UTMS 20142 January 21, 2014

Transverse projective structures
of foliations and infinitesimal derivatives

of the Godbillon-Vey class

by
Taro ASUKE

N
=l M

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




TRANSVERSE PROJECTIVE STRUCTURES
OF FOLIATIONS AND INFINITESIMAL DERIVATIVES
OF THE GODBILLON-VEY CLASS

TARO ASUKE

ABSTRACT. We study transverse projective structures of foliations
and construct an invariant, which is a homomorphism from a foli-
ated cohomology to the ordinary one. It is shown that the infini-
tesimal derivatives of the Godbillon-Vey class and the Bott class
are determined by the invariant. As a corollary, a rigidity theorem
for the Godbillon-Vey class and the Bott class is shown.

INTRODUCTION

It is known that the Godbillon-Vey class and some secondary char-
acteristic classes for foliations admit continuous deformations, namely,
they can vary continuously under deformation of foliations. If smooth
families of foliations are given, the derivatives of these classes with re-
spect to families can be considered. The derivatives are defined indeed
not only with respect to actual deformations but with respect to in-
finitesimal deformations [10] (see also [4], [3]). We call such derivatives
infinitesimal derivatives for short. It is known that infinitesimal deriva-
tives of the Godbillon-Vey class and the Bott class are represented in
terms of projective Schwarzians and their Ricci curvatures. A formula
was found by Maszczyk for codimension-one foliations and by the au-
thor for those of codimension greater than one [18], [3]. The formu-
lae suggest that there exists an invariant associated with transverse
projective structures of foliations which determines the infinitesimal
derivatives. Transverse projective structures are usually studied under
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2 TARO ASUKE

the assumption that they are invariant under the holonomy (cf. [19],
[5]), however, it is insufficient in the study of infinitesimal derivatives.
In this paper, we first clarify transverse projective structures not nec-
essarily invariant under the holonomy. It is an adaptation of Cartan’s
and Thomas’ theory [23], [16]. We largely rely on the Robert ver-
sion of Thomas’ theory [21] but we also need a version of the Hlavaty
connection [12] in order to construct appropriate connections. After
discussing transverse projective structures, we will recall some relevant
notions on the infinitesimal derivatives. Then, we will construct an
invariant, which is a homomorphism from a foliated cohomology to the
ordinary one, and describe infinitesimal derivatives by means of it. As
a corollary, we obtain a rigidity theorem for the Godbillon-Vey class
and the Bott class. A part of this work is done while the author enjoys
his visit to the ‘Institute de Mathématiques de Toulouse’. He would
like to express his gratitude for their warm hospitality, especially to

J. Rebelo.

1. TORSION-FREE AND THOMAS-WHITEHEAD CONNECTIONS
FOR FOLIATIONS

Throughout this paper, we will assume that manifolds and foliations
are smooth, namely, of class C>°. We refer to [4] for generalities of
transversely holomorphic foliations.

1.1. Transversal torsion and Christoffel symbols.

Let M be a manifold, F a foliation of M and T'F the tangent bundle
of F. If F is a real foliation, then we set E(F) = TF. If F is
transversely holomorphic, then we define E(F) as follows. Let (z,y) =

Lo 2Pyt .. y?) be coordinates on a foliation chart, where y =

(x
(y',...,y%) are coordinates in the transversal direction so that y € CY.
We define E(F) to be the complex vector bundle locally spanned by

0 0 o) 0

3T 5 gap and B0 DT By abuse of notations we denote by T'M

the complexification TM ® C of TM. In the both cases, let Q(F) =
TM/E(F) be the (complex) normal bundle of F and 7: TM — Q(F)
the projection. If F' is a vector bundle over M and if U is an open
subset of M, then we denote by I (F') the set of smooth (even in the
transversely holomorphic case) sections of F' over U. If U = M, then
I'y(F) is also denoted by I'(F). In what follows, we mostly deal with



PROJECTIVE STRUCTURES AND INFINITESIMAL DERIVATIVES 3

transversely holomorphic foliations. The arguments in the real case are
easier and almost parallel.

