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Abstract
In this article, we consider a fractional diffusion equation of half order in time. We study inverse
problems of determining the space-dependent factor in the source term from additional data at a
fixed time and interior or boundary data over an appropriate time interval. We establish the global
Lipschitz stability estimates in the inverse source problems. Our methods are based on Carleman
estimates. Here we prove and use the Carleman estimates for a fractional diffusion equation of half

order in time.

1 Introduction

Let T>0,L>0,Q=(0,L) and 90 = {0} U{L}. We set Q@ =2 x (0,T) and ¥ = 9Q x (0,T). We

consider the following one dimensional fractional diffusion equation of half order in time:

ol

(0f — Lo)u(x,t) = g(x,t), (x,t) €Q (1.1)

1
where 02 is the Caputo type fractional derivative defined by

o B 1 L opu(z, s)
ofu(z,t) = Ti—a) /0 =)0 ds, (z,t)€Q
for 0 < a <1 and
Lou(x,t) := Oy (a(x)0zu(z,t)) + b(x)dsulx, t) + c(x)u(z,t), (x,t) € Q. (1.2)
Here and Henceforth we use notations: 0; = %, Oy = a%.

We always assume that a € C3(Q), b,c € C*(€), and there exists a constant x> 0 such that
1
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In this article, we consider a fractional diffusion equation known as a macroscopic model for

the anomalous diffusion in heterogeneous media. The study of the anomalous diffusion has various



applications in existing problems such as environmental problems. For instance, the anomalous diffusion
phenomena arise from the diffusion of contaminants underground. From field data, the diffusion in
heterogeneous aquifer is unable to be explained by the classical diffusion equation and it is showed that
this diffusion is slower than the classical diffusion by Adams and Gelhar [1]. In Hatano and Hantano
[12], they discussed the continuous time random walk (CTRW) model as a microscopic model for the
anomalous diffusion. A fractional diffusion equation is derived by the CTRW model with an argument

similar to that used to obtain the classical diffusion equation from the random walk model (see [24]).

Our main results are composed of two parts. One is the Carleman estimate, the other is the
conditional stability estimate in inverse source problems. We establish Carleman estimates for the 1-D
half order time fractional diffusion equation (1.1). Here we derive two kinds of Carleman estimates:
with interior data (Theorem 2.5) and with boundary data (Theorem 2.6). Then we consider the inverse
problems of determining the space-dependent source factor f(x) where g(x,t) = f(x)R(z,t). Using
Carleman estimates, we derive the Lipschitz type conditional stability estimates in our inverse source
problems by the additional data at an arbitrarily fixed time and two types of observations: interior

observations (Theorem 2.7) and boundary observations (Theorem 2.8).

The main techniques in the proof of the Carleman estimates for the fractional diffusion equation
(1.1) are the integration by parts and the reduction from (1.1) to the following fourth order parabolic
equation:

(0r — Liu(z,t) = g(x,t), (x,t) € Q. (1.3)

This reduction is obtained in Xu, Cheng and Yamamoto [34]. By the integration by parts, we establish
Carleman estimates for the fourth order parabolic equation and then we derive Carleman estimates for
(1.1).

To establish the stability estimates in inverse source problems, we use the methodology based on
Imanuvilov and Yamamoto [13], which use the global Carleman estimate to derive the global Lipschitz
stability estimate in inverse source problems for parabolic equations. Their methodology is originated
in the Bukhgeim-Klibanov method using the Carleman estimate to derive the global uniqueness in

inverse problems (see [4, 15, 16, 17, 35] and references therein).

As a pioneer work for the Carleman estimates for a fractional diffusion equation of half order
in time, we can refer to Xu, Cheng and Yamamoto [34] in 2011. Reducing aﬁ — 02 to O, — 02,
they established the local Carleman estimate for functions with compact support. Our Carleman
estimates are motivated by their result. As a development for the local Carleman estimate, Cheng,
Lin and Nakamura [5] treated the multi dimensional case in space. Moreover Lin and Nakamura [20]
established the Carleman estimate with any time fractional order « € (0,1). Related to our Carleman
estimates, there are some previous researches for fourth order parabolic equations such as the Kuramoto-

Sivashinsky equations. The Carleman estimate with boundary data for d; + L4 was proved in [3, 6, 23]



where Ly is the fourth order differential operator defined later in (2.2). The Carleman estimate with

interior data for 9; + 0% was firstly established in [39] and improved in [8, 9, 10, 11].

However the Carleman estimate with interior data for the fourth order parabolic equation with
variable coefficients has not derived yet. In this article, we prove the Carleman estimate for 9, — Ly with
interior data (Lemma 2.3). As its application, we establish the Carleman estimate for the fractional

diffusion equation (Theorem 2.5 and Theorem 2.6).

There are a lot of works for inverse source problems for fractional diffusion equations [2, 7, 18,
27, 28, 29, 31, 32, 33, 37, 38]. As theoretical approaches, for instance, Zhang and Xu [38] proved
the uniqueness concerning the identification of the space-dependent source term from boundary data
u(0,t), t € (0,T) by the analytic continuation and the Laplace transform. Sakamoto and Yamamoto
[28] established the Lipschitz stability in determining the space-dependent source factor from final
overdetermining data u(z,T). Liu, Rundell and Yamamoto [22] gave the uniqueness result in identi-
fying the time—dependent source factor by using the strong maximum principle for fractional diffusion
equations (see also [21]). Sakamoto and Yamamoto [27], Fujishiro and Kian [7] obtained the Lipschitz
stability in the determination of the time-dependent factor from data u(zo,t) at fixed zo € Q for any
t € (0,7). Related to the inverse source problems, we also refer to some results for the coefficient inverse
problems [14, 19, 25, 26, 30, 36]. Especially, Yamamoto and Zhang [36] investigated the inverse source
problem of determining the space-dependent source factor as a step to prove the stability estimate
in the coefficient inverse problem. For their inverse source problem, they derived the Holder stability
estimate by data u(x,t9) at fixed to € (0,7T) (see Lemma 1 in [36]) by using the Carleman estimate
established in [34].

As for the conditional stability estimate in the determination of the space—dependent source
factor f(z), to the author’s knowledge, the Lipschitz stability estimates by using interior or boundary
observations have not established yet, although the estimates by final overdetermining data were studied
(see e.g., [28, 29]), We will prove the Lipschitz type conditional stability estimates by the additional

data at an arbitrarily fixed time and interior/boundary observations (Theorem 2.7/Theorem 2.8).

This article is organized as follows. Section 1 gives this introduction. In Section 2, we describe
main results for the Carleman estimates and Lipschitz stability estimate. Section 3 contains proofs of

main results. Section 4 is devoted to Appendix.

2 Main results

In this section we present our main results composed of Carleman estimates in subsection 2.1 and

Lipschitz stability estimates for inverse source problems in subsection 2.2.



2.1 Carleman estimates for fractional diffusion equations

Firstly we state the reduction from the 1-D half order time fractional diffusion equation (1.1) to the

fourth order parabolic equation (1.3).
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In general, 0; = 02 92 does not hold for the Caputo type fractional derivative. Hence we need the

following Lemma derived in Xu, Cheng and Yamamoto [34].

Lemma 2.1 (Lemma 2.2 in Xu, Cheng and Yamamoto [34]). Let 0 < a+ 5 < 1, a,8 > 0. If
Y e Cl0, T)NWHL(0,T) and ¥(0) = 8 (0) = 0, then we have

ROju() =0 P0(t), te(0.T).
Noting that the coefficients of Lo are independent of ¢ and using the Lemma 2.1, we have the

following Lemma.
Lemma 2.2. Ifu e C([0,T]; H*(Q)) N C*([0,T]; H*(2)) satisfies

(0 = Lou(a.t) = gla 1), (2,t) € Q.

u(z,0) =0, x €,
then we have the equation (1.3):

(0 — Lu(w,t) = g(x,t), (2,t) € Q,

where

g(z,0)
\/E i

This Lemma is a modified Lemma 2.3 in [34]. Here we omit the proof of Lemma 2.2. Replacing

(@) = (9 + Lo)g(w,t) + (@,t) € Q.

92 in the proof of Lemma 2.3 in [34] by L2, we may obtain Lemma 2.2.

x
Since 9; — L3 is a fourth order parabolic operator, in general, we consider the following fourth

order parabolic equation:

(0 — Ly)u(z,t) = G(z,t), (x,t)€Q (2.1)
where
Lyu(x,t) := ao(z,t)02u(z, t) + a1 (z,t)03u(x, t)
+ ag(z,1)0%u(x, t) + az(x, t)Opu(x, t) + ag(x, hu(z,t), (2,t) € Q. (2.2)

We always assume that ag € C1([0,T];C%(Q)), ar € L=(Q) (k = 1,2,3,4) and that there exists a
constant m > 0 such that

< ap(z,t) <m, for (z,t) € Q.

=



Remark 1. Here we remark that coefficients of Ly depend on x and t. In the proof of Carleman
estimates, we are not required to assume that coefficients are independent of t. Carleman estimates for
0y — L4 themselves have applications in various problems for fourth order parabolic equations such as

Kuramoto-Sivashinsky equations. See [3, 6, 8, 9, 10, 11, 23, 39].

For our Carleman estiamtes, we introduce weight functions g, ®p and 1, a1, taking two kinds of
distance functions dy and d;. Let w,wy be an arbitrary fixed sub-domain of €2 such that @ C Q, gy C w.

We take a distance function dy € C*(Q) satisfying: there exists a positive constant oy > 0 such hat
do(x) >0, 2€Q, do(x)=0, z€N, |0,do(x)]>00, z€Q\wp.

Moreover we choose another distance function d; € C*(Q) satisfying: there exists a positive constant

o1 > 0 such that

di(z) >0, z€Q, 0.di(x)<—01, z€.
We set weight functions
pilw,t) = LMD, aglw,t) = 0(p) (M) — M ilem) ) (23)

for i = 0,1, where E(t) = ﬁ

Now we ready to state Carleman estimates for (2.1).

