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We consider the stationary Stokes equations under a unilateral boundary condition
of Signorini’s type, which is one of artificial boundary conditions in flow problems.
The well-posedness is discussed through its variational inequality formulation. We
also consider the finite element approximation for a regularized penalty problem. The
well-posedness, stability and error estimates are established. The lack of a coupled
Babugka and Brezzi’s condition makes analysis difficult. We offer a new method
of analysis; In particular, our device to treat the pressure seems to be new and of
interest. Numerical examples to confirm the validity of our theoretical results are also
presented.
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1 Introduction

We suppose that € is a bounded domain in R? with d = 2,3 and that the boundary 9Q is
composed of three parts S1, So and I'. Those S1, S2 and I' are assumed to be smooth but the
whole boundary 0 is not necessarily smooth. One may imagine a branched pipe as illustrated
in Fig. 1. The first purpose of this paper is to study the well-posedness of the following unilateral
boundary value problem for the Stokes equations

—vAu+Vp=f, V-u=0 in , (1a)
u=20 on S1 U Sy, (1b)
Uy + gn > 0, on I, (1c)
Tn(u,p) + a >0 on T, (1d)
(un, + gn)(Tn(u,p) + ) =0 on I, (le)
7r(u) + ap =0 onTI (1f)
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Figure 1: Example of © (branched pipe)

for the velocity u = (u1,...,uq) and the pressure p with the density p = 1 and the kinematic
viscosity v of the viscous incompressible fluid under consideration. Therein,

7(u,p) = o(u,p)n

denotes the traction vector on 02, where n is the outward normal vector to 992, o(u,p) =
(04,5 (u,p)) = —pI+2vD(u) the stress tensor, D(u) = (D; j(u)) = (3 (Vu+ VuT)) the deformation-
rate tensor and I the identity matrix. For a vector-valued function v on 0f, its normal and
tangential components are denoted, respectively, as

Up =V N, VP =7v—UpN.

In particular, 7,(u,p) = 7(u,p) - n and 7p(u) = 7(u,p) — T (u, p)n are normal and tangential
traction vectors, respectively. Moreover, f, g and « are prescribed functions. We also consider
the finite element approximation for a regularized penalty problem to (1) which is given as

—vAu+Vp=f, V-u=0 in , (2a)

w—0 on Sy U S, (2b)
1

Tn (U, p) + ap = g¢§(un + gn) on I, (2¢)

7r(u) + ar =0 on I’ (2d)

with 0 < e < 1 and 0 < § < 1. Therein, ¢s(s) is a C* regularization of [s]- = max{0, —s}. We

can take, for example,
_Jo (s> 0)
Pals) = {(m—a) (s <0). ®)

First of all, we mention our motivation for studying (1) and (2). In numerical simulation of real-
world flow problems, we often encounter some issues concerning artificial boundary conditions.
A typical and important example is the blood flow problem in the large arteries, where the
blood is assumed to be a viscous incompressible fluid (cf. [13, 27]). The blood vessel is modeled
by a branched pipe as illustrated, for example, by Fig. 1. Then, for T" > 0, we consider the



Navier-Stokes equations for the velocity v = (v1,...,v4) and the pressure ¢,

vit(W-Vju=V-o(wq+f V-v=0 in % (0,T), (4a)
v="b on S1 x (0,7, (4b)
v=0 on Se x (0,7) (4c)

with the initial condition v|;—9 = vg. We are able to give a velocity profile b = b(z,t) at the
inflow boundary S1 and the flow is supposed to be a perfect non-slip on the wall Sy. Then, the
blood flow simulation is highly dependent on the choice of artificial boundary conditions posed
on the outflow boundary T'.

In a previous paper, Zhou and Saito [29], we discussed an issue of the free-traction condition

7(v,q) =0 on T, (5)

which is one of the common outflow boundary conditions (cf. [17, 18]), and some nonlinear
energy-preserving boundary conditions (cf. [4, 5, 6, 7, 8]) from the view-point of energy inequality.
Moreover, we proposed a new outflow boundary condition,

v >0, Tp(v,q) >0, v,Tn(v,q) =0, 7r(v)=0 onl. (6)

This is an analogy to Signorini’s condition in the theory of elasticity (cf. [20]) and is indeed a
generalization of the free-traction condition (5). Namely,

if v, >0 on w C T, then 7,(v,q) = 0 on w;
if v, =0on w C T, then 7,,(v,q) > 0 on w.

An advantage of employing (6) is that (4) admits energy inequality, whereas it is not guaranteed
under (5). To describe it more specifically, we take a reference flow (g, ) which is the solution
of the Stokes system

V-o(g,m)=0, V.-g=0 inQ, (7a)

g=bonsS;, g=0on9,, g:—go(x)/ b-ndSyonl (7b)
S1
for all t € [0, 7], where go = go(x) € C5°(I")? is a prescribed function satisfying

/go-ndle, go-n>0 onT. (8)
r

(The function g¢ is nothing but a lifting function of b.) By using this, we will find (v, q) of the
form

v=u+g, qg=p+m.

Assuming (4) admits a smooth solution (v,q) = (u + g,p+ 7) in 0 < ¢ < T and multiplying the
both sides of (4a) by u, we have by the integration by parts

d 1
@HUH%Q(Q)d + 21// DZ](U)D”(U) dx + 5 / Un|u|2 dl’ — / T(’U,q) -u dl
Q r I
=1

— [l1=0- (oDl udo— [ (- V)g-uds (9
Q Q




With the aid of (6), we derive I > 0 and, consequently,

T
sup [0l 2200 + 20 / Dy (u) Dy () < C, (10)
t€[0,T] 0

where C' denotes a positive constant depending only on f, ug, b and T' (cf. [29, Theorem 4]). This
inequality is of use. It plays a crucial role in the construction of a solution of the Navier-Stokes
equations (cf. [29]). Moreover, it is connected with the stability of numerical schemes from the
view-point of numerical computation. That is, it is preferred that energy inequality does not
spoiled after discretizations (cf. [28]). With (5), we do not know whether I > 0 or not so that
energy inequality cannot be derived even for the continuous case.

The condition (6) is described in terms of inequalities so that it does not fit numerical calcu-
lations. However, we can utilize its penalty approximation

m(0,0) = Lol (@) =0 onT, ()
where 0 < e < 1 and
[s]+ = max{0,+s}, s=]Is]; —[s]- (s€R). (12)

We also obtain energy inequality with (11) for a sufficiently small £ (cf. [29, Theorem 5]).
Moreover, after introducing a C! regularization ¢s of [-]_, we can solve (4) with (11) by using,
for example, Newton’s iteration.

Our final aim is to develop the theory for the initial-boundary value problems for the Navier-
Stokes equations (4) with (6) or with (11) from the standpoint both of analysis and numerical
computations. As a primary step, we studied the well-posedness of these problems in Ladyzhen-
skaya’s class in [29]. That is, we studied the unique existence of a solution of

uw+ (u+9) - Vu+(u-V)g—V-o(u,p)=F, V-u=0 in Q,
u=0 on S1 U S,
Un +gn >0, Tn(u,p) +71n(g,m) >0 on I,
(un + gn)(Tn(u, p) + (g, 7)) =0, 7r(u) +77(9) 20 onT,

where FF = f— g, — (g-V)g.