Notation. We will frequently compare coefficients of tensors, connec-
tions, etc. in what follows. Once a chart is chosen and coefficients are
defined, the symbol ‘7’ is used to express another chart and the co-
efficients on it. For example, if (U, ¢) is a chart and if a4,...,q, are
coefficients of a tensor on (U, @), then (U, 3) represents a chart such
that UNU # @ and ay, . .., a, represent the coefficients on ((7, ®). The
coefficients are often considered as entries of matrices, and the mul-
tiplication rule of matrices is applied. For example, if w!,...,w? are
coefficients of a C?-valued 1-form and if aj—, where 1 < 4,5 < ¢, are
coefficients of a gl (C)-valued 2-form, then we set w = *(w' --- w9),
A = (a') and define A A w to be a C%valued 3-form of which the i-th

‘] . .
entry is given by » - aj Aw’. Finally, the Roman indices will begin from

j
one, while the Greek indices will begin from zero.

Definition 1.1. A connection V on Q(F) is said to be a Bott connec-
tion if VxV = 7[X,Y] for X € I'(E(F)) and Y € I'(Q(F)), where Y
is any lift of Y to I'(T'M). A connection D on A? Q(F) is said to be a
Bott connection if DxY = LxY if X € I'(E(F))and Y € I'(A* Q(F)),
where Lx denotes the Lie derivative.

It is well-known that Bott connections always exist. Note that a
Bott connection on Q(F) induces a Bott connection on A? Q(F).

Definition 1.2. We denote by Kz the line bundle A? Q(F)*, where
q is the codimension of F. If F is transversely holomorphic, then ¢ is
the complex codimension and K is called the canonical bundle of F.
We denote \? Q(F) by K7'.

Definition 1.3 ([24]). Let V? a Bott connection on Q(F). We define
a skew-symmetric (0, 2)-tensor field 7" on Q(F) by
_ b b v v
T(X,Y)=VLY - VIX —7[X,Y],
where 55, Y are lifts of X, Y toTM. We call T the transversal torsion
of V®. A Bott connection is said to be transversely torsion-free if T' = 0.

Lemma 1.4. The transversal torsion is a well-defined (0, 2)-tensor
field.



4 TARO ASUKE

Proof. First we fix Y. Let X’ be also a lift of X and set U = X' — X.
Then we have V%,Y = V§~H5Y = V%Y +7[U,Y]. On the other hand,
we have 7[X’, Y] = 7[X, Y] + #|[U,Y]. Hence T(X,Y) is independent

of the choice of X. Similarly, we can show that 7'(X,Y) is independent
of the choice of Y. If we replace X by fX, where f is a function, then
we may assume that fX = fX. Hence T(fX,Y) = VZ}XY - V%fX —

T[fX,Y] = fVRY — (V)X = fVE X~ falX Y] +(Y /)X = fT(X,Y).
Similarly, we can show that T'(X, fY) = fT'(X,Y). Therefore T is a
tensor. U
Remark 1.5. If we set

T(X,Y) = Vin(Y) = Vim(X) - 7[X, Y],
then, T is the torsion in the sense of [24]. We have T = 7*T.

Let U x T' C R? x C? be a foliation chart, and let z and y be local
coordinates in the leaf and transversal directions, respectively. We set

€;, = 0
i =T ayl Y

and let w = (w;) be the connection matrix of a Bott connection on Q(F)

with respect to {ej,...,e,}. Then, each wj- involves only dy!,. .., dyq,
especially not dy, . .., dy, in the transversely holomorphic case.

Definition 1.6. Let V° be a Bott connection on Q(F) and let (z,y)

be coordinates on a foliation chart. We set I, = dy’ Vb, ex | and
Byj

call {F;k}” . the Christoffel symbols of V® by abuse of notations.
Lemma 1.7. Let V° be a Bott connection on Q(F).
1) F;'.k = dy <Vl’a_+Xek> it X € I'(E(F)).

oyJ
2) V' is transversely torsion-free if and only if I, = I'}; holds for any

1,7, k.
Proof. We first show 1). We have [X, %} € I'(E(F)) because X €
T'(E(F)). Hence we have Ve, = 7 [X, a;:k] = 0. Therefore, V*, ey

oyJ
VP er + Vier = V%5 er. Next we show 2). By Lemma 1.4, V° is

oyJ oyJ
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transversely torsion-free if and only if 7" (e;,e;) = 0 for any j, k. We
have

T(ejex) =V e, — Vs e — U :Z( Lo—T% e

Jr Ck % k ﬁ J oyl OyF - Jk kj/ =i

The right hand side is identically equal to 0 if and only if FJ = I‘Z
holds for any 1, 5, k. D

We set Tj,, = @ We have then T' = %eﬂ?kdyj A dy*.