Lemma 2.3 (Carleman estimate with interior data for (2.1)). There exists A\g > 0 such that for any

A > No, we can choose so(A) > 0 satisfying: there exists C' = C(sg, Ag) > 0 such that
1 ] )
/ L%’O (|(9tu|2 + |6‘§u|2) + s 20| 02ul? + 3N 3| 0%ul? + sIACp] |0, ul® 4+ sTABYTu|? | €250 dadt

< C/ |(0y — Ly)ul?e®0 dzdt + CeCM* / lu|? dadt
Q wx (0,7

for all s > so and allu € L*(0,T; H*(Q))NH(0,T; H2(Y)) satisfying u(x,t) = Opu(x,t) =0, (z,t) € .

Lemma 2.4 (Carleman estimate with boundary data for (2.1)). There exists A9 > 0 such that for any
A > No, we can choose so(A) > 0 satisfying: there exists C = C(sg, Ag) > 0 such that

1
/ LS’% (10cul?® + |05ul?) + sA%p1|02u)? + $*M 1} |02ul® + s"\0F0,ul® + s A |ul?| e dadt
T
<c / (01 — La)ul2e® dadt + CeCN)s / (103(0, )| + [62u(0, 1) 2) dt
Q 0

foralls > so and allu € L?(0,T; H*(Q))NH (0, T; H%(Q)) satisfying u(z,t) = d,u(z,t) =0, (z,t) € X.

Remark 2. In this article, we do not prove Lemma 2.4. The Carleman estimate with boundary data for
Ot+ Ly is established by Meléndez (Proposition 3 in [23]). By the change of variables u(z,t) = u(x, T—t),

the Carleman estimate for (0y + L4)u gives us Lemma 2.4 .



In this article, we prove Lemma 2.3. Moreover using the proof of Lemma 2.3, we show the following

our main Carleman estimates for the fractional diffusion equation of half order in time (1.1).

Theorem 2.5 (Carleman estimate with interior data for (1.1)). Let g € L2(0,T; H*(Q))NH* (0, T; L?(12)).
There exists Ag > 0 such that for any X > Ao, we can choose so(\) > 0 satisfying: there exists
C = C(s0, o) > 0 such that

1
/ { (100ul® +10zul?) + sApo0l0ul® + s°X 5| 0ul® + s* X000 Oaul® + sTAPp(|ul? | €20 dad
Q Ls5¥o

< C’/ |(0; — L3)u|>e* dxdt + CeCWs / lu|? dadt
Q wx(0,T)

for all s > s and all solution u € L*(0,T; H*(Q)) N H(0,T; H*(Q)) of (1.1), u(x,0) =0, z € Q, and
u(z,t) = Opu(x,t) =0, (z,t) € X.

Theorem 2.6 (Carleman estimate with boundary data for (1.1)). Let g € L?(0,T; H?(Q))NH'(0,T; L?(Q2))
with g(x,t) = 0,9(z,t) = 0, (x,t) € . There exists Ag > 0 such that for any X > A\, we can choose
S0(A) > 0 satisfying: there exists C' = C(sg, Ag) > 0 such that

1
/ LSD (|6tu|2 + |8§u|2) + s)\2301|8;’u\2 + 33/\490:1)’|8§u|2 + 85A6<p?|8zu|2 + 87)\8<pz|u|2} €251 dydt
0 1
2\, 12,2 o160} T 2 3 2 2
< c/ (9, — L3)ul*e* s dadt + Ce >S/ (10,0, DI + 107 02u(0, 1) 2 + |8,0,(0, 1) ) dt
Q 0

T 1
+ CeCOs / (10.0(E, DI + 107 Dau( L, D + 00Dau(L, 1)) dt
0

for all s > s and all the solution u € L?(0,T; H*(Q)) N H*(0,T; H?(R2)) of (1.1), u(x,0) =0, x € Q
and u(z,t) =0, (x,t) € 3.

2.2 Inverse source problems

We present the global Lipschitz stability estimate in inverse source problems by interior observations

or boundary observations.

Let to € (0,T) be arbitrarily fixed. We assume that
ReCH0.TC*@), 07ReCH0,TECE), |R(xto) >0, zeq. (2.4)

Taking § > 0 such that
O<ty—0<tg<to+0<T,

we set Qs = Q X (tog—0,t0+9), L5 = 0N X (tg — d,t0 +0), Qu,s =w X (tg — 0,to + ¢) and we set weight

functions
oz, t) = L(H) M@ a4, t) = L5(t) (ekdi(“”) — e””di“W@)
. 1
for i = 0, 1, where é5(t) = W



2.2.1 Interior observations

Let us consider an inverse source problem for the following fractional diffusion equation and initial

boundary value conditions:

82 u(x,t) — Lou(z,t) = f(z)R(z,1), (z,) € Q, (2.5)
u(z,0) =0, xz €, (2.6)
u(z,t) = dyu(z,t) =0, (x,t) € 3. (2.7)

Inverse source problem by interior observations: Determine f by interior data u(z,t), (x,t) €

w x (0,T) and data u(z,ty), € Q where w C § is an open sub-domain such that @ C Q.

Now we ready to state the Lipschitz stability estimate in our inverse source problem.

Theorem 2.7. We assume that u,0;u € L*(0,T; H*(Q))NH*(0,T; H*(Q)) and u satisfies (2.5)~(2.7),
and that R satisfies (2.4). Then we have

1 1
[ fllz2) < C (”afu“LQ(Qw,é) +[|0ulL2(q..5) + HatafuﬂL?(Qw,é)) + Cllul-sto) | (o)

for any f € H?(Q) satisfying f(0) = 0, f(0) = 0.

2.2.2 Boundary observations

We consider the following fractional diffusion equation and initial boundary value conditions:

at%u(x,t) — Lou(z,t) = f(x)R(x,t), (z,t) € Q, (2.8)
u(z,0) =0, x €, (2.9)
u(z,t) =0, (z,t) € X. (2.10)

Inverse source problem by boundary observations: Determine f by boundary data d,u(z,t),

(z,t) € ¥ and data u(x,tg), x € Q.

We have the following theorem for our inverse source problem.

Theorem 2.8. We assume that u,0;u € L*(0,T; H*(Q))NH(0,T; H*>(Q)) and u satisfies (2.8)—(2.10)
and that R satisfies (2.4). Then we have

1
I fll 2 ) < C(||6t8zu(0, M r2to—sto+s) + 10:0Z 0ou(0, )| L2(t0—s.t0+5) + 107 0u(0, )| L2 (t0—5,t0+6)
1
+ 10e02u(L, )| 12t —5,t0+6) + 10602 Oxtu( L, )| L2t —5,0+6) + 107 Oxu(L, ')||L2(t06,to+6))
+ Cllu(-, to) || ()

for any f € H?(Q) satisfying f(z) = 0, f(x) =0, x € O9.



Remark 3. Under the assumptions of Theorem 2.7, we have

[ fllmz2() < Cllul, to)llmo)

for any f € H%(Q) satisfying f(z) = d,f(x) =0, x € ON.

3 Proofs of Main results

This Section is composed of proofs of Carleman estimates and Lipschitz stability estimate.

3.1 Proofs of Carleman estimates

Here we will prove the Carleman estimate with interior data for fourth order parabolic equation: Lemma
2.3. Then we show the Carleman estimates for the 1-D half order time fractional diffusion equation

(1.1): Theorem 2.5 and 2.6.

Before the proof of Carleman estimates, we see properties of weight functions defined in (2.3).
Ozpi = M0Ozd;)pi, Oy = N0zd;)p; in Q

and

i >C, a; <0, Opi <C¢, [0ay| <CN)gi inQ

for ¢ = 0,1. Here and henceforth C' > 0 denote generic constants which are independent of s, A and

may vary from line to line. Moreover we denote constants depending on A by C()).

3.1.1 Proof of Lemma 2.3

It is sufficient to derive the Carleman estimate for dyu — 0%(apd?u). We assume that the Carleman

estimate for dyu — 92(agd2u) is derived:
1 . .
/ { (10eul® + [05ul?) + s %po|02ul® + s> N @3] 02u|® + s"XOp5 |0, ul? + sTABpf|ul? | €2 dxdt
50
< C/ |0su — 02 (apd2u)|?e?** dadt + Cec(’\)s/ |u|? dadt. (3.1)
Q wx(0,T)
Noting that there exists a constant C' > 0 such that
|0yu — 0%(apd?u)|? < (0 — La)ul* + C|03u|* + C|0%ul?* + C|0,ul® + Clul?,

we have

1
/ Lso (10vul® + 10zul?) + sApo0|03ul® + s° X 5| 0ul® + s* X000 Ouul® + sTAPp(|ul? | €270 dudt
0



< C'/ |(0y — Ly)ul?e?**° dxdt + CeCM* / lu|? dadt
Q wx(0,T)

+c/ (103ul? + [@2uf? + |0l + [uf?) 27 dudt. (3.2)
Q

Taking sufficient large s > 0, we may absorb the third term on the right-hand side of (3.2). Then we
get the Carleman estimate for 9; — Ly. Henceforth we prove the estimate (3.1).

Set z = ues*°. We note that

lim #z(z,t) = lim dz(x,t)=0, z€Q, j=0,1,2,...
t—040 t—T—0

Define P by Pz := 50 (9;(ze™5) — §%(apd2(ze~**)). Then we decompose
Pz=Piz+ P,z — Rz
with

Pz = fﬁi(aoagz) - 652/\2<p(2](8md0)2a08§z - 1252A3g03(61d0)3a08mz
— 1252 X203 (02d0) (02d0)agOpz — 652 N2 @3 (0, d0)* (0ra0) Oz — 84/\4<p§(8xd0)4a02,

Pz = 0z + 45Xp0(0,d0)0x (ap022) + 453 X303 (0,do ) ag0pz + 653 A 03 (0,do ) apz,

Rz := 5(0rvg)z — 65X 200(0,dp)?a00? 2 — 65\po(02do)ag0?z — 25 po(0pdo ) (0pa0)02 2

— 450300 (0,do)2ag0yz — 125020 (0ydo ) (02 do)agyz — 4s Ao (02dy)agdy 2
— 652200 (0,d0)*(02a0) 0z — 65Xp0(02d0) (Dpa0)Duz — 25X (0do) (0%a0) 0,2
+ (75 M — s\ 00) (0pdo) apz + (=653 X308 + 1852 X\302 — 65030 (0,do)? (02do)aoz
T (3527268 — B5\200) (02d0) 02 + (452A%0 — 45X 240)(Ddo) (oo — sApo(Ddo)ao
+ (=253 X303 + 652 N30 — 250300 (02d0 ) (0pa0)z + (652X2p3 — 65X2p0)(0do) (02do) (Dpap) 2
— 250 (02do)(0ra0)z + (5* A28 — sA%00)(02d0)*(0%a0)z — shpo(92do) (92 ap)z.