In the present paper, we concentrate our attention to the discretization of the space variable.
Thus, we study the finite element approximation by using model Stokes problems. Consequently,
we come to consider Problems (1) and (2).

As a matter of fact, (1) and (2) themselves are not new problems. In a classical monograph,
Kikuchi and Oden [20], Chapter 7 is devoted to similar problems. However, their problem contains
the traction condition 7(u,p) = h. More precisely, they suppose that Sy is divided into two parts
S91, S99 and consider

u=0 on Sy, 7(u,p)=h on Sy (13)

instead of (1b). Then, supposing B
I'n (Sl U 521) = @, (14)

we can prove that there exists a domain constant C' > 0 satisfying

q(V -v) dx + [.Tv, dT’
c ”CIHL?(Q) + HT”H*UQ(F) < sup fQ fF
veH(Q)%,v]5, U8, =0 vl 1.0

(15)



for any (g,7) € L*(Q) x H~Y2(T") (cf. [20, Theorem 7.2]). This inequality is usually referred
to as the coupled Babuska-Brezzi condition. The well-posedness and error estimates of the
corresponding penalty problem (without any regularization) are direct consequences of this result
from the general theory (cf. [2]). In contrast, we are interested in establishing a formulation
without the traction boundary condition. Unfortunately, if Soo = ), (15) is not available and it
makes analysis somewhat difficult. Moreover, we do not prefer assuming (14). Consequently, we
have to develop a totally new method of analysis in this paper. In particular, we offer a new
device to treat the pressure part.

Finite element approximation of another class of unilateral boundary value problems for the
Stokes equations, say unilateral problems of friction type, are discussed, for example, in [1, 19,
21, 22).

This paper is composed of 7 sections. After having introduced basic definitions and recalled
some standard results in Section 2, we state the variational formulation (1) in Section 3. The well-
posedness of (1) is also established there. Sections 4 is devoted to the presentation of the finite
element approximation for (2). The well-posedness and error estimates are proved in Sections 5
and 6, respectively. Finally, we confirm our results by numerical experiments in Section 7.

2 Preliminary

Geometry We recall that Q ¢ R? d = 2,3, is a bounded domain and the boundary 0f) is
composed of three parts Sp, Sy and I'. We deal with the following two cases:

(G1) Si, Sz and I' are smooth surface (curve) and 2 is a Lipschitz domain (cf. Fig. 1);
(G2) S, Sy are polygon (line segment) and € is a polyhedral (polygonal) domain.

In what follows, we suppose that € is given as (G1) or (G2) unless otherwise stated explicitly.
Moreover, we set

S =5US;,.
Throughout this paper, C' denotes various positive constants depending on 2.

Remark 1. Although we mostly deal with the case illustrated by Fig. 1, our discussion is also
valid for the case where 02 is smooth with TN Sy =0, SoNS; =0, and S;NT = 0.

Function spaces and forms We use the standard Lebesgue and Sobolev spaces, for example,
L*(Q), HY(Q), L*(T), H'/*(T"). (We follow the notation of [25] as for function spaces and their
norms. ) The abbreviations

(va) = (’U,'LU)Q = (vaw)LQ(Q)7 (’U,’U})F = (U,QU)()I = (vaw)Lz(F)v
loll = llvlle = l[vlloe = lvllr2@): vl = llvllve = vlla@), [lvle = [lvlor = [lvllz2r
will be employed. Moreover,
Wm = [vlma = [vlam@),  lme = [0]Em )

are the semi-norms of H™ (), H™(T").
For a vector-valued function space, we use the same symbol to denote its norm;

loll = llvll2pe (ve LX), ol = llollm@pe (v € H(Q)Y).



The basic function spaces of our consideration are
V={ve H Q)| v=00n S} and Q= L*Q).

They are Hilbert spaces equipped with the norms ||v||; and ||g||, respectively. We use closed
subspaces of V,

Vi={weV|V-o=0mQ}, Vo=H}V, Vi={veV|V-v=0inQ},

Qoz{qEQl/qufv:O}.

K={veV|v,+g,>00onTl} and K°={veV?|v,+g,>0onTl}

and that of Q,

Convex subsets

of V and V7, respectively, play important roles.
We recall the so-called Lions-Magenes space HééZ(F). It is defined as (cf. [25, §11.5, Ch. 1])

1/2 _
Hoy*(T) = {pe HYVXT) | p~2p € LA()}
which is a Hilbert space equipped with the norm

3 1/2
el gz = (M2 + o™ 2l3)

Here, p € C°°(T") denotes any positive function satisfying p|sr = 0 and, for z¢ € JT,

. p(z) '
lim ————=d
vz dist (x,0r) >0
with some d’ > 0. Moreover, we know (cf. [25, Theorem 11.7, Ch. 1])
Hy)*(T) = (HY(T), L*())1/25  (algebraly and topologically), (16)

where the righthand side denotes the real interpolation space between L?(T') and H}(T) with the
exponent 1/2 and p = 2. In particular, HégQ(F) is strictly included in HY/2(I).
Below we set /2
1
M = Hy, (I), HMH1/2,F = ”M”Holf(p)

Mo—{ueM]/p,dF_O}.
r

In general, X’ denotes the topological dual space of a Banach space X and the norm of X’ is
defined as

and

_ <§07U>X’,X o <807U>X’,X
[ollxr = sup ~———= = sup ==
vex  vllx vexp0  vllx
where (-,-)x7 x is the duality pairing between X’ and X. For a closed subspace Y of X and
v €Y', we mean by ||pl|ly
_ <901 U>X’,X
lellyr = sup ~————
veY ||U||X



Set

(-,-) = (-,-)yr,v = the duality pairing between V' and V,
[-,-] = [, ]mr.m = the duality pairing between M’ and M,
[l -] = [[- N (aray apra = the duality pairing between (M?)" and M.

We use the following forms:
a(u,v) = 21// D; j(u)D; j(v) dx (u,v € HY(Q)%);
Q

M@mz—émvﬂwm (e Q. ue H'(Q)).

Trace and lifting operators Let Tr = Tr(,T) be a trace operator from H'(Q) into H/?(T).
The meaning of Tr(2, S) is the same.

Lemma 2. The trace operator v — p = Trv is linear and continuous of V. — M¢. Conversely,
there exists a linear and bounded operator € of M — V, which is called a lifting operator, such
that Ep = p on T for all p € M?.

This result directly follows from [15, Theorem 2.5] and [16, Theorem 1.5.2.3]. A partial result
is also reported in [26, Theorems 1.1 and 5.1]. As a consequence of Lemma 2, we obtain a lifting
operator &, : M — V such that

Enn =p 5 (Eap)r =0 on I, [[Expllt < Cflplliyer

for any pu € M.
Below, we will often write as v|p = Trv if there is no fear of confusion.