Z7j7

Let U x T and U x T be foliation charts with coordinates (z,y) and
(Z,y). We have then ¥ = v(y) for some (biholomorphic) diffeomor-
phism ~ defined on an open subset of T'. We refer v as the transversal
component of the transition function.

Lemma 1.8 (cf. [17, Proposition 7.9]). Transversely torsion-free Bott
connections exist.

Proof. Let V° be a Bott connection. If we denote by {I‘ k} the Christof-
fel symbols of V° with respect to {ey, ... eq} then

o Y ~ Oy oy
=T oo+ 2 o g o

Hence, if we set F’; =TI

;> then the family {F”k} satisfies the same

: . T 4T
relation as above. Therefore, if we set w!, = -5 then {w!, } deter-

mines a connection. It is easy to see that thus deﬁned connection is a
Bott connection and transversely torsion-free. U

We refer to [24] for more on the differential geometry of foliations.

1.2. Bundle of transversal volume elements and Thomas-
Whitehead connections.

We will introduce a version of the Thomas-Whitehead connections
in the sense of [21] for foliations. First of all, we recall relevant Lie
algebras.

Definition 1.9. We denote by pgl,,(C) = gl ,,(C)/C the Lie algebra
of PGLy4+1(C) = GL441(C)/C* and set m = C.
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Let m @ gl (C) © m* be the Lie algebra of which the Lie bracket is
given by [(z*, 2%, 7;), (', ¥}, y;)] = (2%, 2}, 2;), where

2t = szyk - Zyllgxk7
k k
(1.10) 2= Z(xiyf —ypat) + a'y; — Yz — Z(xkyk — ™)1,

k k
_ k k
Zj = E TrY; — E YT
L k k

for («°, 2%, 2;), (v', 4%, v;) € m @ gl,(C) ® m*. Then, pgl,,,(C) is iso-
morphic to m @ gl,(C) @ m*. Indeed, let X € pgl,,,(C) and A =
a bz
¢ D
(¢, D} — a,b;), then it gives an isomorphism. If {w} is a family of

€ gl,41(C) a representative of X. If we associate X with

m-valued r-forms such that @ = D~ w, where 7 is the transversal com-
ponent of a transition function, then {w} is naturally a Q(F)-valued
r-form and vice versa. Similarly, a family {u} of m*-valued s-forms
such that D~y = p corresponds to a Q(F)*-valued s-form.

Definition 1.11. The C*-principal bundle (R.¢-principal bundle in
the real case, where Ry = {t € R|t > 0}) associated with Kz' is
called the bundle of transversal volume elements and denoted by Ex.
We denote by p the projection from Ex to M.

The bundle £ admits natural local coordinates as follows. Let U x
T C RP x CY be a foliation chart and (x,y) be coordinates on U x T'.
If U x T is small enough, then we have a local trivialization Ex|yxr =
UXT xC* (or Exluyxr = U xT xRsp). We locally identify U x T' x C*
with U x T' x C by the correspondence (x,y,u) — (z,y,logu), where
we take refinements and choose branches of the logarithm (in the real
case, we can identify U x T x R.q with U x T x R). By changing
the order, we may use (z,y°,y) € U x C x T as local coordinates
for £x. Then, transition functions are given as follows. Let (V,¢)
and (V, ) be foliation charts such that V N V # @. If we identify
V with ¢(V) and if we assume that V' = U x T, then the transition
function from ¢(V N 17) to (VN 17) is of the form (¢,7). Then a
point (z,9y° y) € ¢(V) x C (the order of the coordinates is changed)
is identified with @(z,4°,y) = (¥(z,y), y° +log det Dy(y),v(y)), where
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log represents the fixed branch. Therefore £ is naturally equipped
with a foliation which we denote by F. Indeed, E(F) is the subbundle

of T'¢x locally spanned by

1) in the transversely holomorphic case, %, %, where 1 <17 < p and
0<p<gq,

2) in the real case, -2

) Ot

Let D be a Bott connection on K ;1. We denote the associated connec-

tion on Ex also by D. Then, E(F) is the horizontal lift of E(F) with
respect to D. If X € TM, we denote by X" the horizontal lift of X to
TEr. We set Q(F) =TEx/E(F) and denote by 7 the projection from

TEF to Q(F). We set € =T (%). Then {e, ..., €} is a local trivi-

alization of Q(F). If we set J = det Dy, algf‘] = (8;;%‘] 850—7;5(1‘])
dlog J

and Dy = (0 By ), then the transition function on Q(j-: ) is given
Y

where 1 <1 < p.

by lN)y. The bundle Q(]T- ) also deserves to be called the horizontal lift
of Q(F).