Setting h := Pz + Rz = Pz + Pz and taking L?-norm for h, we obtain

1B1172q) < 211P2lI72(q) + 2121720
and
12117200y = 1Pz + Pazll72 () = 1Pr2]1 720y + P22 72y + 2(Pr2, Paz) 12(q)-
By above inequalities, we have

1 1

Now we compute each of terms on the left-hand side of (3.3): ||Plz||2L2(Q), HP?ZH%?(Q) and (P1z, Paz)12(q)-

P20 z/Q|P1z|2dxdt



1
25/ ——|Py2|* dadt
Q S5¥o0

1
> E/ ——|02(agd?2)|* dxdt
2 Q S¥o

/ 1
—e | —
Q 5%o

652\ 08 (02do)2apd22 + 125° N33 (0, do) 3 a0y 2

+ 1232)\2<pg((‘%do)(@gdo)ao@xz
2

+ 652 A202(0,d0)(0,a0)0x 2 + s* N @) (0pdo) apz| dadt

1
>5[ i@ dudt - C | XG0, a8 0% duds
2 Q S®o Q

- C/ (83X508 + s3\4p3) |0, 2| dxdt — Ce/ s" N80 (0,pdo)Bad|2|? dxdt
Q Q

for £ € (0,1] and large s > 0 such that spg > 1. The second inequality from the bottom is obtained by

loo+ B8] > 3|af* = |B]%. So we have

1
% / ——10%(apd?2)|* dxdt — Ca/ 3N 3 (0pdo) a2 |02 2)? dadt — C&‘/ s\ 0 (Dpdo)Bad|z|? dadt
Q #¥0 Q Q
< HP12’H%2(Q) + C’/Q(SS)\G@S + 53\403)|0,2|* ddt. (3.4)

Similarly we have the following inequality for ||sz||2LQ(Q):

1
g/ —|3tz|2dxdt—06/ s)\znpo(axdo)2|8x(a08§z)\2da:dt—C’a/ s° X80 (0, do)ad |0, 2| dadt
Q S¥o Q Q
< || Pazl|72 +C/Qs5)\8cp8|z|2d:rdt (3.5)
for € € (0, 1].

Let us estimate (P z, sz)Lz(Q) from below.

(P127 PQZ)Lz(Q)

= (—02(ag032z), 04z) (—02(ap022), 450 (02do) 0z (agD22))

2@ "
—92(ap022),45* X> 3 (0 do)* a0y 2)

L*(Q)

L2(Q) + (—Bi(aoaiz), 633)\4908(895%)4@02) L2(Q)

—652\203 (0,pdo)%apd?z, 8,52) (—652)\2@3(3xd0)2a08§z, 45 (02 do) Oy (aoaiz))

2@ "
—632/\2<pg(5‘xd0)2a03§z, 453)\3903(8xd0)3a08x2)

L2(Q)

L*(Q)

7652)\2@3(5}%)2&08%2, 6$3A4g03(8$d0)4aoz) 12(Q)

—125%X\32(9,do)3 a0, 2, Orz) (—1232)\3@% (02do)3 a0, 2, 45)\g00(8zd0)8m(a0832))

r2@) T L2(Q)

—125%X\32(0,do) a0, 2, 433)\3<pg(8$d0)3a06wz) L2(Q)

—125% X302 (0,do) a0, 2, 683/\4<pg(6xd0)4a0z) L2(Q)

+ + + + + + + o+

,1252)\2@3 (Gxdo)(afdo)ao&cz, 8tz) £2(Q)

10



1252 X202 (0, do) (02do) agy 2, 45 Xpo(0s do)az(aoﬁgz))m(@)

1252 N\%02 (0, do) (02dg)ag0yz, 45 X3 (3Id0)3a08mz)L2(Q)
2

12s )\2 8 do)(a do)a()@ z, 683)\4 (8$d0)4a0z)

L2(Q)

652722 (9, do )2 (&an)axzaatz)L?(Q)

6s 2,\2 (Ordo) (afao)ﬁzz,45/\300(3$d0)8m(a08§z))L2(Q)

L2(Q)

65% N2 02 (0, do) (Bmao)(“)xz,653A4<p8(8md0)4aoz)L2(Q)

s\ 03 (0,do ) apz, atz)LQ(Q) + (—34)\4903(895%)4@02,45Ag00(6$d0)8w(a0852))LQ(Q)

4/\4 (Dzdo)tagz, 453 X3 (8xd0)3a03xz)

n
n
L
L
L
L
L
L
+ 12(Q)
n

statpd 0(0g do)*aoz, 633)\4<p0(8 dp) aoz)

(-
(-
(-
(-
(-
(—65° X203 (0 d0)*(D5a0) 0y 2, 45> X203 (05do ) ? 400y 2)
(-
(-
(-
2( 12(Q)

=: Z[k. (36)

k=1

We calculate each term Iy, ..., Is4 by the integration by parts and the Schwarz inequality.

I = 7/ (0:2)0%(ap0?2) dadt
Q

L L

Odt—/OT {(@z)@m(ao(ﬁz)} dt

=0

T
- 1/(ata0)|agz|2 dmdt+/ {ao(axatz)agz}
2 Q 0

T L
> —C/ |3§z|2dxdt+/ [ao(azatz)aiz}
Q 0

r=
L

dt — /OT {(&z)@z(aoagz)] dt. (3.7)

=0 x=0

L
Here and henceforth we use the following notation: [F(w)} := F(L) — F(0).

=0

I, = —4/ sAp0(02do) 0, (ag0?2)02 (apd?2) dxdt
Q

= 2/ sA200(0,d0)? |0z (ag0?2)|? dxdt + 2/ sApo(02dy) |0z (agd?2) | dxdt
Q Q

L

T
— 2/ [s)\goo(azdo) laz(aoc?ﬁ@\?} dt
0

x=0
> 2/ sA2p0 (02 d0)? |04 (ag022) | dxdt — C’/ s\po |0 (ag0?2)|? dadt
Q Q

L

s /O ! [swo(axdo) lﬁx(aoﬁiz)f} dt. (3.8)

=0

I; = —4/ $3N303(0pdo ) ag(0,2)0%(ag0? ) dxdt
Q

= 718/ 3N 3 (0,do) ad|0%2|? dxdt — 36/ 3N 03 (0,do)?ad (0,2)(9%2) dadt
Q Q
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—12 [ $3A1p30, [(Qxdg)4ao] ao(0,2)(022) drdt + 4/ $3N3030,{(02d0) g} (0,2) 0z (ap022) dadt
Q

Q
T L
$3N303(0,d0)*(02do)ad|0%2|* dxdt + 12/ [53)\4908(6Ido)4a8(8zz)8§z} dt
0 =0
L T L
{ SN303(0,d0)3a |8§z|2] dt —4/ {33)\3308(835610)3%((%Ez)az(aoagz)] dt
z=0 0 =0
3

M3 (0,do) a2 |02 2|? dadt — C/ s\po |0z (apd?2)|* dxdt
Q

(s3X308 + 52\ )|6§z\2dzdt—0/ (s \Sp + O N505 + s N3 |0, 2|2 ddt
Q

,6/
f
e
o
onf

L T L
[ SN 3 (0,d0) ad(0,2)0%2 } dt+2/ [53)\3<p8(8xdo)3a(2)|8§z|2] dt
=0 0 =0
T L
—4 / [ SN33(0,do) ao(awz)am(aoaiz)} dt. (3.9)
0 =0

/ $3AeR 5(0zdo) 4a020%(ag0?z) dadt
/ 3N 3 (0,do) ad|022|? dadt

3N 03 (Do) ap20, (agd22) dadt + 6/ 53)\4@8395 [(8xd0)4a0} 20, (ap022) dxdt
Q

s,
/,

—18 | N (0.do)°al(0,2)0%2 dudt — 6/ s A1 030, [(02do) ao)] ao(0y2)022 dzdt
Q
L T L
/ [ SN1p3(0,do) ad (0, 2)0? z} dt — 6/ [53)\4908(8md0)4aoz(9w(a08§z)] dt
=0 0 z=0

/ 3N 3 (0,do) ad|0%2|? dedt — 0/ €210, (ag022)|? dadt — 0/ 2N 2|02 2| dadt

— C/ (XSt + s* N1 p3) |0, 2|2 ddt — C/ (85X85 + s5X58) | 2|2 dwdt
Q Q

L L

T
dt—6/ [53)\4@3(amd0)4aozaw(a08§z)] dt. (3.10)
0

z=0

T
+6/ [53)\4@8(8xd0)4a3(812)3iz}
0

=0

I5 = —6/ 2 N2 p2(0pdo)?ag(012)0% 2 dadt
Q

= 12/ 52)\3g0(2)(8wd0)3a0(8tz)8$zdxdt+12/ $2\2p2(0ydo) (02 do)ag(0:2) 0, 2 dadt
Q Q

+ 6/ $2N202(0,d0)* (0pa0) (012) 0y 2 dadt — 6/ 52 X200 (0400 (0pdo ) ag| 0, 2|* dxdt
Q Q
T L
— 3/ $2N2p2(0,d0)* (0rag)|0p2|* dxdt — 6/ [szkzwg(@do)zao(@z)@gz dt
Q 0 =0

> 12/ 52)\3g0(2)(8wd0)3a0(8tz)8$zdxdt+12/ $2\2p2(0ydo) (02 do)ag(0:2) 0, 2 dxdt
Q Q

+ 6/ §2\202(0,d0)*(0pa0) (012) 0y 2 dadt — C/ (82X208 + 82 \202) |0, 2|2 ddt
Q Q
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L

