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Abstract The penalty method for solving the stationary Stokes and Navier-
Stokes equation with slip boundary condition is considered. For Stokes equa-
tions, the optimal error in H* norm( for any integer k > 0) is obtain. For
Navier-Stokes equations, two penalty equations are proposed, for which the
well-posedness and optimal error estimate are investigated. We are also con-
cerned with the finite element approximation to penalty problem using P1/P1
and P1b/P1 elements. Two implementation methods of penalty term are pro-
posed: the fine-integration and the lower-order-integration schemes. We derive
the error estimates and shows the optimal choice of penalty parameter and
the finite element discretization parameter(mesh size). The theoretical results
are verified by numerical experiments.
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1 Introduction

Set e R4, d=2,3,002=TUC, 'NC =0, see Figure 1.1. 2 is C? smooth.
We consider the stationary Navier-Stokes problem (N.S) with slip boundary
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condition.
—vAu+ (u-V)u+Vp=f, in {2, (1.1a)
V-u=0, in {2, (1.1b)
up, =0, 7p(u) =0, on I (1.1c)
u=0 on C, (1.1d)

where v > 0, u, = u-n, n is the unit outer normal vector to I, and 77 (u) is
the tangential component of traction vector on I" defined in the following.
For velocity u and pressure p, we set the stress tensor,

o(u,p) = (04,5(u,p)) = —pl + 2p€(u), (1.2a)
et = €)= (5 (g + 52 ). (1.20)

where I denotes the identity. And we introduce the traction vectors:

7(u,p) = o(u, p)n, (1.3a)
Tﬂ(uvp) = T(U,p) -, (13b)
mr(u) = 7(u, p) — Ta(u, p)n. (1.3c)

Slip boundary condition u,, = 0 plays important roles in physical fluid mod-
els( cf. [14]). To solve Stokes or Navier-Stokes equations with slip boundary
condition by finite element method(FEM) is not as easy as the case of no-slip
boundary( ex. Dirichlet boundary) problems. The main difficulties lie to find a
proper finite element approximation to the slip boundary condition u,|r = 0.

Usually, a polygon or polyhedral domain {2 is introduced with a trian-
gulation 7; to approximate the smooth boundary domain (2 in FEM. And it
is natural to use the unit outer normal vector n, to the boundary I} ( see
Figure 1.2) in numerical method instead of n(z). Some choices of finite ele-
ment spaces used in the no-slip boundary problem, for example, the P1/P1
with stabilization and P1b/P1 approximations( cf. [11]), are known to cause
variational crime( cf. [2,15]) in the slip boundary case. To briefly explain this
problem, we consider the P1b finite element space for velocity

Vi, = {up € C(82,)¢ | vp|r € Pi(T) @ B(T),NYT € Ty, v, =0 on Ch},

where P;(T) is the set of polynomials of degree i on T and B(T) stands for
the space spanned by bubble function on T'. If we set

th:{UhEVh|Uh'nh:OOth},

as the finite element space with slip boundary information. Since ny, is discon-
tinuous on I}, Vi, coincides with Vj,g, where

Vhoz{thVh"UhZOOth}.
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To tackle this problem, a pioneer work on FEM for Stokes/Navier-Stokes
equations with slip boundary condition(slip BC) by Verfiirth( cf. [25-27]) es-
tablished the convergence and error estimates for a special finite element spaces
satisfying a coupled inf-sup condition given in [26], where the Lagrange mul-
tiplier method is employed and the slip BC is enforced in a weak sense.

In [24,23]( Tabata, etc.), P1/P1 element with stabilization is used, and the
slip BC is implemented as vy (p) - n(p) = 0 for all p the vertices of (2}, on I'(
see Figure 1.3). The authors consider the spherical domain in [24,23], where
n(p) is easy to calculate; but for general domain, using ny, is more convenient
than n. A similar method presented in [10, 3] is to introduce a homeomorphism
Gy, : £2;, — 2 and consider the P2/P1 approximation, then the slip boundary
is described as vy, (p) -n(Gp(p))( see Figure 1.4), where p is the set of all vertices
and midpoint of edges on I'},. However, to construct G, may be very technical
for complex domain, and sometimes P1/P1 or P1b/P1 element spaces are
preferred for its less DOF's in computation, especially for 3D simulations.

Fig. 1.2 2y, 02, = I, UC), and trian-
gulation Tp,.

Fig. 1.1 2, " and C.

Fig. 1.3 Fig. 1.4

An alternative approach introduced in [10] is to find the local rotational
matrix R; which rotate the co-ordinate system at nodes i of boundary I,
to coincide the tangential and normal directions so that u, and upr = u —
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u,n become the degree of freedom of node ¢. This approach requires addition
implementation technique.

Instead of searching proper finite element spaces or implement method for
slip BC, another popular way is to use the penalty method( cf. [18,6,9,8]),
which is easy for computation and widely applied in numerical simulations of
fluid motion. The implementation of penalty method can be easily achieved
by popular FEM-softwares, such as Freefem+-( cf. [13]) and FeniCS( cf. [20]).

The idea of penalty method is based on a Robin-type boundary condition.
We state the penalty problem (NS,):

— vAue + (ue - V)ue + Vpe = f, in {2, (1.4a)

Vu =0, in £, (1.4b)
1

Tn(Uey Pe) + —Uen, =0,  77(ue) =0, on I (1.4c)
€

ue=0 on C, (1.4d)

where 0 < € < 1 is the penalty parameter, and u., = u. - n. In the variational
form described below, the penalty term is L [, uen,vnds with v € V = H'(£2)".
As € = 0, ue, — 0 at least in L?(I"), which shows u., approximate to the slip
BC u,, =0.

In fact, the error estimate ||u — uc|| g1 () < Ce has been proved for Stokes
equation in [8,9] and for Navier-Stokes equations with penalty problem (3.17).

For Stokes equations, in [6], the method of coupled inf-sup condition is
employed to derive the error estimates. Here, we avoid to use the coupled
inf-sup condition, and introduce the separation of p. € L?(2):

pe=pothe BoeI3@). ko= [ pds/igl (15)
Then we obtain the error estimates( see Theorem 2.3)
= uell (@) + | = Tn(u, p) — € ten + kel g-1/2(py < Ce.
Moreover, for sufficiently smooth domain, we also show that( see Theorem 2.4)
luell ey + IPell ar-1(2) < CllfllE—2(2),
and we obtain the error( see Theorem 2.5)
[u = tell e (o) < Ce,

for any integer k > 1.
For Navier-Stokes equations, we consider the well-posedness of penalty
problems (NS,) and (3.17)( Theorem 3.2,3.3,3.4). The error estimate

|u — el g1 (o) < Ce,

is proved for both (NS.) and (3.17)( see Theorem 4.1,4.2, and Remark 4.1).
The penalty scheme (N .S¢) may exist “large norm solution” ue with [|uc|| g1 () >
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Ce /2 for samll €, and we discuss the iteration method for (NS,) to avoid
the “large norm solution” ( see Sect. 3.2.1).

For the finite element approximation, [8] consider the P2/P1 element
homeomorphism G}, introduced before. And in [6], the authors assume the
finite element spaces satisfying a discrete version of coupled inf-sup condition.
The error estimates [|u — up||g1(g,) in [8,6] is derived by estimating the error
lue —unll g1 (o,) and using the inequality ||u —un || g1 (0,) < l|ue —unllg1(e,) +
= ell1 -

Here, we consider the P1/P1 element with stabilization and P1b/P1 el-
ement. We investigate the error estimate ||u — upl/f1(0,) directly. Most im-
portantly, we proposed two methods to implement the penalty term in finite
element method: (1) fine-integration scheme and (2) lower-order integration
scheme( see Sect. 5). We derive the error estimates for both two implemen-
tation methods( see Theorem 5.2,5.3). And we give some optimal choices of
penalty parameter € and mesh size h( see Remark 5.1). For example, when
d = 2, setting € ~ h?, we have the error O(h) for lower-integration scheme.
Comparing to the error estimate O(h%/2) of P2/P1 element with penalty in [8],
our error estimate O(h) shows the P1b/P1( or P1/P1) element also performs
well for slip BC penalty method.