Definition 1.12. We denote by p: Q(]?) — Q(F) the projection in-
duced from the projection p,: TEx — TM. If v € Q(F), then let v be

a lift of v to TM and set v" = 7(2"). We call v the horizontal lift of
v to Q(F) with respect D.

The following commutative diagram commutes:
T& —— Q(F)
5| |
TM —— Q(F).
Lemma 1.13. The horizontal lift of v € Q(F) is independent of the

choice of v.

Proof. Let ¥ be also a lift of v to TM. Since v — v € E(F), we have

(@) — " € B(F) so that #((7')") = 7(@"). 0

Let fidy'+ -+ f,dy? be the connection form of D with respect to
er A --- Aeg. Then we have

(114) 6? = € — fiE().
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We formally set el = ¢y. As Q(F) is the horizontal lift of Q(F), it is
natural to choose {e’g, eh, ..., eZ} as a local trivialization of Q(F). We

(€0y...,€4) = (eg,...,ef]‘) ((1] }C),

where f = (fi -+ f,). Note that (€,)" = eAZ and that (¢f),...,e") (

’7q

have

1
0

(ef,-...e}). This trivialization will be useful for a characterization of
TW-connections (Theorem 1.20).

Definition 1.15. Let £ be the vector field on £ locally given by %.
We call € the canonical fundamental vector field after [21].

Note that F is invariant under the C-action generated by £&. Note
also that 7(£) = eff = €.

We introduce a foliated version of Thomas-Whitehead connections
as follows.

Definition 1.16. A linear connection V on Q(]T" ) is called a transverse
Thomas- Whitehead projective connection (transverse TW-connection,
or even simply TW-connection for short) if V satisfies the following
conditions, namely,

1) Vxeo = —qul%(X) for any X € I'(TEF).

2) VY = — LY for any Y € I(Q(F)).

3) V is invariant under the right C-action generated by &.

Let D be a Bott connection on K}l and V’ a Bott connection for F.

A transverse TW-connection V is called a transverse TW-connection

for (V°, D) if V satisfies the following additional condition, namely,

4 If X € I(TM) and Y € I'(Q(F)), then p(VxrY") = V&Y, where
p: Q(]?) — Q(F) is the projection.

If the following stronger condition is satisfied instead of 4), then V is

said to be standard:

4) VYt = (V4 Y) for X € I'(TM) and Y € I'(Q(F)).
If D is induced from V°, then we omit mentioning D.

Remark 1.17. 1) The condition 1) in Definition 1.16 implies that
Vxneg =0 for X € E(F).
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2) We will later introduce the torsion and curvature of a TW-connection
in Definition 1.28, which are different from those as a linear connec-
tion.

3) If Vx = 0 for X € I'(E(F)), then we can ask V to be transversely
torsion-free as a linear connection on Q(F) as in [23]. Then, the
conditions 1) and 2) in Definition 1.16 are equivalent. See also 3) of
Remark 1.22.

Let V be a foliation chart for F. Let {I‘; » } be the Christoffel symbols
of V? on V with respect to {ey,...,e,}, and let § = > f;dy" be the

connection form of D with respect to e; A -+ A e,. We consider f =
(f1 -+ f,) asalocally defined m*-valued 1-form. The following Lemma
is immediate from the definition.

Lemma 1.18. Let V be a TW-connection and w the connection form
of V with respect to {e,...,€,}. Then we have

B I [(dy 0 0 v
Y q+1<dy dyolq)+(0 u)

for some p and v, where tepp = Lepp = 0 and v = Lev = 0. We refer
(u,v) as the components of V with respect to {eo, ..., €}

More precise description of 1 and v when V is a TW-connection for
(V?, D) will be later given in Theorem 1.20.

Under the identification pgl ., (C) = m®gl,(C) &m*, the connection
form w as in Lemma 1.18 corresponds to (—quldy, 14, V), where dy =
t (dy1 e dyq). Indeed the connection form of a Cartan connection
is obtained from (u,r) and the Maurer-Cartan form of H?(q) which
will appear in §3. We refer to [7] for details.

