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We propose a new outflow boundary condition, a unilateral condition of Sig-
norini’s type, for the incompressible Navier-Stokes equations. The condition is a
generalization of the standard free-traction condition and it’s variational formula-
tion is given by a variational inequality. We also consider a penalty approximation,
which is a kind of the Robin condition, to deduce a suitable formulation for nu-
merical computations. Under those conditions, we can obtain energy inequalities
which are key features for numerical computations. The main contribution of this
paper is to establish the well-posedness of the Navier-Stokes equations under those
boundary conditions. In particular, we prove the unique existence of strong solu-
tions of Ladyzhenskaya’s class by the standard Galerkin’s method. For the proof
of the existence of pressures, however, we offer a new method of analysis.
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1 Introduction

1.1 Motivation

In numerical simulation of real-world flow problems, we often encounter some issues concerning
artificial boundary conditions. A typical and important example is the blood flow problem in
the large arteries, where the blood is assumed to be a viscous incompressible fluid (cf. [§],
[21]). The blood vessel is modeled by a branched pipe as illustrated, for example, by Fig. 1.
We are able to give a velocity profile at the inflow boundary S and the flow is supposed to be
a perfect non-slip on the wall C'. Then, the blood flow simulation is highly dependent on the
choice of artificial boundary conditions posed on the outflow boundary T'.
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Figure 1: A branched pipe

In order to state the problem more specifically, let Q C R?, d = 2,3, be a bounded domain
and let the boundary 02 be composed of three parts S, C and I'. Those S, C and I' are
assumed to be smooth surfaces, although the whole boundary 0 itself is not smooth. Then,
for T' > 0, we consider the Navier-Stokes equations

u+ (u-Vu=V-o(u,p)+ f in Q x (0,7), (1a)
V-u=0 in Q x (0,7), (1b)
u==b on S x (0,7), (1e)
u=20 on C x (0,7), (1d)
U= = uo on (le)

for the velocity u = (u1,...,uq) and the pressure p with the density p = 1 and the kine-
matic viscosity v of the viscous incompressible fluid under consideration. Therein, o(u,p) =
(0i,j(u,p)) = —pI+2vD(u) denotes the stress tensor, where D(u) = (D; ;(u)) = (3 (Vu+ VuT))
the deformation-rate tensor and I the identity. The prescribed functions f = f(z,t) and
ug = up(z) denote the external force and initial velocity, respectively. Moreover, b = b(x,t)
denotes the prescribed inflow velocity with b|gs = 0.

A setting of the boundary condition on I' is not a trivial task, since the flow distribution
and pressure field are unknown and cannot be prescribed in many simulations. As a common
outflow boundary condition, the free-traction condition or the so-called do-nothing condition

T(u,p)=0 on T (2)
is still frequently used so far (cf. [12], [10]), where
7(u,p) = o(u, p)n (3)

denotes the traction vector on 92 and n the outward normal vector to 9€). Though this
condition is enough for many problems, it sometimes causes serious numerical instability near



I (cf. [5, Remark 4.1], [22]). Actually, from the view-point of mathematics, the energy
inequality is not guaranteed under (2) and it is a drawback of employing (2). To describe this
issue, we take a reference flow (g, ) which is the solution of the Stokes system

V-o(g,m) =0, V-g=0 1inQQ, (4a)
g=bonsS, ¢g=0onC, g=go(x)f(t)onl (4b)

for all t € [0,T], where go = go(x) € C§°(I")? is a prescribed function satisfying

/gg-ndle, gon>0 onT (5)
r

and we set

ﬁ(t):—/sb-nds.

(The function g is nothing but a lifting function of b.) By using this, we will find (u, p) of the
form
u=U+g, p=P+m.

Then, the energy inequality for (1) reads as

T
sup [Ulaeye+2v | DylU)Dy(0) <, (6)
t€[0,7) 0

where C denotes a positive constant depending only on f, ug, b and 7. This inequality is of
use. It plays a crucial role in the construction of a solution of the Navier-Stokes equations as
is just discussed in this paper. Furthermore, it is connected with the stability of numerical
schemes from the view-point of numerical computation. That is, it is preferred that the energy
inequality does not spoiled after discretizations. For example, we often take some kinds of
approximation to

/Q(u-V)v-wdx

to ensure the energy inequality under time discretizations (cf. [23]). However, it is not certain
the energy inequality (6) to hold under (2) even for the continuous case. In fact, assuming (1)
admits a smooth solution (u,p) = (U + g, P + 7) in 0 <t < T and multiplying the both sides
of (1a) by U, we have by the integration by parts

d 1
‘U‘|%2(Q)d+27//Dij(U)Dij(U) d.iC—i—/’u,n|U2 dF—/T(u7p)-UdF
dt Q 2 J)r r

=1

~ -0~ V)g)-Uda~ [ F)g-V da (7
Q Q

If I > 0, we can derive (6) as will be demonstrated in Section 5; However, it is impossible to
get I > 0 since we have no information about u, on I' under (2). (Bothe et al. [6] recently
studied the well-posedness of the Navier-Stokes equations under a class of energy preserving
boundary conditions; However, the common one (2) was discussed only in the case of the Stokes
equations.)



With this connection, F. Boyer, F. Bruneau and P. Fabrie proposed and studied a class of
nonlinear boundary conditions that ensure the energy inequality (cf. [1], [2], [3], [4]). A typical
outflow condition they proposed is given as

7(u,p) = —%[un]_U +2vD(g)n  onT, (8)

where
[s]l+ = max{0, +s}, s =[s]l+ — [s]-.

Under the boundary condition (8), the identity (7) implies

d 1
N Baqya +2v [ Dy(@)Dy(©) do+ 5 [ a0 ar
Q T

:/Q[f—gt—(g'V)g]'Udm—/Q(U-V)g-Udaz+/F2VD(g)n-UdF.

Then, after some calculations, we obtain the energy inequality (6). Actually, they established
the well-posedness of (1) with a class of boundary conditions, including (8), by Galerkin’s
method based on (6).

As a matter of fact, a similar boundary condition is successfully applied in actual compu-
tations, that is, in blood flow simulation for thoracic arteries. In Bazilevs et al. [5, §4], they
employed the following condition. First, they introduced a regularized traction vector

7(u,p) = 7(u, p) + [un]-u

and considered the resistance boundary condition

T(u,p) - n+R/ up dl+po =0, 7(u,p)—[T(u,p) -njn=0 onT,
r

where R and pg are prescribed constants that control the average of the flow rate across I' (cf.

[24], [9]). This condition is equivalently written as

(s p) = —[tn]u— <R/Fun dr +p0> n. ()

If b = 0 (then we can take ¢ = 0 and 7 = 0), we derive the energy inequality under this
condition. They offered several numerical results for medical problems and did not give any
mathematical considerations. On the other hand, Labeur and Wells [17] considered essentially
the same condition as (9) with R = py = 0, where they studied energy stable hybrid discon-
tinuous finite element method but did not discuss about the well-posedness of the continuous
problem.

Those previous works suggest us that it is important to control the flow-direction near the
outflow boundary for stable numerical computations and that the energy inequality is a key
property to check whether the flow-direction is suitable or not. Therefore, it is worth-while
considering flow-direction boundary conditions, such as (8) and (9), from the view-point of
numerical analysis. Furthermore, it seems that there are little works devoted to those boundary
conditions from the view-point of pure analysis.

The condition (8) is useful, but it has a few difficulties. Thus, a non-trivial relationship
is assumed between the traction 7(u,p) and the velocity u in (8) and we have to determine



the reference velocity g before computation. On the other hand, it is not obvious that the
condition (9) is suitable for the case b # 0.

In the present paper, we propose a new boundary condition. That is, in order to control the
flow direction at I', we pose a unilateral boundary condition of Signorini’s type

un > 0,
onT, (10)
Tn(u,p) > 0, up7y(u,p) =0, 7p(u) =0

where
Tn(u, p) = 7(u, p)n, r(u) = 7(u,p) — T (u, p)n.

This is an analogy to Signorini’s condition in the theory of elasticity (cf. [14]). Under this
condition, the solution of (1) satisfies the energy inequality (cf. Theorem 4) and it is indeed a
generalization of the free-traction condition (2). Namely,

if u, >0 onw C I, then 7,(u,p) =0 on w;
if u, =0 onw C I, then 7,(u,p) > 0 on w.

The condition (10) is described in terms of inequalities so that it cannot be directly applied
to numerical calculations. However, we can utilize its penalty approximation

1
Tn(uvp) = g[un]fa 7-T(u) =0 onl, (11)
where 0 < £ < 1 is the penalty parameter. After introducing a C' regularization of [-]_ (for

example, ps in (47)), we can solve (1) with (11) by using, for example, Newton’s iteration. We
do not need to introduce the reference velocity g for computation. (For mathematical analysis
below, we need g.) It is indeed an approximation of (10); Thus, we have (cf. the proof of
Lemma 4.7)

(ug,pe) — (u,p) as e&—0

in a certain sense or other, where (u,p) and (u., p:) denote solutions of (1) with, respectively,
(10) and (11). Moreover, the condition (11) is closely related with (9) in a certain sense.
Namely, although ¢ is originally defined as a positive constant, we set it as a function;

L -

€
Then, (11) implies
Tn(u,p) = [un]Q_ = —[up]-tp, 7r(u)=0.

