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QUIVER MUTATION LOOPS AND PARTITION ¢-SERIES

AKISHI KATO AND YUJI TERASHIMA

ABSTRACT. A quiver mutation loop is a sequence of mutations and vertex
relabelings, along which a quiver transforms back to the original form. For a
given mutation loop ~, we introduce a quantity called a partition q-series Z(~y)
which takes values in N[[¢'/2]] where A is some positive integer. The partition
g-series are invariant under pentagon moves. If the quivers are of Dynkin
type or square products thereof, they reproduce so-called parafermionic or
quasi-particle character formulas of certain modules associated with affine Lie
algebras. They enjoy nice modular properties as expected from the conformal
field theory point of view.

1. INTRODUCTION

Quiver mutations are now ubiquitous in many branch of mathematics and math-
ematical physics, such as Donaldson-Thomas theory, low dimensional topology, rep-
resentation theory, quantum field theories. Quiver mutations are now recognized
as important tools, along with cluster algebras.

The main purpose of this paper is to introduce quantities called partition g-series
directly at the level of quiver mutation sequences. The definition requires only com-
binatorial data of quivers and mutation sequences, and completely independent of
the details of the problem. In fact, one motivation is to provide a solid mathe-
matical foundation to extract an essential information of the partition function of a
3-dimensional gauge theory associated with a sequence of quiver mutations which is
introduced in [14]. It is hoped that a deeper understanding of the partition g-series
will help uncover the hidden combinatorial structure and shed new lights on the
mystery of quantization.

A quiver mutation loop is a sequence of mutations and vertex relabelings, along
which a quiver transforms back to the original form. For a given mutation loop -y, we
associate a quantity called a partition q-series Z(7y) which takes values in N[[¢'/2]]
where A is some positive integer. The partition g-series are closely related to the
quantum dilogarithms, and satisfy various invariance properties such as pentagon
relations. If the quivers are of Dynkin type or square products thereof, they repro-
duce so-called parafermionic or quasi-particle character formulas of certain modules
associated with affine Lie algebras. They enjoy nice modular properties as expected
from the conformal field theory point of view.

The paper is organized as follows. In Section 2, we recall the basic definitions
of quiver mutations. In Section 3, we introduce the partition g-series Z(v) for
the mutation loop . Since the definition is a slightly complicated, we supplied a
few simple examples. In Section 4, we introduce the notion of “pentagon move”
of mutation loops, and show that the partition g-series are invariant under such
moves. In the final Sections 5 and 6, we treat the quivers of simply-laced Dynkin
type or square products thereof. It is demonstrated that if we choose a special
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mutation loop, the associated partition g-series are nothing but the “parafermionic
character formulas” of certain modules associated with affine Lie algebras. Up to
multiplication by appropriate powers of ¢, they are conjectured to be modular forms
with respect to a certain congruence subgroup of SL(2,Z), as expected from the
conformal field theory point of view.

The paper [1] propose a relation between four-dimensional gauge theories and
parafermion conformal field theories. In particular, they claim that the L2-trace of
the half monodromy is written in terms of characters. It would be interesting to
find a precise relation with their work.

Acknowledgments. We would like to thank H. Fuji, K. Hikami, T. Kitayama, A.
Kuniba, K. Nagao, J. Suzuki, S. Terashima and M. Yamazaki for helpful discussion.
This work was partially supported by Japan Society for the Promotion of Science
(JSPS), Grants-in-Aid for Scientific Research Grant (KAKENHI) Number 23654079
and 25400083.

2. BACKGROUNDS

2.1. Quivers and mutations. A quiver @) is an oriented graph given by a set of
vertices g, a set of arrows Q1 and two maps “source” s: @1 — Qg and “target”
t: Q1 — Qo. A quiver Q is finite if the sets Qg and @ are finite. Throughout this
paper, we will assume all quivers are finite, and an isomorphism Qg — {1,...,n},
called labeling, is fixed.

Let @ be a quiver. A loop or 1-cycle of @ is an arrow « whose source and target
coincide. A 2-cycle of Q is a pair of distinct arrows 8 and v such that s(8) = ¢(v)
and t(8) = s(v):

loop e Q 2-cycle e T e

N

In this paper, we treat quivers without 1-loops or 2-cycles. For a quiver @, Q°
denotes the quiver obtained from @ by reversing all arrows.

A Dynkin quiver is a quiver Q whose underlying graph @, a graph obtained by
forgetting the orientation of arrows, is a Dynkin diagram.