Remark 3. In view of Lemma 2 and the standard trace/lifting theorem, the zero extension i of
w e M into 09;
~_fu omr,
= 0 on 9Q\I'
belongs to HY/2(90Q)%.
Remark 4. Another definition of H%Q(F) is given by Baiocchi and Capelo [3, Page 379]. That is,
HY*(T) = {Trv | v e HY(Q), Tr(Q,S)v =0}

which is a Hilbert space equipped with the norm

lill 172y = inf{llvlly [ v € HY(Q), Tr(Q,S)v =0, Trv=pu}.
Hy)*(T)

Lemmas We collect here several standard results used below.

Lemma 5 (Korn’s inequality, [20, Lemma 6.2]). There exists a positive constant Cx depending
only on Q such that
a(w,0) > Celul} (e,



Lemma 6 ([14, Lemma 1.2.1]). Suppose that ® € V{ satisfies
(®,v) =0 (Vv e V).

Then, there exists a unique p € Qo such that

/Q p(V-v)de=(®,0) (VweV), |pll<Cl®ly

Lemma 7 ([14, Corollary 1.2.4]). For any q € Qq, there exists w € Vy such that
Vew=—qinQ, |wli<Clql

Remark 8. An readily obtainable consequence of Lemma 7 is that there is a positive constant
~v > 0 depending only on € satisfying
b(g,
sup (¢,v)
4€Qo vevy llallllvlla

Y

¥ (17)

This result is well-known as the inf-sup condition or Babuska and Brezzi’s condition.

Lemma 9 ([14, Lemma 1.2.2]). For any p € HY?(9Q)¢ satisfying (1) 2(90) = 0, there exists
ve HY(Q)? such that

Veio=0inQ, v=pond, vl <CIlg/200)

Re-definition of traction vectors Let us propose the re-definition of 7(u, p). If a smooth vector
field v and scalar field p satisfy the Stokes equation

—vAu+Vp=f, V.-u=0 inQ
for a given f € L?(Q)¢, they satisfies

o(u) +bip.0) + [ 7lup)-0=(f0)  (weV) (13)
r
and
a(u,v) +b(p,v) = (f,v) (Vo€ W). (19)
(In (18), 7(u, p) is understood as a usual function defined on I'.) Based on those identities, we

re-define the traction vector 7(u,p) for functions (u,p) € V7 x @ satisfying (19) as a functional
over M? defined by

([ (u p), ] = alu, wp) +b(p, wp) = (fywa) — (n€ M9, (20)

where w, = Ep € V. Actually, the righthand side of (20) does not depend on the way of
extension; Hence, this definition is well-defined. Similarly, we re-define as

[[rr(w), 1] = a(u,wp) +b(p,wp) = (Fywa)  (n€ M? with py = 05wy =Ep) (21

and
[0 (u, ), p] = alu, wy) + b(p,wp) = (f,wy) (0 € My wy = Enp). (22)
Then, we deduce an expression
([ (us p), ) = [T, ), pi) + [ (u), pr]] (€ M), (23)



3 Variational formulations and well-posedness

From now on, we always assume
feqd,  beM? E—/b-ndS>0. (24)
S

We take g € H'(Q)? satisfying
V.og=0inQ, gls=5b glc=0, glr= 7300, (25)
where g is the function defined as (8). Then, we have
gn>0onl, g,eM, a=2D(gnc (M (26)

Under those assumptions and re-definitions in the previous section, we precisely interpret (1)
as follows.

(PDE) Find (u,p) € V x @ such that

a(u,v) + b(p,v) = (f,v) (Vv € W), (27a)
b(g,u) =0 (Vg € Q), (27b)
Up + gn > 0 a.e. on I, (27¢)
[Tn(u,p) + an, ] >0 (Vpe M, p>0), (27d)
(70 (u, D) + Qny tp + gn] = 0 (27¢)
([rr(u) + ap, ©]] = 0 (V€ MY, pp = 0). (27f)

Obviously, if a solution (u, p) of (PDE) is sufficiently smooth, it solves (1) in the classical sense.
(PDE) is equivalent to the following variational inequality.

(VI) Find (u,p) € K x @ such that

a(u,v —u) +b(p,v —u) > (f,v) — [[a, V] (Vv € K), (28a)
b(q,u) =0 (Vg € Q). (28Db)

In this section, we prove the following two theorems.
Theorem 10. Problems (VI) and (PDE) are equivalent.
Theorem 11. There ezists a unique solution (u,p) € K x Q of (V1) and it holds that
[ully + [lpl] < Cs, (29)
where Cy denotes a positive constant depending only on Q, || f|, |levl[(azay and [|g]|-
Remark 12. The boundary condition (27f) is nothing but one of alternatives. One can pose
ur +ap =0 ae onl (30)

with a prescribed o/, instead of (27f). Actually, the discussion presented below remains true if
we re-choose a suitable lifting function g and replace the original V' by

V={veH @@ v=00nT, vr =0 onT}.



Proof of Theorem 10. (PDE)=-(VI). Let (u,p) € V x Q be a solution of (PDE). We verify (u, p)
is a solution of (VI). First, we have u € K by (27c) and (27b). By using (20), (23), and
(27¢)—(27f), we have for any v € K

a(u,v —u) +b(p,v —u) — (f,v) + [[o,v — u]]
= [[7(u, p), v = ul] + [[e, v — w]]
= [Tn(u¢p)7 Un — un] + HTT(U) + ar,vr — UT]] +[an7 Up — un]
=0
= [Tn(u7p) + ap,vp + gn] - [Tn(uyp) + ap,up + gn] > 0.
>0 =0

(VI)=(PDE). Let (u,p) € K x Q be a solution of (VI). We now verify (u,p) actually satisfies
(PDE). First, (27b) and (27c) are obvious.

Let v € Vj be arbitrary. Substituting v =« £ v € K into (28a), we have (27a).

We recall 7(u, p) is defined as (20). Thus, (28a) implies

[[m(u,p),v —u]] =2 —[[a,v—u]] (Vv e K).
Moreover, by (23)
[Tn(u, p) + tn,y vy — up] + [[7r(w) + o, v — urp]] >0 (Vv € K). (31)

Let ¢ € C(T)¢ with 1, = 0 on I'. Substituting v = u 4+ &) € K into (31), we have
[[7r(u) + ar,]] = 0. By the density, this implies (27f).

Next, let ¢ € C$°(T")¢ with 9, > 0 and ¢7 = 0 on I'. Substituting v = u + £ € K into (31),
we have [1,,(u, p) + an, ¥n] > 0. By the density, this implies (27d).