Hence, as for the normal component, (11) and (9) are equivalent in the case R = py = 0. This
suggests that (9) is of use for the case b # 0. This is another motivation for studying (11).

Our ultimate aim is to develop the theory for the initial-boundary value problems for the
Navier-Stokes equations (1) with (10) or with (11) from the standpoint both of analysis and nu-
merical computations. The particular purpose of this paper is to establish the well-posedness
of these problems. We postpone a study on time discretizations and the finite element ap-
proximation in future works; a partial result on the finite element approximation for a model
(stationary) Stokes problem will be reported in Saito et al. [19].



1.2 Summary of the results

We shall give the precise statement of our main results in §2.5, after having described the
variational interpretation of our target problems. However, let us summarize our results here
for the reader’s convenience.

First, we assume that the prescribed inflow velocity b = b(x,t) satisfies b|spsg = 0 and

B(t) :—/b-nd5>0, te0,1].
S
Consequently, we will have
/u-ndF:ﬂ(t) >0, tel0,T].
r

As is clearly stated in Introduction of [13], weak solutions of Leray-Hopf’s class is not suitable
for the purpose of application to numerical analysis. We are strongly motivated by [13] and
interested in constructing of strong solutions of Ladyzhenskaya’s class (cf. [15]), that is, we
will find functions

we L0, T; HH ()Y, wuy € L2(0,T; HY(Q)%) N L0, T; L*(Q)9),
p € L=(0,T; L*())

that satisfy the Navier-Stokes equation (1) with the unilateral boundary condition (10) in the
sense of distributions.

To this end, it suffices to find (U, P) satisfying the following perturbed Navier-Stokes prob-
lem.

(NS) For t € (0,T), find (U, P) such that

Ui+ ((U+g) VYU+ U -V)g—V-o(U,P)=F in Q, (12a)
V-U=0 in 9, (12b)
U=0 on SUC, (12c)
U+ 90, >0, 7U+g,P+m) >0 on T, (12d)
(Un+gn)m(U+9g,P+m)=0, 7r(U)=—-7r(g9) on T, (12e)
U(z,0) =Uy on €, (12f)

where

F=f-g—(g9-V)g,
U():Uo—g(()).

Actually, under some appropriate assumptions on F, Uy, and (g, 7) (cf. (Al)—(A4) below),
we will prove (cf. Theorem 2 in §2.5), there exists a unique solution of (NS) satisfying

UeL™®0,T; H/(Q)Y), Uy e L*0,T; H'(Q)%) N L>(0,T; L*(Q)9),
P e L>(0,T; L*(Q)).

For the penalty problem (1) with (11), we consider the following perturbed problem.



(NS;) Let 0 < e < 1. For all t € (0,7, find (Ue, P-) such that

Vst + (U + g+ VIUs + (U V)g = 2V -0(U P2) = F in ©,
V-U.=0 in Q,
U:=0 on SUC,
Fu(Ue 4 9, Pk ) = Ui 0l 70(U) = (o) onT,
U.(x,0) = ug — 9(0) on Q.

Then,
ue = Uz + g, pe=FP.+m

solve (1) with (11). Under the same assumptions on F, Uy, and (g, 7), we will prove (cf.
Theorem 3 in §2.5), there exists a unique solution of (NS.) satisfying

U. € L®(0,T; HY(Q)Y), Uy € L20,T; HY(Q)Y) N L2(0, T; L*(Q)%),
P. € L™(0,T; L*(Q))

for a sufficiently small €.

The plan of our analysis is as follows. We firstly give variational formulations (NS-E) and
(NS.-E) of (NS) and (NS;) in §2.3 and §2.4, respectively, after having described the varia-
tional interpretations of traction vectors 7(u, p), 7, (u,p) and 7p(u) in §2.2. Further, (NS-E) is
converted into the variational inequality problem (NS-I) and the equivalence of those two for-
mulations is proved (cf. Theorem 1 in §2.3). We also introduce the solenoidal (divergence-free)
versions (NS-17) and (NS.-E?) of (NS-I) and (NS.-E), respectively.

Theorems 2 and 3 are divided into several propositions:

e Proposition 1 (The unique existence of U of a solution of (NS-17));

e Proposition 2 (The existence of an associating pressure P with U of (NS-I));
e Proposition 3 (The uniqueness of (NS-I));

e Proposition 4 (The unique existence of U of a solution of (NS.-E?));

(
(

e Proposition 5 (The existence of an associating pressure P. with U, of (NS.-E));

e Proposition 6 (The uniqueness of (NS.-E)).

We use a C! regularization ps of []_ and the standard Galerkin’s method to prove Propo-
sition 4 (cf. Section 4). Therein, several a priori estimates including

1[Uen + gnl -l o 0.1:22(r)) < CVe

play important role. Then, we prove Proposition 1 by compactness in Section 4. Usually, we
apply a version of De Rham’s theorem (cf. [20, Lemma IV.1.4.3] for example) to deduce a
pressure of the Navier-Stokes equations, after a velociy has been obtained. Unfortunately, it
is not enough to deduce pressures P and P. for our problems. Actually, we have to choose
suitable constants k and k. such that (U, P+ k) and (U., P + k.) satisfy (NS-I) and (NS.-E),



Figure 2: A smooth domain

respectively, where P and P. are associating pressures with U and Uy, respectively. (P and P
are L? functions in Q with zero mean values.) We discuss this issue and prove Propositions 2
and 5 in Section 3. Proofs of Propositions 3 and 6 are also mentioned in Section 3.

(NS-E) and (NS.-E) admit energy inequalities of the form (6); We derive those inequalities
in Section 5.

List of problems

Name Place Page Equation
(NS-E) 62.3 11 (18)
(NS-I) §2.3 11 (19)
(NS-19) 62.3 11 (20)
(NS.-E) §2.4 12 (21)
(NS.-E?) 8§24 12 (22)
(NS-17) Sec. 4 20 (45)
(NS.-E?)"  Sec. 4 20 (46)
(NS.-E§)”  Sec. 4 21 (49)
(NS.-E§,,)” Sec. 4 21 (51)

2 Problems and results

2.1 Notation

We recall that Q € R%, d = 2,3, is a bounded domain and the boundary 0 is composed of
three parts S, C' and I". Although we mostly deal with the case illustrated by Fig. 1, our
discussion is also valid for the case where 9 is smooth with TNC =0, CNS = 0, and
SNT = 0; See, for example, Fig. 2.

We follow the standard notation, for example, of [16] and [20] as for function spaces and
their norms. We employ the abbreviations:

[ull = llulle = [lullo.o = [[ull 2@ or [[u]lL2);
lully = Nlullve = [lull g @)e or [lullmr o)

[uflr = [|u

o0 = [lullL2(rye or ||ul[L2(ry;

(u,v) = (u,v) 2(0)a OF (u,V)2(0)-



We frequently use the following function spaces:
V={veH Q)| v=00nCnNS}, Vi={vev|V-v=0in Q},
Vo=H}(Q)? VE={veV|V-v=0inQ},
K={veV|v,+g,>0o0nT}, K?={ve K|V -v=0in Q},

Q = 1%(9), Qo=L3<Q>={qu|/quaz=o},

Y H2(T) #TNC=0(eg Fig 2),
= 1 -
HZ(T) i#fTNC#0 (eg Fig 1).
The spaces V and V are closed subspaces of H!(€2)? and are equipped with norm || - ||;. The
spaces V and V' are also closed subspaces of H'(Q)? and are equipped with norm || - [|; by

virtue of the Poincaré inequality.
In general, X’ denotes the dual space of a Banach space X.

1
Remark 2.1. The space Hg,(I') is sometimes called the Lions-Magenes space (cf. [16, Ch. 1,
§11.5]). It is defined as the set of all v € L?(T) satisfying p~'/?v € L*(T"), where p € C>°(T)
denotes any positive function satisfying p|sr = 0 and, for g € 9T,

p(x)

lim —2%__ g
A2 st (zor) ¢ 70

with some d’ > 0. As will be stated in Lemma 2.1, the set of all traces of functions in V is
identical with M.

We use the following forms (the summation convection is employed):
a(u,v) = 21// D;j(u ) dz  (u,v € HY(Q)?);
ai(u,v,w) = / [(w-Vvlw dz (u,v,w € H(Q));
Q

b(v,p) = — / (V-v)pde (ve HY Q)Y peL*Q));

Q
[A,n] = the duality pairing between A € M’ and n € M;
[[A\,7]] = the duality pairing between A € (M?) and n € M?.

As usual, we write C to express various positive constants that depend only on 2.
For a vector-valued function v defined on 9f2, it’s normal and tangential components are
denoted, respectively, by
Vp =V - M, vp = v — (v)n.

