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Abstract

We study a cell problem arising in homogenization for a Hamilton-Jacobi equation
whose Hamiltonian is not coercive. We introduce a generalized notion of effective
Hamiltonians by approximating the equation and characterize the solvability of the
cell problem in terms of the generalized effective Hamiltonian. Under some sufficient
conditions, the result is applied to the associated homogenization problem. We also
show that homogenization for non-coercive equations fails in general.
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1 Introduction

We consider a Hamilton-Jacobi equation of the form
(CP) H(z,Du(z) + P)=a in TV

and study a problem to find, for a given P € R", a pair of a function u: TV — R and
a constant a € R such that u is a Lipschitz continuous viscosity solution of (CP). Here,
TV := RV /Z" and a function u on TV is regarded as a function defined on RY with Z"-
periodicity, i.e., u(z + z) = u(x) for all x € RN and z € Z". Moreover, Du denotes the
gradient, i.e., Du = (Ou/0xy,--- ,0u/0xy). This kind of problem is called a cell problem in
the theory of homogenization. The constant a satisfying (CP) is called a critical value if it
is uniquely determined.
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In this paper, we assume that the Hamiltonian H : TV x RY — R in (CP) is given by

(1.1) H(z,p) = o(z)m(|p)),
where o and m satisfy

(H1) o: TV — (0,00) is a continuous function,

(H2) m: [0,00) — (0,1) is a Lipschitz continuous function,
(H3) m is strictly increasing and m(r) — 1 as r — oo.

Due to the boundedness of m, our cell problem does not necessarily admit a solution (u, c),
and the solvability depends on P € RY. One of goals in this paper is to characterize the
set of P € R” such that the cell problem admits a solution. The other goal is to apply the
result to the associated homogenization problem.

A result for existence of a solution of cell problems for Hamilton-Jacobi equations was
first established by Lions, Papanicolaou and Varadhan [19] under the assumption that the
Hamiltonian is coercive, i.e.,

(1.2) li_>m inf{H(z,p) | x € ™™V pe RY, Ip| > 7} = +o0.

Their method begins with considering the following approximate equation with a parameter
0> 0:

(1.3) Sus(x) + H(z, Dus(z) + P) =0 in TV,

By a standard argument of viscosity solutions, it turns out that there exists a unique solution
ugs and that a family of functions {dus}s~o is uniformly bounded. Thus, (formally) {Dus}s=0
is uniformly bounded thanks to the coercivity. Therefore, by taking a subsequence if neces-
sary, dus and us — min ug uniformly converge to a constant —c and a function v as 6 — 0,
respectively. A stability argument of viscosity solutions shows that u and ¢ solve (CP). For
more details, see [19] and [13]. We point out that the paper [13] also studies second order
uniformly elliptic equations by using a similar argument.

Unfortunately, our Hamiltonian (1.1) is not coercive because of the boundedness of the
function m. When a Hamiltonian is not coercive, the method of [19] becomes very delicate.
Cardaliaguet [8] shows, in fact, that dus may not converge to a constant; this result does not
cover our setting. We also refer the reader to [2] as a related work to [8]. Homogenization
results with non-coercive Hamiltonians can be seen in [4, 5, 6, 9, 10, 17, 21]. Hamiltonians
with some partial coercivity is studied in [4], and [5] treats equations with u/e-term. The
papers [6, 21, 17] are concerned with homogenization on spaces with a (sub-Riemannian)
geometrical condition. The authors of [9] study moving interfaces with a sign changing driving
force term while [10] considers G-equations being possibly non-coercive. Homogenization for
degenerate second order equations has been developed by [1, 7]. Our Hamiltonian (1.1) has
not been treated yet in the context of homogenization.



We now present our main results and briefly explain our approach for the non-coercive
Hamilton-Jacobi equation (CP). Let us consider an approximate equation of the form

(CP,) H,(z, Du,(z) + P) = H,(P) in TV

for each n € N. Here {H,},en is a family of coercive Hamiltonians which approximate
H. For the detailed assumptions, see (A1l)—(A4) in Section 3. By the coercivity of H,,
the result of [19] ensures that, for each n € N, the approximate equation has a solution
(tn, H,(P)) for every P € RN. The function H,(-) is called an effective Hamiltonian, which
appears in a limit equation in homogenization problems (see [19]). Our first main result
is that, for each P € RY, there exists a limit H.,(P) of H,(P) as n — oo and its value
is independent of approximation (Theorem 3.1). In this paper we call Hy(-) a generalized
effective Hamiltonian, which is defined on the whole of RY even if (CP) is not solvable
for some P € RY. We now define the solvability set D as the set of P € R such that
(CP) admits a solution. Our second main result is a characterization of D in terms of the
generalized effective Hamiltonian. We prove that D = {P € RN | H(P) < ¢}, where
0 := mingepn o(z), and that H, (P) is equal to the critical value of (CP) (Theorem 3.2). In
the one-dimensional case, it turns out that D has a more explicit representation (Proposition
4.1).
We next present our homogenization results. Let u® be a viscosity solution of

) {ug(x,t) v H <g> Dua(x,t)) —0 RN x(0,7),

u(x,0) = up(x) in RY.

