA[ull oy - - - ()

for all A € ¥;_. . Here, note that (A; + Ae)AflP,w and AeAflPav are bounded
operators in LP(€2). From above inequality we have for any A € 3 ¢ there exists
Cy > 0 independent of u (may depend on \) such that

ullw2r@) < Cx ([N + Aullro) + lullr @) -
([l

By this theorem we observe that the bidomain operator A in LP spaces is a
densely defined closed linear operator.

Let A, be the bidomain operator in L? spaces. We characterize the resolvent set
of bidomain operator A, in L” spaces from the previous result [11] that the bidomain
operator As is non-negative self-adjoint operator in L? spaces, i.e. ¥, C p(—Az).

Lemma 4.4. Let 1 <p < oo. Let A € . Assume that (A + A,)u = 0 implies
u = 0, then the inequality |u|lw2.») < COx||(A + Ap)ullLr(q) holds, where Cx > 0
is the constant independent of u € D(A,).

Proof. We argue by contradiction. If the inequality were false, there would exist a
sequence {ug 3>, C D(A,) satisfying

lurllwzo@) =1, |(A+ Ap)urllLe) < 1/k.

By the compactness of the imbedding WP (Q) — W1?(Q) (Rellich’s compactness

theorem), there exists a subsequence {uy, };°, converging strongly in W?(Q2) to a

function u € D(A,). Define tg, = (A; + Ae) " Ae Papug,, @ = (A; + Ae) LA Payu
1

and the conjugate exponent p’ of p, % + o =1for 1 <p < oco. We have {ar, }12,

are uniform bounded in W2P(Q2) converging to a function @ € D(A,). Since
/ Mg, v+ o; Vg, - Vo — / Auv + o;Va - Vo
Q Q

for all v € L? (), we must have JoAuv + 03V - Vo =0 for all v € L7 (). Hence
(A+ Ap)u = 0. The uniqueness implies u = 0. However, the estimate in Theorem
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4.3 implies
1= Jlug, lw2r ) < C ([0 + Ap)u, || o) + lur, e @) -

Sending [ — oo implies 1 < Climinfg o [|ug,||zr(0). This would contradict that
ug, — u = 0 strongly in WHP((Q). O

Theorem 4.5. Let 2 < p < co. Then for any A € X0 and s € LP(Q)), there
uniquely exists u € D(A,) such that (A + Ap)u = s.

Proof. It A € X and u € D(A,) satisfy (A + A,)u = 0 then v = 0 since u €
D(A,) C D(As) and A € p(—Asz). For existence of a solution to a bidomain
equation we use the continuity method [21]. For each ¢ € [0, 1] we set

L; =X+ AZ(tAZ + Ae)_lAePav : D(Ap) — LP(Q)

By Lemma 4.4 we see there is a constant C > 0 such that ||[u|ly2.»(q) < Cx||LiullLe ()
for all w € D(A,) and ¢ € [0,1]. Suppose that L; : D(4,) — LP(Q) is onto
for some t € [0,1], then L; is one-to-one. Hence there exists inverse mapping

Q) = D(4,).

L
For t €10,1] and s € LP(Q), the equation L;u = s is equivalent to the equation

Ltu =S
Liu= s+ (L; — Ly)u
=S5+ (t - E)Al(EAl + Ae)ilAi(tAi + Ae)ilAePavu
w=L;{s+ (t —1)Ai(fA; + Ac) T Ai(tA; + Ao) " Ao Payul}.