2.2 The re-definition of traction vectors

For (U,P) € V x @, we cannot define 7(U, P) as a function on I' because of the lack of
regularity. However, if (U, P) is smooth and satisfies (12a), it also satisfies, for ¢t € (0,7)

/T(U, P)-vdl' = (U, v) + a(U,v) + a1 (U + g,U,v)
r

+a1(U, g,v) + b(v, P) — (F,v) (veV),



where 7(U, p) is understood as a usual function on T
Based on this identity, we re-define the traction vector 7(U, P) as a functional over M for
a solution (U, P) € V x @ of (NS) in the sense of distributions (More precisely, for (U, P)

satisfying (18a) below). We recall the following result (cf. [11, Theorem 2.5] for M = H%Q(F)
and [16, Theorem 8.3, Chap. 1] for M = H'/?(T")).

Lemma 2.1. There exists an extension operator £ : M% — V such that En = n on T and
IEnllv < Clnllaya for all n € M9, Conversely, for any w € V, we have n = w|r € M¢ and
1nllara < Cllwllv.

As a consequence, we obtain an extension operator &£, : M — V such that
Enmn=1n,(Emr=0 onT,  [[Emnllv < Clnllm
for any n € M. Now we propose the re-definition of 7(U, P) as follows:
[[7(U, P),nl] = (Us, wy) + a(U, wy) + a1 (U + g, U, wy)
+ al(U7ng7]) + b(wT]?P) - (F7 ’U}n) (77 € Md)? (13)

where w, = £n € V. Actually, the right-hand side of (13) does not depend on the way of
extension; Hence, this definition is well-defined. Similarly, we re-define as

[[TT(U)7 77“ = (Ut7 wn) + a(U7 wn) + al(U + 9, U, wn) + al(U7ga wn)
+ b(wy, P) — (F,wy) (n € M with 5, = 0; w, = En) (14)
and
[Tn(U, P)777] = (Utaw’q) + (I(U, wn) + al(U + 9, U7 w’l])
+ a1 (U, g,wy) + b(wy, P) — (F,w,) (me M; wy=E&m). (15)

Then,
[r(U, P),n]] = [m(U, P),na] + [[rr(U), )] (€ MY). (16)

For a solution (U., P:) of (NS;), we propose the similar re-definition. For example,
[Tn(Uz-n P.), 77] = (UE,M wn) +a(Us, wn) +a1(U: + g, Ue, wn)
+ a1 (Ue, g, wy) + b(wy, P:) — (F,wy,) (ne M; wy,=E&m). (17)

On the other hand, we will assume that 7(g,7) € H*(0,T; L?(I")%) (see, (A1) below) so that
we have

(g mll = [ ra.m)mdr (e M,
2.3 Unilateral problems

Under those re-definitions presented in the previous section, we precisely interpret (NS) as
follows.
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(NS-E) For a.e. t € (0,T), find (U(t), P(t)) € V x Q with Uy(t) € Q¢ such that

(U, v) + a(U, v)

+a1(U + g,U,v) + a1 (U, g,v) + b(v, P) = (F,v) Yo € Vp, (18a)
b(U,q) =0 Vg € Q, (18b)
Uy+9n>0 on T (18c¢)
[7(U, P) + (g, 7),n] > 0 Vne M, n>0, (18d)
[T (U, P) + 70(g, ), Up + gn] = 0, (18e)
[[rr(U) + m(9),n]] =0 ¥n € M, (18f)
U(z,0) = Uy on €. (18g)

Remark 2.2. If (U, P) € V x @ satisfies (18a), then [7(U, P),n| and [[77(U), n]] are well-defined
by (15) and (14).

(NS-E) can be converted into the following variational inequality problem.
(NS-I) For a.e. t € (0,T), find (U(t), P(t)) € K x Q with Uy(t) € Q¢ such that
(Upy,v=U)+a(U,v—-U)+ a1 (U+ g,U,v—U)
+a1(U,g,v—U)+blv—-U,P)>(F,o—-U) —[[r(g9,7),v—=U]] YveEK, (19a)
b(U,q) =0 VgeQ,  (19b)
U(z,0) =Uy on . (19c¢)
The following solenoidal version of (NS-I) will be of use later.
(NS-I9) For a.e. t € (0,T), find U(t) € K° with Uy(t) € Q% such that
(Up,v—U)+a(U,v—-U)+a1(U+g,U,v—0U)
+a1(U,g,v—=U) > (F,o—-U) = [[t(g9,7),v — U]] Vv e K7, (20a)
U(z,0) =Up on €. (20b)
Theorem 1. Problems (NS-E) and (NS-I) are equivalent.

Proof. First, letting (U, P) be a solution of (NS-E), we show (U, P) satisfies (NS-I). Let v € K
be arbitrary. Since v — U € V, we see from (13)

(Up,v—=U)+a(Uv—=U)+a1(U+g,Uv—U)+ a1 (U,g,v—U)
+b(v—-U,P)—|[[7(UP),v-Ul]] = (F,v—-U).

Thus,

(Up,v—=U)+a(Uv—-U)+a1(U+g,Uv—U)+ a1 (U,g,v—U)
+b(v—-U,P)—[[7(UP)+7(g9,7),v—=Ul]] = (F,v—-U).

Since v, + gn > 0 a.e. I, by using (16), (18d) and (18e)

[[T(U7 P) + T(ga 7T)>U - UH
= [m(U, P) + 7a(g,7), vn = Un] + [[7r(U) + 71(9), vr — Url]
= [Tﬂ(U7 P) +7—7’L(gvﬂ-)avn +gn] - [Tﬂ(U7 P) +Tn(g’ﬂ-)aUn +gn] Z O

11



Hence, (U, P) solves (NS-I).
Conversely, letting (U, P) be a solution to (NS-I), we show (U, P) satisfies (NS-E).
For any ¢ € Vj, substituting v = U 4+ ¢ € K into (19a), we immediately obtain (18a).
Let ¢ € V with ¢, = 0 on I" be arbitrary. Substituting v = U + ¢ € K into (19a), we have

(Ut, 0) + a(U, ) + a1(U + g,U, ) + a1(U, g, p) + b(p, P) = (F,¢) — [[7r(9), ¢r]]-

This, together with (14), implies (18f). Let w € V with w,, > 0 on I" be arbitrary. Substituting
v=w+U € K into (19a), we have (18d).
Finally, substituting v = —g € K and v = 2U + g € K into (19a), we deduce

(Ut,U—l—g)—|—a(U,U—|—g)—|—a1(U+g,U,U—|—g)+a1(U,g,U+g)
+0(U+g,P)=(F.U+g)—[[r(g,7),U +g]].
This, together with (13), gives (18e). O

2.4 Penalty problems

We state the following variational formulations of (NS;).
(NS.E) For a.e. t € (0,7), find (Us(t), P-(t)) € V x Q with U.4(t) € Q% such that

(Ua,hU) + G(Usyv) + al(Ue +g, U, U) + al(U€797U)

+b(v, P.) — i/r[Um + gn]-v, dU = (F,v) — [[7(g,7), v]] Yo eV, (21a)
b(Us,q) =0 Vq € Q, (21b)
Ue(x,0) = Uy on Q. (21c)

(NS.E°) For a.e. t € (0,T), find U(t) € V° with U.4(t) € Q% such that
(Ue,ta 'U) + a(U€7 ’U) + al(UE + g, UE7 U)
1
+ a1 (Us, g,v) — R /[Um + gn]-vp ds = (F,v) — [[7(g, ), v]] Yo e VO, (22a)
I

Ue(z,0) = Uy, on €. (22b)

2.5 Main results

We are now in a position to state the main results of this paper. Recall that (g, 7) is the
solution of the Stokes system (4) and go € C°(T')¢ is defined by (5). We make the following
assumptions.

(A1) fe HY0,T;Q% and 7(g,7)[r € H'(0,T; L*(T)?).
(A2) g € H2(0,T;Q%) N L>(0,T;V°) and g; € L?(0,T;V°).

(A3) B(t) > Bo > 0 for t € [0,T] with some By > 0 and 3(t) € C?(0,T).
(A4)

A4) Uy € V& N H3(Q)? and it satisfies

—(vAUy,v) = a(Up,v) + /FT(g,W)|t:0v dal' (veV?).
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Remark 2.3. Conditions (A1) and (A2) implies F' € H'(0,T;Q%) and F € L>(0,T; Q%).
Remark 2.4. Condition (A2) leads to g € L>°(0,T; Q%).
Remark 2.5. On I', 7(g, m)|¢t=0 is well-defined by (A1).

Theorem 2. Assume that (Al)—(A4) are satisfied. When d = 2, there exists a unique

UeL®0,T;V°), U eL*0,T;V7)NL®0,T;Q%, (23a)
P e L®(0,T;Q) (23b)
satisfying (NS-I) for any T € (0,00). In particular, (U, P) is the unique solution of (1) with

(10) in the sense of distributions. When d = 3, the same conclusion holds for a smaller time
interval (0,Ty], where T, denotes a positive constant depending on Uyp.