Here, € > 0 is a parameter and 1, : RY — R is a bounded and Lipschitz continuous initial
datum. In our homogenization result (Theorem 5.1) we assume either

(1) D=R" or (2) m(Liplu]) <c/7,

where & := max,cp~ 0(x) and Lip[ug] stands for the Lipschitz constant of ug. Then, we prove
that u® converges to the solution u of the following problem locally uniformly in RY x [0,7')
as e — 0

(H)) u(z,0) = up(x) in RY.

{ut(x,t) + Hoo(Du(z,t)) =0 in RY x (0,7),

The assumption (1) guarantees that the cell problem is solvable for every P € RY. The proof
is given by the half-relaxed limit method and the perturbed test function method provided
by Evans [13]. The assumption (2) is a sufficient condition that {u°}.~¢ is equi-Lipschitz
continuous. Since the cell problem may not have a solution for some P € RY, we are not
able to apply the perturbed test function method directly. We prove the homogenization
result by reducing the original equation (CP) to the approximate equation (CP,) with a
coercive Hamiltonian by using the equi-Lipschitz continuity of {u®}.~o. We also show that,



under the condition @m(0) > o, the solutions u® do not converge to any function locally
uniformly in RY x [0,T) as ¢ — 0 (Theorem 5.4).

Our non-coercive Hamiltonian (1.1) is originally derived by Yokoyama, Giga and Rybka
[22] to study the morphological stability of a faceted crystal. Two functions o and m represent
the rate of supply of molecules and the dimensionless kinetic coefficient, respectively. In [15]
and [16] the authors study the large time behavior of a viscosity solution of such non-coercive
Hamilton-Jacobi equations.

We conclude this section with the physical explanation of the above homogenization
problem and its result. In this problem, we find an average growth of the faceted crystal
with a (microscopic) heterogeneous supply of molecules. As we will mention in Subsection
3.3, the cell problem does not have a solution under the condition am(0) > ¢. Thus, both
the assumptions (1) and (2) imply am(0) < ¢. This inequality means that the heterogeneity
of the supply of molecules is somewhat small. In this case the growth of the faceted crystal is
described by (HJ) in view of Theorem 5.1. We point out that the condition 7m(0) < g also
appears in [16] to ensure the large time behaviour in the whole space. On the other hand, if
om(0) > g, i.e., the heterogeneity is somewhat large, then the growth of the faceted crystal
becomes complicated since homogenization fails (Theorem 5.4).

This paper is organized as follows. Section 2 is devoted to preparation for the viscosity
solutions and the critical values. We study the cell problem in Section 3 and 4. In Section 3,
we present main theorems and prove them. We also give a sufficient condition for D = RV
and some properties of generalized effective Hamiltonians. In Section 4, we focus on the one-
dimensional cell problem and give a more explicit representation of D. Section 5 is concerned
with an application to homogenization problems.

2 Preliminaries

Let Lip(T¥) denote the set of Lipschitz continuous functions on TV and B(z,r) denote the
closure of an open ball B(x,r) of radius r > 0 centered at a point z.
We consider Hamilton-Jacobi equations of the form

(2.1) H(z,Du(z)) =0 in TV,

Throughout this paper, we assume that the Hamiltonian H: TV x RY — R is continuous.
In order to define viscosity solutions of (2.1), we recall notions of super- and subdifferentials.
For a continuous function v : TV — R and z € TV, we set

D*uta) = { Doto) |0 TV, st 6) = (u - 0)(o) |
Duta) = { Doto) | 0 TV, mintu—0) = (- 0)(o) |

Definition 2.1. We call u € C(TY) a viscosity subsolution (resp. supersolution) of (2.1) if

H(z,p) <0 (resp. H(z,p) > 0)
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for all € TV and p € DT u(2) (resp. p € D™ u(%)).
We call u € C(TN) a wviscosity solution of (2.1) if it is a viscosity sub- and supersolution
of (2.1).

The term “viscosity” is often omitted in this paper.

A pair of a function u € Lip(T?) and a constant a € R satisfying (CP) is called a solution
of (CP). If such a constant a is unique, it is called the critical value of (CP). If there exists
a critical value of the cell problem for every P € R”, then we say that the cell problem
is fully solvable. When the cell problem is fully solvable, we are able to define a function
H : RN — R by setting H(P) as the associated critical value. We call the function H an
effective Hamiltonian of H.

Proposition 2.2 (Comparison principle for the cell problem). Let P € RY and let a,b €
R. If there exist a subsolution u € Lip(T) of (CP) and a supersolution v € Lip(TY) of
H(x, Dv(z) + P) = b in TV, then a > b. In particular, if (u,c), (v,d) € Lip(TV) x R are
solutions of the cell problem (CP), then ¢ = d and moreover
¢ = inf{a € R | there exists a subsolution of (CP)}
= sup{a € R | there exists a supersolution of (CP)}.

The proof is based on the comparison principle for (1.3) with a small 6 > 0; see [19, 13].
Here we do not need an extra continuity assumption on H since u and v are now Lipschitz
continuous.

Proof. Since v and v is bounded, we may assume that v > v by adding a positive constant
to u if necessary. Suppose by contradiction that a < b, i.e.,

H(z,Du+P)<a<b< H(zx,Dv+ P)
in the viscosity sense. We then see that

a+b
2

The comparison principle implies that u < v, which contradicts to u > v. Therefore, a > b.
This observation implies

du+ H(x,Du+ P) <

<ov+ H(x,Dv+ P).

inf{a € R | there exists a subsolution of (CP)} =: ¢
> sup{a € R | there exists a supersolution of (CP)} =: c.