As a summary, we prove the error estimates ||u — uc| gr(2) < Ce( k > 1)
for Stokes problem and |lu — uc||g1 (o) < Ce for Navier-Stokes problem. Our
analysis method is to take the penalty term e 'u., as a Lagrange multiplier,

and consider the error of || — 7, (u,p) — € tue, + kEHH’%(F)' We propose two

implementation methods of penalty term in FEM for Navier-Stokes equations,
and we obtain the error estimates of ||u — up||g1(0,)-

The paper is organized as follows. In Sect. 2, we consider the penalty
method for Stokes equation with slip BC, and derive the error estimates of
penalty. Sect. 3 is devoted to the well-posedness of penalty method for Navier-
Stokes equations. We give the error estimates of penalty for Navier-Stokes
equation in Sect. 4. The finite element approximation is discussed in Sect. 5.
The numerical experiments are presented in Sect. 6.

Notations

Throughout this paper, we write || || as the norm of Sobolev spaces H*(w),
and || - [|g,p. for WEP(2)(k is omitted if k = 0). (-, )., represents the inner-
product of L?(w), and we use (-, -) for the case w = 2. C or C; represent some
constants different case by case, but independent of penalty parameter ¢ and
finite element discretization parameter h. C' may depend on {2, d.
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2 Penalty method for Stokes equations: error estimates

Let f € L?(£2). We consider the Stokes equations with slip BC, denoted as

(5):

—vAu+Vp=f in (2, (2.1a)
Vou=0 in 0, (2.1b)
up, =0, 7r(u)=0 on I, (2.1c)
u=0 on C. (2.1d)

Remark 2.1 ( cf. [3,4] ) For f € L?(2), there exists a unique solution (u,p) €
H2(02)% x HY(£2) to (2.1).

Function spaces.

—V=H)N{vc=0}, V,=Vn{vjv-n=0o0nT},
- Vo=Vn{v|V-v=0in 2}, V,p=V,NV,,
Q=1(2), Q=TI39),

A=HY>(I), A =H"3(I).

— We denote X* as the dual of Banach space X.

For any u,v,w eV, pe @Q,n € Aand u € A*, we set

a(u,v) = 2v(E(u), E(u)), (2.2a)
ar(u, v, w) = /Q(u -V)v - wdz, (2.2b)
b(v,p) = —(V - ,p), (2.2¢)
c(p,m) = /F pnds. (2.2d)

Some properties of bilinear and trilinear forms.( cf. [11,5,26])

— Coercivity of a: there exists a > 0 such that
a(u,u) > cv||uHiQ7 Yu e V. (2.3)

— For any u,v,w € V,

a(u,v,w) = /Fun(fu ~w)ds — a(u, w,v) — /Q V- u(v-w)de, (2.4)

1
a(u,v,v) = 5/ un|v|?ds, Yu € V,. (2.5)
r
— The inf-sup condition of b: there exists 5 > 0 such that
b(v, p)

inf ——— e >
PELF(D\{0} yeH} (2)4\{0} [vl1,ellplle
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— The inf-sup condition of c: there exists vy > 0 such that

inf sup el vn) > 7o. (2.7)

reA\{0} yev\{0} [vll1,ellpllas —

The variational form of (2.1) reads as: find (u,p) € V,, x Q such that,

a(u,v) +b(v,p) = (f,v), YveV,, (2.8a)
b(u,q) =0, Vg€ Q. (2.8b)

Let 0 < € < 1, the penalty method for (5), denoted as (S.), reads as:

- Aue + vpe = f in Q, (293)

Voue=0 in £, (2.9b)
1

Tn(“eaPe) + Euen = Oa TT(“e) =0 on F7 (29(3)

ue =0 on C. (2.9d)

The variational form of (2.9) reads as: find (u.,pe) € V x @ such that

a(ue,v) + b(v, pe) + %c(uemvn) =(fiv), Ywev, (2.10a)
b(ue,q) =0, Vg€ Q. (2.10b)

Remark 2.2 p. ¢ Q For nonhomogeneous slip boundary condition u, = g
on I', we set the penalty term lc(ue, — g,v,) in (2.10a), or equivalently,
Tn(Ues Pe) + L (then — g) = 0 in (2.9¢).

Theorem 2.1 Given f € V*, there exists a unique solution (ue,pe) € V X Q
to (2.10), with

[uellie + lpelle < Clf]

V.

Proof From the coercivity of a (2.3), we conclude the existence of ue and
HUeHV < C||f|V* Set Pe = ﬁe + kc, where ]56 € Q and k. = pred$/|‘Q|
From the inf-sup condition of b (2.6), we have( cf. [11]) [|pclle < C|fllv+.
To estimate k., we choose a trace lifting v € V( cf. [19]) satisfying v = kcn
on I', and ||v]j1,o < Cke. Substituting this v into (2.10), in view of the fact
S ttends = 0, we have

|1"|I€E2 = ke/Fvndac = —b(v, k) = alue,v) + b(v,pe) — (f,v),

which implies

|ke| < C(”Ue

L2+ IPelle + [1fllv-) < C[f]

V.
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To show the error estimates of penalty method, we introduce the Largrange
multipliers A = —7,,(u,p) and Ac = Zuc,, then (2.8) and (2.10) are rewritten
into the following two equations, respectively:

(1) find (u,p,A) € V x Q x A* such that,

a(u,v) +b(v,p) + c(\v,) = (f,v), YweV, (2.11a)
b(u,q) =0, VqeQ, (2.11b)
c(un,n) =0, VYnedu (2.11¢)

(2) find (ue, pe, Ae) € V x @ x A* such that,

a(te,v) +b(v, pe) + c(Ae,vn) = (f,v), Vv eV, (2.12a)
b(ue,q) =0, Vg€ Q, (2.12b)
c(ten,n) = €c(Ae,m),  Vn € A (2.12¢)

We state the error estimates of penalty method.

Theorem 2.2 Let (u,p) and (ue,pe) be the solutions of (2.1) and (2.9), re-
spectively, then we have

i = el + o = fello + VEIA = Adllr < evelAle.  (213)
Proof Substituting v = u — u, into (2.11a)—(2.12a), we have
a(t — Ue, U — Ue) + (A — Aey Up, — Uep) = 0. (2.14)
Since u,, = 0 and u., = €\, we have
(N = Ay Uy — Uen) = €c(X — A, A — Ae) — ec(A A — o). (2.15)
From the coercivity of a (2.3), (2.14) and (2.15) we obtain
allu = w2 o + ) — Al

<ee(\ A= A) < SN = AdlF + SIINR,

which implies

lu = el + VellA = Acllr < eVelAll - (2.16)
From the inf-sup condition of b (2.6) and
b(p - 2567 U) = —a(u - umv)v Vv € H&(Q)d’ (217)
we have
1P = Pelle < Cllu — ucl|1,0, (2.18)
which gives (2.13). O

Theorem 2.3 Let (u,p) and (uc,pe) be the solutions of (2.1) and (2.9), re-
spectively, then we have

[ = ucllie + 1P = Pelle + VelA = Ac + kellr < Ce(lAlly p + 1) (2.19)
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Proof Subtracting (2.11a) from (2.12a), we have, for any v € V,
e(A = Ae + ke, vn) = —a(u — ue,v) — b(v,p — D).
In view of the inf-sup condition of ¢ (2.7) and (2.18), it yields
1A= At Eella- < Cllu— el (2.20)
Noticing that [} ue,ds = 0, instead of (2.15), we derive
A=Ay Up —Uepn) = €c(A=Ae+ ke, \— Ac+ ko) —ec(A+ke, \ = A+ ko). (2.21)
From the coercivity of a (2.3), (2.14) and (2.21), we obtain

allu—ucllf o + ellA = Ae + kel|F

(2.22)
<ec A+ ke, N = Ae + ko) < €| A+ kellal| A — Ae + ke

A*-

From (2.22) and (2.20), we obtain

[u = uclli,o < Cel|A + ke[ a,

which implies (2.19) because k. is bounded independent of ¢( see Theorem 2.1).
O

Remark 2.3 From (2.20), we have [[A — Ac + k|| g-1/2(p) < Ce.
In view of
HuenH%F = ||ten — Un”%F < Cllue — ull1,0 < Ce,

we have
”Tn(umps)H%,F = ||€71uEnH%,F <,

which implies

tuell2,2 + [|pelli,0 < C.