Theorem 3. Assume that (A1)—(A4) are satisfied. When d = 2, there exists a unique

U. € L®(0,T;V°), U.;€ L*0,T;V°)N L>®(0,T;Q%), (24a)

P. € I®(0,T; Q) (24b)

satisfying (NSe-E) for any T € (0,00) and a sufficiently small €. More precisely, there exists
g0 > 0, which depends only on F, g, Uy, Q and T, such that (NS;-E) admits a unique solution

(Ue, P:) satisfying (24) for any € € (0,e9]. When d = 3, the same conclusion holds for a
smaller time interval (0,Ty], where T, denotes a positive constant depending on Uyp.

The proof of Theorems 2 and 3 are divided into the following propositions where (A1)—(A4)
are always assumed unless otherwise stated explicitly.

Proposition 1 (Existence of U). When d = 2, there exists a unique U satisfying (23a) and
(NS-19) for any T € (0,00). When d = 3, the same conclusion holds for a smaller time interval
(0,Ty], where T, denotes a positive constant depending on Uyp.

Proposition 2 (Existence of P). Let U be a solution of (NS-17) satisfying (23a), then there
exists a unique P € L*>(0,T;Q) such that (U, P) is a solution of (NS-I).

Proposition 3 (Uniqueness). The solution of (NS-1) is unique.

Proposition 4 (Existence of U;). When d = 2, there exists a unique U, satisfying (24a) and
(NS.-E?) for any T € (0,00) and a sufficiently small e. When d = 3, the same conclusion
holds for a smaller time interval (0,Ty], where Ty denotes a positive constant depending on U.

Proposition 5 (Existence of P.). Let U. be a solution of (NS.-E7) satisfying (24a), then there
exists a unique P. € L*°(0,T;Q) such that (U, P:) is a solution of (NS.-E).

Proposition 6 (Uniqueness). The solution of (NS.-E) is unique.

As is stated in §1.2, Propositions 1 and 4 are proved in Section 4. Propositions 2, 5, 3 and
6 are proved in Section 3.
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2.6 Review of some inequalities

We collect here some inequalities used below.
The following one is called Korn’n inequality (cf. [14, Lemma 6.2])

a(v,v) > alloli  (veV), (25)
where o > 0 denotes a positive constant depending only on 2.
Lemma 2.2. When d = 2,
a1 (u, v, w)| < Cllul| paoyallvlllwl Laq)e
L1 1 1
< Clulzllulf olillwlzlwlf  (u,0,0 € H(2)?). (26)
When d = 3,
ai(u,v,w) < Cllullgs)llvllilwl ze o)
1 1
< Cllull>lullflollflwl (w0, € H(Q)T). (27)

Moreover, when d = 2,3, we have
1
ai(u,v,v) = 5 /Funlvl2 dU < |lug|rlol sy < Cllualrelollf - (w0 e V). (28)

Proof. 1t follows from Sobolev’s embedding theorem and the trace theorem (cf. [13, 15]).
For example, (27) is a readily obtainable consequence of Holder’s inequality, the continuous

embedding H%(Q)(Q) C L3(Q), and the interpolation inequality ||U||H%(Q) < CH’UH%HUH% O
Remark 2.6. Applying Young’s inequality and Lemma 2.2, we have, for any £ > 0,

Jar (u, v, w)| < Cllullfullilv]l < €lullf +CE ul o], (29)
if d = 2. On the other hand,

1 3 -
lag (w, v, w)| < Clluf| 2 ||ull} [Jo]ly < &llullf + CE2ullFlv]Ii, (30)

if d = 3.

3 Proof of Propositions 2, 3, 5 and 6

Proof of Proposition 2. (Existence) Let ¢ € VyNV? be arbitrary. Substitution v = ¢p+U € K°
into (20) yields

(Ut7 ¢) + a’(Ua ¢) =+ al(U =+ g, U7 (b) + al(U7gv ¢) = (Fa ¢)
Then, there exists a unique P € Qq (cf. [20, Lemma IV.1.4.3]) such that, for a.e. ¢t € (0,T),

(U, ¢) + a(U,¢) + a1(U + g,U, ) + a1 (U, g, ¢) + b(v, P) = (F,¢) Vo € Vg (31)
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and
[Pl < CUIUH + [Ullr + |1F]| + [[(U +g) - VU[[ + [|[U - Vgl]). (32)

We will show that there exists k € L>(0,T") such that (U, P + k) solves (NS-E).
First, by virtue of (31), (18a) is satisfied for P = P 4+ k with any k € L*°(0,T).
Recall that (16) and (20a) give

[[TT<U)7UT - UT]] =+ [TN<U7 ﬁ) + k)vvn - Un]
= _[[TT(g)7UT - UTH - [Tn(g77r)7vn - Un] Vv e K. (33)

Let ¢ € C°(T') be a function such that supp 1 C I' and 1), = 0. Then, since fr p dl = 0,
there is a function w € V such that w|r = ¢, V-w = 0 and ||w||y < C||¢||ppa. Substituting
v=U+w € K7 into (33), we have

[[7r(U),¥r]] = [7r(9), 1]

By the density, this implies (18f). Moreover, since (33) is valid for an arbitrary k € L>°(0,T),
we have

[Tn(Ua ﬁ) + Tn(gaﬂ-)ﬂ-]n + gn] > [Tn(Ua ﬁ) + Tn(g,TF), Un + gn] Vv e K7, (34)

At this stage, we set

1 o
vy=9(t) = E[Tn(U—i—g,P-i-ﬂ'),Un—i—gn] (35)
and take k = .
Then, noting fF U,dl'=0by V-U =0in Q and Ulgsyc = 0, we can calculate as
[Tn(Ua ﬁ + 7) + Tn(gaﬂ-)7 Un + gn] = [Tn(Ua ﬁ)) + Tn(gaﬂ-)a Un + gn] - '7/ Gn dl’
r
= [Tn(U> ‘Fo)) + Tn(gv 7T), Un + gn] - ’75
which implies (18e).
For the time being, we admit
vy = inf [7 (U + g, P+ 7),1), (36)
ney

where

Y={77€M\?720,n¢0, /ndf:l}-
r

For £ € M with £ > 0 and £ # 0, we have, by setting m = fF§ dl’ # 0,

[TTL(U7PO)+’Y)+T(977T)7§] = [Tn(U,ﬁ))+Tn(g,7T),f] —am
= m[ra(U, P) + 7u(g,m),&/m] —ym
> my—ym=0.

Hence, we get (18d).
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It remains to verify (36). Let n € Y be arbitrary and set 7 = 3n—g,, € M. Since [.7 dT' =0,
there exists 0 € V7 such that o,|r = 7. Then, the function ¢ satisfies that v,, + g, = n >0
on I'. Thus, v € K?. Consequently, we have by (34)

(U, )+ malgo )] — {anz P+ ralgom), ! ;g]
®n+gn]
3
> ;[Tn<U,15>+m<g,w>,Un+gn]=v;

_ [TH(U, P) + Talg, ),

which yields (36).
(Regularity) According to the expression (35) and the definition (15), we deduce, for a.e.
te (0,7),

7] < Co,

where Cy = Cy(t) denotes a positive function in L>°(0,T") which depends only on ||U||, |U]|1,
I|F|| and ||g||1. This, together with (32), gives P € L*°(0,7; Q).
(Uniqueness) Suppose that there is another pressure P’. Since P and k are unique, we have

P +k =P, k;’z—|(12| P dx = k.
Q

Hence, P = P'. O

Proof of Proposition 8. From Proposition 2, we know that P is uniquely determined by U;
Therefore, we only need to show the uniqueness of U.
Suppose that Uy, Uz are two solutions to (NS-17). Let w = Uy — Us. From (20a), we have

(U1, Uy —Uh) +a(U1, Uy = Ur) + a1 (Uy + g, Uy, Uy — Uy)
+a1(U17gaU2 - Ul) > (Fa U2 - Ul) - [T(.g?ﬂ-)?UQ - Ul]a

and

(Uat, Uy — Uz) + a(Uz, Uy — Uz) + a1(Uz + g,Us, Uy — Us)
+a1(Us, g, Uy — Up) > (F,Uy — Us) — [1(g,m),Us — Us].

Therefore,
(wt7 U)) + CL(U}, w) + al(UZ + g, w, U)) < _al(w7 Ul +9, w)

In view of Korn’s inequality (25), Lemma 2.2, Remark 2.6 and

1
a1(Uz + g, w,w) = 2/ (Uy-n+ gp) |w* dT > 0,
r~———

>0
we have for any £ > 0

Elwllf + CEHUL + gllfw]?  for d =2,

1
“Nw@®)]? + allw(@)]? < )
2 P2 w2 + Ce3 Uy + gl lw|? for d = 3.
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Let £ be sufficiently small so that o — £ > «/2. In virtue of Gronwall’s inequality, we obtain,
for all t € (0,7),

t
lw(@)]* + a/o lw(s)lff ds < Cexp [Ct|UL + gll Lo (0,6v)] [w(0)]*.