We then see that c =d =¢ = csince ¢ < ¢ < cand ¢ < d < ¢ by the definitions. O]

Lemma 2.3 (Estimates of the critical value). Let P € RN and let (u,c) € Lip(TV) x R be
a solution of the cell problem (CP). Then, we have

sup inf H(z,D¢(x)+ P) inf  sup H(z, Do(zx) + P),
$cCH(TV) z€TN << peCL(TN) xGTEV ( ¢( ) )
sup sup H(z,p+ P) - = inf inf H(x,p+ P).
z€TN peDtu(x) z€TN peD~u(x)



Proof. The inequality ¢ < inf,cpn infpe p-u() H (@, p+P) is trivial since it is equivalent to the
definition of a viscosity supersolution of (CP). Similarly, the inequality sup,cp~ SUp,e p+y () H (2, p+
P) < ¢ holds since it is equivalent to the definition of a viscosity subsolution of (CP).

For a fixed ¢ € CY(TV), since u — ¢ is periodic and (Lipschitz) continuous, we have
D¢(2) € D™u(z) at a minimum point & € TV of u — ¢. Thus

sup H(x,Dé(x) + P) > H(&,Dé(z) + P) > ¢,

xeTN

which implies that ¢ < inf,ecrpyy sup,epny H(z, Do(x) 4+ P). In a similar way, we see that
SUPgect(ry) ifzery H(z, D(x) + P) < ¢ by choosing a maximum point of u — ¢. O

Remark 2.4. Tt is worth to note that if the Hamiltonian H = H(x,p) is convex in p for each
x € TV and satisfies the coercivity condition (1.2), then

inf  sup sup H(x,p+P)= inf sup H(z,Do¢(x)+ P).
¢ELIp(TN) »eTN peD+¢(x) ( ) PECH(TN) geTN ( ( ) )

In particular, we have well-known formulas

— inf H(z, Dg(x) + P
7 el 2, o D) )

= inf sup sup H(z,p+ P)
$ELIp(TN) 2 TN peD+¢(z)

= sup sup H(z,p+ P).
z€TN peDtu(x)

We refer the reader to [11] or [20, Subsection 4.2] for details on such a kind of representation
formulas of the critical value.

We investigate the cell problem with a coercive Hamiltonian.
Proposition 2.5 ([19]). Assume (1.2). Then, the cell problem (CP) is fully solvable.
Proposition 2.6 (Properties of the effective Hamiltonian). Assume (1.2).

(1) If there exists L > 0 such that |H(z,p) — H(z,q)| < L|p—q| for all x € TV, p,g € RY,
then H satisfies |H(P) — H(Q)| < L|P — Q| for all P,Q € RY.

(2) If H(x,p) < H(x,kp) for allz € TV, pe RN and k > 1, then H(P) < H(kP) for all
PeRYN and k> 1.

(3) If H(z,p) = H(z,—p) for all z € TN and p € RN, then H(P) = H(—P) for all
P eR".

Proof. (1) Let (u, H(P)) be a solution of (CP). We observe

H(z,Du+ Q) — L|IP — Q| < H(z, Du+ P) = H(P).



Thus, u is a subsolution of
H(z,Du+ Q)= H(P)+ L|P— Q)|

By Proposition 2.2, we obtain that H(Q) < H(P)+ L|P — Q.
(2) Let (u, H(P)) be a solution of (CP). We then see by the assumption that

H(z, D(ku) + kP) > H(x, Du+ P) = H(P),
which means that ku is a supersolution of H(z, Dv + kP) = H(P). Proposition 2.2 implies

H(kP) > H(P).
(3) Let (u, H(P)) be a solution of (CP). Then, since H is even in the second variable,

(—u, H(P)) is a solution of
H(zx,Dv— P)=H(P) inT".

Thus, we have H(P) = H(—P). O

3 The cell problem

From now on, we study a Hamiltonian H of the form (1.1) with (H1)-(H3). Define

o:= sup o(z), c:= inf o(z), my:=m(0).

3.1 Main results
For each n € N let H,, : TV x RY — R be an approximating Hamiltonian of H such that

(A1) H, is continuous on TV x RV,
(A2) H, satisfies the coercivity condition (1.2),

(A3) liminf inf (H —H,)>0forall R >0,
n—co TNy B(0,R)

(A4) limsup sup (H —H,) <0.

n—oo TNxRN

By (A1) and (A2), for each n € N, the approximation cell problem (CP,,) is fully solvable as
noted in Proposition 2.5. Let H,(P) be the critical value of (CP,,) for P € R". We define a
solvability set D by

D := {P € R" | (CP) admits a solution (u,c) € Lip(T") x R}.

We are now in a position to state our main theorems.



Theorem 3.1 (Convergence of H,). There exists a unique function Hy, : RN — R such
that, for any sequence {H,}nen satisfying (A1)-(A4), the following conditions hold:

(3.1) liminf inf (Ho — H,) >0 forall R >0,
n—oo B(O,R)
(3.2) lim sup sup(Ho, — H,) < 0.

n—oo RN
We call the function H., a generalized effective Hamiltonian of H.