Set the mapping T': D(A,) — D(A,) and § > 0 of the form
Tu=L; ' {s+ (t — 1) A;(tA; + Ae) " Ai(tA; + Ao) " Ao Payul},

-1
6 = { sup ||L£_1{AZ(EAZ + Ae)_lAi(tAi + Ae)_lAePavlﬁ(Wz,p(Q))} .
t,£€[0,1]

The mapping T is a contraction mapping if |t — | < § and hence the mapping
L : D(A,) — LP(Q) is onto for all ¢ € [0,1] satisfying |t — | < § because of §
is independent of ¢, . By dividing the interval [0,1] into subintervals of length
less than d, we see that the mapping L; is onto for all ¢ € [0,1] because of Ly =
A+ AP, : D(A,) — LP(Q) is onto when A € X . O

Lemma 4.6. Let 1 <p < oco. The adjoint of the bidomain operator Ay is Ay
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Proof. Let u € D(A,), v € D(Ay) and 2 < p < oo. For simplicity, we write
()= <"'>LP(Q)><LP'(Q)'
(Apu, v)
= (A Pyyu — Ay (A; + A) A Poyu, v)
= (A;Pyyu — Ai(A; + A) P A Py, v)
— (AiPaytt — (As + Ac) (A + Ae) T A Payu, (A; + Ac) ™M Ay Payv)
= (A Payu — Ai(Ai + Ae) " Ai Payu, v — (A; 4+ Ac) 1 A Payv)
4+ (Ac(A; + A) T A Poyu, (Ay + A) 1A Pyyw)
= (u— (Ai + Ac) " AiPaytt, Ai Payv — Ai(Ai + Ac) AiPayv)
+ ((Aj 4+ Ao) YA Poyu, Ao(A; + A) 1A Pyyw)
= (u, Apv)
— (A + A) T A Poyu, AiPoyv — Aj(As + A) T A Pyyv — Ao(A + A) TP A Poyv)
= (u, Apv).
So we get A, C A},. In order to show D(A,) D D(A;,), we first show that A €
p(—Ap) implies A € p(—Ay,). Remark that D(As) C D(Ay) and Apu = Asu (u €
D(As)). For A € p(—A4,), A+ Apy)D(Ap) D (A+ Ay )D(Az) = (A + A2)D(Ag) =
L2(Q). So R(A+ A,) is dense in L? (£2). Therefore A+ A7, is one-to-one in LP(Q2).
Since A, C A7, and A+ A, is surjection in LP(Q), we get A+ A7, is surjection. This
means A € p(—Ar).
Take u € D(A;,) and for some A € p(—A4,) N p(—A;,) # (), then
vi=(A+A) T+ Ap)u € D(A)
A+ Apv=A+A4)u
A+ AL )Jv=(\+4))u

P
v =u.

Therefore D(A,) C D(A,) and Ay, = A,. Since A is a closed linear operator, we
have A, = A7F = A7, This means for all 1 < p < co the adjoint of the bidomain
operator Ay, is Ap. O

So we have for all 1 < p < o0, p(—=Ay) = p(=A4;) = p(—=Ap) = Xz 0.
Our Theorem 4.5 implies existence and uniqueness of the resolvent bidomain
equation since it is equivalent to the equation (21).

Theorem 4.7 (Existegce and Uniqueness). Let 1 < p < oo, Q be a bounded C?-
domain and o; . € C*(Q,S%) satisfy (7) and (8). Then for any X € S, 0, s € LP(Q),
the resolvent problem

M=V - (o;Vu;) =s in €,
M+ V- (0. Vue) =s in Q,
U= U; — Ue in Q,

o;Vu;-n=0, c.Vue-n=0 on 012,

has a unique solution u,u; . € WP (Q) satisfying fQ uedr = 0.
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4.3. Analyticity of semigroup generated by bidomain operators. We will
study bidomain equations in the framework of an analytic semigroup, so let us
recall the definition of a sectorial operator. Let X be a complex Banach space and
A:D(A) C X — X be a linear operator, may not have a dense domain.