In fact, we have the following regularity result for penalty problem (2.9).

Theorem 2.4 For arbitrary integer k > 0, let 2 € CF+2) f € H*(02)?, then
there exists a unique solution (uc,pc) € H*2(2)? x H*1(2) to (2.9), with

[tellkr2.0 + [IPellkt1.e < Ol fllk.o- (2.23)

Proof For general domain {2 € C**2, the regularity in interior or near C is
well known( cf. [7,17]); that is |Juellk+2.0 + |Pellkt1,w < C(W)| flkw, Where
w C 2 and dist(w, I') > 6§ > 0.

For the regularity near I', there exists a set of smooth sub-domain in R?,
denoted as {U;}™,, satistying I" C U, U;.

We introduce a cut-off function §; € C>°(R?) with supp#; C U;, and con-
sider the equations of (6%u.,6%p.) in U; N 0.

There exists a C*T3-diffeomorphism( cf. [28]) ®; : U; — Qg := Ri_ﬂﬁ{i €
R% | [Z] < R}, where RS | := {& = (&',2q) € R* | #’ € R"!, &4 > 0} is the
half-plane, and we also have ®; : N U; — I := {& | || < R, &4 = 0}.
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Then we consider the equation of (i, pe) = ((6?uc) o ®;, (62pc) o ®;) in
domain Q g, to which we apply the famous Agmon-Douglis-Nirenberg’ method(
cf. [1]) and obtain [|D;Djtc|lo < C(||fllo + lluell1,0), i =1,...,d —1; j =
1,...,d, where D;v = V,,v. Hence, we can conclude ||’L~Le||%f‘1 < O fllk, s
which implies [[uen||2 p < C||f] . Following from well-known regularity result
for Stokes equation by Cattabriga [7], it yields [luell2,0 + [|pell1,0 < C|lf]lo-
For k > 1, (2.23) can be proved by induction method.

In above, we briefly sketch the strategy of proof. The key point is to consider
the equation in the half-plane via some transformations. We refer the readers
to [21]( Saito, proof of Lemma 4.1) for detailed arguments on those techniques.
Here, to make the argument brief, we only prove the case of k = 0 and the
half-plane domain 2 =R§ | := {z = (2/,z4) € R? | 2/ € R""!, 4 > 0}.

Set Div = (v(z1, -+ ,z; + h,- - ,24) — v(x))/h, h > 0. Substituting v =
D', Diu. into (2.9),i=1,...,d — 1, we have, with I' = {z | 24 = 0},

a(ue, D', Dyue) +b(D% ), Dy ue, pe) + — / Uen D}, Djue -nds = (f, D*;, D} ue).
€Jr
Using the fact (w, D" ,v) = (Djw,v), Yw,v € H'(R§ , ), we get
o(Djues D) + ¢ [ |DjuenPds = (£.D, Dju) < €1 fla| D Dy
r

Since | Div|lo < C||Va,v

|2, from the coercivity of a (2.3), we have,

|Diuclh.o+ e V2| Diuenllr < Cllflla, i=1,...,d—1.

Let o — 0, and we have
|DiDjucl| o+ € V2| Diuen|| < Cllfllg, i=1,....,d—1; j=1,...,d.
By trace theorem and n = (0,...,0,1), we have

||U€7L||%,F S CHf”Q

And we can conclude (uc,p.) € H?(2)4 x H'(£2) and (2.23) for k = 0( cf.
[7]). O

Theorem 2.5 For any integer k > 0, f € H¥(§2)1. Let (u,p) and (uc,pe) of
HM2()1 x HETL(§2) be the solutions of (2.1) and (2.9), respectively, then we
have,

flu — Ue||k+2,9 +[lp — ﬁe”kﬂ,ﬂ < C€||)‘||k+%,1“' (2.24)

Proof Same to Theorem 2.4, to make the argument brief, we only prove the
case of k = 0( k > 1 follows form induction method) and the half-plane
domain 2 = R§ . Substituting v = D", Dy(u — uc), i = 1,...,d — 1, into
(2.11a)—(2.12a), we have

CL(U - usvDi—hD;—L(u - Ue)) + C()‘ - )‘e + kevDi—hD;L(u - ue) TL) = 07
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which yields,
a(Dj,(u — ue), Dy (u = ue)) + ec(Dy (A = Ac + ke), Dy (A = A + ko))
= ec(D} (A — A + ko), Db (A + ko).
k. is a constant, so D¢ k. = 0. Therefore, we have
a|| Dy (u—ue) i o + €l DL A = AT (2.25)
<Ce| DA — A + kg I DALy -
Via inf-sup condition of b, and the equation

b(D;l(p 7po€)7v) = 7a(D’iL‘L(u - UE),”U), Vo € H&(Ri_,_),

we have || D}, (p — pe)|l2 < C||Dj,(u — ue) 1,0
Via inf-sup condition of ¢, and the equation

C(D;L()\ - >\e + ke)vv) = —CL( ;‘L(U - ue)av) - b(D'L(p _poe)vv)a

we have

IDLA = Xe + k)l 3.1 < CIDj (u = ue)l|10-
In views of (2.25), we obtain
1D} (u = ue)[[1,0 < Cel| DA 1 s

then letting h — 0, we proved (2.24). O

3 Penalty method for Navier-Stokes equations: well-posedness
3.1 Variational forms of (NS) and (NS,)

The variational form of (1.1) reads as: find (u,p) € V,, X Q such that

a(u,v) + a1 (u, u,v) + b(v,p) = (f,v), Yv eV, (3.1a)
b(u,q) =0, VqeQ. (3.1b)

Remark 3.1 ( cf. [11]) For f =0, (3.1) admits a unique solution u = 0. For
any f € V* and f # 0, there exists a solution (u,p) € V,, x Q for (3.1), with

lulle < fllv+/e, lple < Clflv- (3-2)

If o > ||f||v+, then the solution is unique.

The variational form of (1.4) reads as: find (ue,p.) € V x @ such that

1
a(te,v) + a1 (ue, ue,v) + b(v, pe) + E/ Uepnds = (f,v), YweV, (3.3a)
r

b(ue,q) =0, Vg€ Q. (3.3b)
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3.2 Well-posedness of (N S,)

For (1.4), it is equivalent to consider the variational form: find u. € V, such
that,

1
a(te,v) + a1 (Ue, Ue, v) + 7/ Uennds = (f,v), Yov € V. (3.4)
€Jr

We will use the following Sobolev embedding and trace inequality, which can
be found in [4,19]:

HY(D) € IMD), (ol < Cillollyry Yo LHD), d=2.3.  (35)
lolly r < Callvlhe, Vo€ HY(S). (3.6)
From now on, C1, Cs represent the constants defined in (3.5) and (3.6).