Theorem 3.2 (Characterization of the solvability set). We have D = {P € R | H(P) <
o}. Moreover, if P € D, the critical value of (CP) is equal to Hy(P).

3.2 The proof of Theorem 3.1

The proof consists of four steps. We first prove in Step 1 that {H, (P)},en is a convergent
sequence for every P € R¥. Then it is shown in Step 2 that the limit is unique no matter
how {H,}nen satisfying (A1)—(A4) is chosen. In Step 3 we prove that the convergence is
locally uniform when {H, },en is monotone, and finally, in Step 4, we derive (3.1) and (3.2)
for a general approximation.

1. Fix any P € R" and let (u,, H,(P)) € Lip(T") x R be a solution of (CP,,) for each
n € N. We first show that {H,(P)},en is bounded from below. Indeed, taking a maximum
point z, € TV of u,,, we have
H,(z,, P) < H,(P).

Since H,, uniformly converges to H on T x B(0,|P|), we see that
H(zy, P) =1 < Hy(P)

for sufficiently large n. Thus

( inf H(x, P)) —1< H,(P),

zeTN

which implies {H,,(P)}en is bounded from below.
Fix € > 0. By (A4) there exists some K € N such that

(3.3) H—gan on TV x RY

for all n > K. Fix an arbitrary n > K. Recall that w, is a Lipschitz continuous function and
set L, = |P| + Lip[u,]. Then, it follows from (A3) that there exists some M > n such that

(3.4) H, — % <H onT" x B0, L,)
for all m > M. Combining (3.3) and (3.4), we see that u, is a subsolution of
H,,(x,Dw+ P) = H,(P) +¢ in TV,

8



By Proposition 2.2, we have

(3.5) H,(P)< H,(P)+¢
Hn

for all m > M. This inequality implies that {H,,(P)},en is bounded from above. By taking

lim sup,,_,,, and liminf,_,.,, we have

lim sup H,, < liminf H,, + .

m—oo n—o0

Since € > 0 is arbitrary, H, (P) converges to some value as n — 0o.

2. We next prove that the limit of H,,(P) is independent of a choice of { H, },en satisfying
(A1)-(A4). Let {H,}nen and {H] }nen be two sequences of Hamiltonians satisfying (A1)—
(A4). For each P € RN, let (u,, H,(P)) and (v, H' (P)) be, respectively, solutions of (CP,,)
and

H!(z,Dul, + P) = H!(P) in TV,

Consider a new sequence

H17 H{7 H27 Hé7 H37 Hil’n Tt
This satisfies (A3) and (A4), so that

has a limit @ € R. Therefore

.z =y
0= i HalP) = g HnlP)

since both {H,,(P)}nen and {H! (P)},en are subsequences. We denote this common limit

by Hyo(P).

3. Assume that {H,},en is monotone, i.e., H, > H, on TV x RY for all n < n’. By
this monotonicity we see that H, > H,  if n < n'. Indeed, a solution u, of (CP,,) is always
a subsolution of

H,(z, Du, + P) = H,(P).
Thus Proposition 2.2 yields H,(P) > H,/(P). Since H,, is continuous in view of Proposition
3.11 (1), Dini’s lemma implies that H,, converges to H,, locally uniformly in R as n — oo.
(For the proof of Proposition 3.11 (1) we only need a pointwise convergence of H, to He,
and the uniqueness of H,.)

4. We shall show (3.1) and (3.2) for a general {H, },en. Sending m — oo in (3.5) of Step

1, we obtain

Ho(P) < H,(P) +e.
This inequality holds for all ¢ > 0, n > K and P € R", where K does not depend on P.
Accordingly we have supgy(Hoo — H,) < ¢, and thus taking limsup,, ,.. yields (3.2) since
e > 0 is arbitrary.

To prove (3.1) we define {H! },en by H/(x,p) := sup,,>,, Hn(z,p). Then {H!},en is
monotone and H' > H, on TN x RN for all n. Also, {H/ },en satisfies (A1)—(A4); it is
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easy to see that (A2)—(A4) hold while the continuity condition (A1) is due to Ascoli-Arzela
theorem. More precisely, since {H,} has a uniform convergent limit H on each compact
set of TV x RY| it is equi-continuous on the set, which implies that the supremum H! is
continuous. From Step 3 it follows that H/ converges to H., locally uniformly. Therefore,
using H! > H,, we observe

liminf inf (H.,, — H,) > liminf inf (H, — H]) = 0.
n—0o0 B(O,R) n—00 B(O,R)

The proof is now complete.

Remark 3.3. Theorem 3.1 still holds for more general Hamiltonians which are not necessarily
of the form (1.1). Indeed, the above proof works if we require H to satisfy

(3.6) |H(z,p) — H(z,q)| < L|p—¢q| for some L > 0,

which is used to guarantee Proposition 3.11 (1).

3.3 The proof of Theorem 3.2
We first prepare
Proposition 3.4. Let P € D and let ¢ € R be the critical value of (CP). Then,

gm(|_P|) } <c<om(|P|), c<a.
armyg

In particular, we have D = () if my > o.