Since w(0) = U;(0) — Uz(0) = 0, we conclude that Uy = Us. O

We proceed to the proof of Propositions for the penalty problem. To do this, we need the
following lemma. For the time being, we write Co(T") = Cp(T) to express various positive
constants depending only on the following quantities:

|UetllLoeo,rs0ays  NUellLo.riveys N1 F o004y 9llzee 0,757y
Lemma 3.1. Let U; be a solution of (NS.-E7), then, for a.e. t € (0,T),
I[Uen + gnl-IIr < Cove. (37)
Proof. Substituting v = Uy into (22a), it yields

- % /F[UE” + gn]-Uen dU' = (F, Ue) = [[7(g,), Uel] = (U, Uk)

- a(Ua Usn) + CL1(U5 +9,Ue, Usn) + (Il(Ug,g, Usn)

RHS can be estimated from above in terms of ||U. ||, ||Uc||1, ||F|| and ||g||1, and the function
U, satisfies (24a). Thus, we have

—é /[Ugn + gn|-Uep dI' < Co(T).
r

On the other hand, by using g, > 0 on I', we see that

1 1
- /[Uan + gn]—Uen ar = —- / [Uen + gn]—(Uan + gn — gn) dr’
eJr eJr

1 1

= 2 [0+ gul P 0+ 2 [ (U 4 u)-g0
€Jr eJr
1

> g”[Usn‘i‘gn]—”l%'

Combining those estimates, we obtain (37). O

Proof of Proposition 5. From (22), there exists a unique P e Qo (cf. [20, Lemma IV.1.4.3])
such that

(Ue,0) + a(Us,v) + a1 (U + g,Uz,0) + a1 (U, g,v) + b(v, P2) = (F,v) (v € Vo)

and
|1P:|| < CUNUZN + |Uelly 4+ [(U= + g) - VU + [|U= - Vg + | F]).

Thus, we have )
[ Pe]] < Co(T). (38)
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We will show that there is k. € L*°(0,T) such that (Ue, P-) with P. = P. + k. is a solution
of (NS.-E).
Recalling (17) and using (22a), we have

[Tn(UE’PE)’U"] = (UE,t7U)+(l(U€7U) +al(U€+gaUsa'U)+(11(Usag;v)+b(vgps) - (F7U)
1
= g /F[Uan +gn]—Un - [[Tn(g,Tl')7vnH (U eve, UT|F _ 0)
Hence,
[70(Ue, Pe) + Tu(g, ) — e (U, Pe),valin] =0 (n € M), (39)
where

M":{neM|/FndF:0}.
z:{gsecmrn/rqz»:l}

and take (and fix below) ¢ € Z. Then, for any v € V, 1) = v, — a¢ with a = fF vy, dI' belongs
to My. Therefore, by (39),

Now we introduce

[Tn(Ue, Pe) + (g, m) — 5_1[Uan + Gnl— vn]
= [m(Ue, Pe) + 7a(g,m) — 5_1[U5n + gnl—s vn — ]
o (Ue, Pe) + (g, ) — E_I[Uen + gnl-, ad]
= a[Tn(U57PE)+Tn(9a7T)_5_1[Usn+9n]ﬂ¢] (veV).

Now, since
[Tn(Uaa PE) + Tn(ga 77) - Eil[Uan + gn]—y ¢]
= [Tn(Usy 1035) + Tn(ga 77) - 5_1[Uen + gn]—: (Z)] — ke,

choosing )
ke = [ta(Ue, Pe) + (g, 7) — € [Uen + gn]—, @] (40)

we obtain
[Tn(UmP&) + Tn(gaﬂ') - 571[Uan +gn]—7vn] =0 (U € V);

which, together with (17), implies (21a).
It should be checked that k. defined as (40) actually independent of ¢ € Z and it represents
a function only of t. We let ¢, ¢’ € Z with ¢ # ¢'. Then n = ¢ — ¢/ € M?. Hence, by (39),
(70 (Ue, Pe) + Ta(g, ) — 5_1[Uen + gnl—, ¢ = [ (Us, Pz) + ma(g, 7) — 5_1[Usn + gnl-» ¢/]’

which means that k. does not depend on the choice of ¢ € Z.
Finally, in view of (17), (37) and (40), we get

|k| < Co(T).

Combining this with (38), we conclude P. € L*>°(0,T; Q). O
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Proof of Proposition 6. Since P. is uniquely determined by U, from Proposition 5, it suffices
to show the uniqueness of (NS.-E?). Suppose that U, and U.g are two solutions of (NS.-E7).
Set w = U} — U.. From (21a), we have, for any v € V7,

(’LUt, U) + CL(U}, U) + al(U&‘l + g, U617 U) - al(UEQ + 9, U€27 U)

1
+a1(w,g,v) - g /([Usl : n+gn]f - [U62 : nﬁLgn]f)'Un dl’ = 0.
T

Substituting v = w into above,

(we, w) + a(w, w) — i/r([Ugl N+ gnl— — [Us2 - 1+ gn)—)wy, dT

+CL1(U52 +ngvw) = _al(w7U51 +ng) (41)

We can estimate as

- /F([Ual 1+ gn]- — [Ue2 - 0+ gn]-)wn d

= /([Uel L +gn]— - [Ue2 : n+gn]—)(Usl N+ gn — (U€2 ) n"‘Qﬂ)) drl’

I
_ /\[Ud-mgn]—[ng~n+gn]|2 dr
r

+/F([Ual o+ gn]-[Usz -+ gnlt + [Uet - n+ gnl+ [Uesz - n+ gn]-) dU 20 (42)
and, by using Lemma 2.2,
a(w,w) + U+ g0w) = allwlt+ [ (Uan-+ gl dr
= aluli+ 5 [ (Ua-n+ gl = Uean+ gl )l ¥
> (o= C'|[Ue2 - n+ ga]-[Ir)[Jw]7. (43)
In view of Lemma 3.1, we have ||[Us2 - n + gn]—||r < Co(T)e.

At this stage, we suppose that ¢ is small so that o — C’||[Us2 - n + gn]—|lr = «/2. Then, it
follows from (41), (42), and (43) that, for arbitrary & > 0,

1d 9
el = < _
Il + S ol < ~ar(w, Uar + g, 0)
_ [l + O U+ g0l fora=2
= Ellwli} + CEPUA + gl lw]?, for d =3.
Setting & = /4, from (44) and Gronwall’s inequality, we obtain, for a.e. ¢t € (0,77,
t
lw®* + [ llw(s)T ds < Cexp [CH|Uet + gll Loo (0,0 ] [1w(0)]12.
0
Since w(0) = U1(0) — U-2(0) = 0, we conclude that Uz = Uga. O
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4 Proof of Propositions 1 and 4

This section is devoted to the proof of the unique existence of solutions of (NS-17) and (NS.-

E7), that is, the proof of Propositions 1 and 4.
To achieve this purpose, we introduce new variables

~ U . P _ 7 = f . g
U=—, P=—, 7m=—, == and ==,
g Pt Tt ST M 9T
Problem to find (U, P) reads as follows. For t € (0,T), find (U, P) such that

~ ﬁ’ ~ ~ - ~ ~ o~ ~
Ut+EU+5((U+§)-V)U+5(U~V)§—V~J(U,P):F in €,
V-U=0 in Q,
U=0 on SUC,
Up+Gn >0, 7(U+§P+7)>0 on T,
Un+gn)m(U+§.P+7) =0, 7r(U)=-77(3) onT,
U(x,0) = Uy on €,

where U():%, andf?:f—g’—%'g_g(g.v)g:%,
We will study the well-posedness of U instead of U itself. Set

K={veV]|v,+§g.>0onT}, K =KnNV°

and consider the following variational problems.
(NS-I) For a.e. t € (0,T), find U(t) € K with Uy(t) € Q¢ such that

(U’,U—U)—l—%(U,v—ﬁ)—i—a(ﬁ,v—ﬁ)—i—ﬁal(ff—i-g,f],v—f])

+ Bar (U, §,v = U) = (F,v—U) = [[7(§,7),v = U] Vv e K7,
U(x,0) = Uy on .
(NS.-E?) For a.e. t € (0,T), find U.(t) € V7 with U.4(t) € Q% such that
g
B
+ Bar (T, §,v) — i/r[ffm b Gul_vn dT = (F,0) — [1(3, 7),0]] Vo€ Ve,

U(z,0) = Uy on .

(Ué,U)"‘ (05,1))"‘@(05,'0)+ﬂa1(0&-+§,ﬁ€7’l})

We see that a solution of (NS.-E?) is given as U. = SU..
We introduce a regularization of [-]_. For any § with 0 < § < 1, we set

~—

(s) = 0 (s>0
)=\ BT R -6 (s<0)
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We have ps(s) € C*(R) and

d 0 (s>0) 2 0 (s >0)
—ps(s) = s ——ps(s) = 48

Then we introduce the regularization problem to (NS.-E?)”:
(NS.-EZ) For a.e. t € [0,T], find U(t) € V7 with Us(t) € Q7 such that

/

(~éévv) + g(Udvv) + a(UE(;,v) +/8a1(U€5 +§7U5677})

+ 5611([?557.&"0) - i/lﬂpé(ﬁaén +§n)vn dl' = (Fa U) - [[T(g,ﬁ'),’u]] Vv € VUa (49&)
U.s(z,0) = Uy on Q. (49b)

The regularization problem (NS.-Ef] is of use not only for studying the well-posedness of
penalty problem (NS.-E?) but also for computing numerical solutions.