Theorem 3.1 Let f =0, u, is the solution of (3.4):

(i) ue =0;
(ii) there may exists u. # 0, but with lower bounds ||u.

o> @e Ve

Theorem 3.2 For f # 0, we assume € is sufficiently small such that

3203, .
= 7T, A 0
then we have,
(i) there exists a solution uc to (3.4), with |uclli,o < 2| fllvs;
(ii) there may exists u. € Vo N {u | |lull1,0 > 3”2![‘/"* }, but with lower bounds

luele > 5505

Moreover, under the assumption

- 3|\ fllv 1 /3¢
aom o e L3 gt s 0 (38)

2c
vt

e < 5/l

Proof (Proof of Theorem 3.2) We define the function

there exists a unique solution in V, N {v | |lv

F(o) = (v, ) + a1(0,0,0) + = (0n,00) — (f,0), VeV,

In view of (2.5), (3.5) and (3.6), we have

(HU”iqr) + ||Un\|%2(r))

1 1
ay(v,v,v) :5/ vplv|?ds < 3
r

€ 1
Sgcil(]%“””%,o + 2””1@“%2([’)’ Yv eV,

€ 1
F.(v) = (allollx = SCICHI0I% = 1£llx; ) Ivllx + ollenllFacry, Yo € Vi
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Under the assumption (3.7) on €, F(v) > 0, for any v € V, with ||v]1,0 =
\/ 50z~ Following from Browser’s fixed point theorem( see [11]. Here, we
12

omit the process of construting the Galerkin’s approximate solutions, and we
refer the readers to Page 280 of [11] for details), there exists a solution u, to

(3.4), with |luell1,0 < | /365%. For this u, we have a — §CTC3 ||uc ||} o > 2.
Substituting v = u. into (3.4), we obtain,

1f1lv;

1
uelli,0 > (f, ue) =a(ue, ue) + a1 (e, ue, ue) + gl\uenl\Qm(r)

€ 1
> (a— cCtCHucl? o) luclf o + 5 lluenllfe(ry
2c 1
Z?HUEH%,Q + ?6||Uen||%2(p),

which implies

3 3e
1,2 < %Hfﬂv;, tuenllz2(ry < EHfHV:' (3.9)

[|ue

Hence, we proved (i)(ii).
We consider the uniqueness of solution. Assume u!, u? are two solutions of
(3.4), with [[uf]ly,0 < 2= fllvs, i = 1,2. Setting w = u! — u?, we have

= 2a
1
a(w,v) + ai(w,ul,v) + ai (u?,w,v) + f/ wpvpds =0, YveV,. (3.10)
€Jr

Substituting v = w into (3.10), we have
1 1
0 = a(w,w) + ay (w,ul, w) + 7/ u? - n|w|*ds + f||wn||2L2(p)
2 r €
> 2 2 1 L 2 1 2
Z 04““’”1,9 ||w||1,(2||“e||1,9 9 | ue n||L2(F)||w||L4(F) + c HwnHLZ(F)
> (o= o2l = gz CI03 ) Il o + = w2
= 20 fs g Pen (M+-i1t2 Le T L2(I)
with (3.9) and the assumption (3.8), we have
T 1 2
02 allwlly o+ —llwallza(r),

which gives w = 0, and we complete the proof. a

Theorem 3.3 Let u. € V, be the solution of (3.4), there exists a unique
Pe € Q such that, (uc,pe) satisfies (3.3) and

[Pelle < C([lue

e+ lluclf o + [1£lv-). (3.11)
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Proof (Proof of Theorem 3.3) The existence and uniqueness of p. are obvious.
Let pe = pe + ke, where p. € Q, ke = [, pedz/|£2]. We have

b(v, pe) = —a(ue,v) — a1 (ue, ue,v) + (f,v), Yo e Hé((?)d7
which implies [[pello < C(uelli,2 + [uelli o + || fllv+) by the inf-sup condition
of b. Let v € V be the trace lifting defined in Theorem 2.1, where v,, = kcn on
I'. Substituting this v into (3.3), we have,

k2 T| = a(ue,v) + ar (ue, ue, v) + b(v, pe) — (f,),

which yields |ke| < C(llucllr,e + lluellf.o + Bl + [[fllv+) by the inf-sup
condition of c. We proved (3.11). O

3.2.1 Iteration methods

According to (ii) of Theorem 3.1,3.2, there may exist u to (3.3) with ||uc||1,0 >
Ce 2. For sufficiently small €, this large norm solution is definitely not the
approximation solution to (1.1). We show that under some conditions, the iter-
ation methods for nonlinear problem (3.3) will avoid the large norm solution.
First, we take (u2,p?) € V x @ as the initial value of iteration method,
where (u?,p?) is the solution to the penalty Stokes problem (2.10), with

fllve
< MV oy < VRl (312)

lull1.c

We present two iteration methods in the following.
(i). For k =1,2,..., My, find (uf,p¥) € V x Q such that,

1
a(UIEC?U) + al(u]:_laufvv) + b(U,p]:) + 7uk Unds = (f,’U), Yv S ‘/a

EO[I €n
(3.13a)
b(ué,q) =0, YgeQ, (3.13b)
if ||u® — uf~1|;.0 < no, then stop the iteration, (3.13¢)

where M4, is the maximum iteration number, 7y is the error of iteration,

2 ~2
and o ==« — M > 0( with sufficiently small €).

Lemma 3.1 For sufficiently small € such that o/ := a— w >0, we
have

g < 1l k < vk > 1 14

luclh,e < = 7= lucallzry < Vellfllv-, > 1 (3.14)

Furthermore, if a is sufficiently large, or || f||v+ is very small, such that (o)? >
| fllv=, then uf — ue in V.
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Proof Substituting v = u! into (3.1) for k = 1, with (3.12), and o/ := o —
GGV 0, it yields

17l
et le < 2o ey < Vel Sllv-

(3.14) follows from the induction method. (3.14) implies the existence of a
subsequence {u"},,>0 such that u]” — u. weakly in V as m — oo.

Next, we show the convergence of u* — wu.. Setting w* = u¥ — uk=1 we
have
1
a(w* ™, v) + ag (uf, W ) + E/ wh v, ds = —ar (wh, uf v), Yo eV,.
r
Substituting v = w**!, we obtain
kil o ktly L k|, k12 Lo k12
a(w™ W) + 3 Fuen|w “ds + EHwn 122
= — a1 (w*, uf, W) <l ellwt e W Lo,
which implies
X*
o+ e < I ey,
«
Assume % < <1, then ||w*|j1.o — 0 as k — oo. O

Remark 3.2 The sufficient condition o/ > +/|[f|v~ for convergence of u¥ is
not much different to the assumption of uniqueness of solutions to (N.S) and
(NS.)( see Theorem 3.1 and (3.8)).

Instead of the iteration method (3.13), Newton’s method is more popular
for stationary Navier-Stokes problem due to its fast convergence.

(i) (Newton’s method). For k = 1,2,..., Myas, find (0u*,6p%) € V x Q
such that,

a(auk7 ’U) +ar (5uka 7-’]56717 ’U) +ar (ufilv 5uka ’U)

1
+ b(v, 6p*) + E/ suf - nv,ds
r

3.15a
= (qu)) _a(u§_17v)_al(uf_lvuls_lav) ( )
1
— b(v, pk) — = / (uF=1 - n)v,ds, Yo eV,
€eJr
b(du,q) =0, VYge M, (3.15b)
ub = uF sk, pl = ph 4 apt, (3.15¢)

if ||6u”|| < no, then stop the iteration. (3.15d)
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Via calculation, we have, for each k,

1
a(0uf,v) + ap (u”, uF =1 v) + ay (uF1, 6uk, v) + 7/ Su” v,ds
) €eJr (3.16)

=ay (6uF 1, 6uF Tt w),
where a1 (6u®, u®,v) := —a;(u?,u?, v). Substituting v = du¥ into (3.16), we
have

CiC3 1
k— k— k k
T P [ PR A

=0k

<[|oue ™M} o lloug

1,0

From (3.12), if « is sufficiently large( or || f|lv+ is very small) and e is
small enough, such that ay > 0, then we have [dullly < E[ul - Vu?l||q

and ||dul,||r < Cy/e. When ||ul||y is small enough, with induction method,
we have o > 0 and [[§ufllv < -[[dul~"[]3,, and it shows the second order
convergence of Newton’s method (7). However, the convergence relies on a
proper choice( not explicit) of the initial value u? and € to guarentee the

smallness of ||dull]1 o-

3.3 Penalty method (NS’)

Find (ue, pe) € V x Q such that,

1
a(uea U) + i[al(u67 Ue, U) - al(uea v, ue)]
(3.17a)

1
+ b(v, pe) + 7/ UenUnds = (f,v), Yv eV,
€eJr

blue,q) =0, Vg€ Q. (3.17b)
Remark 3.3 If we replace the homogeneous slip boundary condition w,, = 0 of
(1.1c) by u, = g for some given g € H%(F), then penalty term [} ucvnds is

replaced by [}.(uc — g)vyds. For penalty scheme (3.17), 1 [, guc - vds need to
be added to the LHS of (3.17a).