T
- 6/ {82)\%03(aido)zao(atz)awz} dt. (3.11)
0 =0

Ig = —24/ $3N303 (0pdo)?ag(022)0, (ag0?2) drdt
Q

=36/ 53)\4@3(8md0)4a§|8§z\2dxdt+36/ $3N3p3(0,do)*(02do)ad|0%2|* dxdt
Q Q

T L

- 12/ [83A3<p8(8md0)3a3|8§z|2] dt

0 =0

> 36/ S3A4gpg(6xd0)4ag|6§z\2da:dt—C/ $3IN3p3|022|? dadt
Q Q
L

T
- 12/ {53A3¢3(ard0)3ag|a§z|2] dt. (3.12)
0 =0

I; = —24/ " X33 (0do)®ad (0,2) 022 dadt
Q

= 60/ $° X805 (0, do)%ad |0, 2| dadt + 12/ "N 030, [(8ado)’ag) |052|? dadt
Q Q
T L
- 12/ {35)\5@8(8xd0)5a3|8x2|2] dt
0 =0

> 60/ $° X600 (0, do)®ad |0y 2|2 dxdt—C/ $ON3 0|0 2|? dardt
Q Q

L

T
— 12/ {35)\5<p8(8xd0)5a(2)|8mz|2] dt. (3.13)
0 =0

Is = —36/ $9N00 (0,do)%ad 202 z dxdt
Q

= 180/ $° N0 (0,do) " ad 20,2z dadt + 36/ s"A%030, [(04do)ad] 20,2 dxdt
Q Q

T L
+ 36/ s° X603 (0,do)®ad |0y 2|? dadt — 36/ [35)\6g08(8zd0)6a828x2] dt
Q 0 =0
> 36/ 52 X805 (0, do)%ad |0, 2| dadt — C/ (s*\8pg + s*\1p3) |0, 2|* ddt
Q Q
T L
- C’/ sON8 8| 2| dadt — 36/ {35)\6<p8(8$d0)6a3z8$z} dt. (3.14)
Q 0 =0
Iy = —12/ $2\3p2(0,do) ag(0:2) 0y 2 dadt. (3.15)
Q

Iy = 748/ 3N 3 (0,do) ag(022) 05 (ag0?2) dadt
Q

= 144/ 3N Q3 (0,do)° a2 (0,2) (0% 2) dxdt + 48/ s° A0 0, [(0ndo) a] ao(0,2)(922) dadt
Q Q
L

T
+ 48/ $3Np3 (0, do)*ad|022)? dadt — 48/ {33)\4<pg(8wd0)4a3(8wz)82z dt
Q 0 =0
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248/ 53/\4cp8(3xd0)4a3|3§z|2dxdt—C’/ 2N 2|02 2| dadt
Q Q

T L
- C’/ (5" XS0 + 5" N4 0) |00 2| davdt — 48/ {s?’/\ﬂog(amdo)‘lag(ﬁxz)azz dt. (3.16)
Q 0 =0
I = —48/ $°\80 (0, do)%ad |0, 2| dadt. (3.17)
Q
Iy = —72/ N5 (0,do) a2 20,z dadt
Q
> —0/ 34/\6<p§|8xz\2d:vdt—0/ sOX8 8| 2)? dadt. (3.18)
Q Q
I = —12/ $2N2p2(0,do) (02 do)an(0;2)0x 2 ddt. (3.19)
Q
4= 48 / BN R (D, do)? (02do)ao (D52)0y (a0D27) dadi
Q
> —C’/ sAp0 |0 (ap022)|? dxdt — C’/ $° N30 |0 2| dadt. (3.20)
Q Q
Ly = —48 / NG (Dado ) (02d0) a2y 2 ? duvdt
Q
> —C/ s° X500, 2|? dadt. (3.21)
Q
I = —72/ 5" X003 (0,do)?(02do)ad 20,z dadt
Q
> —C/ s* N3 |0y 2|* dadt — C’/ sON8p0 | 2|2 dadt. (3.22)
Q Q
Iz = —6/ §2N202(0,d0)* (0zao) (012)0y 2 dadL. (3.23)
Q
Lig = —24/ §3N303(0,d0)? (02a0) (022) 0z (ag0? 2) dadt
Q
> —C/ s\p0| 0z (ag022)|? dzdt — C/ $° N30 |0 2| dadt. (3.24)
Q Q
Ig = —24/ 52 N30 (02 do ) (Opag)ap| 0, 2|* dudt
Q
> fC/ $° X500, 2|? dadt. (3.25)
Q
I = —36/ $° X000 (9,.do)®(0ra0)agz(0,2) dadt
Q
> —C/ s* N3]0, 2| dadt — C'/ sONBp0 | 2|2 dadt. (3.26)
Q Q
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121 — —/ 54/\4cp§(3xd0)4a0(8tz)z dxdt
Q
1
= 2/ s N3 (04p0) (0zdo)  ap| 2| dadt + / s N3 (9.do)* (Orag)|2|* dadt
Q
> C/ (s* M op + sT A1) |2 dadt. (3.27)

Iy = _4/ A 00 (D do)® ag 20, (apd2z) dadt
Q

= —30/ §° X6 (8,do)%ad |0y 2|? dadt — 100/ $° X700 (0,do) " ad2(0,2) dadt
Q

—20 [ $°X0p)0, [(0udo)Cag] 2(0yz2) dadt + 4/ " A5 000, [(0xdo)’ag] aoz(022) dadt
Q Q
T L
2/ s"A%000, [(0xdo)’ag) |052|? dadt + 20/ [35)\6@8(81d0)6a%z8$z] dt
Q 0 x=0
T L T L
+2 [ SX\5p5(0xdo)’a |8wz|2] dt — 4/ {85/\5<p8(6ld0)5a32822} dt
0 =0 0 =0

> 30/ s° X6 (8,dp)° |8$z|2d:ndt70/ $3\30310% 2% dadt
Q Q

<y

(s'A58 4 X% )|8wz|2dscdt—0/(36)\8908+36>\6g08+s7)\7<p8)|z|2dmdt
Q

@

T L T L
+20 [ PN\ p5 (0, do)ad 20, z] dt—|—2/ [35/\5g08(81d0)5a3|81z|2} dt
0 =0 0 =0
T L
—4 / [ S X\5p5 (Do) a%z@iz} dt. (3.28)
0 z=0

Iy = _4/ s\ 0 (0pdo) a2 2(0y2) dadt
Q

= 14/Q57A8g08(3md0)8ag|z|2dxdt + 2/@57/\79056_qc [(5‘md0)7a3] |2|? dadt

T L
- 2/ [87)\7<pg(8xd0)7a(2)|z|2] dt
0

x=0

> 14/ s\l (Dpdo)Bad|z|? dadt — C/ s\ | 2|? dadt
Q

T L
) / [57A7<pg(8wdo)7a8|z|2] dt. (3.29)
0 z=0
Iy = —6 / s" X80 (8,do)Bad|2|* dadt. (3.30)
Q

By (3.6)—(3.30), we have
2/ sA200(0,d0)? |02 (ag0?2)|* dxdt + 60/ 3N 3 (0,do) ad|022|? dxdt
Q Q

+ 18/ o N800 (0, do)%a2 |0, 2| dadt + 8/ s" N8l (0,do)3ad|2|? dxdt
Q Q
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= (P12, P22)12(q) +c/ (s)\gao+)\2)|8x(a08£z)|2dxdt+0/ (83X308 + 82 \N1p2 +1)]022)? dadt
Q Q
+ C/ (8" X500 + s*\08 + st N1op + 2N208 + 2N202) |0, 2|2 ddt
Q

+ C'/ (8" AT 4 sON3 8 4 sON0p5 + s* N op + sTA1p))|2|? dadt + B (3.31)
Q

L T L
/ { Nl (0,do)" z|2} dt + 16/ |:85/\6(p8(6xd0)6a3283;2:| dt
0 =0 0 =0

L L

T
dt+6 / {83)\4@8(8xdo)4aozﬁx(a03§z)} dt
0

z=0

—|—4 (0zdo) a025‘2 }

0 =0

L L

dt + /O ! {(&z)@z(ao@ﬁz)] dt

z=0

|: SAS
T
+6 {W (Do) ao(ﬁtz)azz}

=0

L L

T
dt + 30 / {33)\4908(5‘md0)4a3(8mz)8§z] dt
0

x=0

0
T
+ 10/ [ SN\ (0.do) a%|8mz|2]
0

x=0

L L

T
dt+10/ [s3>\3908(8md0)3a(2)|8§z|2] dt
0

=0

T
+4/ {53)\3<p3(8xd0)3a0(8xz)5‘m(a08§z)}
0 =0
L L

T T
+ 2/ {SA@O(Bde) |8x(a08§z)’2] dt — / [ao(az&gz)iﬁz} dt.
0 =0 0 =0

Let us calculate HRZ||2L2(Q)

||RZH2L2(Q)
:/ |Rz|? dadt
Q
SC/(52A4@%+52)\2 )|82z|2dxdt—|—0/ $2\8p2|0, 2|? dadt
Q
+C’/( ANt + 55N 8) 2|2 dxdt + C'(A )/ spg|z|? drdt (3.32)
Q Q

for large s > 0 and A > 0. By (3.3), (3.4), (3.5), (3.31) and (3.32), we have
€ 1 9 € 1 5 2 \(2
— | —0z|*dadt + = | —|05(a0052)|" dedt
4 Jg spo 4 Jg spo
Ce 2 2 2,12 Ce 3y4, .3 4 2192 12
+(2- - A% 00 (05dp)*|0x (ap0z2)|” dadt + | 60 — - $° A5 (05do) ag|05 2| dadt
Q Q
Ce 546 .5 6,2 2 Ce 748 7 8 2,2
+ (18— 3 Qs A 03(0:dp)°ag| 02| dadt + | 8 — - Qs Ao (0xdo) ag) | dxdt
< HPZ”%Z(Q) + C/ (sXpg + M) |04 (ag0?2)|? ddt + C/ (83X303 + 2\ p2)|022)2 ddt
Q Q
+ C/ (s°A°¢) +s4)\6<p3)|8mz|2da:dt+0/ (s"ATpf + s°A%pf) |2 dzdt
Q Q
—i—C()\)/ s20p|2|? dzdt + B (3.33)
Q

for large s > 0 and A > 0. Taking sufficient small € € (0,1] such that each term on the left-hand side