Definition 1.19. We set, for 1 <1i,j,k < g,
O

e, =1t — 7 Tk
ik Jk q+1fk‘ q+1f]7

1 ,
L(q); = df; — il Z fifredy® — Z Sl dy",
p ik

where &} denotes the Dirac delta. We set 1) = > IT% dy", 1T = (IT)
k
and L(q) = (L(q);)-
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Note that L(q) = df — qj%lfH — fII and that if we know D then we
can recover I' from II. By modifying the constructions of [23] and [12],
we can always find a TW-connection.

Theorem 1.20. Let V’ be a Bott connection for F and D a Bott
connection on Kz'. If V is a transverse TW-connection for (V?, D),
then the components of V with respect to {ep,...,¢,} is of the form
(IT, L(q) + «), where « is the pull-back by p of a Q(F)*-valued 1-form
on M. A transverse TW-connection V for (V° D) is standard if and
only if a = 0.

Proof. First, we show that (II, L(q) + 04) as above gives rise to a con-
nection on Q(F ) Let U=V x Cand U = V x C be foliation charts
for F, and let (I, L(q) + a) and (H, L(q)+@) be as above. Let  be the
transversal component of the transition function from V' to V. We set

B 1 dy® 0 0 Lig)+a ~ .
W= P (dy dyolq) + (0 I and define @ in the same

way. Then, w and @ are local connection forms of a connection on Q(F)
if and only if they satisfy the equality w = (D~y)"tdD~v + (Dv) '@ D~.
We have

_ _ 0 dalogJ 6logJ(D,y) 1dD’y
(Dy)~'dDy = o X :
0 (Dv) " dD~y

[y —1 dj.]o 0 = o d@\o O
(D7) <d§ a°r, ) P7= o apl,

(D'Y) 1dy (D’}/) 1d/\810gJ

+< BIOgJ(D’)f) ldy 810gJ(ny) 1dA810§J
dy® —dlog Jo5.

= BlogJ
dy dy° + dy=5==

C(dy® 0 0 —dlogJalOgJ
= dy dyOIq log J) +dy810gJ

~ (o Z<q>+a) 5, (o <E<q>+a>m 212 J (D))~ 1an>

0 (D) TID~
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Since I' = (I'}) and I are connection forms, we have

I = (D7)~'dDy + (Dy)"'TD~,
S fdy = dlog T+ fidip.
J J
Therefore,
(IT}) = (D7) "'dDy + (D)~ (T%) Dy
1 o

1 4 . (OlogJ ~
- m(DV) 'dy ( By + (fj)D7>
= (D7)~ (IT)) Dy

1 1 dlog J
D~y)'dDy — ——(dlog J)I, — d .
(D) Dy = (o), - —pdy (ZE)

On the other hand,

L(q)
8 log J dlog J

Oy

1 ~ ~
+dfDy+ fdDvy — | < —l—foy) (dlog J +0)

dlog J

+fD7> (D7)~ (ITH) Dy

~ 1 1 dlog J
D D) *dDy — ——(dlog J)I, — ——d
+707) (D3 apy = tdog iy —an (T5E )
GlogJ dlog J

Jdy

log J 1 1 dlog J

dy (( g dm_qﬂtld‘y( Ay ))

Thus a connection is defined. It is easy to see that the conditions other
than 4) in Definition 1.16 are satisfied. To see that the condition 4)
is also satisfied and the uniqueness of the standard T'W-connection,
let {eg,ef, ..., et} be the local trivialization of Q(F) given by (1.14).
Let V be a TW-connection for (V?, D), w the connection form of V
with respect to {e, ..., ¢} and (p, ) the components. If we set F' =

Dy +d (Dy)~M(IT) Dy

EalogJ
L(q)
0
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((1) _]f)7 where f = (fi -+ fg), then we have

F'dF + F7'wF
_ (—q%dyol— a1fdy —df + arfdyf Tyt fu)
— oy —a(=dyf +dy’ly) + )’
which is the connection form of V with respect to {ef,el,... e}
Therefore, if we denote by dn® = dy® + 0,dn* = dy*,...,dn? = dy?
the dual to e, ..., €, then
FY4F + F'wF
_ (—qﬁdno —L(q) + v+ f(u—1I) )
—ogdn —omdmoly + p+ o5 (fdnly +dnf) )

The connection V is a transverse TW-connection for (V° D) if and

only if
— L dn® a
FY'dF + F'wF = ( s _ ) ,

where @ is an m*-valued 1-form which does not involve dy° (and dy°).
This holds if and only if g = II. Moreover, V is standard if and only if
in addition o = 0, namely, v = L(q). O

Definition 1.21. A T'W-connection V is said to be tnvariant under the
holonomy if w is the connection form of V with respect to {e,. .., €},

then txw = Lxw = 0 for any X € E(F), where ¢ and £ denotes the
inner product and the Lie derivative, respectively.