Combining (31) and (27f), we have

[Tn(u,p) + Qi Up — Un] >0 (V’U S K)

At this stage, we introduce w* € V satisfying

w'=gonl, [wi<Clgl: (32)
Since g |r€ M, such w* really exists in view of the trace theorem. But it does not satisfy
the divergence-free condition; Thus, w* ¢ V. We now have —w) + g, = —gn + gn > 0 and
2uy + W) + gn = 2(up + gn) > 0. Hence, we can choose as v = —w* and v = 2u + w* above and
obtain (27e). O

Proof of Theorem 11. Since a is a coercive bilinear form in V? x V¢ by virtue of Lemma 5, we
can apply Stampacchia’s theorem (cf. [10, Theorem 5.6]) to conclude that there exists a unique
u € K7 satisfying

a(u,v —u) > (f,v—u) — [[a,v — ul] (Vv e K7). (33)

Taking v = u £ ¢ with ¢ € V7 in (33), we deduce

a(u, ) = (f,0) (Ve eVy). (34)

Hence, according to Lemma 6, there exists p € Qg satisfying

—b(p,v) = a(u,v) — (f,v) (Vv € Vp). (35)

10



Now we set, for k € R,
pek=Dp+k (36)
and verify, with an appropriate choice of k, that (u,py) is a solution of (VI). To this end, it

suffices to check that (u,pg) is a solution of (PDE).
We have by (20) and (33)

[0, i) o — un] + [[rr(u), o7 —ur]] =2 =[la,v —u]] (v e K7). (37)

Let ¢ € C°(I')? with ¢, = 0 on I'. Then, since Jp¥n dU' = 0, there is a function w € V
satisfying w =¢ on I', V-w = 0 in Q and ||w||1 < C||¢||ppa. Substituting v = v+ w € K? into
(37), we get [[7r(u) + ar,¥r]] = 0. By the density, this implies (27f).

Consequently, it follows from (37) that

[Tn (W, Pi) + iy U — up] >0 (veK7). (38)
We set
T = ﬁgf,[Tn(uvﬁ) + s 1],
where

v={nemiuzo uzo, [par=1}. (39)
I

The, for any g € M with g > 0 and p # 0, we have

[T (w, pk) + A, 1] = [T (u, D) + an, 4] —/f/ru>7/lﬂu—k/ru

Hence, we deduce (27d) if k& < .
For the time being, we admit

_ [Tn(uaﬁ) + ap, un + gn]
/3 )
When u, + g, = 0 on I'; we obviously have v = 0. However, this is impossible since u, + g, > 0
and [ gn dI' > 0. We have by (40)

(40)

[Tn(uaﬁ) +anaun+gn] ZVBZV/FQn dar :VA(un+gn) ar.

Therefore, taking
k=,

we obtain
[T (U, Pk) + s U + gn] = [Tn (W, D) + n, U + gn] — 7/(un +gn) =0.
I

Thus, we have verified (27e).
In order to show (40), we use w* € V defined as (32) again. From (38) with k& = 0,

[Tn (U, D) + atny U + W] > [0 (u, ) + i,y Uy, + W] (ve K9).
Since w* = g on I', this is equivalently written as

[Tn(uaﬁ) + an,vn + gn] > [Tn(uyﬁ) + Qn,y Up + gn] (U € KU)-

11



Moreover, we get

) vn+9n] “”+g”] (v e K9). (41)

Tn(u,p) + an, 3 3

Now let € Y be arbitrary and set i = Sy — g, € M. Since [ i dI' = 0, there exists v € V7
such that v, = {1 on I' according to Remark 3 and Lemma 9. Then, the function v satisfies that
Up 4+ gn = P > 0on I'. Thus, 0 € K. Consequently, we have by (41)

> [mu,ﬁ) T om,

ﬁ+gn:|

p

Up, + gn
B

[Tn(u’f)) + M] = |:Tn(uvﬁ) + ap,

. 1 .
= Tn(uyp)+an7 Z B[Tn(u7p)+anyun+gn]y

which implies (40).
It remains to derive (29). First, from (35) and (17), we have

||Z§H < sup |(fa U) — a(uv U)|
T eV [vllh

< CUIAAF A llel)- (42)

Equation (27e), together with (22), implies
a(u,u+g) +b(p,u+g) — (f,u+9) + [an,un + ga] = 0.
Therefore, by virtue of Korn’s inequality,

Cxllu+gllf < CUIFI+ lleell aray + gll)llw + glls

and, consequently,

lutgll <Ci,  lullh <Ci. (43)
Finally, thanks to the expression (40), we can estimate as
1 . .
vl < BIITn(wP) + anllarllun + gnllij2,r < Cllully + 12D ][w + gl (44)
Combining this with (42) and (43), we obtain (29). O

4 Finite element approximation

Since the problem (PDE) and (VI) are not directly applicable for numerical computation, we
propose the penalty approximation for (VI).
As a regularization of [s]_(s € R), we introduce a function ¢5 : R — R that satisfies

¢s is a non-increasing C'(R) function; (45a)
65(5) — [5]-1 < C8 (s € R); (45h)

65(5) =0 (520, 0<o5(s) <=5 (5<0) (15¢)
e sc Gem, (454)

where § € (0,1] is regularized parameter and C’s are independent of §. As mentioned in Intro-
duction, we can take, for example, the function ¢s(s) defined as (3).
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For penalty parameter ¢ € (0, 1], we consider the following penalty problem;

(PE.;s) Find (u,p) € V x @ such that

a(u, v) + b(p, v) — % /F 65 (ttn + gn)om dT = (£, ) — [, o] (Yo € V), (46a)
b(q,u) =0 (Vg € Q). (46b)

This and the subsequent sections are devoted to the finite element approximation of (PE. ;).
In order to avoid unessential difficulties concerning “curved boundary”, we consider only the case
(G2). Consequently, the unit outer normal vector n to I' is a constant vector over I'.

We use the so-called P1 bubble/P1 (P1b/P1) elements for discretization. Let {7}, be a regular
family of triangulations of Q. As the granularity parameter, we have employed h = max{hr |
T € 71}, where hy denotes the diameter of 7. We introduce the following function spaces:

Vii={vn € C°(Q) | vy =0o0n 8, vy|r € Pfd) @ span{pr} (VI € Tp)},
Vo = Vi NHY(Q), V¢ = {on € Vi, | blgn,vn) =0 (Ygn € Qn)},
Qn=1{agn € C°Q) | anlr € PV VT € T)},  Qon = Qu N Qo,

My, = {pn = vinlr | vn € Vi1, MOh:{MhEMh!/MhdF=0}7
r

whnere enotes € set oI all polynomilals 1 ri,...,Tq O egree s K, an T = - T.is
here PL? denotes the set of all polynomials i f degree < k, and ¢ sy

with A7 1,..., A7 g41 the barycentric co-ordinates of 7.
Let us denote by S, the d — 1 dimensional triangulation of I inherited from 7. We obviously

have
My, = {pn € CT) | mals € P (VS € Sp), pnlor =0} (algebraly). (48)

Moreover, we introduce a projection operator A : Q — Qg by
. 1
A=q=m@) wih m(o) =g [gds GeQ). (49)

It is clear that ||Aq|| < C|q| for ¢ € @Q and Agp, € Qop for gi € Qp,.