16



of (3.33) is positive, we obtain
/Q $ (102> 4+ |02(a0d22)|?) dwdt + /Q sA2p0 (05 do)? |0, (a00?2) | dadt
+ /Q 3N 3 (0,do) ad|022|? dxdt + /Q §° X6 (8,do)%ad |0y 2|? dxdt + /Q s X80 (0pdo)Bad|2|? dadt
< CIIP2 o) + C/Q(smo +)\2)|8$(a0832)2da:dt+C/Q(s3)\3<pg + $2X2)[022]2 dadt
+ 0/62(85/\5908 + 54)\6gpé) |0, 2| dxdt + C’/Q(s7>\7g08 + N300 |2|? dadt
+C()\)/Qs2cpg|z|2dxdt+CB. (3.34)
Noting that % < ap in Q and |0,dy| > 09 in m, we have
/Q [;U (10021 + 102 (a0022)[?) + sX%@0| 0 (a0022)[* + S Np3|022|% + PN}, 2|? + 57N |22 | ddt
< CIP3|ag) + O/Q(swo +X2)(0, (a0d22) 2 dadt + C/Q(SBA%g + 222)|022 2 dudt
+ C/Q(s5>\5g08 + s'2\0p0) 0,27 dzdt + C/Q(s7)\7<pg + sON8p0) |2|? dadt
+CN) /Q s2pp|z|* dedt + CB
+C o) (8X%0]04(a0022) |2 + >N 3| 022]% + s A0]|0uz|® + s Ap(|2[?) dadt. (3.35)

Estimation of boundary terms. Let us estimate boundary terms B. By the boundary conditions

u = 0,u =0 on X, we obtain 2 = 0;z = 0,2 = 0,0,z = 0 on X. So we have
T
B = 10/ $3N303 (L, t)(0,do)* (L)a2 (L, t)|0% (L, t)|? dt
0
T b
10 /O SN (0,1)(Dado)(0)a2(0, £)]02=(0, ) dt
T
+ 2/ sApo (L, 1)0ydo(L)|0yao(L, t)0%2(L,t) + ao(L,t)02z(L,t)|* dt
0
T
0
Noting that d,do(0) > 0 and 0,do(L) < 0, we see that
B <. (3.36)
Estimation of interior terms. Now we replace
/ (sX%00]02(a0022) > + >N |022]° + s A00] |0, 2| 4+ s"AB¢(|2|?) dadt (3.37)
UJUX(O,T)

on the right-hand side of (3.35) by

/ s"\8pp|2)? dadt.
wx(0,T)
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The main techniques are integration by parts and cut off functions arguments. We will estimate (3.37)

by three steps. Firstly we estimate the third order term on (3.37) by lower order terms.

Taking an open subset w; CC w such that wy CC wy, we consider a cut off function p; € C§° ()
such that 0 < p; < 11in Q, suppp; C wy and p; = 1 in wy. Here and henceforth A CC B denotes

A C B. Then we estimate the following integral
—/ p187\%00ag(022)02(ag0?2) dadt
Q
from above and below.

1 1
—/ P15\ 2 poan(922)02 (ag022) dadt < —/ ——102(ag022)|* dxdt + 4771/ 3N 3102 2| dadt
Q mJq $¥o w1 x(0,T)
(3.38)

for 1 > 0. Here we used ab = (ﬁa) (v2mb) < %a2 + 4nb? for n > 0. On the other hand
- / P15X2p0ag(022)02 (a0?2) dadt
Q
= / (D2p1)5N2p0ag(022)0,(a022) dxdt + / p18X300(0,do)ao(022)0, (apd?2) dadt
Q Q
+ / p15X 20|05 (ag0?2)|? dxdt
Q
> / sA2pg|02 (apd22)|? dwdt — C’/ 2|0, (ap022)|? dadt — C/ (82 X102 + 82N2p2) |02 2|2 dxdt.
on(O,T) Q Q
(3.39)

Combining (3.38) with (3.39), we have

/ sA2 0|0z (ap022)|? dxdt
wo X (O,T)

1 1
< — | ——|03(apd?2)|* dxdt + 41 / 3N 3|02 2| dadt
m Jq spo w1 (0,T)
+ C/ N0, (ag022)|? dadt + C/ (2 X2 + s2\2p2) |02 2| daxdt. (3.40)
Q Q
By (3.35), (3.36) and (3.40), we obtain

1 C 1
/QL%|8,52|2 + <1 - 771) %Wg(aoagz)\z + 5\200] 0, (agd?2)|?
+ s Ao 022) + " X0 0,22 + 57/\8<p8|z|2] dxdt
< C||P2H%2(Q) + C’/ (sApo + A0 (ag0?2)|* dxdt + C/ (s3X303 + s2\1p2)|022 )2 ddt
Q Q

+ C'/ (s°A°00 + 5" A%p0) |0 2| dadt + C'/ (s"ATf + s8A38)|2|? dadt
Q Q

+ C(A)/ 52| 2|? dadt + C’/ [(4m + 1)s® N3] 0227 + s A0pf 02| + s"AB¢(|2[?] dadt
Q le(O,T)
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for large s > 0 and A > 0. Taking sufficient large 1; > 0, we get
/QL;O (193212 + 182 (a0822) %) + s\ 0] (@0022)| + SN B10%21 + PX0G5102]? + sTAS T |22 | durdt
< C’||Pz||2Lz(Q) + C’/ (s Ao + AH)|04 (agd?2) | dxdt + C /62(33,\3903 + 82N 2)|0% 2| dadt

+C/ (s X5 + s*\%3) |0, z|2d:cdt+0/ (s"ATf + sOA%p0) |2|? dadt

+C’()\)/ s <p0|z|2d:z:dt—|—0/ (s A1 p|022| + s" N5 0p2|? + sTARp(|2[?) dadt. (3.41)
Q le(O,T)

We take an open subset ws CC w such that w; CC we. We choose a cut off function pa € C§°(Q2)

such that 0 < ps < 11in €, supp p2 C we and ps = 1 in wyi. Then we estimate the following integral
—/ P28 N p3(0,2)0,(ap022) dadt
Q

from above and below.

1
—/ 028 N 03 (0,2)0,(ag022) drdt < —/ s)\2<p0|8x(a08§z)|2dmdt+4772/ s°\6p|022)? dadt
Q N2 Jg w2 x(0,T)
(3.42)

for 72 > 0. On the other hand
- / P28 N3 (0,2)0,(ag0?2) drdt
Q
= / (0up2)s* N pdag(0,2)(0%2) dxdt + 3/ P28 N33 (0,do)ag(0,2)(022) dadt
Q Q

+ / pas  Npdag|022|* dadt
Q

1
> — / $3N1p3102 2| dadt — C/ 2N 2|02 2| dadt — C/ (s* X508 + s* N1 o) |05 2|2 ddt.
M Jwix(0,T) Q Q

(3.43)
Combining (3.42) with (3.43), we have
/ 3N1p3102 2| dadt
UJ1><(O T)
< ﬁ/ s)\2<p0|8m(a08§z)|dscdt+4mn2/ s°\6p0|02 2| dadt
% (0,T)
+c/ s2N1 2 |82z|2d:cdt+0/ (5" XS0 + s* N1 [0, 2|2 ddt. (3.44)

By (3.41) and (3.44), we obtain
1 2 2 212 Cm
— ([0e2® +102(a0022)[%) + | 1 — —— ) sA%00]8x (a0 2)[?
Q LS¥o 12
+ 8N 3102 2] + N85 |0, 2|2 + s AB ) |22} dxdt

< C||Pz|72(q) + C/Q(s)\<po + 2|0, (ap022) |? dxdt + C’/Q(s?’)\?’cpg + 52\ 2)|022|? dadt
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+ 0/62(55)\5@8 + s*2\0p8) [0, 2| dwdt + 0/62(57)\7908 + A% p0) |2|* dadt
+ C(A 208122 dadt + C Amny 4+ 1)s° 250210, 2|2 + s" N7 2|2 dadt
%o n %o %o
Q sz(O,T)
for large s > 0 and A > 0. Taking sufficient large 7o > 0, we get
1
/ [Swo (|8tz|2 + |8§(a08§z)|2) + s)\2g00|8x(a06§z)|2 + 53>\4gpg|8§z|2 + 85)\6<p8\3xz|2 + 57)\8<pg|z|2 dxdt
< C||Pz||2L2(Q) + C/Q(sAgoo +2?)|0,(a0022)|? dadt + C /Q(s?’)\?’gog + 82\ 2) |02 2| dadt
+ C/ (s°A°0f + 5*X%00) |0, 2|* dadt + C/ (s"ATp + s°A300) |2|? dadt
Q Q

+C(A) / 52| 2| dedt + C (s°X900|02|> + s"A3(|2[?) dadt. (3.45)
Q UJ2><(O,T)

We carry out a similar argument again. We take a cut-off function p3 € C§°(€2) such that

0<p3<1lin , suppps Cw and p3 =1 in wy. Then we estimate the following integral

—/ p35° N0 D202 2 dxdt
Q

from above and below.

1
—/ p38° N 2022 drdt < —/ 53)\4903|8§z|2dxdt+4n3/ s"\8pp|2)? dadt (3.46)
o N3 Jq wx (0,T)

for n3 > 0. On the other hand
- / p35° N80 202 2 ddt
Q
:/(8Ip3)s5)\6<p828mzdxdt+5/ p335)\7g0(5)(8zd0)28mzdxdt+/ p38° A0 0p |0, 2| dadt
Q Q Q
> / s° X80 |0, 2| daxdt — C/ s\ 3| 0, 2| dadt — C’/ (55X + sON0p8) |2 dwdt.  (3.47)
w2x(0,T) Q Q
Combining (3.46) with (3.47), we have
/ s°\8p0 |0, 2| dadt
UJ2><(O7T)
1
< —/ 3N 3|02 2|? dadt + 4773/ sT A8l |2|? dadt
n3 Jq wx(0,T)
+ C’/ s* N3]0, 2| dadt + C/ (85X35 + s9X65) | 2|2 ddt. (3.48)
Q Q
By (3.45) and (3.48), we obtain
1
[ 0+ 32000020 ) 5420l o0