Definition 4.8. The operator A is said to be a sectorial operator with angle 6(€
[0,7/2) if for each € € (0,7/2) there exist C >0 and M > 0 such that

(1) p-A) > S opt, @) s WIO+A) eor <C
AEXr_g—e,Mm

We do not assume that the operator A has a dense domain. So it may happen
that the analytic semigroup {e7'4};>0 generated by the operator A may not be
strongly continuous, that is for each 2 € X the function ¢ — e *4z is not necessarily
continuous on [0, 00). We call {e"*4};>0 Cp-analytic semigroup if for each z € X,
t + e "4z is continuous on [0,00). We have that if the operator A is a sectorial
operator with angle #, then t + e~*4 is analytic in [0, 00) and it can be extended
holomorphically in a sector with opening angle 2(7/2 — ). For sectorial operators,
it is known that

My =2 < D(A) = X.

{e7*}450 : strongly continuous < Yz € X, }gl(l) e
Therefore, {e’tA}tZO is Cyp-analytic semigroup if and only if the operator A is a
sectorial operator with dense domain D(A) in X (See [24]).

Let us go back to consider bidomain operators. Note that [11] showed the bido-
main operator A is a non-negative self-adjoint operator in L?() so that it is a
sectorial operator. Namely, p(—A2) D Xr o and for each ¢ € (0,7/2) there exists
C > 0 such that

sup  [Alllullzz) < Clis|lz2(a)

€Xr_c,0
for all s € L?(Q2). We derived an L resolvent estimate (Theorem 2.3); for each
e € (0,7/2) there exist C' > 0 and M > 0 such that p(—A4) D X,

sup  [A[[Jull e @) < CllsllL=(a)
T—e,M
and for all s € L (Q).
By using Riesz-Thorin interpolation theorem, we are able to derive an LP resol-
vent estimate, i.e. for each ¢ € (0,7/2) and 2 < p < oo there exist C > 0 and
M > 0 such that p(—A,) D X p and that

sup | A[[|ull L) < Clls|lLr (o)
AEX e M
and for all s € LP(Q),
For 2 < p < oo and its conjugate exponent p’(€ (1,2]), we have

_ T _ C
[(A+Ap) 1||L(LP'(Q)) = 1O+ A) ™) lewr ) = 1A+ 4p) ey < M

We derived the resolvent estimate for bidomain operators —A,, in L? spaces for
the sufficiently large A\. However, in the next theorem, we estimate the resolvent
for all A € Xr_. ¢ and higher order derivatives ||Vul|rr(o) and ||V2u|| s (o), which
is similar to an elliptic operator in L? spaces.
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Theorem 4.9 (LP resolvent estimates for bidomain operators). Let 1 < p < oo.
For each ¢ € (0,7/2) there exists C > 0 depending only on € such that the unique
solution u € D(Ap) of the resolvent equation (A + Ap)u = s satisfies

IMllullo@) + M2Vl Loy + IVl o) < Cllisllzr @
forall A€ Xr_.o and s € LP(Q).

Proof. We divide the resolvent estimate (A + Ap)u = s into (A + Ap)ur = Pyys
and (A + Ap)ug = s — Pyys. Note that u = ug + ug, Pays € LP (), s — Pyysis a
constant and the origin 0 belongs to p(—Ay|.z (o). For each € € (0,7/2) we fix
M > 0 which is the constant in the above explanation. Since (A + Ap)_lPaUs =
(A + Aplrr, () ' Pavs and the resolvent operator (A 4 Aplrr (o))~ " is uniform

av

bounded in a compact subset Xr_.o N B(0,2M), we have there exists C' > 0
depending on ¢ such that

lull o) = A+ Ap) ™ Pavsll e ()
= (A + Aplrz, @) PavsllLe)

C
< — || Py
S [ SHLP(Q)
for all A € £,_. 0N B(0,2M). On the other hand we have us = %(3 — Puys), SO
there exists C' > 0 such that

1
uzllLr (@) = ”X(S — Paws)|| e (o)