A vertex i of a quiver is a source (respectively, a sink) if there are no arrows
« with target i (respectively, with source 7). A quiver is alternating if each of its
vertices is a source or a sink. For an alternating graph @, the sign of the vertex ¢
is defined as sgn(i) = 1 if 7 is a source and sgn(i) = —1 if 7 is a sink. Here are some
examples of alternating Dynkin quivers:

Ag D¢ Es
/° 6
1>2<3=4<5=6 1=2<3-=4
6 1>2<3=>4<5

For a quiver @ and its vertex k, the mutated quiver pg(Q) is defined [3]: it has
the same set of vertices as @Q; its set of arrows is obtained from that of Q) as follows:

1) for each path i — j — k of length two, add a new arrow ¢ — k;
2) reverse all arrows with source or target k;
3) remove the arrows in a maximal set of pairwise disjoint 2-cycles.
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The following two quivers are obtained from each other by mutating at the black
vertex

./AO ./O\§O
—
Wy DY
There is a bijection

the quivers without loops or the skew-symmetric integer
2-cycles, Qo = {1,...,n} n X n-matrices B = (b;;)

by
(2.1) bij = #{(i—j) € @1} — #{(j—i) € Q1}.

The above operation of quiver mutation corresponds to matrix mutation defined
by Fomin-Zelevinsky [3]. The matrix B’ corresponding to ux(Q) is given by [4]
(22) b, . —bij ifi:k’OI‘j:k

’ G| bij + sgn(bix) max(bibij, 0)  otherwise.
2.2. Mutation sequences and mutation loops. A finite sequence of vertices of

Q, m = (my,ma,...,mr) is called mutation sequence. This can be regarded as a
(discrete) time evolution of quivers:

QO)=Q, Q1) =pm (QUt-1), (A<t<T)
Q(0) and Q(T) are called the initial and the final quiver, respectively.

Suppose further that Q(0) and Q(T) are isomorphic, namely, the composed
mutation

(2.3) Hm = Hmgp O O hmy © fmy

transforms @ into a quiver isomorphic to . An isomorphism ¢ : Q(T) — Q(0)
regarded as a bijection on the set of vertices, is called boundary condition of the
mutation sequence m. Using the fixed labeling Qo — {1,...,n}, we represent ¢ by
an element in the symmetric group S,. The pair v = (m, ) is called a mutation
loop.

3. PARTITION ¢-SERIES AND THEIR EXAMPLES

In this section, we introduce a quantity called partition g-series Z(y) for a mu-
tation loop <, in the same spirit as partition functions of statistical mechanics.
Roughly speaking, Z(v) is defined as a sum of weights over all possible states,
while the weights are expressed as a product of local factors. For clarity’s sake,
sample computations of Z(vy) are presented.

3.1. Definition of partition g-series. Let v = (m, ) be a mutation loop with
initial quiver ). We first introduce a family of s-variables {s;} and k-variables {k;}
as follows.

(i) An “initial” s-variable s, is attached to each vertex v of the initial quiver
Q.

(ii) Every time we mutate at vertex v, we add a “new” s-variable associated
with v. We often use s,, s, si/, ... to distinguish s-variables attached to
the same vertex.

(iii) We associate a k-variable k; with each mutation at m.
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(iv) If two vertices are related by a boundary condition, then the corresponding

s-variables are identified.

As we will soon see, the s- and k-variables are not considered independent; we
impose a linear relation for each mutation step. We also define a weight of each

mutation as a function of these variables.

Suppose that the quiver Q(t — 1) equipped with s-variables {s;} is mutated at

vertex v = my to give Q(t). Then k- and s-variables are required to satisfy

(3.1) ki = s, + s, — Z Sq-

a:(a—v)

Here, s! is the “new” s-variable attached to mutated vertex v, and the sum is over

all the arrows of Q(t — 1) whose target vertex is v.
The weight of the mutation fi,, : Q(t —1) = Q(t) at v = my is defined as
(3.2)

q%(5v+5;*2a:(a—>u) Sa)(SvJFS;*Zh:(u—»b) Sb) q%kt(sv+si}*2b:(u—m) Sb)

W)= ST - @n
where
(3.3) (@ q)n == [ (1 = 2g"), (@n = (@ Dn
k=0

is the g-Pochhammer symbol.

)

The weight of the mutation loop 7y is then defined as the product over all muta-

tions,

(3.4) W) = wWm).

t=1
Clearly W (~) has a structure

(35) W()_ﬂ
‘ VI @

where H(s) is a quadratic form in s-variables.

For example, suppose we mutate the following quiver at vertex v = my.

arrows not incident on v are omitted.)
az

a1 \L as

e

N

by ba

In this case, the relation (3.1) reads

ki = Sy + Si — Say — Sap — 2Sas

and the weight of the mutation is

A (s =50y =50y ~2500) (subs, sty —s0) (sl —suy —s1,)

W(mt) =

(Q)qurs;,fsal —Say —25ay B (Dk,

(All
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Note that both the linear relations (3.1) and the weight (3.2) uses only the local
information around the mutating vertex.

The relation (3.1) allows us to express each k-variable as a Z-linear combination
of s-variables. If these relations are invertible as a whole, namely, if one can express
each s-variable as a Q-linear combination of k-variables, then, the mutation loop
v is called nondegenerate.! Suppose the mutation loop v is nondegenerate. Then
the quadratic form H(s) in (3.5) can be expressed as a quadratic form F(k) in
k-variables:

(5:6) W) = L
T I @

Note that there is a positive integer A such that AF(k) € Z for all k € Z*. The
mutation loop 7 is called positive, if F(k) > 0 for all k € NT, k # 0. This condition
assures finiteness of the set {k € N” | F(k) =n} for all n € Z.