Then, the finite element approximation for (PE, s) reads as follows.
(PEcs4) Find (up, pn) € Vi X Qp, such that
1
a(up, vp) + b(pn, vn) — Z / Gs(un + gn)vnn dU = (f,vn) — [, vp]] (Yon € Vi), (50a)
r
b(qn,un) =0 (Yan € Qn).  (50Db)

Before considering the well-posedness and error estimates, we recall here basic results on the
finite element method.

Babusgka-Brezzi condition  As is well-known, the Babuska-Bezzi condition holds true in Vjy, X
Qon. That is, there is a constant 4/ > 0, which is independent of h, such that

b
inf  sup M > (51)
ah€Qon vy ey, ||Vn|1lanl|

13



Discrete lifting operators and discrete traction vectors The following is a discrete analogue
of Lemma 2.

Lemma 13 ([19, Lemma 2.1]). (i) There is a continuous linear operator &, from M{ to Vj, such
that Eppp, = pp on T and (|Eppnllr < Cllpnllyjo,r for any pn € Mg, where C is independent of h.
(ii) There is a continuous linear operator E,n from My to Vi such that (Epnpin)n = pp and
(Ennptn)T =0 on I' and [|Enppnllt < Cllpnllijo,r for any pn € My, where C is independent of h.

(ili) For pn € Mop, the above wy, = Epppin, can be chosen in such way that wy, € V7.

As the continuous case, we define traction vectors 7(up,pn) € (M,?‘Ll)’, r(up) € (M,‘f)’ and
T (un, pr) € Mj, for a solution (up,pp) € V7 x Qp, of

a(up,vn) + b(pr,vn) = (f,on)  (vn € Von) (52)

as follows:
([T (uns i), 1)) = alun, wp) + b(pn,wn) — (Frwn)  (un € Mg, wh = Epun); (53a)
[TT(uh), Mh] = a(uh,wh) + b(ph, wh) - (f, ’u)h) (/Jh S M]il with pup, =0, w, = ghNh); (53b)
[Tn(un, pr), pn] = aun, wr) + b(pr, wr) — (f,wn)  (pn € My, wp = Enppin) (53c)

These definitions do not depend on the way of extensions. In fact, for any up, let w, € V3 and
wy, € Vp, be both extension of Ap; wp, = Why = Ap on I'. Set vy, = wy, —wy,. Then, since vy, € Vyp,
we deduce, by (52),

a(up, wp) + b(ph, wn) — (f;wn) — [a(up, ©n) + b(ph, Wn) — (f, Wn)]
= a(up, vp) + b(pn, vn) — (f,vn) = 0.

Thus, (53c) is well-defined.

5 Well-posedness of (PE. ;)

In this section, we establish the well-posedness of (PE.s ). Thus, we shall prove the following
two theorems. Recall that C, denotes a positive constant depending only on €, || f||, |lg]1 and

el (aray-

Theorem 14. There exists a unique solution (up,pp) € Vi, X Qp, of (PE;54) , and we have

My,

. 1
Jonls -+ 1901+ |2 s + ) + B

where pp, = App, and kp, = m(pp).
Theorem 15. Assume
(A1) the family {Sp}n is of quasi-uniform;

(A2) there exists 'y C I with |I'y| > 0 which is independent of h, €, § and 2 such that up,+gn > 0
on Fl .

14



Then, the solution (un,pp) € Vi, X Qn of (PEsp) admits the following estimates:

1
||uh||1 + ”th + 7¢5(uhn +gn) < C*§ (55&)
3
Mj,
1 h
—¢s(unn +gn)|| <Ci(1+—-); (55b)
3 M’ e
1 b
\ﬁ\\[Uthrgn]—Hr <C(1+2). (55¢)

Remark 16. Condition (A2) is not restrictive; If § is sufficiently large and h,e,d are suitably
small, it is natural to suppose this condition.

Remark 17. If § < ¢pe with some ¢o > 0, we have, from (55¢), ||[upn + gn]—|lr — 0 as e — 0.

To prove Theorem 14, we apply the following fundamental result.

Lemma 18 ([24, Theorem 2.1]). Let X be a separable reflexive Banach space and let T : X — X'
be a (possibly nonlinear) operator satisfying the following conditions:

1. (boundness) There exist C,C’',m >0 s.t. ||[Tul|x < C|lu||} + C' for allu € X;
2. (monotonicity) (T'v — Tv,u —v)x/ x > 0 for all u,v € X;

3. (hemicontinuity) For any u,v,w € X, the function A\ — (T'(u+ Av),w)x: x is continuous
on R;

4. (coerciveness)
Then, for any @ € X', there exists u € X such that Tu = . Furthermore, if T is strictly

monotone:
(Tu—Tv,u—v)x x >0 (Vu,v € X, u # v),

then the solution is unique.

We set ps: V — V' by
<,05(u),11> = _/ ¢6(un + gn)’Un dl’ (U € V)
r

Lemma 19. ps is a bounded, monotone and hemicontinuous operator from V to V'.

Proof. (boundness) By using (45¢) and the trace theorem, we have

(ps(u),v) < /F [tn + gnl - [vn| dT < ([lulls + llgnllo)[[0]l1

for u,v € V. Hence,
los(w)llv: < llully +llgnlle — (we V).

(monotonicity) Since —¢s(s) is non-decreasing function, we have

<p6(u) - p5(v),u - U> = _A(¢5(un +gn) - ¢6(Un +gn)>(un + gn — (Un +gn)) dl’ >0

for u,v € V.
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(hemicontinuity) Let u,v,w € V. Then, a real-valued function

@Mu+me%=—A¢M%+A%wmﬂ“

of A € R is a continuous function, since the function ¢4 is continuous. ]

Proof of Theorem 14. 1t is divided into three steps.
Step 1. First, we prove that there exists a unique u, € V)7 satisfying

s en) + {psCun), ) = (Fron) — [oonl] - (Von € V) (56)

by using Lemma 18.
To do this, we introduce a nonlinear operator A, : Vj, — V) by setting

1

(Acup, vn) = a(up, vp) + g<P5(Uh)’vh> (un,vp € V).

and verify the conditions of Lemma 18.
(boundness) For uy, vy, € V)7, we have immediately

1 1 .
el < (ol + 2 ) ks + Hlgulle— Con € Vi)

(strictly monotonicity) By virtue of Korn’s inequality and monotonicity of ps,

1

(Acup, — Acvp,up, —vp) = a(up — vp, up — vp) + g<ﬂ5(uh) — ps(vp), up, — vp)

Y

Cx[|un — vop[|7 >0

for uy, vy, € V7, up # vp.
(hemicontinuity) Let up, vy, ws € V)7. Then, a real-valued function

1
(ps(un + Avp), wp)

(Ac(up + Avp), wp) = aup + Avp, wy) + z

of A € R is continuous, since a(-, wy,) is continuous and ps(-) is hemicontinuous.
(coerciveness) For uj, € V7, we have by (45c)

<,05(Uh),uh> = _/I‘Qsé(uhn_‘_gn)uhn dr

- A%wm+%ﬂwm+m+mm+mmu+mJ>ﬂ

v

_A¢5(un +gn)[gn]— dar
—C ([[unlly + llgnllr) llgnllr-

v

This gives

(Acup,up)  alup,un) 1 {ps(un), un)

funlt  fluslh e unlh

C (Jlun|l1 +
ZCKHUhul_*(H hH1 HgnHF)
2 (A

1gnllr,
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and, hence,
(Acup, up)
[[unll1
As a consequence, we can apply Lemma 18 to conclude that there exists a unique up, € V7
satisfying A.uj, = F, where Fj, € (V,7) is defined as (F,v;) = (f,vn) — [[o, vp]] for v, € V7.
Thus, we have proved a unique existence of the solution u; € V)7 of (56).

as  |upli — oo.