We show the well-posedness of (NS.-E§) by Galerkin’s method. Let {wy}??, C V7 with
w1 = Uy be linear independent functions such that

(e}
U span{wy}}*_, is dense in V7. (50)
m=1
Then we consider the following problems for m € N.
(NS. E§, ) Find

m

Ueém = Z C€6k(t)wka
k=1

where c.s, € C?([0,T]) such that f]a;m(O) =Upand, forallk=1,...,m,

/

(Uédrru wk) + ﬂﬁ(mea wk) + a(Ueém, wk) + Bay (Us6m +9, ﬁséma wk)

+ ﬂal(Ua6ma§>wk) - é /F p5(0€mn + gn)wkn dl' = (Fv wk) - [[T(f]?ﬁ—)v wk“? (51>

where Uggm(O) = Up, Ussin = Ucsm - 1, and wg,, = wy, - n.
Below, we prove Propositions 1 and 4 by using several lemmas. We always suppose that
(A1)-(A4) are satisfied. Let us denote by ¢; the domain constant appearing in (28), and set
’ /
c2(T)=— max 3, c3(T)= max —,
2(T) 2 te[O,T}ﬁ 3(7) tejo, 7] [

(€)= {c&lngn% +a) (@=2) (52)

C&2|glli +es(T)  (d=3)

Further, we write C(T') to express positive constants that depend only on the following quan-
tities:

IF ooy, Nl orm@ay, N3l zoe om0 @),
|7 llLe01:0),  1UO)g2@pes o, e, caT), e3(T), ca(T,la),
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where « denotes a positive constant appearing in Korn’s inequality (25) and [ some positive
constants.

Lemma 4.1. Let m € N. There exists T1 € (0,T] such that (NS.-E§, ] admits a unique
solution Uz, in 0 <t <T satisfying

Hﬁade%oo(QTl;Qd) + a||U55m||%2(07T1;V‘7)
1 [h - s N
+ 8/ / pé(Usémn + gn)[UEJmn + gn]— dr’'dt < Ol (Tl) (53)
0 r

Proof. Since ps € C(R), the system of ordinary differential equations (51) admits a unique
solution c.s; € C2([0,T1]) for k = 1,...,m with some 71 > 0. We derive the estimation (53).
Multiplying the both sides of (51) by c.sx(t) and taking the summation for k, we have

1d
2 dt

/
||U65mH2 + é||U5§mH2 + O‘HUsﬁm”% + Bal(Usﬁm + 9, Ussm, Usém)
B

+ ﬁal(Uaémyga ﬁaém) - é /Fpé(Uemn + gn)Usmn dl' = (F’ Usm) - [[T(g,ﬂ‘), Usm“ (54)

We see
1 ~ . 1 ~ N - -
_g . p5(Uamn + gn)UEmn arr = _g . pé(Uamn + gn)(Usmn + gn — gn) ar

1 5 . o\~
= g /F(pS(Usmn + gn)[Usmn + gn]— + pé(Uamn + gn)gn) dar

1 . .
I

We apply Lemma 2.2 and Remark 2.6 to obtain, for arbitrary & > 0,

NTesmll? + CE MG TUeom||?  for d =2,

|ﬁa1(0 5ma§705m)| < ~ oL -
) : N0l + CE3) 34| Tesm||>  for d = 3.

On the other hand, again by Lemma 2.2 ,

5a1(UE(5m + 9, Ucsm, Uaém) = g /F(Uaémn + gn)|066m‘2 ds

r r

5 ~ B ~
_01§|’[U55mn + gn]—”FHUst”%-

v

Moreover,
(F,Ussm) = [[7(3,7), Ueém“‘ < ENTesmI + CEAEN? + 173, IIR)-

Summing up those estimates, we deduce

. - 1
Usémuz + aHUE(SmH% + g / pé(UaSmn + gn)[Usémn + gn]— dar
r

< CEHIFN? + 1@ D)) + ea(T. )1 Uesml®, (55)

Sl
2dt
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where & = a — 26 — ¢3|[[Uzsmn + gn] - [Ir-
At this stage, let £ = /8. Let T1 be the maximum time such that

|| [Uesmn + Gn)—|Ir < Z (t €[0,11]). (56)

Consequently,

@ =a— 2~ c2||[Ussmn + gul-llr = 5 (t € [0,T1)).

> @
2
Since Uesmn(0) + §n(0) = Uy + Gn > 0, we have ||[Uesimn(0) + §n(0)]_||r = 0. Integrating the
both sides of (55) with respect to ¢, we obtain, for any ¢t € [0, 71],

- t 1 [t - -
[Oesm®I + @ [ 106+ 2 [ [ oo(@esmn -+ ) Tetn + n)- dds
0 0 JI

t
< CUF R on + 17 )220 020y) + 100l + ea(T,€) /0 [T (3)]2 ds.

We apply Gronwall’s inequality to obtain

~ to 1 [t - -
HUasz(t)Hz + O‘/(; HUsém(s)”% + g/(; /Fpé(Usémn +gn)[U56mn +gn]— dI'ds

< CUTYNE g + 17 )20 0oy + 1G],
which implies (53). O

Lemma 4.2. Let m € N. When d = 2, the solution U.s, of (NS.-E$, T satisfies

1T (5mHLO<>(0 T1;Q4) T 102517 (0,T1;V°)

T ~
/ / Ussimn + Gn)- |(Uetimn + §n)'[?dldt < C(T1), (57)
\/ Ucsmn + gn 2+ 02

where Ty is the constant appearing in Lemma 4.1. When d = 3, there exists T € (0,T1]
depending only on ||U(0)|1 and « such that (57) holds true with the replacement Ty by T .

Proof. First, we consider the case d = 2. Differentiating the both side of (51) with respect to
t, we have

5 ﬁ/ / _ ,8,

( égmvwk) + (,8 (Uaéma wk) + E

+ﬂa1( sém"‘gyUsémawk)""ﬂal( €§m+g7Usm7 )"‘5@1( 55m797wk)+/6a1( 56magawk)

1 ~ N ~ -
+ Bay(Uesm, 3y wi) — /,OJ(Ua(Smn + Gn) Wiy ds = (F',wi) — [[7(7', 7)), w]].
N

(0é(sma wk‘) + a(Ug&ma wk) + ﬂ al( edom + g, U&‘(Sma wk‘)

Multiplying the both sides of this equality by .5, (t) and taking the summation for k, we get

N 1 N o
|| 6m||2 + OéH 5m||1 + ﬂa’l( eom + 0, Uaém’ Uéém) - g /1_‘ :05(U65mn + gn)/Ué(Smn ds

N 5 - g
§_<ﬁ> (Uesm, éam)—*HUé(smHQ B'ar(Ussm + G, Uern, Ul )

2dt

- 5(11( edm + g Ue5m7 eém) 5 al( E5m7g7 65m) ﬂal( 55m7ga Ugém)
- Bal( E5m7.g U ) (F,7U€,m) - [[T(g ,7'[' )7U€,m“ (58)
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As before, we have
Bar (Uesm + 6 Ul Ulsin) = —all[Tzsmn + Gn] 10| T2 (59)

and, for any £ > 0,
(P, Ols) = 7§ 7). Ulgiall| < €005} + CEHAE 2+ (T, 7)) (60)

Since g = go(z) on T' (cf. (4b)), we deduce g/, = 0 on I'. Therefore,

- / pé(Uz-:émn + gn) Uémn ds = — / p§(U55mn + gn)l(ﬁsémn + gn)/ ds
I
Uesmn + 9n - ~
= / 6 Gn] - |(Uesmn + gn),|2dr >0. (61)
\/ 85mn + gn + 92

Moreover, in view of (53), we have, for all ¢ € [0,T1],

\(@) (Fesin Ol + || o

Applying Lemma 2.2, Remark 2.6 and (53), we can perform estimations as, for arbitrary
£>0,

2 < CUD)ULsmllIIP + C1(T). (62)

- - T = - ~ - ~ 1/2
|80 (Ocsim + 5, Uty Olgn)|| < 110t + 31205 + 51171 Dot | [0 2105 1Y

< UL 13 + O™ 205 121Uz + G11T + 10 11); - (63)

< CllUsm N Uesm |11 Ussm I

‘ﬁal(ﬁé&n + glﬁ ﬁﬁ(sm? 0£6m)

- 1/2 1/2
+ CNF NN 1N Oesm 1 T2 N T s 13
< ENULsmllF + CEMNTLslIP 1 Uom I3
+ CEBTLsn P15 13 + 10zomll3); (64)
61T, 5 Ut | < ENT L5l + CE Ty |2 T3 + 112 (65)
801 (ULs 3. Ul)| < €105 + CE 10?3113 (66)
and ) 3
‘5@1 Uesm- 4 )‘<§H LsmlT + CEVEN UL P 1 TeomlF + 17113)- (67)
From (58) to (67), we obtain
6mn+gn ~ ~
DN g + 8105l + 2 / [ e (5., + g Para
\/ €5mn+gn +52

< CUT)(FIT + 113 + 1Teom 1)1 U5 I
+CUDYIFI? + 7@, D) + CLTUF I + 10eoml17),  (68)

where & = o — 6§ — Cz”[ c5mn + Gn)— |-
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Let £ = a/12. In virtue of (56), we see that

. o
Q= 65_02‘” e&mn+gn]—“F 9 (tG [Ole])~
Applying Gronwall’s inequality to (68) and using Lemma 4.1, we obtain

1% 5m”Loo(o T:Qd) + a|lU, 6m||L2 (0,11;Vo)

i aémn“‘gn] - ~ /(2 v 2
/ / NG |(Uetan + Gu)! Pt < Co(T1)(1+ [Tl (0)]2). (69)

Uesmn + gn 2462

To show the boundedness of ||U’s, (0)||2, we multiply (51) by cs,.(t), add the resulting equa-
tions, and set ¢t = 0. Consequently,

05O + (T, U (0)) — [17(3: 7)(0), U (O)] — - / 95T + 30 (0) T gmn(0) dis
- %(Uo, 5 (0)) = Bay (T +5(0), Do, Tl (0)) — Ba (T, 5(0), Ty (0)) + (F(0), Ty (0)).