Now we are ready to define Z (). From now on, mutation loops are assumed to
be nondegenerate and positive. Let v be a mutation loop with 7' mutations. We
define its partition g-series Z(Q,~) by the multiple sum

o0

(3.7) Z@Qy)= >, W(y) eN[g"/?].

Z(Q,~) is simply written as Z(v) if the initial quiver @ is clear from the context.

Remark 3.1. Occasionally it is convenient to introduce another set of variables, k-
variables {k)'} (see e.g. the proof of Theorem 6.1 below). These are “orientation
reversed” version of k-variables, and the linear relation now reads

(3.8) kY = s, +8), — Z Sp-

b:(v—b)
Then, the weight of mutation (3.2) is expressed as
(39) W = 20
. mey) = ——.
Y (@
3.2. Example 1 — A3 quiver. We illustrate how to compute the partition g-
series using the quiver of type As

Q=1—2<—3

and a mutation loop

(3.10) v = (m,y), m=(2,1,3), p=id.

11t is not easy to decide whether or not v is nondegenerate, just looking “local” structure of ~.
However, the following remark is in order. For a mutation loop with T' mutations, the number of
k-variables is T' by the rule (iii). The number of independent s-variables is also T'; we start with
#Qo of “initial” s-variables (i), add T' “new” ones (ii), but #Qo of s-variables are identified via
the boundary condition ¢ (iv). So there is a good chance of v being nondegenerate.
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We label the s- and k-variables as follows:?2

(3.11) Q(0) §1 —> Sy <— S3
/J/Q\L Vk2
Q1) §1 <— S8h —> 83
ml e
Q(2) §] —> 85 —> S3
C
Q(3) s] —= sy <— s
id
Q(O) §1 —> S2 <— 83

The relations between k- and s-variables are
(3.12) ko = s+ sy —s1 —s3, ki =s1+5) —sh kz=s3+ 55— s

Under the boundary conditions s; = s; (i = 1,2,3), one can solve (3.12) for s-
variables:

s

1 1
1 Z(3k1+2k2+k3)’ 82=5§=§(k1+2k2+k‘3),

va)

1
3 Sg:Z(k1+2k2+3k3).

So the weight of v takes the following form:

q%(52+8'2*81*53)(52+8'2) q%(81+3'1*8'2)(81+3'1) q%(SSJrSé*S'z)(SSJrSé)

W(vy) =
(3 13) (q)52+8’2751753 (q)51+8’178’2 (Q)83+S’3*S’2
’ qgk’;‘+k1k2+k§+k2k3+%k§+%kgkl
Summing over k-variables, we obtain
© k2t kikotkatkoks+3kI+1kaky
q4 1 2 43 2 1/4
(3.14) Z(v) = € N[[¢"/7]].
khkzz,krgzo (Q)/ﬂ (q)kz (q)ks

Exactly the same formula appeared in the study of coset conformal field theories
[9]. This is an example of partition g-series which we study more systematically in
Section 5. Z() can be written as

(3.15) Z() = —— 3 gt

(q)oo neZ

which reveals that q_iZ (7) is a modular function for a certain congruence sub-
group of SLy(Z).

2Here the k-variables are indexed by vertex labels instead of mutation order; this is in accor-
dance with the convention of Section 5.
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3.3. Example 2 — pentagon identity. Let us consider a quiver of type As:
RQ=1—2.

We take up two mutation loops 7, 7/, and compare the associated partition g-series.
The first loop we study is

(3.16) 7=(m,p), m=(L2), e=id.
The s- and k-variables are given as follows:

Q(0) a—=>

my by

QU a1
(3.17) pa2)| [ o

02 o —= ¥

—

(
SR
(

0) a—>1b

O

Since there is no incoming arrow on mutating vertices, the relations (3.1) among
k- and s-variables are simply

(3.18) ki =a+ad, ke =0b+"b".
The initial and the new s-variables are identified via boundary condition ¢ = id:
(3.19) a=ad, b=1b.

So there are two s-variables a, b and two k-variables ki, ko. Solving (3.18) and
(3.19) for s-variables, we have

1 1
—q == = /: -
(320) a=a = 2]?)1, b b 2]€2

The weight of mutation loop is thus
q%(a+a')(a+a'7b) q%(b+b’)(b+b’fa') q%(kffklkfrk%)
(3.21) W(y) =

(@Data @Dorr (@ (@)

The mutation loop 7 is nondegenerate and positive, because the quadratic form
k? — kiko + k2 is positive definite. The partition g-series is, by definition,

Lk —kiko+k3)
2 (F1 2

_ oy ket
(3.22) 200= 2 .