Proof. Taking ¢ = 0 in Lemma 2.3 implies

c< inf sup H(z,D¢(x)+ P) < sup H(z, P)=am(|P|),

 ¢ECHTN) geN z€TN
¢> sup inf H(z,D¢(x)+ P)> inf H(z,P)=aom(|P|).
HECL(TN) zeTN zeTN

We next show ¢ < g. Take a solution u € Lip(T¥) of (CP). For every x € A~ := {x €
TV | D7u(z) # 0}, take p € D~u(x). Since |p| < Lip[u], we have

inf H(z,p+ P) < H(z,p+ P) < o(x)m(Lip[u] + | P|).

pED~u(z)
Therefore, by Lemma 2.3,
c< inf inf H(z,p+P)< inf inf H(z,p+ P)

z€TN peD~u(x) €A~ peD~u(x)
< inf o(z)m(Liplu] +[P]).
TEAT

According to [3, Lemma 1.8 (d)], the set A~ is dense in TV. Thus, we obtain ¢ < gm(Lip[u]+
|P|) < a. The proof of the inequality amg < c is easier. O

10



Let D := {P € RY | Hy(P) < ¢}. We note that D = D = () when 5mg > o. Indeed,
Proposition 3.4 implies D = () and Proposition 3.11 (4) (shown later) implies D =0. We
may hereafter assume that amg < o.

Let us take an approximating Hamiltonian H,, of the form

H,(2,p) = o) Ma(|pl),
where M,, : [0,00) — [myg, 00) is an approximating function of m such that
(B1) M, is Lipschitz continuous,
(B2) M, (r) — o0 as r — oo,
(B3) there exists a,, € R such that
M,(r)=m(r) forre|0,a,], M,(r)>m(r) forr e (a,,o0),
for each n € N and «,, — o0 as n — 00,
(B4) M, (r) > M, (r) for all n’ > n and r € [0, c0).
For instance,
(3.7) M, (r) = max{m(r), Lr — n}

satisfies (B1)—(B4), where L is the Lipschitz constant of m.
Proof of D O D. We define

Dg = {P € RN | Hg(P) ~ gm(ozg)}.

If we prove that D D D, for every £ € N, the conclusion follows since

Do D =D
=1
Thus, we shall prove that D D D, for each ¢ € N.

Fix any P € D, and let (uy,, H,(P)) be a solution of (CP,,). Note that H, (P) is monotone
decreasing with respect to n by (B4) and Proposition 2.2. For each n € N such that n > ¢,

_(P) _ fi(P)

Ma(|Du + Pl) = 1 < =

<m(ay) in TV

in the viscosity sense. Note that the last inequality follows from P € D,. Since m < M,, on
[0,00) and m is strictly increasing, we have

|Du,(z)| < g+ |P] in TV

11



in the viscosity sense. Thus,

sup Lip[u,] < oy + |P| < 0.
n>/{

Set v,(y) := u,(y) — minu,. Then, {v,},en is uniformly bounded and equi-Lipschitz
continuous in T¥. Thus, by taking a subsequence if necessary, Ascoli-Arzeld theorem implies
that v, uniformly converges to some Lipschitz continuous function u in TV as n — oo.
Since M,, converges to m locally uniformly in [0, c0) by (B3) of M,,, the stability of viscosity
solutions (see [12]) implies that (u, Hy(P)) is a solution of (CP), which means that P € D.
We get the desired inclusion D D D.

Proof of D C D. Fix any P € D and let (u,c) €Lip(TV) x R be a solution of (CP). The
condition (B3) of M,, implies

M, (r) =m(r) for all r < Lip[u] + | P|
for sufficiently large n. Hence, (u, ¢) is a solution of
o(z)M,(|Du+ P|) =c in TV.

Since H,(P) is the critical value of the above problem, we have H,,(P) = c¢. Sending n — oo
yields Hy(P) = c. Since ¢ < g by Proposition 3.4, we have H.,(P) < ¢. Thus, D C D. The
proof of Theorem 3.2 is complete.

Remark 3.5. By the last part of the proof, we see that for every R > 0 there exists N € N

such that H(P) = H,(P) for all P € B(0, R) and n > Ng. This is thanks to the conditions
(B1)—(B4).
Remark 3.6. By Lemma 2.3 it is easily seen that H.,(0) = @mg. Thus Theorem 3.2 implies

that 0 € D if my < a. Moreover, from the Lipschitz continuity of H,, (Proposition 3.11
(1)) it follows that B(0, (¢ —amyg)/aL) C D, where L is the Lipschitz constant of m.

Remark 3.7. A similar proof applies to more general Hamiltonians. Let H be a Hamiltonian
satisfying (3.6). We define

h(p):= inf inf H(xz,p), he :=suph(p),

z€TN [p|>p >0
and assume

(H4) inf sup H(x,p) < hy for all p > 0.

2€TY |p|<p
Then it turns out that D = {P € RY | Hy(P) < hs}. We shall give a sketch of the proof
of this generalization.
We first note that the critical value ¢ of (CP) satisfies ¢ < ho. This follows from (H4).
Also, we see that {p € RY | H(z,p) < 7 for some x € TV} is bounded for every 7 < hq,.