Since [Up 4 §n(0)]- = 0, we have by (A4)

1025 (0)11? < [a(Uo, Ul (0)] + (AT, Ul (0))] +

g -
E(U& slém(o)>
+ |Bar (To + §(0), T, Ul (0))] + | Bar (T, 5(0), U (0))| + |(F(0), UL (0))]
c (HUoII + |00l 2 + 1T + g(0) | o= 1T |1 +[1To] £ 19(0) |11 + HF(O)H) U250 (O], (70)
which shows || U5, (0)|| < C1(T). This, together with (69), implies (57).
When d = 3, the discussion before (63) and the estimation of ||U.s,,(0)|lq remain true for
d = 3. What are changed from the case d = 2 are estimations of U 5mHLOO(0 h.0d) and

|| 6m||L2 0T1 vy
In place of (63)-(67), we derive, for arbitrary £ > 0,

ﬁal( 55m+gaU€5maUé5m)
< ONUsm + 3l ol Uzomlli | OLsi o
CHUsaergH 1T esm | 105l 211 T Iy

ENTL5 B NTsm 1} + CE P05l 1 Tcom + G117 | TcomlI?
ENTLsm N1 Uesmll} + CE PN Ulsml P 1 Ut} + CE2 | Usom + 311

’ﬁal 0é§m + glv ﬁz—:émy Uéam)‘
< C|ULsy + 712611 Ucsmll1 | ULspn | 25

< ElULn 11 Ueomlln + 10zsm 1) + CE2 U501 [ Ueomlln
+CE VP Ulsnl Pl UssimlI? + CE21F 13

|31 (Uesms 3 Ulgin)| < €N0L5nIR131E + C€ ™ 10uom?

’ﬁal(Uéﬁrmgv éém)’ < é.”Us/émH% + C§_3|’U5/6m||2"§”ila

1/2

IN

2/3

IA N
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and -
Bar(Ueom: 7', Ulsm) | < N0l 1 Uesmll; + CEHIFN1T-

Hence, in place of (68), we obtain

22 + @3 + & [ ([Tesmn + Gl I < CLTYEIR + 173 7))
+CUT) I + 1313 + 1Tesm I DT 1* + CLTIUG 1T + 1T 1T), (71)

2dt

where @ = & — 26 — 4&[|Ussm||} — €| Uomlt — C1ll [Uctmn + Gul-|r-

We choose ¢ satisfying 2¢ + 4§HU0||1 +&||Uo|1 < @/12. Let Ty be the maximum value of ¢
such that 2¢ 4 4€||Uesmn ()2 + €]|Ussmn (t)||1 < a/4. Let T} = min{T},T1}, then @ > /2 for
all t € [0,77]. Then, applying Gronwall’s inequality, we obtain (57) with the replacement T}
by T7. O
Lemma 4.3. Let m € N and § < e. The solution U.sy, of (NS.-E, ) satisfies

- 1~ 3
|1Uesml|Foo (01317 + EH[UEEmn + gn]—H%oc(o,Tl;Lz(p)) < C\(Th), (72)

where T 1s the constant appearing in Lemma 4.1.

Proof. Multiplying (51) by c.s,,(t) and taking the summation for k, we have

- 1d -~ - 1 ~ N
HUé(;mHQ + §£Q(U€5ma Usém) T / 05 (Ussmn + gn)UécSmn ds
/

= _g(ﬁaéma Ulsm) — Ba1(Uesm + G, Uzsm, Ulsm)
- ﬂal( edm g? Usém) + (F7 05/5m) + [T(gv ﬁ-) sém] RHS.
Integrating the both sides with respect to ¢, we have, for ¢ € [0, T}],
1 - =~ 1 z P 3/
§a<U55m (t), UE&m(t)) - g - p6(U€6mn + gn)Uz-:Smn dl'ds
0
1 N N t
= ia(UO, U()) +/ RHS ds. (73)
0
Since ¢ =0 on T,
/l;pd(Uscsmn + gn)Ua,5mn dr’
= - / pé(ﬁsémn + gn)(ﬁsémn + gn)/ dar
r

- / p&(ﬁsémn + gn)/(ﬁaémn + gn) dl' — /[p&(ﬁs&nn + gn)(UE(Smn + gn)]/ dar
T r
= L+ (74)

26



We see that

Il = / pJ(UEJmn + §n>/([U€6mn + gn]—l— - [Usémn + gn)]—>dr
_ / £5mn + gn [Ugdmn + gn],dF
\/ €5mn+gn ‘2+62

_ Uetmn + Gl dr > 0. (75)
8 G

Eémn + gn ’2 + 52

Moreover, by using (Ussmn + §r)(0) > 0 and |ps(s) —[s]_| < d for s € R, we get, for t € [0, T1],

/&dsz i/meMw+%wmamw+%@>
0 T
_ / 25 (Uetmn (t) + G (8) [Tegmn (£) + Gn (D))
| Tesmn®) + G- 2y

+ /F Osonn(t) + G (1)) (05 Tetan(£) + Gn (1)) — [T (t) + Gn(£)]) dT

Vv

s (t) + G (1)) |2 — 6 /F Oasomn(t) + Gu(t)] dT
> (Tetmn(®) + Gn ()] 12 = COTasmn(®)]1 + 13 (B)]1). (76)
Hence, (73) leads to

50T (8), Uesm (1)) + [0 () + G (9]}
< 50(00,00)+ [ RHS ds+ C2(10ugmnl®)] + [ (0)]1)- (77
In view of (53), (57) and (25), we obtain (72) for t € [0, T1]. O

Lemma 4.4. Let m € N and suppose 0 <e. Whend =2, (NS.-ES ] admits a unique solution
Ucsm for any T € (0,00) satisfying (53), (57), and (72) with the replacement Ty by T'.

Proof. In view of (72), for sufficiently small ¢,

1[zsmn + Gul-lIr < CL(Ta)Ve < CL(T)VE (€ [0,Th]).

Hence, there exists eg > 0 and T» € (71,7] such that (56) is satisfied for all ¢t € [0,73] and
e € (0,e2]. Furthermore, we can replace T in (53), (57) and (72) by T>. We can continue this
process until we reach some T, = T and (53), (57) and (72) are satisfied with 77 replaced by
T.=T. N

Lemma 4.5. When d = 2, for any T € (0,00), there exists g > 0 and a solution U, of
(NS.-E§ ) satisfying

2 [Us + Gnl =l oo (0.1:02(0y) < C1(T), (78a)
1ULs )| Lo 0,4y + 1ULs )| 20.mv0y < Co(T), (78b)

HUs(SHLOO or:ve) + €
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if € € (0,e0] and 6 < e. When d = 3, the same conclusion holds for a smaller time interval
(0,Ty).

Proof. The proof below is valid for both d = 2, 3, except that we have to replace T by T, when
d = 3. Let ¢ € (0,20] be fixed. As a consequence of Lemmas 4.1-4.4, there exists some U.s
and a subsequence of {Ussn}35_;, such that U.s € L®(0,T;V7), Uls € L®(0,T; L*(Q)%) N
L?(0,T;V°) and, as m — 0o,

Uesm — Uss weakly* in L>(0,T;V7),
[Uzm + gl — [Ues + gn- weakly* in L°°(0, T; L*(I")),
Ulsm — Uls weakly* in L°°(0,T; L*(Q)9),
Ulsm — Uls weakly in L2(0,T; V7).

We show U, is the solution of (49a). Multiplying (51) by ¢ € C°(0,T), and integrating over
(0,7), it yields, for all k =1,2,...,m,

T B o B 5 5 5
EA ¢@>{<;M“wm+—%<Uam,aﬁm>+aa@&mu%»+ﬁaﬂvam~+@te%uwa

+5a1(Ussm, g, wi) — iA[ﬁsgmn + Gn]-wg, ds — (F,wk) + [[T(g,fr),wk]]} dt = 0.