C
b (1 D) x4 X Hansl + OGP o
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< CIP2Iag) + O/Q(s)\<p0 +X2)(0, (a0d22) 2 dadt + C/Q(SBA%E; + 202)|022 2 dadt
+ C/Q(s5>\5908 + s'X\0p0) [0, 2|° dudt + C/Q(s7)\7<pg + sON8p0) | 2|? dadt
+CN) / s2pp|z| dxdt + C (4n3 + 1)s" \8p) | 2|* daxdt
Q wx(0,T)
for large s > 0 and A > 0. Taking sufficient large n3 > 0, we get
1
/ [S% (|0e2]* + |02 (a0022)|?) + sA2p0|0x(ag022)|* + s> |022]* + s°XOp] |02 + sTAP(|2|? | dadt
< C||Pz||2L2(Q) + C’/Q(s)\<p0 + A0, (agd?2) | dxdt + C /Q(s?’)\gapg + 52\ 2)|022|? dxdt
+0/ (55)\5@8+54/\6<pé)|8mz|2dxdt+0/ (s"ATf + OA%pf) |2|? dadt
Q Q
+C(N) / s2pp|2|? dxdt + C s"\8pp|2|? dadt. (3.49)
Q wx(0,T)
By 0.(ag0%2) = ag02z + (0,a0)(02%2), we get
1
10 (00032 > 5102217 = ClO321%,  10:(a00z2) [ < C10;2]" + 032",
Similarly, 02(ag02z) = agd2z + 2(0a0)(922) + (0%ag)(02z) implies that
1
03002 > 508l — Cla3ef? — Ozl
By (3.49), we have
1
/ [S(p (|0e2] 4+ 1052]%) + s 20| 022|* + s A1} |022|* + s" X0 |0p2|* + sTA%p(|2|? | dadt
Q 0
< C||Pz|\%2(Q) + C/Q (sApo + A?) 022 )% dadt + C’/Q (s°A°08 + s°A1p]) |022|? dadt
+ C/Q(s5>\5908 + s'N\0p8) [0, 2| dwdt + C/Q(s7)\7<pg + sON80) | 2|? dadt
+C(N) / s2pp|2|? dedt + C sTA8@l|2|? dedt (3.50)
Q wx(0,T)
for large s > 0 and A > 0. Rewriting (3.50) in terms of u, we get
1 S
/ L"PO (10eul® + [0gul?) + sA%@o|03ul® + s> X 3| 02u|® + s" N5 |0 ul? + sTABpf|ul? | €25 dadt
< C/ |0su — 02 (apd2u)|?e?** dxdt + C/ (sApo 4+ A?) |92u|?e*** dadt
Q Q
+ C/ (° X308 + s*A1p0) |02ul?e?* 0 dadt + C’/ (s°A%0] + s*A00) [0, ul? e dadt
Q Q

+ C/ (s"ATpf + sOA3pf) [ul?e®* 0 dxdt
Q

+C(\) / s2pglul?e?5 dadt + C/ sT A0 |ul2e?5 0 dadt. (3.51)
Q wx(0,T)
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for large s > 0 and A > 0. Taking sufficient large A > 0, we have
[ |55 G 4 1080) + s goloul + s giloul 4+ 5530 Gbjonuf + 5N fuf| 20
Q Lswo
< / |Ovu — 03 (agdu)|*e***° dadt 4 C' / N ul*e?* ddt + C' / s* Mg |07 ul? e dudt
Q Q Q
+ O | s*ApdoulPe? 0 dadt + O | sCAEpl|ul?e?5 0 dadt
0 0
Q Q
+C'(N) / s2op|ul?e®* 0 dadt + C”/ 5"\ g ul2e? 0 dadt. (3.52)
Q wx(0,T)

Here C’ is a constant depending on Ag. Next we choose sufficient large s > 0, we can absorb the second

term to the sixth term on the right-hand side of (3.52).

]' - -
/ |:8300 (|atu|2 + |6§u|2) + SA2¢0|3;U‘2 4 53}\4803|52U|2 + 55/\6Q08|6xu|2 + 57}\8905|u|2 2590 dodt

<c” / |0su — 02 (apd2u)|?e*** dadt + C’”/ s\l [ul e dxdt. (3.53)
Q wx(0,T')
Here C” is a constant depending on so(A), Ag. Thus we complete the proof. O

3.1.2 Proof of Theorem 2.5

Note that 9; — L3 is a fourth order parabolic operator and coefficients of L3 satisfy the assumption for
coefficients of L4. Hence, by Lemma 2.3, we may obtain the Carleman estimate with interior data for

(1.1) : Theorem 2.5. O

3.1.3 Proof of Theorem 2.6

Since a constant C' > 0 exists such that |O;u — 02(a20%u)|?> < C|(0; — L3)ul? + C|02u|? + C|02u|? +
C|0zul? + Clul?, it is sufficient to prove the Carleman estimate for 9,u — 92(a%02u).

Setting z = ue®*', by means of an argument to the proof of Lemma 2.3, we obtain the following

inequality as we get (3.34).
1
/—(|8t5\2+\6§(a28§§)|2) dasdt+/ 201 (Do )2]0s (a2023) 2 dadt
Q S¥1 Q
+ / s3\03(0,d1) |02 dxdt + / §° X603 (0,d1)%a|0,2|? dodt + / s" A8 (0,d1)3a*|Z)? dadt
Q Q Q
< Ol — (a0 gy + C | (Ner + A)[0ula" 029
Q
+c/(SSA%?+52A4<p§)\a§z|2d:cdt+c/ (X505 + 5*A%1) 0,2|? dadt
Q Q

+ C/ (s"AT0] + sOA309) |2 dadt + C(N) / s2o1|Z)? dadt + CB (3.54)
Q Q
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where

T L T L
B= 2/ [ N l(0,d1)" 4z|2} dt+16/ [85)\6¢§(8zd1)6a458x5] dt
L T L
+4 [ SN0 (0,dy)%a Eaﬂ dt+6/ [ 3)\4<p§’(6xd1)4a228x(a28§5)} dt
0 x=0 =0
T L L
+ 6 [s N p2(0,d1)?a?(0:2)0, z} dt+ [(atZ)ax(aQaga] dt
0 =0
T T L
+10 / [ 5N (Dpdn ) a0 z|2] dt + 30 / [53A4<p‘;’(8$d1)4a4(8w5)855] dt
0 =0 0 x=0
L T L
+4 { SN0} (0,d1)2a?(0,2)0x(a Qagz)} dt + 10/ [53A3<p§(6wd1)3a4|822|2] dt
0 z=0 0 z=0
9 L T L
Lo / [Wl (Odr) 0 (a®0%3)| ] dt — / [aQ(azatz)aiz} n
x=0 0 =0

Noting that < a and |9,d;| > o1 in Q, we have
1
[ |55 (0 + 202201) + sX2nl0n (@A + SN + X RI0ZP + 53T daat
SP1
< C||(Opu — 0% (a*0?u))es ™ H%Q(Q) + C’/ (sAp1 + A0, (a?022)|? dxdt
Q
+C/Q(S3A3<p§+32A4¢§)|a§z2dxdt+C/Q(SSA%? + s"2\01)[0,2]? dzdt
+ C’/ (s"AT@] + sOA%p8) 2|2 dadt + C(N) / s201|2)? dadt + CB. (3.55)
Q Q
By an argument similar to that used to derive (3.53) from (3.50) in the proof of Lemma 2.3, we have
1
[ T o 4 1080) + sx01020 + NG + 0l + AT ] o
5301
< C’”/ |8u — 02(a*02u) > dadt + C"B.
Q
Hence we get
1
/ b (18cuf? + [08ul?) + 53201 02l + $* A3 02l + X0 8|0, uf2 + sTAR] |u|2} €2 dad
1
<c” / |(Bu — L3)ul*e®**t dxdt + C"B. (3.56)
Q

Estimation of boundary terms. We estimate boundary terms B. By the assumption u = 0 on X,

we have z = 0,z = 0 on X. Hence we get

T L
dt + 30 / [83)\4@?(&(11)4@4(8305)855] dt
0

=0

_ T L
B= 10/ [55)\5<p§(8md1)5a4|8m5|2]
0

z=0
L

T
dt+10/ [S3A3ap§(8wd1)3a4|832|2] dt
0

=0

L

T
+4 / {s%%?(agﬂdl)%?(awz)agg(cﬂagz)}
0 x=0
L

T L T
+2 / [s/\wl(o”'wdl)|8w(a26§2)]2] dt — / [ﬁ(am@ai;} dt.
0 =0 0

z=0
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Since © = 0 on X, we have

072 = (Opu)e®**  on X.

1
Noting that g = 0 and 92 u = 0 on X, we see that

('3%5: _8ma+b
a

(0pu)e™ ™t 4 25Ap1(0pdr ) (Opu)e®  on X.
Moreover, by g = d,g = 0 on X, we obtain
1 .1
03 = — (0 Daw)e™™
1 1 S 3
+ | 5 (0.a)(0za + b) + = (0za + b)” — — (050 + 0:b + ¢) — —sAp1(0:d1)(0ra + b)
a? a? a a
+ 3522202 (0,d1)? + 35\2p1 (0pdy ) + 35)\<p1(8§d1)} (Opu)e’t.

Hence we have

~ T 1

B< ceC@)S/ (|8xu(07t)|2 + 107 0u(0,t))* + |8t3xu(0,t)|2) dt

0
T 1
+ C’eco‘)s/ (|835u(L,t)|2 + 107 Opu(L,t)|* + |6t8wu(L,t)2> dt. (3.57)
0
By (3.56) and (3.57), we obtain
1
/Q [8@1 (\8tu\2 + |8;1u|2) + sX2p1|03u)? + s3A1 03 |0%ul? + s \Of|0pul® + s7>\8g0{|u2} e dydt
T 1
< c”/ |0,u — 8% (a20%u)[2e®** dadt + c”eCWS/ <|3zu(0,t)|2 + 102 0,u(0,1)]* + |5‘t8xu(0,t)|2> dt
Q 0
T 1
+ c"eCWS/ (|8xu(L, t))? + 107 Opu(L, t)[* + |8t3$u(L,t)|2> dt.
0

Thus we complete the proof. O

3.2 Proofs of the Lipschitz stability estimate in inverse source problems
3.2.1 Proof of Theorem 2.7
Proof. By (2.5) and (2.6), we have

owu(z,t) — Liu(z,t) = g(z,t), (x,t) €Q (3.58)

where
R(z,0)

@, t) = f(@)0F R(z,t) + La(f(2)R(,1)) + f(x) vt

(z,) € Q. (3.59)

By (3.58) at ¢ = tp, we see that

g(z,tg) = Qwu(x, ty) — Lgu(x,to), z € Q.
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Hence we have

[ )P do <. [ o, to)Pes ) do 1 C [ [Lua, ) Pesol ) de
Q Q Q

4
<C / |0u(x, to) 225000 (®:10) dy 4 CeC* / > [03u(a, to)* dx.  (3.60)
Q Q5
7=0

First we estimate the following integral

/ |Opu(z, t) P00 (®lo) dg;
Q

by the Carleman estimate.