Theorem 3.4 There exists a solution (uc,pe) to (3.17), satisfying

luellie < Ifllve/e, lpelle < Clifllve,  luenllrzry < CVellfllv-. (3.18)

Moreover, assume « is sufficiently large( or || f||v~ is small enough), such that
a® > ||fllv+, then the solution is unique.
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4 Penalty method for Navier-Stokes equations: error estimates

Let f € L?(§2), we assume there exists a unique solution (u,p) € H?(£2) x
H(Q) of (1.1).

Theorem 4.1 Let u and u. be the solutions of (1.1) and (3.17), respectively.
Assume 1, (u,p) € L2(I'), and « is sufficiently large( or || f||q is small enough)
such that o? > || f|| e, then we have

[u = telli,0 + Ip = Pell2 + VelIA = Acllzz(ry < CVellTalu,p)L2(2),  (4.1)
whe'f’e Pe :ﬁe + k67 ﬁe S 6027 a’nd kﬁ = ﬁfﬂpedx

Proof Introducing the Lagrange multiplier A = —7,,(u,p) and A, = %um, we
rewrite the variational equations (3.1) and (3.17) into
(1) find (u,p,A) € V x Q x A* such that,

a(u,v) + a1 (u, u,v) +b(v,p) + c(A,vn) = (f,v), Yv€eV, (4.2a)
b(u,q) =0, VgeQ, (4.2b)
c(tun,p) =0, Ve A, (4.2¢)

(2) find (ue, pe, Ae) €V x Q x A* such that,
1 1

a’(u&v) + ial(u&umv) - Qal(ueavaue)

(4.3a)
+b(’t},pe>+6(>\e,vn) = (f,’U), Yo eV,
b(ue,q) =0, VqeQ, (4.3b)
(Uen, ) = €c(Ae, 1), Y € A. (4.3c)
Substituting v = u — u, into (4.2a)—(4.3a), we have
1
alu — ue,u —ue) + Z[al(u — Ue, U+ Ue, U — Ue)
— a1 (U — Uyt — U, U+ Ue)] + (A — Aey Up — Uen) = 0.
Noticing u, = 0 and ue, = €\, we derive
(A= A, Up — Uen) = —€c(A — Ac, Ae) (4.4)
=ec(A — A, A — Ae) —ec(A = A, ).
It is proved in Remark 3.1, 3.4, that v and w, satisfying
lulls, 2 luellt,e < [ flle/o (4.5)
Therefore, we have
(@ = flle/e)llu = ucll} o + ec(A =X, A = Ao)
(4.6)

€ €
<ec(A = A, A) < §||)\ —AllFaer) + §||>\||2L2(r)-
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Under the assumption o2 > || |2, we obtain,
Ju = uell1,2 + VelIX = Acllr2(ry < CVEl[A]| 2.
Using inf-sup condition of b (2.6) and (4.5), we conclude
Ip — pella < Cllue — ullv.0. (4.7)
The proof is completed. a

Theorem 4.2 Let 7, (u,p) € H/?(I'), and with the same assumption of The-
orem 4.1, then we have

u— el + llp = Pell2 < Ce(llTn(w, Pl /ey + I fll2). (4.8)
Proof Instead of using (4.4), we derive

(A = Ay Uy — Uen) = —€c(A — A + Ee, Ae)

(4.9)
=ec(X— Ae + ke, A — A + ko) — ec(X = A+ ke, A+ ko),
and obtain
(@ = flle/e)llu = ucllf o + ec(h = A + ke, A = Ac + ko) (4.10)
<ecON = Ae + ko, AN+ k) < €| = Ao + kel 4= || X + kel 4 '
If we show
IA = Ae + kella- < Cllu —ucl1,0, (4.11)

then with the assumption A € H'/2(I") = A, we can derive the error estimate
[ = uell1,0 < Ce([[Alla + ko), (4.12)

where k. is bounded independent of €¢( Theorem 3.4). ||p — pello < Ce follows
from (4.7) and (4.12). Therefore, we are only left to prove (4.11). Since

—c( A=A+ ke,vp)
; 1
—at— e, v) - b(v.p — 50) + gl (1 — e, v)
+ ag (e, u — te,v) + a1 (e — u, v, u) + aq (U, v, e — u)]
<C+ lulli,e + lluelli,e)(lu = uclr,e + [[p = Pell2) 0], 0-

From (4.5), (4.7) and the inf-sup condition of ¢ (2.7), we obtain (4.11). O

Remark 4.1 In above, we show the error estimates of penalty scheme (3.17).
For penalty scheme (3.3), under the assumption that u. with [Juc||1,0 < %

and «o?

(4.8).

> %, then we can obtain the same error estimates as (4.1) and
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(x)

Ih

Fig. 5.1 w: [y — I

5 Penalty method for Navier-Stokes equations: FEM

A regular triangulation 7}, is introduced to the smooth domain (2, where
h = maxgeT;, diam(K). 2y = UKETh,F, oy, = IwuC,, ILwnC, = @(
see Figure 1.2). The boundary mesh S, inherited from 7y, is also a regular
triangulation of Iy, in d — 1 dimension. ny, is the outer unit normal assigned to
I,. We assume C = C}, for simplicity. Suppose I is C® smooth, then we have

(1) max,er dist(z, I},) < Ch.
(2) There exists a continuous bijective mapping( cf. [12,3])

m: Iy =1 o 7w(x).
Moreover, for any element S of S, we have m,7~! € C?(S) and
|Dx| = 1|, [|[Dx~" — 1] < CR?, (5.1)
where | D is the Jacobian of transform =, such that [, vds = th v o
7| Dn~tds. And we also have( cf. [26])
|np, —nom| < Ch. (5.2)

Finite element spaces:

We consider the P1/P1 and P1b/P1 finite element spaces.
Vi = {vn € C(2) | vn|x € PI(K), K € Th, vnlc, =0}, for P1
Vi = {von € C(20)" | vn|x € Pi(K) ® B(K), K € Ty, va|c, =0}, for P1b,
Qn = {on € C(2)" | vn|xc € P(K), K €T},
Vio={vn € Vi |lon =00n I}, Qn=QnnL(2),
Ay = {Uh *Np ‘ (S Vh},
where P;(K) is the set of polynomial of order [ in K, and B(K) stands for the

space spanned by the bubble function on K. We define the following bilinear
and trilinear forms:

ap(up,vp) = f-Qh 20E (up)E(vp),  Yup, v € Vi (5.3)

arp (up, vy, wy) = th (up, - VYvpwpdz,  Yup,vp, wp € Vi (5.4)
bn(vnpn) = = [, V- vnpnde, Vv € Vi, pp € Qn,

~v =1 for P1/P1,

dn(pnsqn) = vh*(Vpn, V ;
n(Pry qn) = 70 (Vpn, Van) o, {VoforPlb/PL
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Choice of cy,.

(1) Fine-integration: For any Ap, up € Ay,.

Ch(/\h7ﬂh) = /\h,uhds. (5.7)
Iy

nllen := cn(pn, ) is equivalent to lpnll2(ry, for any pp € Ap.
(2) Lower-order-integration: For any Ap, up € Ap,

c(fins n) = Z [slpn(ms)nn(ms), ms =

midpoint of s if d = 2,
barycenter of s if d = 3.

SESH
(5.8)
lpnlle, = enlmn,pun)? is a semi-norm of A,( there exists pp # 0 but
ch(pn, pin) = 0).
Coercivity and inf-sup conditions.
— Coercivity of ap:
ap(vp,vp) > 041||vh||;f79h, ar >0, Y, € V. (5.9)
— inf-sup condition of by, B1, 31 > 0( cf [15,22]):
. bh(vhaph)
inf > B1, for P1b/P1. (5.10)

PreQi\{0} vpevio\ {0} Ionll1 2Pl e,

by (vp, ~ .
sup b1 (Vn, Pr) > Billpnlle, —YChIVorlle, Von € Qp, for P1/P1.
v, €Vho\{0} ||?1h| 1,02

(5.11)
— inf-sup condition of ¢;, defined by (5.7):
. fp Uh * TVhbh
inf sup —A———— > 1 > 0. (5.12)
ph€AN{0} o, evi\{0} [Vnll,ellpnl 4=

Finite element penalty scheme.