It follows from (cf. [23, Theorem 2.1, Chap. 3|, [2, Theorem I1.5.16] and [18, Theorem 6.1,
Corollary 6.2, Chap. 2|) that the embedding
{w|we L*0,T;V), w' € L*(0,T; L*(Q)%)} € L*(0,T; L*(2)9)

is compact. Hence U.5m — U.s strongly in L%(0,T; L*(2)%). Since the trace mapping
HY(0,T;V) — L?*(0,T; L*(I")%) is compact, we have

Ue&mn - _56n strongly in L2(07 T; L2 (F))

Therefore, U.gmn — Ussn a.e. on I'. Moreover, the function [s]— of s € R is continuous so that

[Uesmn + Gn]— — [Uzsn + gn]— a.e. on T
At this stage, letting m — oo, we obtain, for all k € N|

T /
/0 é(1) {( Jls, wi) + %(Ue(s, Ues) + a(Ues, wi) + Bar(Uss + g, Uz, wy)

+Ba1(Ues, g, wi) — é /F[Uasn + Gn]-Win ds — (F,wg) + [[T(é,fr),’wk]]} dt =0. (79)

In view of (50), we can replace the test function wy, of (79) by arbitrary v € V7. Consequently,
we have proved U.; = U, is the solution of (49a) satisfying (80). O

Lemma 4.6. When d = 2, for any T € (0,00), there exists g > 0 and a solution U. of
(NS.-E7) satisfying

||U€HL°°(0,T;V°) +e V20 + Gnl— Lo 0,m;22(ry) < C1(T), (80a)
ULl oo 0,m:00) + 102N 20,370y < Co(T), (80b)

if e € (0,e0]. When d =3, the same conclusion holds for a smaller time interval (0,T).
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Proof. The proof below is valid for both d = 2, 3, except thzit when d = 3, we have to replace
T by T. As a consequence of Lemma 4.6, there exists some U, and a subsequence of {U,s,}5°,
with lim; o, d; = 0 such that U. € L>®(0,T;V?), Ul € L>=(0,T; L?(Q)%) N L?(0,T; Vo), and

as i — 0o, d; — 0,

ﬁg(gi — U, weakly® in L>(0,T;V7),
p5.(Uss, + gn) — [Ue + gnl- weakly* in L>(0,T; L*(T)),
ffégi — U! weakly* in L°(0,T; L?(Q)9),
Ul — UL weakly in L2(0,T;V°).

It is not difficult to verify that U, is the solution to (46). And we proved U. = U. is the
solution to (46) satisfying (80). O

Lemma 4.7. When d = 2, for any T € (0,00), there exists a solution U of (NS-17Y satisfying

1T o< 0,7vy < C1(T), (81a)
1T || oo (0.1:22()d) + 1o’ 200,170y < C1(T). (81b)

When d = 3, the same conclusion holds for a smaller time interval (0,T}).

Proof. The proof is valid for both d = 2, 3, except we replace T by Ty for the case d = 3.

In view of Lemma 4.6, sequences ||U:€HL<>O(0’T;V0), HﬁéHLoo(o’T;[ﬂ(Q)d) and HfJéHLz(O’T;VU) are
bounded as ¢ — 0 and ||[U. + Gn) Lo (0,r;22(r)) < C1(T)+/e. Hence, they admit a sequence ¢;
(6, — 0asi— oo)and U € L>(0,T;V?) such that U’ € L>(0,T; L?(2)%) N L?(0,T;V?) and,
as g; — 0,

U., —U weakly* in L°°(0,7;V?), weakly in L?(0,T;V?),

[Ugm +3gn]- —0 weakly* in L>°(0,T; L*(T")),

UEIZ — U’ weakly* in L°°(0,T; L?(Q)9),

U, — U weakly in L2(0,T;V°).

In the similar manner as the proof of Lemma 4.6, we have, as ¢; — 0,

U., —U strongly in L*(0,T; L*(Q)%),
f]am — U, strongly in L2(0,T; L?(Q)9),
[Ugi + Gnl- — [Un + Gn]— a.e. on L.

Hence, [U, + gn]- =0ae. onT, U € K, and

T T
/ a(U,U)dt < liminf/ a(Ug, U, )dt.
0 0

Ei—>0

On the other hand, we have from (46)

B

(lj;?v_UE) ﬁ(U ) (U )+6a1( €>ga 5)“‘,8(11(054-,&,1?5,’[}—[75)

-0
/ Uan—i—gn —Ugn)ds— (F,v—ﬁa) — [[T(g,ﬁ'),v—ﬁg“ =0
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for any v € K7 and a sufficiently small €.
Noting that, for any v € K,

_[ﬁan + gn]—(vn - Uen) = _[0an + gn]—[vn + gn — (ﬁan + gn)]
= —[Uen + Gn]-(vn + Gn) — HUen"‘gn]—’Z <0,
we deduce, for all ¢ € [0,T],

t
{0 =00+ @18)Ou0 =0 + (0= 0) + fn s = T2)

+Bar (U + §,0cyv = 02) = (Fyv = 02) = [[r(3, 7),0 — U]} > 0.

Therefore, taking the lower limit as ; — 0, we obtain

/0 (00— )+ (B8)T,v—T) + (U, - U) + fay (U, §,v — 0)

+Bay(U +§,0,0 = 0) = (F,v = 0) = [[7(3,7),0 = O]} 2 0

for any v € K. By using this inequality, we conclude that U = U is a solution of (45) for a.e.

t € [0,7] in the exactly same way as [7, Paragraph I11.3.4.1].

Finally, we can state the following proof.

O]

Proof of Propositions 1 and 4. Since U = UfS and U. = U.(, Lemmas 4.7 and 4.6 imply

Propositions 1 and 4, respectively.

5 Energy inequalities

In this section, we derive energy inequalities for (NS-E) and (NS.-E).
Theorem 4 (Energy inequality for (NS-E)). If there exists
UeL>®0,T;:QY) N L*0,T;V°), U, e L*0,T;Q%
that satisfy (NS-E) in 0 <t < T with some P(t) € Q, then we have
sup |U(1)]* + /T a(U(t),U(t)) dt < C(T),
0<t<T 0
where C(T) denotes a positive constant depending on F, g, Uy, Q and T'.
Theorem 5 (Energy inequality for (NS.-E)). Let € > 0. Suppose that there exists
U. € L®(0,T;Q%) N L*(0,T; V), U., € L*(0,T;Q%
that satisfy (NSe-E) in 0 < t < T with some P-(t) € Q. Moreover, assume that
1[Uen + gnl -l oo o, 02(r)) < C2(T)Ve  (t € [0,TY).
Then, there exists €1 > 0 such that we have, for e € (0,e1],

T
sup UL ()[2 + / a(U-(t), U (1)) dt < C(T).
0<t<T 0

Therein, 1, Co(T') and C(T) denote positive constants depending on F, g, Uy,  and T'.
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Remark 5.1. As is described in the previous section, the existence proof of U, depends on the
inequality (84) (cf. Lemmas 4.3, 4.4 and 4.6). Hence, it is not restrictive that we assume (84)
as long as the solution exists.

We finally state the following proofs.

Proof of Theorem /. Substituting U into (18a), we have
1d
2dt

We apply Lemma 2.2 and Remark 2.6 to deduce, for any £ > 0,

||Uv||2 + G(U, U) + al(U+gaU, U) = (Fa U) - al(Uag7 U)

U3 +CeYglIUl? (d=2
(U000 < {5” If+Ce IalFIUIP (a=2)

VIR +Ce 2l Ul (a=3);
(F.0)| < CIFIUIL < IUIE + eI

On the other hand, since U, + g, > 0 on I',
1
(U +,U,0) = 5 /(Un + ga)|U 2L > 0.
r

Summing up, we have, for any £ > 0,

EHglHIUN? + e HEl? (d
C&lglli U1 + CEH NP (d

1d )
5 (86)

2
IUI1* + a(U,U) = 2¢|U|} S{ 3).

From Korn’s inequality (25), the left-hand side of (86) is bounded from below by

1d 2
——|UIP+(1-=)a(U,U).
lor+ (1= %) awo)
Supposing £ = a/4 and applying Gronwall’s inequality to (86), we obtain (83). O

Proof of Theorem 5. Substituting v = U, into (21a), we get

1d 1
§$HU8H2 + (I(U87 Ua) + al(Ua +9,Ue, Ue) - g /[Uan + gn]—Uan ar
T

= (Fv UE) - [[T(ga 77)’ UEH - al(Uev.ga UE)
We argue as in the proof of Lemma 4.1 and obtain, for any £ > 0,

1d

1d _ 2¢ c
2dt

1
o2 + |1 —lu[Uswgn]nr} (U U+ 1 [ W+ gul-go T
a 2o e Jr

1
< CE(HFIIQ + (g mIE) + ea(T, U1,

where ¢; denotes the domain constant appearing in (28) and ¢4 is defined as (52) with the

replacement of g by g.
At this stage, we choose as £ = «/8 and let \/e1 = a/(2¢1C2(T)). Then, for € € (0,¢1],

1d
2 dt
Applying Gronwall’s inequality implies (85). O

1
IU:]1* + Sa(Us, Ue) < CAIFI? + (g, MIIF) + ea(T, T,
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