Step 2. We verify the unique existence of p;, € Qj, such that (up,pp) is a solution of (PE.;4).
In view of (51), there exists a unique pp € Qop, satisfying

a(up, vp) + b(Pn,vn) = (fyvn)  (vn € Von)- (57)

Now, we find a constant kj, such that (up,ps) is a solution of (PE; s5), where py = pp, + kp,. (We
note that, with any k, € R, (up,pn) also solves (52).) To do this, we first rewrite (50a) as, by
using (53a)—(53c),

[T (s Ph) — €' 35 (tnn + gn) — i, Vi) + [[70(un) — ar, vpr]] =0 (v € Vi)
Thus, in view of Lemma 13, it suffices to prove the following two equations:

(7o (uns ph) — € 5(Unn + Gn) — Oms pin] =0 (s € My); (58a)
([rr(up) — ar, pa]] =0 (un € MY with g, = 0). (58b)
Obviously, vy, = Epun € Vj, belongs to V7 for any puy, € M;f with pp, = 0. Hence, (56) and

(53b) immediately implies (58b).
On the other hand, combining (56) and (53c), we have

(70, pr) + i — € Bs(Unn + gn), An]l =0 (VAy € Mop). (59)

At this stage, let us take

ﬂhGYhZ{MhEMh\MhZQ pn Z 0, /Mhdf:l}-
r

Then, for any up € My, the function pp — kpjip belongs to Moy, where kp = fr pr dl.
Therefore, for any up € My,

[0 (uny ph) + o — € 05 (Wnn + Gn)s i) = [Tn(n, pr) + an — € s (unn + gn), ftn — Knfin]
+ [Tn(un, o) + an — € s (unn + gn), Kniin]
= /‘Gh[Tn(uhaph) + an — 5_1¢6(uhn + gn)y ,&h] (60)
Now, choosing
kn = [To(un, Pn) — " b5 (unn + gn), fin], (61)

we have

[T (uny pr) + an — L ds(upn + gn)s fin] = [Tn(un, Pn) + an — € ds(unn + gn), fin] — kn
0.

Hence, we get (58a) by (60).
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It remains to verify that (61) does not depend on the choice of . We let fip, [, € Yy, with
fun, # [}, and let the corresponding kp, be denoted by ky, k;,, respectively. Then, since Ay, = pp— ),
satisfies [ Ay dI' = 0, we have by (59),

];?h - ];7;1 - [Tn(uhaﬁh) + an — Eil(ﬁg(ll,}m + gn)’ Ah} =0,

which means that kj, defined by (61) is well-defined.

Step 3. Finally, we derive the stability result (54). Substituting v, = u, € V7 into (56), we
obtain,

1
a(un, up) — R /F b5 (Unn + gn)unn AT = (f,up) — [[o, up]]. (62)
Noting that, by (45¢c)
1 1 1
- / ¢6(uhn + gn)uhn ' = —— / (bé(uhn + gn)(uhn + gn) dl’ + - / ¢5(uhn + gn)gn dar
eJr eJr €Jr
1
> 2 [ bl + 9ol + gu]- dU > 0, (63)
r

we get
a(up, up) < (f,up) — [[a, up]].

Hence, by virtue of Korn’s inequality,
[unlly < CULFI+ llallaray)- (64)
Moreover, according to (51) and (57),

b(Pnsvn) (fsvn) — alun, vn)

Pn|| < sup = sup < CUIfI+ Nlunllr)- (65)
oneVon NVRlll wuevin [[vn 1
Since (50a) is expressed as
/(5_1¢5(uhn + gn) + k'h);uh ar
r
= a(un, vy) + b(Pn, vn) — (f, vn) + [[a, vp]] (Vpn € My, vy, = Epnpen € Vi),
we deduce .
Hgmmn Fon) R < Cllunll + ol + 171+ lallasay)- (66)
M,
Summing up (64), (65) and (66), we obtain (54). O

We proceed to the proof of Theorem 15. We use the standard Lagrange interpolation operator
ip : C(I') — M}, defined by

inp(P) = p(P) (every node P of Sp,)

and the L? projection operator 7y, : L2(T') — M), defined by

/F(?Thu —ppn dU =0 (un € Mp). (67)
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The following results are well-known:

p>0 = i >0, (68a)

linp — plle + hllinpe — pllir < CR?|plar  (w € HA(T) N Hy(I)), (68b)
lmnplle < Cllplle (1€ L*(I)), (68c)

Imnpllie < Cllplhre (1€ Hy(1), (68d)

lmnp = plie < Chllulhr  (n € Hy(T)). (68e)

In fact, (68a), (68b), (68c), (68e) are standard. On the other hand, (68d) holds true if {Sp}, is
of quasi-uniform (cf. [12, 11, 9]).

Remark 20. According to (68b), ||ipul1,r is bounded by a positive constant depending only on
if € C3°(I).

Lemma 21. ||mpp — pllar < Chllpllyjor for any p€ M.

Proof. Tt follows from (68c) that ||mpu — pllr < C||p||r. Combining this with (68e), (16) and
applying the interpolation theorem (cf. [25, Theorem 5.1, Ch. 1]), we obtain

Imai — plle < CRY 2 ullyjor (n € M).

We can utilize this in the following way. That is, noting (67),

Thit — Hy A)T Thit — Hy TRA — A)T
g — pllags = sup AT EE g (0 )

rxem  Aly2r AeM [All1/2,r

it — poflel| T A — Allr
< sup | I Ie < o
xeM [All1/2,r
L]

Lemma 22. [|¢5(p)[l1/2r < Cllpllijar for any p€ M.
Proof. By using (45¢) and (45d), we have ||¢5(p)[|r < C|lp||r for p € Q and [[¢s(p)[|1,0 < Cllpl[1,r

for 4 € HY(T'). Hence, we can apply the (nonlinear) interpolation theorem (cf. [23, Theorem
3.1]) and (16) to get the desired result. O

Proof of Theorem 15. First, we derive an estimation for kj,. We take i € C§°(I') satisfying
p=>0, fpZ0mn I, suppp CIh.