The second loop we consider is

(3.23) v=(m ), m=(212), ¢ =(12),
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where ¢’ = (12) means the transposition of the two vertices. The s- and k-variables
are given as follows:

Q)  a—=b
,UQ\L vk’1
Q1) a<—1V
ml ok
(3.24) Q2 o —=V
MQJ/ H V3
QB) <
(12)] X
Q(0) a—>=b

The relations between k- and s-variables are
3.25 Ey=b4+0—a, ky=a+d -0, k=b+b"-d.
1 2 3

The boundary condition implies a’ = b and " = a. Taking this into the account,
we can solve (3.25) for s-variables:

k! k! ki kb k1 k!
g2 3 B A | 2 r_ M 3
(3.26) a="b"= 5 T35 b=a 5 + 5 b 5 T3

The weight for the mutation loop v’ is thus

q% (b+b"—a)(b+b") q% (a+a’—b")(a+a") q% (b +b""—a’)(b'+b"")

W(y') =
(3.27) (@o+br—a (@ata—b (Db —ar
' 3 (R RS+ kL ko k5 k1 )
(D (Dry (D)
The partition g-series is now defined as
0o l(kl2+k/2+kl2+k/k,,-l—k/k/—‘rklk/)
q2 1 2 3 12 23 3™1
(3.28) Z(#) =
" %;3_0 (@Dry (@i (@)

It turns out that the partition g-series (3.22) and (3.28) are equal due to the identity
(see e.g. [16])

1 ot
(3.29) @Dm(@)n 2 (@)r(@)s(@)e

r,s,t>0
m=r-+s
n=s+t

This is no coincidence. In the next section, we state and prove a general result
about the conditions on mutation loops, which guarantee the equality of associated
partition g-series.

4. GENERALIZED PENTAGON IDENTITY

The main result of this section is Theorem 4.1, saying that as a function of
mutation loops, the partition g-series Z(7) is invariant under pentagon move of =,
which we define shortly.
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4.1. Pentagon move. It is convenient to slightly generalize the notion of mutation
sequences/loops to keep track of vertex relabeling effect. Let @ be a quiver with
vertices {1,--- ,n}. A finite sequence f = (f1,..., f) consisting of
(a) mutation p; at the vertex i (1 <i <n), or
(b) vertex relabeling by an element o of the symmetric group S,,
is called a mutation sequence. If f(Q) := fr(--- (f1(Q)) - - - ) is isomorphic to @ as a
(labeled) quiver, then f is called a mutation loop. f, f' are considered equivalent
if they are related by a series of the following moves (rewriting rules):
° ( 70—170-27...) ~ ( ’0-200-17...),
i ( 7Ni30—"") = ( 307M0(i)a"')a
o (oo yid, ) ().
Clearly any mutation loop is equivalent to the form of (tmy, .-y timg, @), © € Sh,
i.e. a pair of a mutation sequence and a boundary condition.

!
an 4> .\
Q
\ /w
Qout <; L4
Y2

FIGURE 1. Pentagon move. 7y = (717 Has IU/ya’YQ) and ’y/ = (717 Hyy Koy Hys (xy)a 72)

A local change of mutation loops of the following type

(4.1) Y = (V15 M fys V2) — v = (71, thys By, (2Y),72)

is called pentagon move. Here 71, o are arbitrary mutation sub-sequences, and
the vertices x,y are assumed to be connected by a single arrow x — ¥y in Qi :=
71(Q). This condition guarantees that (i, ty)(Qin) and (ty, ta, ty, (2Y))(Qin) are
isomorphic as labeled quivers: we denote this quiver by Qout. (Figure 1)

The mutation loops of Section 3.3 are the simplest example of those related by
a pentagon move. For another example, take @@ = (1 — 2 +- 3 — 4). The mutation
loop

v=(m,p), m=(4123241), ¢=(;i33)
is, via pentagon move, equivalent to
V=m¢), m=(42123142), ¢ =(1133)
Indeed,
v =(pa, pin, pio, iz, 2y s 1, )
—(pa, p2, s p2, (12), pis, p2, pra, pas )

N47N27M1aﬂ2aﬂsa#1;ﬂ4,ﬂ2,( ) )

=(
(
~(
= (pua, figs 1, 2, 135 11, flas 2, ') = 7.
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4.2. Generalized pentagon identity. The main result of this section is the next

Theorem 4.1. The partition g-series Z(vy) is invariant under the pentagon move
of the loop ~; that is, for the mutation loops 7, 7’ in (4.1), we have

Z(v)=Z(").
The rest of this subsection is devoted to the proof of Theorem 4.1. The key
idea is to cut the mutation loop v at @i, and Qo into two pieces — “internal

part” and “external part” (Figure 1), and treat their contribution to the mutation
weights separately. We put

(717ma72) m = (,ula,uy)7

!

(42) (717m/772) m = (/Ly, Py oy s (,Iy))

"y =
v =
The subsequences m, m’ from Q;, to Qu; is referred to as “internal”; the rest is
considered as “external”.