Setting y = dyu, (3.58) and (2.7) give us

aty(zvt) - L%y(l‘,t) = atg(xat)7 (l’,t) € Q7

y(z,t) = Opy(x,t) =0, (z,t) € %.

(3.61)
(3.62)

Fix A > 0. With an argument similar to that used to prove the Theorem 2.5, we may prove the following

Carleman estimate for (3.61) and (3.62):

1
/ [3@50 (10l + 105y?) + s95.0l05y|* + > 03 |02y 1% + 5705 [ 0xy|? + 5705 olyl* | €250 dadt
Qs s

<O [ |0:glPe* 50 dadt + CeC* / ly|? dadt.
QJ Qw,&

Noting that lim;_,+,_s+0 e2ses0(x:to) — (0 2 € Q, we obtain
to
Q to—3 Q
to
= / / [2y0yy + 25(0pas0) |y|*] €255 dida
QJtg—0o
< C/ y||Oy|e** @00 daxdt + C/ s¢§’0|y|2e2sa‘5v0 dxdt.
Qs Qs

In the last inequality, we used |Opas0| < C<p§70. By the Schwarz inequality, we get

il = (

|aty|) (s Vi)

1
32\/906,0

1
< C——|0wy|> + Cs*psolyl*.
57¢¥5,0

Combining (3.64) with (3.65), we have

1
/ ly(@, to) [P 300 dp < C / ———|y|?e* 00 dadt + C / 503 0lyl > 00 dudt
Q Qs 5750 Qs ’

for large s > 0. By (3.63) and (3.66), we obtain

, , C 2 28 ,
/ ly(z, to)|2e2s@s.0(@:t0) gy < = / |0,9|%e*5¥50 dxdt + CeC* / |ly|? dadt.
Q 7 JQs Q

w,8
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That is

C
/Q|8tu(x,t0)|26280‘5'°(z’t0) dx < 8—3/

10,2255 dadt + CeC® / Opuf? dard. (3.67)
Qs

Qw,(S

Let us estimate |9;g|?. Since

R(z,0) 1

+ b(OR)Oy f + b(8,0.R) f + c(8:R) f — NCERET:

nQ,

we have

2
0> <O 105 fP in Qs. (3.68)

k=0
Here we note that C' depend on ¢; and . Therefore (3.67) and (3.68) yield

2
C
|8, u(z, to)|2e25@0.0(@t0) dp < = / E |OF f|2e250.0 dydt + Ce©* / |0yu|? dadt.
Q $ Q — Qw s

5 k=0 ,

Moreover, by aso(z,t) < aso(z,to) for (z,t) € Qs, we have

C

t ) ’ >~ 3
/|a u(x t0)|2€23a o(@:t0) Jp < 3/
Q 57JQ

Together this with (3.60), we obtain
C 2
/ |§(x’t0)|2e2sa5,o(x,to) de < = / Z ‘8§f‘2628a6’0(w’t0) dzdt + CeCs/ |atu|2 dadt

Q s Qs k=0 Qw,&

4
+CeCS/QZ|agu(z,to)|2dx. (3.69)
§=0

2
2 : |a};f|2625a5,0(z,t0) dxdt + CQCS / |atu|2 dxdt.
5 oo Qu,s

Next we estimate
[ e
Q

from below. We remind

g('atO) = CLR(~,t0)8§f + ((aza)R('vtO) + QCLamR("tO) + bR(vtO))(amf)

+ <L2R(~,t0) +O2R(- o) + If/(%)) /g

is an elliptic equation with respect to f in Q. Noting that |aR(-,t5)| > 0 in Q and f(0) = 9, f(0) = 0,

we apply the Carleman estimate for elliptic equations (Lemma 4.1 in Appendix):

1
/ [ 2f (@)]* + sps0(x, t0)] 0 f(x)|* + S3s0§’,o(fﬂ,to)|f($)|2] e2ss0(®lo) gy
o Lspso(,to)

<C [ fflato)Peesaem dot % [ [p()Fesesnte) da,
2 w
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Hence we have

/Z|ak |2 2sa5,0(x, to)dx
Q

k=0

<C / 13(, to) 2254506 10) da 4 CeC* / | f(x)[2e25s0(@:t0) gy, (3.70)
Q

w

By (3.69) and (3.70), we obtain

/Zla’c z)[PePsesoleto) dy < —/ Zla’“ )|PePesoleto) dxdt+CeCS/ |Oyul? davdt

Qp—o Qs k=0 Qu,s

Ce®® / Z |09 u(z, to)|? do 4+ CeC* / |f(m)\2628“5’0(”’t0) dx.
Q =0 w
So we have

4
( - ) / Z |OF f(x)|?e2s@s.0(@:t0) gy < CeCé/ |Opu|? dadt + C’ecs/ Z |09 u(z, to)|? da
Qu,s L,

+ CeCs/ |f(x)|2e2sa5,0(x,t0) dr.

w

Taking sufficient large s > 0, we have

2
/ Z ‘al;f(l')|2€23aé’o(x’t0) dr < CeCs/
2 k=0

4
|0yu|? dadt + Cecs/ Z |03 u(z, to)|? dz
Qu,s Q=0

+Cecs/ |f () Pe?e0®i0) dg. (3.71)

w

In the end, let us estimate

/ |f(1,)|262sa5,0(a:,t0) dx.

2

1
e25as,0(:t0) o

x,tp)

[82 (z,t0) — Lgu(%to)}

/ |f(.’13)|2628a5’0(x’t0)d$ _/
w

2
< / E $ tO e2sa5,0(m,to) dw—l—Cecs/ Z|8§u(x,t0)|2 dx

) / (/ |82u\2 28%de> dt-l—C@CQ/ Z’(’) u(x to)‘ dx
. // (O} u) (0,0 u)+25(ataao)|62u|} s didz

—|—C’ecs/ Z ‘8iu(x,to)|2 dx
Q5

2
<ce [ (107 u +10:0; uf?) dwdt + Cecs/ > |ogute, )] de.
Qw,é 2=

(3.72)
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Hence (3.71) and (3.72) give us

2
/ > [0k f(z)Pereesoto) dy < ceCS/ (|a§u|2 + |Opul* + \8tafu|2) dxdt
Q k=0

Qu,s
4
+CeCs / S 03 u(z, o) da.
Q550
Fixing s > 0, we may obtain the stability estimate. Thus we complete the proof. O

3.2.2 Proof of Theorem 2.8

We may obtain the following Carleman estimate for (3.61) and y(x,t) =0, (z,t) € X:

1
[ [ (0 4 10202) + ssaloa + 6210201 + 510 + 77| 2 da
Qs )

to+9 1
<C | |9gPersee dxdtJrCeCS/ (100,00, + 180 0,00, 0) + 020, (0, D)
Q to—0
’ to+d 1
+ CeCs / (|8t6xu(L,t)|2+|8t8t§6$u(L,t)|2+|8t28wu(L,t)|2) dt. (3.73)
to—0

1 1
Here we note that 020, # 0,02. In the proof of (3.73), we may estimate boundary terms as the

estimation of boundary terms in the proof of Theorem 2.6.

Using the Carleman esitmate (3.73), we perform an argument similar to the proof of Theorem 2.7

and then we obtain the conditional stability estimate in our inverse problem for (2.8)—(2.10). O

4 Appendix

In this appendix, we state the Carleman estimate for second order elliptic equations. We used this

estimate in the proof of Lipschitz stability estimate in inverse source problems.

we consider the following elliptic equations:

Lov(z) = h(z), z€Q, (4.1)

where
Lov(z) = 8,(a(x)0,0(2)) + b(x)d,v(z) + &(z)v(z), = € .

We assume that @ € C*(Q), b, ¢ € L>(12) and there exists a constant fi > 0 such that

% <a(r)<pm, zef. (4.2)
Let ¢p > 0. We set weight functions

Fi(@) = Lo @) Gi(x) = £ (exdim _ ezxudinc@)

for « = 0,1. Here we note that dy, d; are the same functions with ones defined in the section 2.
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Lemma 4.1 (Carleman estimate with weight @g, ag for the elliptic equations). There exists Ao > 0

such that for any A > g, we can choose so(A) > 0 satisfying: there exists C = C(sp, Ao) > 0 such that
1 .
/ (~|8§v|2 + 8\2Pg|0,v)* + 33)\4{5§|v|2) e25%0 dy;
Q \5¥0
< C’/ \ZUFeQSaO dx—|—/ 53/\4g5§|v|2e2560 dx
Q w
for all s > so and all v € H?(Q) satisfying v(0) = d,v(0) = 0.

Lemma 4.2 (Carleman estimate with weight @7, a; for the elliptic equations). There exists Ay > 0

such that for any A > g, we can choose so(A) > 0 satisfying: there exists C = C(sp, Ao) > 0 such that
1 - ~ o
[ (10200 + 351000 + 22587 ) 2
Q \5¥1
< C'/ ‘Z’UFGQS&l dx
Q
for all s > 5o and all v € H*(Q) satisfying v(0) = 9,v(0) = 0.

We may prove the Lemma 4.1 and 4.2 by a similar direct method to the proof of the Carleman

estimate for the second order parabolic equation (see [35] and references therein).

proof of Lemma 4.1 . Tt is sufficient to prove the Carleman estimate for 9, (ad,v).

Set w = ve*® and define P by Pw = %[0, (ad, (we=))]. Then we decompose
ng = ]51111 + ]Sgw + ﬁw
with

Prw = —25Apo (9 do)ad,w,
Pyw = 8,(a0,w) + s*A233(Dpdo)*aw,

Rw = sX2@o(0pdo)2aw + sAPo0y (a0,do)w.
Setting h = Pw+ Rw and taking L2-norm for E, we obtain
||h||%2(9) = [|Piw + P2w||2L2(Q) = ||P1w||2L2(Q) + ||P2w||2L2(Q) + 2(leaP2w)2L2(Q)-

Moreover

[1P1172) < 2I1Pwl2q) + 2lRw|2(q)-
By above inequalities, we have
1 ~ ~ o~ ~ ~
S IP2wllZz o) + (Prw, Paw)Te(a) < I1Pwl|Ze o) + [ Rwlzq)- (4.3)
Let us estimate (Pyw, ﬁgw)%z(m from below.