Then, setting fip, = tpp € My, we have

fn = 0, ﬂi()ln I, pp=0in F\Flv ||/2h|’MSCa

/gh dF/[LdF’ <Ch?, (69)
T r

where those C’s depend on pu.
Since (A2) gives
¢6(uhn + gn) =0 on F17
we deduce from (50a) and (69)
N - L 1 - - -
kh/ fn I = a(un, On) + b(Ph, On) — - / @6 (unn + gn)itn dI' = (f,0n) + ([, On]
r r

= a(un, Op) + b(Pr, On) — (f, 0n) + [, Dn]], (70)
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where 0y, = Eunjin € Va.
This leads to
’kh‘ < C*y thH < C* (71)

Hence, we have proved (55a).
By using (67) and (50a), we can calculate as

/517rh¢5(uhn + gn),uh dl’ = / 571¢6(Uhn + gn),ufh dar
r r
= a(un,vp) + b(pn, vn) — (f,vn) + (v o)) (Yun € My, vi, = Ennpin € Va).

Hence,
le™ 7o (wnn + ga)llagy < (lunlls + 18all + 1LF1 + el aray + llglh)- (72)

We write as

(Eil(bé(uhn + gn)v M)F

sup
neM HMHl/Q,F
_ } sup (¢5(uhn + gn) - Whgbﬁ(uhn + gn)a M)F + sup (5_17Th¢5(uhn + gn)a M)F
€ peM ||HH1/2,F pEM HMHl/z,r
=1 =I>

By using Lemmas 21 and 22,

| 7hos (Unn + gn) — s (Unn + gn)llnrr < Chllds(Unn + gn)ll1 /2,0
< Chllunn + gnll12,r
< Ch(||unllr +1lgll1)-

Consequently,
h
[111] < €= (llunlly +llgll)-

On the other hand, by virtue of (67), (68d) and (72), we have

(e mh o (Uhn + gn), 1) (e s (Whn + gn), THE)T

Iy = sup r < C sup
HEM HMH1/2,F uEM |’7ThH||1/2,r
<O sup (e mnds (Whn + gn), La)T
wn €M, HMhHl/z,F

Therefore, from (72),

(2| < C(llunlls + llpnll + 171 + lledlaray + [lgllx)

Summing up those estimates, we get (55b).
Finally, using (45b),

1 1
—C / &5 (Uhn + Gn)Uny dI' > R / ¢5(Uhn + gn)[Uhn + gn]— dT" >0
r r

1
=z /([Uhn + gn)® = C8[upn + gn]—) dI > 0.
r
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We apply this to (62) and obtain

= [l anf? a0 < (o) = o)+ €2 [ fun -+ gnl- dr

o
< A1 - Nunlle + ol agay llunll + €= (lunll + llglly),

which implies (55¢). O

6 Error estimate

We are now ready to state the error estimates between (PDE) and (PE.sp).

Theorem 23. Assume that (A1) and (A2) are satisfied. Let (u,p) and (up,pr) be solutions of
(PDE) and (PE. 55), respectively, and suppose that (u,p) € H*(Q)? x HY(Q) and 7, (u,p) + oy, €
M. Moreover, assume that h < cie with a constant ¢y > 0. Then, we have

[w — up|l1 + [[H — Bull < Con(VE + V5 + V), (73)

where p = Ap, pp, = App, Cu denotes a positive constant depending only on Q, |ul2, |p|1,
7 ) + nllag, 1711 gl and e agay- If, furthermore,

(A3) there exists Ty C T with Lo NT1| > 0 such that u, + g, > 0 on Ty,

then we have

lu = unlls + llp = pall < Cux(VE + V6 + V). (74)

Remark 24. Since fr Uy dI' =0 and u, + g, > 0 on ', we may assume that we are given I'g as
in (A3).

We use the standard Lagrange interpolation operator I : C(Q)? — V}, and the L? projection
operator I, : Q — @Qp,. It is well-known that

|v — Ipvljr < Chlv|2 (ve [H2(Q) N H&(Q)]d), (75a)
lg —Tnqll < Chlglk (g € H'(Q)). (75b)

Proof of Theorem 23. We recall that (27) together with (22) give

a(u,v) +b(p,v) = [Ta(u, p), va] = (f,v) = [lar,vrl] (v e V). (76)
Hence, errors u — up and p — py, satisfy
a(u = up, vp) +b(p = phyva) = [T (w,0) + an — e G5(unn + gn)svan] =0 (vp € Vi), (77)
Setting p = Ap, pp, = App, kK = m(p) and kj, = m(py,), we can write as
a(u — up,vp) = —b(p — Pp, vp)
W

—I—[Tn(u,p) + oy — 5_1¢5(u;m + gn) + k — ky, U}m} (Uh S Vh).

:JQ(’Uh)
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In particular, we have
b(Agn — P, vn) = —a(u — up,vp) — b(p — Agn,vn)  (vn € Von, qn € Qn)-
and, by applying (51),

— _ _ b N A ’

|Agr, — pnll < C sup a(u — up, vp) — b(P — Agn, vp)
vh€Von [vnll1
< O(llu = unlls + 1p — Agnl)

<C(lu—uplli +1llp—all)  (an € Qn). (78)

At this stage, we set

vy, = Ipu —up € Vp, qn =1Ipp € Qp, dn = Agn € Qon- (79)

Then,

16— Dull < 115 — anll + lldn — Dall
< lp = ppl| + C([Ju — unll1 + [|p — apl|)

< Cuh + Cllu — unl1. (80)

By using (75), (78) and ||p — ¢n|| < C||p — qnl|, we estimate as

|J1(Ipu — up)| < [b(p — Pr, Inw — w)| + [b(p — G, u — up)| + [b(G — Pp,u — up)|
< 16ll- 15 = Bnll - Mpu — wlls + 0]l - 16 — drll - [lu — unllr + 0
< C(Cuih + |lu — uplly) - hlulz + Chlpli||u — up|[x
< Cuh® + Crhllu — g |y
< Coxh® + Cush(||u = Tnuply + [ 1nu — ua 1)
< Couh? + Coi || Inu — up |1

To perform an estimation for Jo, we divide it as

JQ(IhU - uh) = [Tn(u7p) +apn — 571¢5(uhn + gn) +k— kh7 (Ihu)n - un}
=J21
+[Tn(uap) +ap — 5_1¢5(uhn + gn) +k—kp,up — uhn] .

=J22

According to stability results (54) and (55b), we deduce

[ Ja1] < (7 (u, D) |ar + le™ b5 (wnn + )l + llanllne + [k [[(Znw)n — tnll1 /2,0
< Cyl[Ipu — uly

Noting
/(un—u;m) dF:/V'(u—uh) dx =0
r Q

22



and using (27c), (27d), (27e), (45b), (45¢) and (54), we can calculate as

Jog = [T, p) + o — € 25 (Upm + Gn) tn + Gn — (Upn + gn))
= —[e7 o5 (unn + gn), tn + gn] — [T (1, ) + s U + gn)
+ e b5 (wnn + gn)s unn + 9]
= _[571¢6(Uhn + gn)s un + gn] =70 (u, p) + an, [Uunn + gn)+]
<0 <0
+ [ (u, ) + o, [unn + gnl -] =67 D5 (unn + gn), [upn + gn]-]
<0
Tn (U, D) + i, [Unn + gnl— — G5 (Unn + gn)] + €[Talu, p) + an, 571¢6(Uhn + gn)]
|70 (u, ) + anllrl[Unn + gnl— — ¢6(unn + gn)llr
+ el (u, ) + anllarlle ™" b6 (unn + gn)ll e
< Cy(0+¢).