By definition of pentagon move, two mutating vertices z, y are connected by a
single arrow in Q;, (Figure 2). The vertices x and y can be a source or a target of
other arrows in Qi,; such arrows are collectively denoted as a; — x, b; = y, * — cx
and y — d;. Along the mutation paths m, m' from Qi to Qout, the quiver will
changes as in Figure 3.

a; bj
N /
Qin = TrT—Y
VAN
Ck d;

FIGURE 2. The quiver @i,. Only the arrows incident on z or y
are shown. Some of the vertices a;, b;, cg, d; may be missing,
duplicated or identified.

Let k1, ko be the k-variables associated with m = (g, ity ), and ks, ka, ks be those
for m’ = (py, pio, poy, (xy)). The k-variables on external part are denoted by {l;};
they are common to both v and ~’. For the internal part, the k- and s-variables

are related as

k1 :J:—i—x'—Zai,

ko =y+y =Y ai—Y b,
(4.3) ks=y+y" =) bj—x,

k4=x+x”—zai—y”,

!/

ks =y +y" — o
The relations (4.3) and the identification 3’ = z”, ' = 3" yield the constraint

(4.4) ks + kg = ko, kgt ks = k1.
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a; bj a; bj
\ v Hy \ 7~
Qin = T —=Y _— €r<— y”
e N\ ye X
d; Ck d;
Mz
Hz
a; b a; b;

Ck I Ck d;
Hy
Hy

a; bj a; bj

0 _LX//l (= L\,, y“l

out — X A
VA
Ck d Ck d

FIGURE 3. Pentagon move and quiver mutations. The vertices of
quivers are represented by the corresponding s-variables. m =
(Ha, py) and m' = (g, piz, [y, (xy)) represent two internal paths
from Qin t0 Qous. We have " = ¢/, ¢/ = 2’ via transposition (zy)
of vertices.

The partition g-series has the following form:

Zm= >

quxt(k17k27l) qunt(klak27l)
X
mitso i@ @)k, (@)

Fext(k1,k2,0)+Fint (k1,k2,l)

_ q
B Z )li Z q k1 (Q)kz ’

l; >0 k1,k2>0
“5) ( ) ( )
Fro (k3 ka ksl F oo (ks ka ksl
ACOE D D x 4
ks, ka,ks,1i>0 Hi(q)li (q)kz (q)k4 (q)ks
Z Z qFext (kaskasks D)+ oy (ks ka ks,1)
=R > s @@k @k,

The external part of « and «’ share the same set of s-variables, so as functions
s-variables, Fuxt = F., .. Therefore under the identification (4.4), we have

kl—k4+k5) = ext(k3a k47 k57 l)
ko=k3+ky

(4.6) (Fexxkl, o)
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As for the internal part, we obtain after some computation,
1
Fue(kr ko, 0) = 5@ +2' = Y a)(@+a' =Y e —y)

+%(y+y’—zai—ij)(ery'—x’—Zdz)

(k? + k% — kyko + Aky + Bks)

N | =

Flgtws,kz;,km:ly+y”—2b._x y+y”—Zdl>
a:—i—x Zal +xu_zck—zdz)
1
+§(y//+ym_ // y +y/// Zb _Z

(K3 + k3 + k2 + kska + kaks + ksks + Bks + (A + B)ks + Aks),

N | =

where

A::Zai—ch—y, B:szj—de—l—x.

It is now easy to check that under the relation (4.4),

(4.7 F! (ks ka, ks, 1) = (Fmt(kl,kg,l)

kl—k4+k5> + ksks.
ko=k3+kq
By substituting (4.6) and (4.7) into (4.5), we conclude Z(v) and Z(v') are equal
thanks to (3.29). This completes the proof of Theorem 4.1.

5. PARTITION ¢-SERIES AND CHARACTERS I — DYNKIN CASE

Let @ be an alternating quiver of Dynkin type A,, D, or E,. Denote by m,
m_ the set of sources, sinks of @), respectively. We consider the following mutation
sequence of length n = #Q:

(5.1) m=m_m;,.

Here consider m4 as sequence of mutations. The ordering within m.4 does not
matter since there are no arrows connecting two sources or two sinks in Q. It is
easy to check that
pm_(Q) = Q, My Q7)) =Q.

Thus with trivial boundary condition ¢ = id, v = (m,id) makes up a mutation
loop. The s-variables s, and s, before and after the mutation at v, are identified
for each v € Qg. Since every vertex v of ) is mutated exactly once, it is convenient
to label the k-variables by vertices, not by mutation order; we use the notation
k= (kv)vEQo-

To motivate our main result of this section, Theorem 5.1, we first give an exam-
ple. Consider an alternating quiver @) of type Ds

4

v

Q = 1—2<—3
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/4
u 1«2»3\
4
/4 — 5
1<2-3 U2
\
5
/4
M5 1=-2<3 =Q
N
5
/4
162»—3\ U3
4
5 N\l P
1=-2-=3
5

FIGURE 4. Example of type Djs: the mutation loop v = ((2,4, 5,1, 3),id).

and the mutation sequence
m_ = (2,4,5), my=(1,3), v=(m_-my,id)=((2,4,5,1,3),id).