Indeed, if there were some sequence {(z;,p;)}jen such that |p;| — oo as j — oo, we would
have h(|p;|) < H(zj,p;) < T < hoo, which is a contradiction since sup e 2(|p;|) < oo

12



Define D := {P € RY | Hy(P) < hs}, and take an approximate Hamiltonian H,, as
H,(z,p) = max{H(z,p), |p| — n}. To prove D D> D we set D, := {P € RN | H)(P) < 7},
where {77}sen is a sequence such that 7, < he, and 7, — hy as £ — co. Then Y2, Dy = D.
Fix ¢ € N. For every P € D, and n > [, a solution (u,, H,(P)) of (CP,,) satisfies

H(z, Du,, + P) < H,(x, Du,, + P) = H,(P) < Hy(P) < 7.

Since 7y < hoo, we have sup,,5, Lip[u,] < co. Ascoli-Arzela theorem ensures that u, — minu

subsequently converges to some u, and thus (u, Hy(P)) solves (CP). The proof of D C D is
easier. Indeed, by the choice of H,, a solution (u,c) of (CP) is also a solution of (CP,) for
n sufficiently large, and therefore H(P) = H,(P) = ¢ < heo.

3.4 A sufficient condition for the fully solvability

Applying the result in Theorem 3.2, we give a sufficient condition which guarantees that
(CP) is fully solvable, i.e., D = R™.

Theorem 3.8. Assume amy < o. Let P € RN and assume that there exists ¢ € C*(TY)
such that Dy = —P on {o # a}. Then P € D.

If there exists such a 1) for every P € RY then (CP) is fully solvable. A simple condition
for the existence of ¢ will be given after the proof; see Remark 3.9.

Proof. We take H,, as in the proof of Theorem 3.2. By the representation of D obtained in
Theorem 3.2, the proof is completed by showing that H,,(P) < ¢ for n € N sufficiently large.
To this end, we use the estimate

H,(P)< inf H,(z, Dé(x) + P
(P) < sedhon, S0 (z, Do(x) + P)

in Lemma 2.3. Choosing ¢ = 1, where ¢ is the function in our assumption, we see

(3.8) H,(P) < sup H,(z, Dy (x)+ P).

z€TN

On {0 # g} we compute

H,(z,Dy(x) + P) = H,(z,0) = o(z)mo < omyg < g.

For x € T such that o(z) = g, we have
Hy(x, Dip(x) + P) = aMy (| Dip(x) + PJ).

We now set 1 := max,ep~ |D(x) + P| < oo and choose n large so that M, (r) = m(r) for
all » < ry. Then
H,(z,Dy(x) + P) < am(ry) < a.

Consequently, (3.8) implies H,,(P) < o. O
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Remark 3.9. If {0 # o} C (0,1)", then there exists ¢ in Theorem 3.8 for every P € R".
Indeed, letting A C (0,1)" be an open set such that {o # o} C A and A C (0, 1) , We are
able to construct a function ¢ € C*(TV) so that (z) = —(P,z) for z € {0 # o} and
Y(z) =0 for = € A.

Remark 3.10. The existence of ¢ in Theorem 3.8 is not a necessary condition for P € D.
In Example 4.4 (1), where we consider the one-dimensional case, the cell problem is fully
solvable, but there is no such periodic ¥ for P # 0 because ¢ attains a minimum at one
point.

3.5 Properties of the generalized effective Hamiltonian

In this subsection we shall derive some properties of the generalized effective Hamiltonian.
Proposition 3.11 (Properties of the generalized effective Hamiltonian). We have

(1) |Ho(P) — Hyo(Q)| < TL|P — Q| for all P,Q € RN, where L is the Lipschitz constant
of m,

(2) Hyo(kP) > Hyo(P) for all P € RN and k > 1,
(3) Hoo(P) = Hyo(—P) for all P € RY,
(4) max{om(|P|),omo} < Hoo(P) < om(|P]) for all P € RN,

Proof. Take H,, as in the proof of Theorem 3.2, where we set M, by (3.7). Let H, be the
effective Hamiltonian of H,,. We then have

|H,(x,p) — Hu(x,q)] <TL[p—g| forallz € TV, p,g € RY.
Hence, Proposition 2.6 (1) shows
|H,(P) — H,(Q)| <TL|P— Q| forall P,QecR".

Sending n — oo yields the conclusion (1).

By a similar argument the properties (2)—(3) are verified from Proposition 2.6 since our
coercive Hamiltonians H,, satisfy the assumptions of Proposition 2.6 (2)—(3). The property
(4) is a consequence of Lemma 2.3. O

4 One-dimensional cell problem

In this section we investigate the cell problem in one dimension. In this case the solvability
set D has a more explicit representation. We first rewrite (CP) as

(4.1) |u'(x) + P| = fu(z) in T,

14



where

o= ()

Here, m™" : [mg, 1) — [0, 00) is the inverse function of m, and f, is well-defined as a [0, 0o0)-
valued function if 7my < a < g. We now set m™'(1) = oo. Then, f, is a [0, oc]-valued
function. Note that a — f,(x) is increasing for every = € T.

The authors of [19] consider

1

(4.2) [u'(z) + P> -~ V(z) =a inT,

as an example of the cell problem in one dimension. Here, V' is a continuous function on T
such that ming V' = 0. According to [19], for each P € R, the critical value ¢ of (4.2) is given
by

(43) c:{o it 1P| < [ /V(2)dz,

a such that |P| = fol VV(z)+adz, a >0, otherwise.
As an analogue of this formula, we establish
Proposition 4.1. (1) If dmg > o, then D = ().
(2) If mgy < g, then
1 1 :
D:{Pkﬁwﬂn%ﬂ@w) if fo € L1(0,1),

R otherwise.