C
S m”s - PaUSHLP(Q)
for all A € ¥,_.0. We use the operator F,, is a bounded linear operator and
combine two estimates. We have that there exists C' > 0 such that |[ul|rq) <
%HSHL})(Q) for all A € ¥;_.0 N B(0,2M). Since we have already proved the re-
solvent estimate for |[A| > M, the resolvent estimate holds for all A € X._.,.
Estimates for higher order derivatives it follows from the key estimate (%) of the
proof of Theorem 4.3. (]

We can also define the bidomain operator in L>°(Q2). When the domain  is
bounded, L*(Q2) is contained in (), ., LP(€2). So for all s € L>(Q2) we can take
a unique solution of (16)-(19) u, uie € (N, <pcoo W2P(Q) satisfying [, uedz = 0.
Here, note that we cannot expect a W2>°(Q) solution such as a usual elliptic
problem.

For A € ¥, m let Roo(A) be the solution operator from s € L*(2) to u €
Ni<p<oo W2P(Q)(C L>®(2)) such that u is a solution of the resolvent bidomain
equation (16)-(19). We warn that the abstract equation (21) is not available for
L*> at this moment. The operator R, (\) is a bounded operator whose operator
norm is dominated by C/|}[, i.e.,

C
[ Roo(N)s]l Lo () < WHSHLO‘D(Q)-

The operator Ro.(A\) may be regarded as a bijection operator from L*°(2) to
Roo(A)L>®(€2). The operator Reo @ Zp_enr — L(L>®(Q)) satisfy the following
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resolvent equation;
Roo(A) = Roo (1) = (B = AN Roo(A) Roo (1) (A1t € Eree ).
Namely the operator Ry () is a pseudo-resolvent. We use the following proposition.

Proposition 4.10 ([8, Proposition B.6.]). Set a subset U C C and a Banach space
X. Let a function R: U — L(X) be a pseudo-resolvent. Then

(a) Ker R(A) and Ran R(\) are independent of A € U.

(b) There is an operator A on X such that R(\) = (A + A)~! for all X\ € U if and
only if Ker R(A) = {0}.

By this proposition, there exists a operator A, with the domain D(Ay) =
Reo(A) L% (Q)(C NpcpcocW2P(£2)) such that (A+Aoo) " ts = u, ie. (A+Ax)u = s.
We call Ay the bidomain operator in L*°(£2). We have the bidomain operator Ao,
in L*>(€2) is a sectorial operator. However, it is easy to see that D(As) is not

dense. Indeed, (1, < W2r(Q) c C(92) and hence D(AOO)L “@ C(2), where

D(AOO)L @ i the closure of D(A) in the L*°(Q) norm. Since C(f2) is not
dense in L™(Q), D(Ax) is not dense in L>°(Q2). We restrict the dense domain
D(AiO)L “ We also have (AOO)L @ _ {fu e UC(Q) | Vu-n = 0}, where
UC(2) denotes the space of all the uniformly continuous functions in  (see [24]).
So we consider again such that

D(floo) ={u € D(As) | Asou € UC(Q)},
Asu = Aoou.

Then the operator A, is a densely defined sectorial operator in UC(2). Our
resolvent estimates (Theorem 4.9 for LP, Theorem 2.3 for L) yields the following
theorem.

Theorem 4.11 (Analyticity of bidomain operators). For 1 < p < oo bidomain
operators A, in LP(Q) generate Co-analytic semigroups with angle w/2. The oper-
ator Ao generates a non-Cy-analytic semigroup with angle w/2 in L*°(Q2), and the
operator A generates a Co-analytic semigroup with angle w/2 in UC().

5. STRONG SOLUTIONS IN LP SPACES

By discussion in the previous section, we are able to study nonstationary state
bidomain equations by using the bidomain operator A. Let us state the definition
of a strong solution. Assume that € is a bounded C2-domain, 1 < p < oo, Sie €
Cr.(10,00); LP(£2)) (for some 0 < v < 1) such that s;(t) + se(t) € L2,(Q2) (V¢ > 0)
and f: RxR™ — R™ and g : R x R™ — R™ are locally Lipschitz continuous
functions. Before giving the definition of a strong solution, we recall parabolic-

elliptic type bidomain equations.