See Figure 4.
The linear relations between k- and s-variables are
ky = —s1+ 253 — 53, ky=2s4 — 53, ks=2s5— s3,

5.2
( ) ki1 =281 — 89, k3= —82+ 283 — 84 — S5.

Recall that s/, = s, by the boundary condition. The weight is then expressed as
(5.3)

W(y) =

q%(282—81—33)282 q%(234—33)234 q%(285—83)235 q%(281—82)281 q%(283—$2—34—85)233

(@)252—s51—s5 (@)255—s5 (@)2s5—s5 (@)251—s» (@)255—s2—sa—s5
q2s§725251+253+253+253+252725253723354728385
(@255 —51-55 (@) 255 —55 (D) 255 — 55 (D) 25, 55 (D) 255 555455
The relation (5.2) is nondegenerate: we can solve (5.2) for s-variables:
s1= (2k1 + 2ko + 2k3 + ks + k5) /2,
S5 = ki + 2k + 2k + Ky + ks,
(5.4) s3 = (2k1 + 4ka + 6k3 + 3kq + 3ks) /2,
54 = (2ky + dky + 6ks + 5k + 3ks) /4,
s5 = (2k1 + 4ko + 6ks + 3k4 + Sks) /4.

Substituting these into (5.3), we can express Z(7) in terms of k-variables alone:
(5.5)

0 qkf+2k§+3k§+%k3+%k§+2k1 ko+2k1 ks+k1ka+kiks+4koks+2koka+2kaks+3kska+3ksks+ 3 kaks
Z() = >
k ks =0 (q)/ﬁ (q)kz (q)kB (q)k4 (q)ks
155K5
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Let A[x] denote the quadratic form associated with a symmetric n X n matrix
A = (aij):

(5.6) Alz] = Z aijriz; =z’ Az, (x = (z1,...,2n)).

i,j=1

The exponents of ¢ in the summand (5.3) or (5.5) are quadratic form in s- or
k-variables; they are neatly expressed as C[s] and DIk], respectively, where

2-1 0 0 0 44 4 22
1 2-1 0 0 IEEERE.
(5.7) c=| 0-1 2-1-1|, D=C1'=-]14812 6 6
0 0-1 2 0 1246 53
0 0-1 0 2 246 35

are nothing but the Cartan matrix of type D5 and its inverse. The linear relations
(5.2) and (5.4) are also simply given by
(5.8) k=Cs, s = Dk.
We write the product of g-Pochhammer symbols as
(5.9) (@) = [[(@)w.
iel
where v = (v;);es is a vector of nonnegative integers. The denominators of the

weights are then simply expressed as (q)g.

Theorem 5.1. Let @@ be an alternating quiver of simply-laced Dynkin type X,
(Xn = An, Dy, Ey), and v = (m_m,id) be the mutation loop defined in (5.1).
Then the partition g-series Z(7) has a following form:

(5.10) zoy= Y 4

k:(kla---;kn)eNn
where D is the inverse of the Cartan matrix C' = (¢;;) of type X,. The relation

between k- and s-variables is nondegenerate and is given by k = Cs.

Proof. First consider the mutation sequence m_ applied on Q. It is important to
note that every mutation vertex a € m_ is a sink of (). So we have

(5.11) ko = 8a + s, — Z 8; = 284 — Z Si, (aem_),
i:i—a€Q) irirva

where i ~ a means that the vertices i and a are adjacent in the underlying Dynkin
graph Q. Here we used the identification s, = s,. The weight of the mutation at
sink a € m_ is

q%(zsa_zi;iwa 5:)+(25,—0) qZLl CiaSiSa
(D, (@

Next consider the mutation sequence m_, on m_(Q) = Q°. Again, every
mutating vertex b € m is a sink of Q°P. Therefore

(5.13) ky = sp + s, — Z 5; = 28 — Z S, (bem_).
i1i—beQoP ii~beQ

(5.12)
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The weight of the mutation at b € m_ is given by
q%(QSb_Zi:i~b Si)‘(25b_o) qz?:l CibSiSp

(5.14) _

(@)K, (@
Clearly the relations (5.11) and (5.13) are combined into
(5.15) k=Cs,

where C is the Cartan matrix of type Q.
Collecting (5.12) and (5.14), the mutation weight of v is expressed as
i=1 CibSiSh qZ?’zl cijsisj  ¢Cls]

qZ qZ _
(5.16) - 11 11 T @e (@

aEm_ bem

71 CiaSiSa

where we used ¢;; = ¢;;. Since s = C~'k = Dk, we have
C[s] = C[Dk] = k" (DT CD)k = k" Dk = DIk].