Remark 1.22. 1) If D is induced from V?, then we have > IIi, = 0.

In particular, Il =0 if ¢ = 1.

2) Let T be the transverse torsion of V’. If X|Y € TM, then let Z
be a lift of T'(7(X),n(Y)) to TM and set Tp(X,Y) = 6(Z). Then,
L(q) Ndy = R(D) + Ty, where R(D) is the curvature of D. If in
particular V? is transversely torsion-free, then L(q) A dy = R(D).

3) A standard transversal TW-connection is not always torsion-free as
a linear connection on Q(F) even if Vx = 0 for X € I'(E(F)). In-
deed, eZ are not necessarily associated with transversal coordinates.
Suppose that V? is transversely torsion-free and that 6 = Y fidy’ =

dg locally holds for some function g such that X(g) = 0 for any
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X € I'(E(F)). Such a g is a function only in ¢!, ..., %, in particu-

lar, transversely holomorphic in the transversely holomorphic case.

If weset n® =4 +g(y', ...y, 0" =y, ... .07 =y, then,au GZ

and the standard TW-connection is torsion-free.

Definition 1.23. Let V,V’ be transverse TW-connections. We say
that V and V'’ are projectively equivalent if there exists a section 5 of
Q(]F )* @ T*Ex with the following properties. We regard [ as a section
of (T*Ex)®? by the pull-back if necessary.
i) S(eo, X) = B(X,€) holds for all X € TE..
) B(eo,€0) = 0 and Beo, -) = 0 on E(F).
iii)  is invariant under the C-action generated by &.

)V = (L) ®id +1d ® (L, 5) — B ® €9, where id = ) €,dy*

W

1
ii

iv

denotes the identity map on Q(F) and (1¢,3)(X) = S(eo, X).
If moreover 3 is foliated in the sense that tx 3 = Lx8 =0if X € E(j-:),
then we say that V and V' are F-equivalent.

Let V and V' be equivalent transverse TW-connections. We will
calculate an explicit form of V' —V for later use. If § is an equivalence,
then we can represent

=D bidy' @dy’ + Y bdy’ @dy’ + ) dy' @,
i j i

where ¢, 3; = 0 and L., 3; = L¢,b; = 0 for any 7 and j. We have

1 0 bjdyo
(%oﬁ) ®ld - (0 bjdyi) )

3 bydy? 0
id ® (1, 8) = j ;
0 > bydy?
J
2objdy’ bidy® + By e bydy + By
J
pou| 00
0 0 0
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Hence, if we set B = (51 --- ;) and b= (by --- b,), then

, - (0 B
(1.24) Vi-V= (0 bdqu+dyb)'

We also clarify the condition that the coefficients of 5 should satisfy.
Let 8 = > bidy' @ dy° + > b;dy° @ dy? + Y dy* ® f3; be the repre-
i j i

sentation of  on another foliation chart. Then b, = Z/b\k(Dv)f and

k
; be (D) 28 dy! + Z by 2982 (DyYldy* + Ek) BrDAE.

The following deﬁmtlon is Classmal [15].

Definition 1.25. Let V® and V¥ be Bott connections for F. We
say that V® and V¥ are projectively equivalent if V¥, Y — V%Y =
AMX)Y + A(Y)X holds for some section A of Q*(F). We call A an
equivalence between V and V’. If X is invariant under the holonomy,
then we say that V and V' are F-equivalent.

Let p be the canonical form on the frame bundle P(F) of Q(F). We
denote by w and ' the connection forms on P(F) of the connections
associated with V® and V¥. Then, p and X can be naturally regarded as
an m-valued 1-form and an m*-valued function on P(F), respectively. If
we represent p = f(p' --+ p?)and A = (A -+ \,), then ' —w = [p, A],
where the right hand side is defined by (1.10).