(22) Ou+ f(u,w) — V- (0;Vu) = V- (0;Vue) = 8; in (0,00) x ,
(23) =V - (0;Vu+ (0; + 0c)Vue) = 8; + Se in (0,00) x £,
(24) Ow + g(u,w) =0 in (0,00) x Q,
(25) oVu-n+o;Vue-n=0 on (0,00) x 09,
(26) oiVu-n+(0; +0c)Vue -n =0 on (0,00) x 09,
(27) u(0) = up, w(0) = wy in Q.
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Definition 5.1 ([11, Definition 18] Strong solution). For 7 > 0 consider the func-
tions z : t € [0,7) — 2(t) = (u(t),w(t)) € Z := LP(Q)x B™ (B = L>*(2Q) or C¥(2))
and u, : t € [0,7) = u.(t) € LP(R). Given zg = (up,wo) € Z, we say that (u, u, w)
is a strong solution to (22) to (27) if

(1) z:[0,7) — Z is continuous and z(0) = (ug,wp) in Z,

(2) z:(0,7) = Z is Fréchet differentiable,

(3) te[0,7) > ( £ (ult), w(t)), g(u(t),w(t))) € 7 is well-defined, locally v-Hélder
continuous on (0,7) and is continuous at ¢ = 0,
(4) for all t € (0,7), u(t) € W2P(Q), u.(t) € W2P(Q),
and (u, ue, w) verify (22)-(24) for all t € (0, 7) and for a.e. € 2, and the boundary
conditions (25) and (26) for all t € (0,7) and for a.e. x € 9.
Let us consider bidomain equations as an abstract parabolic evolution equation

on some Cartesian product spaces. We set

Az = (Au,0) for z = (u,w) € D(A) := D(A) x B™,

F:zeZw— (f(2),9(2)) € Z,

S:te0,00) — (s(t),0) = (si(t) — Ai(Ai + Ac) " (5i(t) + 5e(t)),0) € Z,

F(t,z) = S(t) — F(z).
If one collects all calculation, then bidomain equations is transformed into

dz

(28) E(t) + Az(t) = F(t, z(t)) in Z,
(29) ue(t) = (Ai + A) 7 {(54(t) + s6(t)) — Ai Pyyu(t)} € D(A.),
2(0) = zo in Z.

Lemma 5.2 ([11, Lemma 19]). The function z = (u,w) with u. s a strong solution
(22)-(27) if and only if conditions (1)-(3) of Definition 5.1 and condition (4°) below
s satisfied;
(4°) for all t € (0,7), u(t) € D(A) satisfies (28) and (29).

We will use the general theory in Henry’s book [22]. We have to control the

nonlinear term f, g. The key idea is to use fractional powers A% and related space
Z% with 0 <a <1.

Definition 5.3 ([22]). If A is a sectorial operator in a Banach space Z and if there
is a > 0 such that Reo(A+ a) > 0, then for each o > 0 we define the operator

- __ L * a—1_—(A+a)t
(A4a) = F(a)/o t* e dt.

For a > 0, we see (A + a)~® is a bounded linear operator on Z which is one-
to-one. By using this operator with fractional power, we define the domain Z¢ of
fractional power;

Z%=R(A+a)™%) (a>0),
]|z = (A +a)™) " a|z.
For a = 0, we define Z° := Z, ||z z0 := ||z 2.

Remark 5.4 ([22]). e Different choices of a give equivalent norms on Z%.
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o (Z% | -llz=) is a Banach space, Z* = D(A) and for 0 < < a <1, Z% is
a dense subspace of ZP with continuous inclusion.