Putting this into (5.16) and summing over k, we obtain the desired formula for the
partition g-series. O

6. PARTITION ¢-SERIES AND CHARACTERS II — SQUARE PRODUCTS

6.1. Products of quivers and their mutations. Let Q, Q' be two quivers with-
out oriented cycles, and B = (b;;), B’ = (bj,;,) be the corresponding matrices. The
tensor product Q@ ® @' is defined as follows [10] (Figure 5): the set vertices is the
product Qo x @, and the associated matrix is given by®

(6.1) B(Q® Q') =B(Q)® Iy + 1o ® B(Q)

where I, I denotes the identity matrix of size #Qo, #Qy, respectively. In other
words, the number of arrows from a vertex (i,i’) to a vertex (j, )

a) is zero if ¢ # j and ¢/ # j;

b) equals the number of arrows from j to 7' if i = #/;

¢) equals the number of arrows from ¢ to ¢’ if j = 5.

o —0<—0—>0<—20 Q e —>0<—0 —>0<—20 Q

° O—>0=<—0—>0=<—20 ° b —=-6<—F—=6<—0
ooy A
. O—>0=<—0—>0=<—0 ° <P —=>6<-¢—6
bt I
° 0—>0=<—0—>0=<—0 ° b—-=-6<-P—=6~<—06
Q' QRQ’ Q QL'

FI1GURE 5. Tensor product and square product of quivers.

3There is a natural isomorphism between path algebras C(Q® Q') ~CQ ® CQ’.
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S ey 0 a4 L s
} ] } ! } !

FIGURE 6. Creation and annihilation of a diagonal edge.

Now assume that Q and @’ are alternating, i.e. each vertex is a source or a
sink. We define the square product QLIQ’ to be the quiver obtained from Q ® Q' by
reversing all arrows in the full subquivers of the form {i} x @’ and @ x {i’}, where
i is a source of Q and 7’ a sink of Q".* Note that Q ® Q' has no oriented cycles,
whereas QUQ’ is composed of squares with oriented 4-cycle boundaries. It is easy
to check that

(62)  (Qe)7"=Q7=2Q"), (Q"0Q)=(Q0Q"")=(Q0Q)™.

In the remainder of this section, we assume @ and Q' are alternating quivers
whose underlying graphs are of Dynkin diagram of ADE type. The vertices of
QUQ' are partitioned into two subsets: for € = &, we put
(6.3) me = {(i,i') € Qo x Qf | sgn(i)sgn(i') =¢}.

In Figure 5, m and m_ corresponds to vertices & and ©, respectively. For each
€, there is no arrows joining two vertices v, v’ of m. and thus i, o fly = iy © fiy.

The following simple observation will be helpful. Choose a square S in QJQ" and
let v, v’ be the two vertices of S in the diagonal position (see Figure 6). Suppose we
perform two mutations, first at v, and later at v’. By the mutation rule 2), the first
mutation creates an arrow § which is a diagonal of S. But the second mutation at
v’ eliminates 0 by the mutation rule 3). As a result of combined mutation pu, and
Iy, the diagonal edge § disappears, and the orientations of all arrows bounding S
are reversed. Mutations on vertices other than v, v’ can never create or delete §.

With this observation in mind, it is easy to check that

fm, (QOQ') = (QOQ)™,  pm_ ((QUQ")?) = QUQ".

Consequently, v = (mym_,id) forms a mutation loop with initial quiver QUQ'.

6.2. Partition ¢-series. We now move on to the partition ¢-series for the mutation
loop v = (mym_,id) with initial quiver QUQ’.

As in Section 5, every vertex v of QUIQ’ is mutated exactly once; the s-variables
before and after the mutation at v are identified s,, = s/ by the boundary condition.
Both s- and k-variables are thus in one to one correspondence with the vertex set
Qo % Qp; let s¢; i1y, k(i) be the s-, k-variable associated with the vertex (i,i’),
respectively. It is useful to regard s = (s(; 1) and k = (k(; ;) as column vectors
indexed by the set Qp x Qf; we will use lexicographic ordering, if necessary.

The main result of this section is the next

4This orientation convention is slightly different from [10].
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Theorem 6.1. Let Q, Q' be alternating quivers of type A,, D,, or E, with Car-
tan matrices Cg, Cgr, respectively. Let v = (mim_,id) be the mutation loop
described above, with initial quiver QOQ’. Then the partition g-series Z(7) has a
following form:

(6.4) ) P

k>0

% Ca®C,, )[k]

The s- and k-variables are related as
(6.5) k=(Ig®Cq)s, s=(Ip®Colk,
where Ig is the identity matrix of size #Q.

Remark 6.2. The following remarks are in order.

The partition g-series for the case when Q is type X and Q' is type A,_1 is of
particular interest. Let L(rAg) be the vacuum integrable highest weight module of
the untwisted affine Lie algebra of type X (1), The structures of various subquotients
of this module, especially explicit description of their basis, are of considerable
interest from the viewpoint of mathematical physics, and have been extensively
studied [12, 11, 2, 15, 5, 6, 13, 7]. The corresponding characters are often referred
to as parafermionic formula or quasi-particle formula. Precisely the same formula
as (6.4) appears in the literature (see for example (9) of [11], (0.5) of [6], or (5.40)
of [7]). The relation with string functions [8] reveals that when multiplied by a
suitable power of ¢, ¢°Z(y) becomes a modular form of some congruence subgroup
of SLy(Z).