Moreover, the critical value c is given by

(4 4) c = Emo Zf|P| S fOl fEmO(Z)dZ)
' a such that |P| = fol fa(z)dz  otherwise.

Proof. (1) This is obvious by Proposition 3.4.

(2) We set D = (— fol fo(2)dz, fol f-(2)dz). When f, ¢ L(0,1), we read D = R. We first
prove D D D. To do this, take P € D. What we have to do is to find u € Lip(T) such that
(u,c) is a solution of (4.1), where ¢ is the constant in (4.4).

When |P| < fol Jome(2)dz, we set

fomo(2)dz — Px for x € [zg, 2],

Zo

U,(I) = xo+1
/ fomo(2)dz + P(1 — x) for x € [x1, 20 + 1].

Here, x¢ € [0,1] and 21 € [zg, o + 1] are points such that

1 ro+1
Jamo(z0) =0, / fomo(2)dz = / fomo(2)dz + P.

1

15



We regard u as a function on T by extending it periodically. Then, it is easy to see that u
is a solution of (4.1).
When |P| > fol fomo(2)dz, for ¢ chosen by (4.4), we set

u(z) = sign(P)/ fe(z)dz — Pz for x € R.
0
Note that u is a Z-periodic function since, by the definition of c,
1
Sign(P)/ fe(z)dz— P =0.
0

Then, it is easy to see that u is a solution of (4.1). Therefore, we have obtained D D D.

We next show the reverse inclusion D C D. Let P € D and take a solution (u, ¢) of (4.1),
then

1P| = /OI(U’(ZHP)dz S/01|u’(z)—|—P|dz§/Olfc(z)dz</01f(,(z)dz.

The first equality follows from the periodicity of u. Thus, P € D and so the proof is
complete. n

Remark 4.2. The representation of the critical value (4.4) is also obtained via the formula
(4.3) given in [19]. In fact, a is a critical value of (CP) if and only if the critical value ¢, of

|u'(z) + P| = fo(x) + ¢, inT

is equal to 0. It is easily seen that the condition ¢, = 0 yields (4.4).

When ¢ attains a minimum on some interval [a,b] with a < b, it is easily seen that f, is
not integrable since f, = +00 on [a,b]. Consequently, (4.1) is fully solvable by Proposition
4.1. If o(x) = ¢ at only one point = € T, the integrability of f, depends on o and m as the
next examples indicate.

Example 4.3. Let us consider (4.1) with

%liﬁé (r€0,00), ofz)=a(1-2)"+5 (xe€l0,1)),

m(r)

where «, f > 0. We note that amg < ¢ holds when § > 1/4%. Since

g 1 g 1

Il = S o = ' T 2 "

the integrability of f, is determined by the choice of o > 0.
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Example 4.4. Set

3 0<z<?i
sy [Tt 0=a<h
—T + 3 (5 <z< 1).
(1) We let
(r) 1 r n 1
m(r) = = —.
214+7r 2
We extend o periodically to R and still denote it by . Note that @my < ¢ holds. Since
g 1
fo.(CC) - 50_(1‘) — o - §a

we observe that

Thus, D = R, i.e., the cell problem is fully solvable.
(2) We next study

m(r) = %tanhr —l—% (r €10,00)).

Note that amg < ¢. Since

folo) = 108 (-7 ) = Sllow ~ loglo() ~ 21,

we observe that
1 1/2 1
/ fo(2)dz = 2/ fo(2)dz =1+ =log6.
0o 0 2
Therefore, D = (—1 — %log 6,1+ %log 6).
Proposition 4.5. We have

1
Ho(P) > H(Q) for all P,Q € D such that |P| > |Q| > / fomo (2)dz.
0
Proof. By (4.4), we observe
1
| i) = fa ez = 1PI=1Q1 >0,

which implies that Ho(P) > H.(Q).
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5 Application to homogenization problems

We present our homogenization result for the equation (HJ.) with the Hamiltonian (1.1)
satisfying (H1)—(H3). Here, up : RY — R is a bounded and Lipschitz continuous initial
datum. We remark that there exists a unique bounded solution v € C(RM x [0,T)) of
(HJ.). Similarly, there exists a unique bounded solution u € C(RY x [0,T)) of (HJ). Indeed,
the comparison principle holds for a viscosity sub- and supersolution (see [12]). This yields
uniqueness of solutions. Existence is a consequence of Perron’s method (see [18]).

Theorem 5.1 (Homogenization result). Assume either
(1) D=R"Y or (2) m(Liplu]) < ¢/7.

Then the solution u® of (HJ.) converges to the solution u of (HJ) locally uniformly in RY x
[0,7) as e — 0.

Recall that, for each P € D, H,(P) is the critical value of (CP) from Theorem 3.2. As we
mentioned in Introduction the assumption (1) means that the cell problem is fully solvable,
so the same argument as [13] works for our equation.

We shall hereafter prove Theorem 5.1 under the assumption (2).