The finite element approximation to penalty problem (3.17) reads as: find
(un,pn) € Vi X Qp, such that,

1
an(un,vn) + E[alh(uhaumvh) — arp(un, v, up)]
1 3 (5.13a)
+ by (v, pn) + Ech(uh “np,vn o nn) = (fyon),, Yo € X,
bn(un, qn) = dn(pr,qn), Yqn € Mp, (5.13b)

where f is some extension of f onto £2 = 2 U 2, with |\f||(~) < fllq-
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In the following we only discuss the P1b/P1 element approximation( y = 0,
br(un,qr) = 0), since the analysis method and results of P1/P1 with stabi-
lization( by (un,qn) = h%(Vpn, Var)) and P1b/P1 elements are very similar.
We refer the readers to [16] for the argument of P1/P1 element of Stokes
equations.

5.1 Well-posedness and a-priori estimate

Theorem 5.1 There exists a solution (up,pn) € Vi X Qp, to (5.13) with ¢,
defined by both (5.7) and (5.8), and the solution satisfies

Junlly, 2, + IBnll2, + Vellun - nnlle, < Cllfllon, (5.14)

where pr, = pn + kn, Pn € Qn, kn = [, pndx/|2n], and

€

~ h
k| < © <||f||9h + lunlg + lunl2 o + ) . (5.15)

Moreover, if a3 > || flla,, then the solution is unique.

Proof The existence and uniqueness of solution (up, pp) and (5.14) follow from
the coercivity of ay, the inf-sup conditions of b, and cp. Here, we only check
the estimate of &, (5.15). In views of (5.13b) of v = 0, we obtain, for ¢;, defined
by both (5.7) and (5.8),

en(un - nn,1) :/ wnmnds = 37 18] un -nn) () = —bp(un, 1) = 0. (5.16)
I SESH

Since ny, is discontinuous on I}, we cannot choose the trace lifting v, € Vj
with v, = kpny, on I, as the proof of Theorem 3.3. Let {P;}}¥, be the set
of the vertices of polygon or polyhedral domain (2, ( nodes of I},), I; = {s €
Sn | Pi € s}( faces/edges contain the vertex P;), we then define a vy € Xp,
satisfying

on(Py) = khpi# > nn(s), onlia, < Cha,

1 sely

where Fi# equals to the number of faces s in I, and ny(s) is the value of ny,
on s. Since I' has C® smoothness, we have |v;, — kpny| < Ch on I},. Then,
substituting this vy, into (5.13a), it yields,

B 1
kh/ vy -y = —bp(vn, kn) = an(un, vn) + bn(vn, Dn) + Ech(uh TN, Up - M)
r

In view of (5.16), we have

1 h 1
gch(uh “Mp, V- Np) = " cn(up - np, 1) +Ech(uh <N, (vn — kpnn) - ng).

=0
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Therefore, we have

k}21|Fh| =k, knnp -np = kh/ (k‘hnh — Uh) SNy
Iy I

= kh/ (knnn — vn) - np + ap(un, vp) + bp(vn, Pn)
Iy,

h

1
+ Ech(uh N, (v, — kpng) - ng),

which implies (5.15) since |v, — kpng| < Ch on T, O

5.2 Preliminary results
5.2.1 Extension operators and skin domain estimates

We denote the skin domain QA2 = (2\£2,) U (2,\2), 2 := QU 2.
Lemma 5.1 ( cf. [19]) There exists an extension operator

PeLH™(2)4 H"(RHY, (0<meN0), v~ Pv=17
such that,

[0llkra < Cullvllk,e, 0<k<m, VveH™)~

Moreover, if V -v = 0, then we can take the extension v satisfying V - v = 0
in R,
Lemma 5.2 ( cf. [29-31]) Under the assumption max,¢r dist(x, I,) < Ch?,
we have

[ollk.0n0, < Chlvllkire, 0<k<m-—1, YveH™(2)%

Lemma 5.3 ( cf. [29]) There exists an extension operator P, € L(Vy,, H'(12)),
such that, Yv, € Vp,
[Pronlly o < Clloally,e,
| Pronllr,a0, < Ch%””h“k,Kpha k=0,1,
[1Pronlle < Chllvnllyq,,
where Kr, = {K € T, | K N T}, # 0}.

5.2.2 Lagrange interpolation and projection operators

We employ the Lagrange interpolation operator I, and projection operator
Pr2(cf. [11,26,27]). e
Ih:C(Qh)*}Vh, ’Ul—)Ih’U,
[v = Invll o2,y + hllv = Invllwie,) < CR2|[vllyengy, Yo € WP (02).
P2 HY () = Vi, v Prav,
(U — Psz,Uh)Qh =0, VYo, €V,
v = Przvlle, < Chlv[|1,a,-
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5.2.3 Consistency error estimates

Lemma 5.4 ( cf. [16]) Let m € C?(I}), then we have, for any v € H* (),
(1) lvorl|r, <Cllolr.

(i) | [pvds — [, vomds| < Ch?||v]3, .

(i) [[v—vom|r, <Chlvll g
Proof The proof has been derived in [16]. Here, we present a brief proof for

the convenience of readers. (i) is obvious. (ii) follows from the properties of 7
(5.1),

Iy -

/ vds—/ vomls:/ vom(|Drn~| = 1)ds < Ch?|v|
r Iy, Iy
(iii) is from [26]( (5.1), Verfurth).

Lemma 5.5 ( cf. [16]) Assume X\ € L*(I')(resp. Who(I')) for ¢;, defined
by (5.7) (resp. (5.8)), and let A = X ow, then we have

|c(Uny A) = en(v - np, )| < Chllvll; o, Yve HY ()% (5.17)
Proof For ¢, defined by (5.7), we have, from (5.2) and (iii) of Lemma 5.4,

le(vms A) — (0 - 1y N = |e(vm, )—/ v - Ads|
I

h

Un

F}

+ / (VN o —v - (nA) o +v- (RA) o — v - npA
Iy

<Chljolly ol r-
For ¢;, defined by (5.8), we have

/ v-nuAds — cn(v - np, 5\)‘
Iy,

<Y [ venalA = Xmy)lds < Chljolly gl Mlwrer)-
seS, VS

a

Proposition 5.1 Let (u,p) and (un,pr) be solutions of (1.1) and (5.13), re-
spectively. Set A = —71,(u,p), A\ = %uh -np. We assume f € L?(02), and
(u,p) € H2(02)% x HY($2), and the same assumption of Lemma 5.5. For any
vy, € Vi, we set the consistency error

- 1 - - -
E(v) =an(t — up,vp) + §[a1h(u — Up, U, Vp) + a1p(Un, @ — Up, V)
- alh(a - ’LLh,Uh,a) - alh(ﬂﬂvima - Uh)]

+ bh(vhaﬁ 7ph) + Ch(vh *Nh, A — >\h),
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where (4,p) is the extension( Lemma 5.1) of (u,p) onto Q2= 00U, Then,
we have

|E(vn)| < Chllvnl1,0,- (5.18)
Proof We denote
g (u,v) :=20(E(u), E(V))w, a1,0(u,v,w) = (u- Vo, w),,

bw(va Q) = 7(V v, Q)w'
From (3.1) and (5.13), we have

1

E(vn) = — a0, (U, Povn) + ag,\ o (T, v) — 5[%9\9,, (u,u, Pyop)

— a1, o\, (U, Phon, u) — ay o\, @, vp) + ay, o\ o, v, )]
(

i,
— by (Pavns u) + boo(Wn, @) + (f, Paon)ava, — (F o) a0

— c(Phop - ny A) + cp(vp - np, A).