Before giving a proof, we illustrate the statement of Theorem 6.1 using an ex-
ample of A3[0As:

1—3 )
e=1 1 1

2<—4—6

-

Here we enumerate the vertices in the lexicographical order:
1+ (1,1), 2+(1,2), 3+ (2,1), 4+(2,2), 5+ (3,1), 6+ (3,2).
We consider the mutation loop (see Figure 7)
my = (1,4,5), m_ = (2,3,6), v=1((1,4,5,2,3,6),id).

By the boundary condition, s-variables before and after mutation are identified
vertex-wise. The linear relations between k- and s-variables are
kl :281 — S92, k‘4 :254—83, k‘5 :285—56,

(66) ]i)2 = 282 — 81, k3 = 283 — 84, kG = 286 — S5.

This may be written as

Ky 2-1 0 0 0 0\ /s
ks 1 2 0 0 0 0] s
ks | | 0 0 2-1 0 0]/ ss
k|l 7] 0 0-1 2 0 0]] s
ks 00 0 0 2-1]|]1ss
ke 00 0 0-1 2/ \s
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i

e N

N —>H—
<0
[ A

!

/

SH<— Ut
~<—0w

[

w3

S —>C
DN —>—

L1

FIGURE 7. A30As and the mutation loop v = (mym_,id). Here
my = (1,4,5), m_ =(2,3,6).

or more compactly,
(6.7) k=(Is®Ca,)s.
The weight is given by
q%(281—52)(281—83) q%(254—53)(254—52—56) q%(255—53)(255—56)

W(y) =
(Q)Qsl —So (Q)234753 (Q)255 —S6
q%(232—31)(232—34) q%(233—84)(233—sl—85) q%(236—S4)(236—35)

(6.8)
X

(q)282—51 (q)283—84 (q)QSG—Ss

The numerator of (6.8) is of the form q2°15) where C [s] is a quadratic form defined
by the positive definite symmetric matrix

4-2-2 1 0 0

-2 4 1-2 0 0
2-1 0
-2 1 4-2-2 1 2 -1
Sl r22 a2 2] ®<—1 2>CA3®CA2'
0 0-2 1 4 -2
0 0 1-2-2 4
We have s = (I3 ® C’Z;)k by inverting the relation (6.7). Substituting this into
(6.8), we obtain the partition g-series:
> q2DIFl
700 = @ @@ (@, @ @)
K1k kg ko, ks kg =0 4)k1\4)k2\q)k3\q) ks \q) k5 (q ) k6
where
4 2-2-1 0 O
2 4-1-2 0 O
2-1 0 2 1
1|21 4 2-2-1] 303\ =
D=31_12 2 4-1-2|~ _é f_; ®<1 2>—CA3®(CA2) :
0 0-2-1 4 2 N 50
0 0-1-2 2 4
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Proof. of Theorem 6.1:

First consider the sequence of mutations m_, applied to QUIQ’. Pick a vertex
v = (4,7) € my (marked with @ in Figure 5.) Then by the very definition of
QUQ’, every incoming arrow « to v comes from “vertical” directions; « is of the
form (4,5') — (i,i’) where j' is adjacent to i’ in the underlying graph @’. This
means that the k- and s-variables are related as o

(6.9) Ky =286 = D S
Jlal~jeQ’

Next we take up the mutation sequence m_ (marked with & in Figure 5). Since
the mutation m_ is applied only after m is over, it is convenient to consider
pm, (QOQ") = (QUQ')°P as the initial quiver. Then the connections around the
mutating vertex is exactly the same as before: all incoming arrows again come from
“vertical” directions. Thus, (6.9) is true for v = (i,i') € m_ as well. Thus we have
the relation

(6.10) k= (IQ ® CQ/)S.

Since Q' is of ADE type, C¢ is a positive definite symmetric matrix. Thus the
linear relation (6.10) is invertible:

(6.11) s=(Io®Cy k.

In particular, the mutation loop  is nondegenerate.

We have seen that all incoming arrows to the mutating vertices run “vertically.”
This means that all outgoing arrows run “horizontally.” Therefore, kY-variables,
which are introduced in (3.8), are related with s-variables as

(6.12) kz/i)i/) =28(;,i1) — Z S(4,1)>
jrirjeQ
or equivalently,
(6.13) kY = (Co® Ig)s.
The weight of the whole mutation sequence is then
shoky g2 X, kok)

(6.14) Wiy =] 4 =

(D, (D

Note that the sum in the numerator is written as
> koky =K'k = kT (Cq @ Ig)s
! = k" (Cq@lg)(Iq®Cylk =k (Cq® Cylk
= (Cq ® CoM[K].

(6.15)

Combining (6.14), (6.15), and summing over the k-variables, we obtain the desired
formula (6.4).
(]

Remark 6.3. With the same initial quiver QLIQ’, we can construct another mutation
loop v/ = (m_m.,id) by exchanging m, and m_. Analysis similar to that in
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the proof of Theorem 6.1 show that @ and @’ exchange their roles; the partition
g-series is now given by

1(c5'eCy )k

(6.16) 2() =3

= (D
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