(Prw, Pyw)3 20y = (—25A@0(0xdo)a0sw, 0y (@0sw) + s* NG5 (Dado)*aw)
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= (—28APo(02d0) @0, w, Oy (A0, w)) + (—28AFo(Dxdo) a0, w, s X255 (0pdo)*aw)

= I + L. (4.4)
Calculating I, and I by integrating by parts and the Schwarz inequality, we get
Fi = =2 | XG0(0sdo)i0r10)0.@0,) d
= /stgo(azdo)?aﬂawﬁ dr + /Q sAPo(02do)a?|0,w|? da
— 8Apo(L)dudo(L)a*(L)|8;w(L)|? + sAGo(0)8xdo (0)a*(0)|0zw(0)[*
> /Qs/\QQEO(ade)252|8xw|2dx — C’/Qs)«ﬁo|6xw|2dx

— $AP0(L)0pdo(L)a?(L)|0,w(L)|? + sA$0(0)0.do(0)a>(0)|0,w(0)|2. (4.5)

I, = —2/983)\3<ﬁg(8$d0)352w8ww dx
=3 [ SNG0) Pl do+ [ NG Oro)ul da
— SNFL) Bado) (LE(D(L)[2 + S NG 0) (0ado)* (0)a (L) (0)[2
>3 [ NGO Pl o —C [ SN do
— NG (Do) (DF(D) (L) + NG 0) (0o O)/F(Dw (02 (46)
By (4.4)(4.6), we obtain
[ 3000 0,0l do +3 | SNE0.40) Pl da
< (Pow, Pyw)3a ) +C/Qs/\&0|8ww|2da:—|—C/933/\3¢S|w|2dx+J (4.7)
where

J = sAZo(L)udo(L)a*(L)|0w(L)[* — sA@0(0)xdo (0)a*(0)] 9w (0)[*

+8° NG (L)(02do)* (L)a* (L) |w(L)|* = s*A° G (0) (0w o) (0)a* (L) |w(0)]*.
Let us estimate ||152w||Lz(Q) from below.

1Bl :/ 10, (@0, w) + 2 N2F2 (Dpd)aw|” du
Q

>/ é}ax(aaxw)+52A2¢g(axdo)25w}2 da

Q 5%0
1 1 ~ ~ ~
> */ — 10, (@, w)|? dz —/ SSNG3(0,do) @2 |w|? dx
2 Ja s%o Q
for large s > 0 such that spy > 1. Hence we have
1 1 - . ~ >
5/ — |0, (a0, w)|? da —/ NG (0,do) a2 |w|? do < ||P2w||%2(9). (4.8)
Q 5%o0 Q
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Next we estimate ||§w||L2(Q).
||§w||%2(m = / |s)\2(ﬁo(8mdo)2'dw+s)\(ﬁoax('daxdo)wf dx
Q
< C’/Q (A58 + 5N 37 |wl? da. (4.9)

By (4.3), (4.7)-(4.9), we get

1 1 ~ ~ . ) ~ ~
Z/Q%Wm(aamw)ﬁ da:—i—/Qs>\2goo(8mdo)2a2|8mw|2dx+5/933)\4<p3(8md0)4a2|w\2dx

< H]SwH%z(Q) + C/Q sAPo| 0, w|? dx + C/Q (s°A1G8 + NG + PN°@0) |w]P da + . (4.10)

By (4.10), % <@ and |9,dp| > ¢ in 2\ wp, we obtain

1
/T|8$(Zi@mw)|2 dx+/s/\2g50|8ww|2dx+/ SANG3 |w|? da
Q 5¥o Q Q

< CPwliaqy +C [ sNGo|dpw|*dz+C [ SPNGw]* da

wo wo
+ C'/ sAPo| 0, w|* dx + C/ (s°A1G5 + P A5 + 2A°@0) |w] da + C . (4.11)
Q Q
Estimation of boundary terms. Since v(0) = 9,v(0) = 0, we have w(0) = 9, w(0) = 0.
J = sApo(L)dsdo(L)a* (L)|0zw(L)|* + s*A°G(L)(Dxdo)*(L)a* (L)|w(L)|*.

Noting that d,do(L) < 0, we see that
J <0. (4.12)

Estimation of interior terms. Let us replace

/ sA2 30| 0, w|? da
wo
by

/83A4¢8\w|2 dx
on the right-hand side of (4.11).

We consider a cut off function p € C§°(Q2) such that p < 11in Q, suppp C w and p = 1 in wy.

Then we estimate the following integral

—/ P\ Powd, (a0,w) dx
Q
from above and below.
1 1 .
7/ PN\ Powd, (a0, w) dr < :/ —— |0, (@0, w) |* dx +4ﬁ/ SN w|? da (4.13)
Q nJa $¥o w

for 77 > 0. On the other hand, we have

- / PsN2Powd, (@D, w) dx
Q
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:/(896@5)\2&0511)(3;511)) dx+/ﬁs)\3@0(8xdo)5w(8xw) da:—l—/ PsA2Poa|Opw|? da
Q Q
> i/ 5)\2@0|6xw|2dx70/ 220, w|? dxfC’/( INGE 4+ $2N258) [wl? da. (4.14)
M J g Q Q
Combining (4.13) with (4.14), we get
1 2~ 2 1 1 ~ 2 [ BN w2
= [ sA@olO,w|*dr < = | — |05 (a0,w)|* dx + 47 MBS |w|? da
K S nJa S¥o w
+ C/ 2|0, w|? da + C/ (2 N1@2 + s2\252) | w? da. (4.15)
Q Q
By (4.11), (4.12) and (4.15), we obtain

1 .
(1 - C’,u> / — 10, (@0, w)|? dz +/ s\2G0|0pw|? dx Jr/ NG w|? da
n Q 5%o0 Q Q
< ClPulte +C [ @+ DN Gluf? do
+ C/ (sA@o + A?) |0,w|* do + C/ (s°A135 + ° X250 + PA°@Y) |wl? da.
Q Q
Taking sufficient large 77 > 0, we get
1
/ <~ |0, (@0, w)|* + sA2@o|Opw|? + 53)\4~3|w2> x
S¥0
< C||Pw||L2 @ T C’/ PN w|? da
+ C/ (sA@o + A?) |0,w|* do + C’/ (s°A1G5 + ° X250 + PN°@Y) |w? d. (4.16)
Q Q
Since 8, (a0, w) = ad?w + (0,a)(9,w), we see that
1
|0, (@0 w)|> > ﬁ|ﬁiw|2 — C|owl?.
So we have
/ ( — |82w‘ + 8\2@o|0,w|? 4 s3 NP, |w2> x
Q
~ 1 . - .
+ C/ (s)\<p0 + A%+ ~> |0,w|* dz + C/ (A58 + A2 50 + s°A° @Y |wl? da.
Q S%0 Q
Rewriting the above inequality in terms of v, we obtain
/ ( — |32v| + sA\230|0,v)* + s>\ 5p v|2> e25%0 dy
Q
< C/ |0, (A0,v) 2?5 dx + C/ SPAGS[v[2e?5%0 da
Q w

+ C/ (sA@o + A?) |0, v|%e25% do 4 C/ (s°A138 + 5°A°5p) |v|?e25% dg;
Q Q
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for large s > 0 and A > 0. Taking sufficient large A > 0, we have
/ ( ~ ’82v| + sA230|0,v|* + s\ |v|2> 280 Iy
Q

<C”/ |0x(@0,0) € da +0’/ SN G [v[*e? % da

w

+c’/ A2|0, |25 dz+C'/ 2N G2 |25 % du. (4.17)
Q Q

Next we choose sufficient large s > 1, we may absorb the third term and the fourth term on the

left-hand side of (4.17).
/ ( — ‘820’ + s\2Pg|0,0)? 4+ s3X15S v|2> 200 I
Q
< C’"/ |0, (@0, ) |> 5% da + C’"/ sPA@0|v|%e?5%0 dg. (4.18)
Q

w

Thus we complete the proof. O

proof of Lemma 4.2 . Setting @ = ve*®' and calculating in a similar way to get (4.10) in the proof of

Lemma 4.1.
i/ﬂ = 10,(@0, D) do -+ /Q 231 (Dudy ) 232|0, 0|2 da + g /Q SNG (0,1 )32 02 da
< ||P@||§2(Q) +C /Q SAp1 |0, W) da + C/Q (82232 4+ °N3G8 + 20232) @) dx + T (4.19)
where
T = sAg1 (L) (L)@ (L)] 0, B(L)* = sAF1(0)D,d1 (0)@*(0)|0,(0)
+ NG L) (0,dn ) (L)a* (L)@ (L)|* — s*X*@1(0)(9.d1) (0)a* (L) w(0)]*.
By (4.19), ; <@ and [9,di| > o1 in ©, we obtain

1
/T|am(aam{5)|2 dm—i—/ s)\2<'§1|81{5|2dx+/ SNGw|? da
Q 5¥1 Q Q
< C||]5{17||%2(Q) + C/ sAP1|0,w|* dx + C/ (s°A157 + A58 + s°A%57) | da + CJ.  (4.20)
Q Q

By an argument similar to that used to obtain (4.18) from (4.16) in the proof of Lemma 4.1, We rewrite
the estimate for w as the estimate for v. Moreover we absorb the lower order terms with respect to

S, A, ¢1 on the right-hand side of the estimate. Then we obtain
/Q < — |020]” + sA2G1 (0,0 + PN |v|2) e*% dr < c”/ﬂ |0, (@0,0) 2% da + C"J.  (4.21)
Estimation of boundarw terms. By v(0) = 9,v(0) = 0, we have w(0) = d,w(0) = 0. Hence we get
T = sAGL(L)Duci (L)@ (L)|0,G(L) 2 + s* NG (L) (0,1 ) (L)@ ()| (L)

Noting that 9,d1(L) < 0, we have

J<o. (4.22)

(4.21) and (4.22) give us the estimate of Lemma 4.2. O
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