(5.18) follows from Lemma 5.2, 5.3 and 5.5. O

5.3 Error estimates: Fine-integration scheme (5.7)

Theorem 5.2 ¢, is defined by (5.7). Let (u,p) and (upn,prn) be solutions of
(1.1) and (5.13), respectively. Assuming f € L*(2), (u,p) € H*(2)*x H'(£2),
and o2 > || f|l@,, we have

I = unllv,e, + 117 = palle, < C(VR+ e+ h/Ve). (5.19)

Proof Set v, = Ipa. Since ||@ — up|l1,0, < 1@ —vnll1,0 + |lun — vrll1,0, and
|&—vnll1,0 < Chllt||y 5, we only need to show the estimate of ||up, —vn 1,0, -

anllun — vnllf g, < an(un —vn,un — vp)

_ ~ (5.20)
= ap(vp — G, v —up) + ap (@ — up, vy — up).
ap (U — up, vy — up)
1 - - -
=E(vy, —up) — §[a1h(u — Up, Uy U — Up) + a1p(Un, T — Up, UV — Up)
—a1p (U — up, Vh — Up, @) — a1p (U, vy — Up, U — up)]
—bp(vn — un, P — pn) — cu((Vh — un) - Ny A — Ap).
In the following, we are aim to prove
. o
ap(t — up, vy — up) < m||Uh —unlli o, + Chllon — unll1,0,
et (5.21)

IR aln + 0 e
WA=l + O el
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which implies (5.19) under the assumption a? > || f||q, . Firstly, from Propo-
sition 5.1, we have |E (v, —up)| < Chllvp, —upll1,0, - Secondly, Via calculation,

1 - - -
§[a1h(u — Up, Uy UV — Up) + Q1p(Un, T — Up, Vp, — Up)

— a1y (U — up, vy — Up, @) — a1 (U, UV — Up, U — up)]

lunllr, @, llvn = unllf o, + Chllon — unll1,e, |l o

v — upl|? g, + Chllvy, — up|

e, o
(€51

Since we can replace p by p + [ for any constant [, we set p satisfies p — py, €
Lg(gh) and g, = Pr2p, qn — pn € Q. With bh(uh,qh) =0and V- -u =0, we
have

— by (vh — Un, D — pn)
=by (4t — v, P — qn) + bn (@ — Vp, qn — pr) + bu(Un, D — qn)
=by (% — v, qn — pn) — bn(vn — un, P — qn)
<Chllilly s llgn — prlle, + CRIBIL ollvn — unll1,0.-

Since qn, — pp, € C}h, by inf-sup condition of by, we obtain

llgn = prllen < Ch(llally 5 + 1121l o) + Cllon = unll1,a,-

Therefore, we have |by, (vy, — up, p—pp)| < Ch? + Chllvy, —up||1,0,. We are left
to estimate —cp, ((vp — up) - np, A — Ap). In views of A\, = %uh “Np,

— Ch((i}h — uh) “Np, A — /\h) = —GCh(;\ — An, A — /\h) + €Ch(/~\, A — /\h)

+ Ch((ﬁ — ’Uh> . nh,j\ — )\h) — Ch(ﬂ . nh,j\ — )\h)

3 3 €3 5.22
< —ellX = Al + el M, + 1A = Al (5.22)

1. 1. €7
+ =@ = wn) - mall7, + Nl mall, + 5 1A = Mllz, -
Since |[(@ —wvn) - nnllr, < Clla —vnlly g < Chljally,g and
@ -nupllp, < |G- (np—nonm)+ (@ —uom)non|p <Ch, (u,=0o0nlI)

it yields
~ € ~ 9 h2 -
—cn((vh —un) - nps A = Ap) < A= AnllT, + C—+ el

Combining those inequalities, we proved (5.21). From (5.20), (5.21) and the
assumption o > || f| o, , we conclude (5.19). O
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5.4 Error estimates: Lower-order-integration scheme (5.8)

Lemma 5.6 ( cf. [16]) Let u € W () with u,|r = 0. For any s € Sp, 1
is the extension of u according to Lemma 5.1, then we have

(i) For d =2, there exists ® such that |n o m(mg) — np(ms)| < Ch?; moreover
(i ma) )| < OB e

(ii) For d =3, if i € W>°°(02) satisfies V-t =0, and @, = 0 on I, then we
have |(Int - np)(ms)| < Chljall 2.0 ()

Proof (i) For d = 2, since I' has C® smoothness, there exists 7= : I}, — I’
satisfying |n o m(ms) — ny(ms)| < Ch? is obvious. In view of @, = 0 on I', we
have ~
|(In - ) (ms) |
<I(Ini - 1) () — Tn@(my) - 1 0 m(my)
+ [Ipt(ms) - nom(ms) — (n) o m(my)|

<SOR?|[ill 1,00 2y + CR2 ||l lyy2,00 (3 -

(ii) It follows from (5.2) and the fact @, =0 on I. O

Theorem 5.3 Let (u,p) and (up,ppn) be solutions of (1.1) and (5.13), respec-
tively. We assume f € L?(£2), (u,p) € W2®(2)4 x WL>(2), and o} >
£l - We also assume (i, p), the extension of (u,p), satisfy the condition of
Lemma 5.6, then we have

Ha_uh”l,ﬂh +||p~_thQh Sc(hf—i_\ﬁ—"_h?/\ﬁ)a fO’I"dZQ, (523)
@ — unll1,0, + 16— pallo, < C(Vh+Ve+h/Ve), ford=3. (5.24)

Proof In views of the proof of Theorem 5.2, the only difference here is the
estimate of —cp, ((vp—up)np, A—Ap) in (5.22). We have, noticing that v, = I, 4,

— ch((vh — uh) “Np, ;\ — /\h) + GCh(;\ — A, A — )\h)
=ecn(M A = M) = cn(un - np, A — ) (5.25)
€, ~ ~ 1 R
<-3lA= M2, + CellA|2, + C—lHna- 2., -

Ch Ch
The error estimates (5.23) and (5.24) follow from Lemma 5.6. O

Remark 5.1 For d = 2, from the error estimates (5.19) and (5.23), we conclude
the optimal choices of € and h:

(1) Fine-integration scheme: € ~ h, and the error estimate is O(v/h);
(2) Lower-order-integration scheme: € ~ h%, and the error estimate is O(h).

And we notice that for fine-integration, if ¢ < h, then the scheme is not
convergence, which is observed by our numerical experiments( Sect. 6). For
d = 3, we choose € ~ h, and the error estimate is O(v/h).
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6 Penalty method for Navier-Stokes equations: numerical
experiments

Set 2 = {(x,y) € R? | 22 +y? < 1}. We consider the equation (1.1) with exact
solution u = (10z3y?, —102%y*)T, p = 1022y>.

Julle ~ 1.11,  [|lull1,o ~ 6.88.

Here 7p(u) # 0, therefore we add [}, 7r(u)vrds to the RHS of variational
forms (3.3),(3.17), and [}, 7r(u)vprds to (5.13).

Newton’s method is applied to solve the nonlinear equation( see Sect.
3.2.1(ii)). We test two penalty schemes (3.3),(3.17) for both P1/P1 with stabi-
lization h?(Vpn, Vqn)q, and P1b/P1 elements. The error results in our numer-
ical experiments for (3.3) or (3.17) with P1/P1 or P1b/P1 are all very similar,
therefore we only present one of them( (3.17) with P1b/P1) in the following.
But we focus on the difference of error estimates between two implement meth-
ods of penalty term(fine-integration scheme (5.7) and lower-order-integration
scheme (5.8)), with different choices of € and h( € ~ h and € ~ h?).

From Figure 6.1 and 6.2, the numerical experiments show the H' norm
error ||u — up||1,0, is O(h) for both fine and lower-order integration schemes(
(5.7) and (5.8)). The L? norm error ||u — uy| g, seems to be O(h?) for lower
integration scheme with € ~ h%. However, the fine-integration fails when e ~
h2( or € < h), which coincides with our error estimates( Theorem 5.2). An
interesting found is that, even for e < h?( we made the numerical tests but
do not show here), the lower-order-integration scheme converges well. Hence,
the lower-order-integration scheme has well stability for tiny €. (The numerical
experiments are implemented with software FeniCS( cf.[20])).