Lemma 5.5 ([22, Theorem 1.6.1]). If B = L*°(Q) and f,g are locally Lipschitz
continuous on R x R™, then

d
Z¢C L>®(Q)x B™ if —<a<l,
2p

and in that case, F : z € Z% — F(z) € Z is locally Lipschitz continuous.
If B=C"(Q) and f,g are C? functions on R x R™, then

1 d
ZcCcCcr(Q)x B™ if 5(1/4—*) <a<l,
p
and in that case, F': z € Z% — F(z) € Z is locally Lipschitz continuous.

We are ready to state existence and uniqueness of the strong solution for bido-
main equations. When p = 2, d = 2,3, this was proved in [11, Theorem 20] so our
result is regarded as an extension of their result.

Theorem 5.6 (Local existence and uniqueness). Let 0 < a < 1 and 1 < p < oo
satisfying the relation in Lemma 5.5. Then for any zo = (uop, wo) € Z%, there exists
T > 0 such that bidomain equations have a unique strong solution on [0,T).

Proof. 1t is enough to show

e A is a sectorial operator,

o F:[0,00) x Z% — Z is a locally Holder continuous function in ¢ and a

locally Lipschitz continuous function in z,

because of existence and uniqueness theorem [22, Theorem 3.3.3]. First part is
obvious since A = (A,0), A is a sectorial operator and 0 is a bounded linear
operator. Note that a bounded linear operator is a sectorial operator and direct
sum of a sectorial operator is a sectorial operator [22]. Second part follows from
the calculation as below. We need to show s : [0,00) — LP() is locally v-Hélder
continuous in time. For any compact set M C [0, 00) there exists C' > 0 such that
for all t1,to € M, we have

[s(t1) — s(t2)lle ()
=[si(t1) — si(ta) — Ai(Ai + Ae) " (si(t1) — si(t2) + se(t1) — se(t2))llLr (o)
<|lsi(t1) = si(t2)llr) + C(llsi(tr) = si(t2) | Lr) + [[se(t1) = se(ta)llLe (o))
<Ot — ta]".

Here, we invoked the fact that A;(A4; + A.)~! is a bounded linear operator and that
s;.¢ are locally v-Holder continuous functions. O

We conclude this paper by studying regularity of a strong solution. Let 0 < v <
1, Q be a bounded C**"-domain, f,g be C? regularity, and coefficient of o; . be
CH(Q).

Theorem 5.7 (Regularity of a strong solution). Consider the case B = C”(Q)
in Definition 5.1 and 0 < o < 1 defined by Lemma 5.5. Assume that s;. €
Clo(10,00); LP(Q)) such that s; (t) € C*(Q) and [(si(t) + se(t))dz = 0(Vt > 0).
For zo = (ug,wp) € Z% the unique strong solution z of bidomain equations defined
on [0,T) for some T > 0 satisfies furthermore:
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(1) For any x € Q, u(x, ) € C*((0,T);R) and w(z,-) € C1((0,T);R™).
(2) For any t € (0,T), u(-,t),uic(-,t) € C*Q).

Proof. We see that t € (0,T) — z(t) € C*(Q) x (C”(Q))™ is continuous (Fréchet)
differentiable. This actually implies that (t,z) € (0, T)xQ — z(x,t) = (u(x,t),w(t, x))
is continuously differentiable in ¢. By [22, Theorem 3.5.2], we have ¢t € (0,T) —
z(t) € Z" is continuously (Fréchet) differentiable. This means du/dt(t) € C¥ ().
From (28),

Puoult) = A7+ 4047 {500 = Flato)wlo) + 50}

By elliptic regularity theorem for Holder spaces, Pyyu(-,t) is (24 v)-Holder contin-
uous since —du/dt(t) — f(u(t), w(t)) + s(t) is v-Holder continuous. Therefore u(:,t)
is in C%(Q). The function u, is also in C?(Q2) by (29). O
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