[
|

<
<

Summing up those estimates, we obtain

Cx || Inw — up |3 < a(Iyu — up, Iy — up)
= a(Ipu — u, Inu — up) + a(u — up, Inu — up)
= a(lpu — u, Inu — up) + J1(Ipu — up) + Jo1 + Jao
< Cosh||Inu — upllt + Coxh® + Cosh||Inu — up||1 + Cish + Ci(6 + ¢).

Therefore, we deduce

and
= unll < o= Tl + 17 = wnly < Cuo (VE +VE+ V).
This, together with (80), implies (73).
Finally, we derive an estimation for |k, — k|. As in the proof of Theorem 15 (cf. (69)), We take
fo€ C§°(I') satisfying i > 0, i # 0 in I" and supp ft C I'o NT'y. Then, setting fip, = ipp € My, we
have

fin >0, iy Z0in T, fi, =0inT\(ToNTy), |l <C, ‘/ﬂh dF—/ﬂdF‘ < Ch*.
T r

Since u, + g, > 0 on I'g, we have 7,(u,p) + o, = 0 on 'y in view of (27e). Substituting
Oy, = Ennfin, € Vi, C V into (76) and using (27d), we have

b [ 0 = a50) + 065, 50) = (.50) + [l ]) = [ (7u(0.9) + )i T
= a(u, 0p) + b(p, o) — (f, 0n) + [[cv, Da]]-
This, together with (70), gives
[kn — k| < la(un —u, )| + [b(Br — B, 0n)| < C(llun — ullr + [Ipn — Bl|)-

Combining those estimates, we completes the proof of (74). O
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7 Numerical examples

In this section, we present some results of numerical experiments in order to confirm our theo-
retical results. We prefer the original setting (4) with (6), (11) to (1) and (2). Thus, we consider
a model Stokes problem with a nonlinear Robin condition

—vAv+Vqg=f, V-v=0 in Q, (81a)
v=> on S, (81b)
v=20 on So, (81c)
(v, q) = %gb(g(vn) on T, (81d)
vp =0 on I, (81e)

where ¢s is the regularized function defined as (3).

Remark 25. As mentioned in Introduction, we are interested in computing v and ¢ in (4). The
unknown functions v and p in (1) and (2) are introduced as “perturbations” of those target
variables and they make analysis clear. Moreover, the reference flow (g, 7) plays an important
role in theoretical considerations, whereas it is not obvious that it is always available in actual
computations.

Remark 26. In (81), we take vy = 0 instead of 7r(u) = 0 as a boundary condition for the
tangential component of v on I'. See Remark 12.

The finite element approximation for (81) reads as follows.
(PE.;,) Find (vn,qn) € Wi x Qp such that vy, = ixb on Sy and

a(vp, wp) + b(qn, wn) — i/r%(vn)whn dl' = (f,wn) (Ywy, € Vi), (82)
b(rp,vp) =0 (Vrn € Qn), (83)

where
Wi ={v, € C%Q) | vy, =00n So, vpr =0o0n T, vy|r € Pl(d) @ span{pr} (VT € Tp)}.

First, we deal with a simple example. That is, setting Q@ = {(z,y) |0 <x < L,—R <y < R},
S1 ={0} x [-R,R], and T' = {L} x [-R, R], we impose

b(ﬂ?,y) = (CD(R2 - y2)’ 0)7 f =0 (84)

with Cy > 0. Then, (81) has the exact solution which is explicitly given as

v(z,y) = (C’O(R2 — yz), 0) , q(z,y) = 2vCyL <1 — %) ) (85)

This is nothing but the well-known Poiseuille flow.

The details of our computation are as follows. Set L = 15, R =5, v = 1/50, and Cy = 5/(vL).
For the triangulation of €, we use a uniform mesh composed of 12N? congruent right-angle
triangles; The rectangle is divided into 3N x 2N squares. Then, each small square is decomposed
into two equal triangles by a diagonal. Consequently, h = N/v/2. Since we have employed the C*
regularization ¢g, Newton’s method is available for computing the nonlinear equation (PE’E &h).
Penalty parameters are chosen as € = 6 = h/20. Hence, it is ensured by Theorem 23 that

lo = ol + llg = gnll < CVh. (86)
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In order to verify this, we set

1 2 3
B =o—ul, B =lv-wlh, E=l-al,

and observe ' .
(i)  log E(Z,) — log E,(f)

= ,=1,2,3
Ph = Tlogh' —logh (=123

with b/ ~ h/2.

The result is reported in Tab. 1; The H' error pf) for vy, is close to the unity. It is better
than our theoretical result (86). However, we have not succeeded in proving those first order
convergences at present. We need further study. We could not derive the L? error for vj,; From
Tab. 1, we observe that the second order convergence actually takes place.

1 1 2 2 3 3
ST U U0 SR AV R |
1.0743 | 13.9 1.20 - 102 2.07-1071

0.5371 | 3.47 2.001 | 5.96-10' 1.010 | 6.57-10"2 1.656
0.2685 | 0.87  2.000 | 2.97-10' 1.003 | 2.18-10"2 1.594
0.1342 | 0.21  2.000 | 1.48-10" 1.001 | 7.42-1073 1.553
0.0665 | 0.052 2.000 | 7.17 1.000 | 2.56 - 1072 1.527

Table 1: Numerical convergence rates of (PE{ 5,) for (85).

Finally, we consider a two-dimensional branched pipe as illustrated in Fig. 2. Since this € is
not a polygon, we approximate it by a polygon € whose vertices are located on 9€2. On Sy,
we impose a parabolic inflow similarly to (84). The figure 3 shows the state of a numerical flow
velocity vp.

Figure 2: A branched pipe and an example of triangulation.

As before, we observe pg)7 pgf) and pgf’). Since in this case we cannot obtain the (explicit)

exact solution, we make use of numerical solutions with extra fine mesh. Tab. 2 shows the result.
We observe that the H! error for v, and the L? error for ¢, are close to the unity even in the
curved domain. Moreover, the L? error for vy, is close to 2.
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4.1667

3.2912

24157

1.5403

0.66482

-0.21064
Figure 3: Velocity and pressure field in branched pipe.
1 1 2 2 3 3
h E,S) pgl) E}(L) ,O;L) E}(l) ,02)

0.69279 | 2.497 - 107! — 1 5.941 1.786 - 10~ ¢ —
0.33353 | 7.767-10"2 1.552 | 3.359 0.780 | 5.909-10~2 1.513
0.17571 | 2.044-10"2 2.083 | 1.768 1.001 | 3.069 - 1072 1.022

Table 2: Numerical convergence rates of (PE; 57h) for branched pipe.
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