Notice: In Figure 6.2, line € ~ h2, || -|| 2 overlaps with line y = 2z; and line
e~ h2 || - ||z overlaps with line € ~ h, || - || .
References

1. S. Agmon, A. Douglis, and L. Nirenberg,: Estimates near the boundary for the solu-
tions of elliptic partial differential equations satisfying general boundary conditions II,
Comm. Pure Appl. Math. 17, 35-92 (1964).

2. I. Babuska,: The finite element method with penalty, Math. Comput. 27, 221-228
(1973).

3. E. Bansch and K. Deckelnick,: Optimal error Estimates for the Stokes and Navier-
Stokes equations with slip boundary condition, M2AN. 33, 923-938 (1999).

4. F. Boyer and P. Fabrie,: Mathematical Tools for the Study of the Incompressible
Navier-Stokes Equations on Related Models, Springer, 2012.

5. S. C. Brenner and L. R. Scott,: The Mathematical Theory of Finite Element Methods,
Springer, New York, 2002.

6. A. Caglar and A. Liakos,: Weak imposition of boundary conditions for the Navier-
Stokes equations by a penalty method, Int. J. Numer. Methods Fluids 61, 411-431
(2009).

7. L. Cattabriga,: Su un problema al contorno relativo al sistema di equazioni di Stokes,
Rend. Sem. Mat. Univ. Padova, 31, 1-33 (1961).

8. I. Dione and J. M. Urquiza,: Penalty: finite element approximation of Stokes equations
with slip boundary conditions, Numer. Math. (2014), published online.



28

G. Zhou, T. Kashiwabara, and 1. Oikawa

log(Error)

Fig

log(Error)

Fig

10.

11.

12.

13.

14.

Error % of fine-integration scheme.
10
1 b
0.1
ool | —— e~h, |||z ——
N
e~ h? | g2 -
e~h? |-l
y=x
0.001
0.01 0.1

logh

. 6.1 penalty scheme (3.17): fine-integration (5.7)

llup —ull

Error *———=
el

of lower-order-integration scheme.

0.1 | e

0.01 |
el
N e~ hy |-l
e~ || llge
€~ hZ, H . ||H1
y=x
ox
0.0001 E | ‘ |
0.01 -

log h

. 6.2 penalty scheme (3.17): lowe-order-integration

I. Dione, C. Tibirna, and J. M. Urquiza,: Stokes equations with penalized slip boundary
conditions, Int. J. Comput. Fluid Dyn. 27, 283-296 (2013).

M. S. Engelman, R. L. Sani, and P. M. Gresho,: The implementation of normal and/or
tangential boundary conditions in finite element codes for incompressible fluid flow,
Internat. J. Numer. Methods Fluids, 2, 225-238 (1982).

V. Girault and P.-A. Raviart,: Finite Element Methods for Navier-Stokes Equations,

Springer-Verlag, Berlin Heidelberg, 1986.

D. Gilbarg and N. S. Trudinger,: Elliptic partial differential equations of second order,

Springer, 1998.

F. Hecht, O. Pironneau, F. Le Hyaric, and K. Ohtsuka,: Freefem++, available online

at www.freefem.org.

D. Bothe, M. Kéhne, and J. Priiss,: On a class of energy preserving boundary conditions
for incompressible Newtonian flows, SIAM J. Math. Anal. 45, 3768-3822 (2013).



Penalty method for Navier-Stokes equation with slip boundary 29

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

P. Knobloch,: Variational crimes in a finite element discretization of 3D stokes equa-
tions with nonstandard boundary conditions, East-west J. Numer. Math. 7, 133-158
(1999).

T. Kashiwabara, I. Oikawa and G. Zhou,: Finite element approximation of Stokes equa-
tions with slip boundary conditions in a general domain—a penalty approach, preprint.
O. A. Ladyzhenskaya,: The Mathematical Theory of Viscous Incompressible Flow,
Gordon and Breach Sci. Publ., London, 1969.

W. Layton,: Weak imposition of no-slip conditions in finite element methods, Com-
puters and Mathematics with Applications, 38, 129-142 (1999).

J. L. Lions and E. Magenes,: Non-Homogeneous Boundary Value Problems and Ap-
plications. Vol. I, Springer-Verlag, 1972.

A. Logg, K.-A. Mardal, and G. N. Well et al.,; Automated solution of differential
equations by the finite element method, Springer, 2012.

N. Saito,: On the stokes equation with the leak and slip boundary conditions of friction
type: regularity of solutions, Pubi. RIMS, Kyoto Univ. 40, 345-383 (2004).

M. Tabata,: Uniform solvability of finite element solutions in approximate domains,
Japan J. Indust. Appl. Math. 18, 567-585 (2001).

M. Tabata,: Finite element approximation to infinite Prandtl number Boussinesq
equations with temperature-dependent coefficients—Thermal convection problems in
a spherical shell, Future Generation Computer Systems 22, 521-531 (2006).

M. Tabata and A. Suzuki,: A stabilized finite element method foe the Rayleigh-Bénard
equations with infinite Prandt]l number in a spherical shell, Comput. Methods Appl.
Mech. Engrg. 190, 387-402 (2000).

R. Verfiirth,: Finite element approximation of steady Navier-Stokes equations with
mixed boundary boundary conditions, Math. Modelling Numer. Anal. 19 (1985), 461-
475.

R. Verfiirth,: Finite element approximation of incompressible Navier-Stokes equations
with slip boundary condition, Numer. Math. 50, 697-721 (1987).

R. Verfiirth,: Finite element approximation of incompressible Navier-Stokes equations
with slip boundary condition II, Numer. Math. 59, 615-636 (1991).

J. Wolka,: Partial Differential Equations,: Cambridge University Press, Cambridge,
1987.

A. Zenisek,: Nonlinear elliptic and evolution problems and their finite element approx-
imations, Academic Press, 1990.

S. Zhang,: Analysis of finite element domain embedding methods for curved domains
using uniform grids, STAM J. Numer. Anal. 46, 2843-2866 (2008).

G. Zhou and N. Saito,: Analysis of the fictitious domain method with penalty for
elliptic problems, Jpn. J. Indust. Appl. Math. 31, 57-85 (2014).



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
2013-10

2013-11

2013-12
20141

2014-2

2014-3

20144

2014-5

2014-6

20147

2014-8

2014-9

Shigeo KUSUOKA and Yusuke MORIMOTO: Stochastic mesh methods for

Hormander type diffusion processes.

Shigeo KUSUOKA and Yasufumi OSAJIMA: A remark on quadratic functional
of Brownian motions.

Yusaku TIBA: Shilov boundaries of the pluricomplexr Green function’s level sets.

Norikazu SAITO and Guanyu ZHOU: Analysis of the fictitious domain method
with an L?-penalty for elliptic problems.

Taro ASUKE: Transverse projective structures of foliations and infinitesimal
derivatives of the Godbillon-Vey class.

Akishi KATO and Yuji TERASHIMA: Quiver mutation loops and partition
q-series.

Junjiro NOGUCHI: A remark to a division algorithm in the proof of Oka’s First
Coherence Theorem .

Norikazu SAITO and Takiko SASAKI: Blow-up of finite-difference solutions to
nonlinear wave equations.

Taro ASUKE: Derivatives of secondary classes and 2-normal bundles of folia-
tions.

Shigeo KUSUOKA and Yusuke MORIMOTO: Least Square Regression methods
for Bermudan Derivatives and systems of functions .

Nao HAMAMUKI, Atsushi NAKAYASU and Tokinaga NAMBA : On cell prob-
lems for Hamilton-Jacobi equations with non-coercive Hamiltonians and its ap-
plication to homogenization problems

Guanyu ZHOU, Takahito KASHIWABARA and Issei OIKAWA: Penalty
method for stationary Stokes and Navier-Stokes equations with slip boundary
condition.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153, JAPAN

TEL +81-3-5465-7001 FAX +81-3-5465-7012