Proposition 5.2 (Regularity of the solution of (HJ.)). Assume (2) in Theorem 5.1. Then,
the solutions u® of (HJ.) satisfy

|u5(x7t) - u€($78)| < L‘t - S|7 |U€<J],t) - ue(y’t” < K’l‘ - y|

for all z,y € RN t,s € [0,T) with the constants

g

L = om(Lip[ug]) < 00, K i=m™" <§m(mp[uo])) < .

We omit the proof since this proposition is verified by the same argument as in [14,
Appendix A]. We point out that [14, Proposition 3.17] holds under the assumption R (m) <
oo even if the Hamiltonian does not satisfy the coercivity condition (Hg4 ).

We give two different proofs of Theorem 5.1 under the assumption (2).

Proof I of Theorem 5.1 under the assumption (2). By Proposition 5.2, Ascoli-Arzela theo-
rem implies that u® subsequently converges to some Lipschitz continuous function u locally
uniformly in RN x [0,T) as € — 0.

We prove that u is a supersolution of (HJ). The proof is based on the perturbed test
function method (see [13]). Let (zg,t) € RY x (0,T) and ¢ € C*(RN x (0,T)) such that
u — ¢ has a strict local minimum at (zg,%y). Suppose that

di(xo, to) + Hoo(Dd(z0,t0)) =: —6 < 0.
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We take {H, }nen as in the proof of Theorem 3.2 and let H, be the effective Hamiltonian of
(CP,,). Since H,, converges to H,, we have

_ 0
(5.1) ¢r(wo, to) + Hn(Dg(x0,t0)) < —3
for sufficiently large n.
Set

O (.t) = o, t) 20 ().

where v, is a solution of (CP,). By the same argument as in [13], we see that ¢Z is a
subsolution of

(5.2) wi(z,t) + o (g) M, (|Dw(z, 1)) = 0

in B(zg,7) X (to — r,to + r) for sufficiently small » > 0. On the other hand, by the Lipschitz
continuity of u® and (B3), we see that it is a solution of (5.2) in RN x (0,7 for sufficiently
large n. The comparison principle for (HJ.) implies a contradiction (see [13]) and so u is a
supersolution of (HJ).

Similarly, it is proved that w is a subsolution of (HJ), and therefore, u is a unique solution
of (HJ). Consequently, u° converges to u locally uniformly in RY x [0,7T) as e — 0 without
taking subsequences. O]

Proof II of Theorem 5.1 under the assumption (2). Recall that {u®}.¢ is equi-Lipschitz con-
tinuous in view of Proposition 5.2 and therefore subsequently converges to some wu locally
uniformly in RY x [0,7T) as ¢ — 0. Take {H, }nen as in the proof of Theorem 3.2. By (B3)
and the equi-Lipschitz continuity of {u®}.~q, we have

Wz, t) + H, (g Du€<x,t)) —0 inRY % (0,7)

for all n € N large enough and all ¢ > 0. We now apply the homogenization result for
coercive Hamiltonians [13] to see that u® converges to the solution w,, of

{wt(m,t) + H, (Dw(z,t)) =0  in RN x (0,7),

w(z,0) = ug() in RY

locally uniformly in RY x[0,T). Since u is a limit of a subsequence, it turns out that w, = u.
Since H,, converges to H, locally uniformly, the stability result for viscosity solutions yields
the conclusion that u is a viscosity solution of (HJ). O

Remark 5.3. The main difference between two proofs is the order of limits of ¢ and n. We
point out that Proof I does not require the locally uniform convergence of H,,. However, we
need the equi-Lipschitz continuity of {u°}.~¢ in both proofs in order to ensure that u® is a
solution of the approximate equation.
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Theorem 5.4 (Non-homogenization result). Assume that dmg > o. Let u® be the solutions
of (HJ.). Then, u® does not have a locally uniformly convergent limit in R" x[0,T) ase — 0.

Proof. Set
x x

u (z,t) == wup(z) — 0 (—) t, ui(z,t) :=up(x) — 0o (—) mot

£ S

for (z,t) € RN x [0,T). Then, we see that u® and uS are a subsolution and a supersolution
of (HJ.) respectively. By the comparison principle, the solution u® satisfies

(5.3) ut (z,t) <u(x,t) <ul(x,t)

for all (z,t) € RN x [0,T) and € > 0.
Let @ and u be the upper half-relaxed limit and the lower half-relaxed limit of u®, respec-
tively. Namely,

N

(,1) := limsup{s(y, 5) | (35) € B(w,0) x (£ = 6,¢+0), = < o},
_)

(5,1) := lim inf{u*(3,5) | (35) € Blz,0) x (t—6,t+0), € <3},
_)

e

Moreover, let u_ and u, be the upper half-relaxed limit of u¢ and the lower half-relaxed
limit of uS , respectively. Then, we have

u_(z,t) =up(x) —at and w,(z,t) =uo(x) — Tmet.
Thus, by (5.3) and the assumption gmgy > o, we have
(5.4) u(z,t) <wu,(z,t) <u_(x,t) <u(z,t)

for all (z,t) € RY x [0,T). Therefore, 7 and u are different and so we conclude that u¢ does
not converge to any functions locally uniformly as ¢ — 0. O]

Remark 5.5. When amy = o, we do not know whether or not u® has a limit as ¢ — 0.
However, by (5.4), we see that the limit of u® should be uy(z) — at(= uo(x) — Tmet) if it
exists.
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