1.3. Normal and Hlavaty connections.

There are classical constructions on manifolds of dimension ¢ > 1.
If a torsion-free connection is given on a manifold, then there is a nor-
mal™ TW-connection. In this case, a transversely torsion-free Bott
connection is a torsion-free connection in the usual sense. The defin-
ition of normal TW-connections is almost the same as in Theorem 1.20
but D is assumed to be induced from Vb, and L(q),x is replaced by

' _q+1 m
(1.26) L'(q);x < a — anmnlk> .
Im

q—l

The most difference is that normal ones are Ricci flat but standard ones
are in general not. Note that the Ricci curvature does not necessarily
t1We call the connection normal because it corresponds to the normal projec-

tive connection [15]. See ‘Fundamental Theorem for TW-connections’ in [21] and
also [23].
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make a sense for a transverse TW-connection if it is not holonomy
invariant. Normal connections are useful when transversely projective
foliations (Definition 2.1) are considered.

On the other hand, Hlavaty constructed a connection similar to the
TW-connection in [12]. The original one is slightly different from pro-
jective connections in the sense of [23] but it can be modified as follows.
We work on manifolds so that (y',...,y9) denote local coordinates.

First let
7 % 1 i (Ta a 7 a a
Dl =1 + 2-1 Z (5j(rka —qlgy) + 0, (IG5 — qrja)) .
Note that if V is torsion-free, then ®%, =TI, Let w be a volume form
and locally represent w as w = pudy' A --- Adyd. If we set
1 Ologu

Y ESEET

Y

Yj
then

5. 1 OdlogJ
Note that (¢+1)7;dy’ is the connection form with respect to Biyl JARERVAN

)
Dyt
Hlavaty made use of volume forms but connection forms suffice. If

Z f;dy? is the connection form of a connection on A?TM with respect

of the connection on K}l flat with respect to lail/\- . -/\%. Indeed,
pdy Y

j
toaiyl/\"-/\a%q,then
1 1 = 1 OlogJ
fi= fi+ ;
q+1 q+1 g+1 Oy
Conversely, Definition 1.19 also works if we define f; from a volume

form. We will proceed as if 7; is defined from a volume form, but we
can modify the argument even if «y; is defined by a connection. Let m, [
be a function, and set
1 0m 1 a
™= rriey YT v iow
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and

6’7
] Z '7aCI)J]g + VMg + lj/}/k — YiVk

1 02 log 1 0 log U dlog Olog
- P, + 8 | o8k
q+ 1 ( y]ay Z 8y1 my + J ayk

1 810g J 8log J
qg+1 9y oy )

Let Pjj be a tensor in the sense that Pj, =) Pab gz: gg We set
a,b

w?k = P, + (¢+ D7y,
82 log 11 0 log P 8 log 11 Olog
Z — M+l
Oy OyF oyl dy
1 Odlogp 8 log 1
g1 0y Oyk
We can show, in a similar way to prove Theorem 1.20, the following.

Jk

Theorem 1.27 (cf. [12]). We can define a TW-connection by locally
setting

) a0 0 Sompdy® Ldy® + 57 Prdy® + (¢ + 1) - mjdy®
_ - k k k
1 <dy dyolq)+ 0 > Byt

Compared with the original one, wgv,w;-)o and 7w are modified. As
a consequence, w?k are also modified. The connection given in The-

orem 1.20 can be regarded as a variant of the Hlavaty connections.

1.4. Curvature and torsion of TW-connections.

Let V be a TW-connection, w the connection form of V with respect
to {€o, ..., €} and (u, ) the components. Then, the curvature form of
V as a linear connection on Q(F ~) is given by

: ——v Ady dv+vAp
=(RY) = Q+1
= (1) ( Gt Ady dptp A - lldy/\y.)
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Under the identification pgl,,,(C) = m @ gl (C) © m*, R corresponds
to (', %, Q;), where

. 1 .
V=—-— LA dyF,
q—i—lguk Y

, . 1 , 1
QL= (d AR — ——dy* Ny + —— A dy"
b= (dp+ A ) 1 V9+q+1ZVk Y,
Q; :de+ZVkAM?.
k
Definition 1.28. We call (€}, Q;) the curvature of V and € the tor-
sion of V. We say that V is torsion-free if Q' = 0.

Let V be a TW-connection for (V? D). Then, the components of
V with respect to {e,..., €} is given by (II, L(q) + «). Therefore we

have
g+l - kN aY
= LT?kdyj A dy”
J )
R aT 1
) ) 1 .
1
+—— (L(q)x + ax) A dy",
Q= d(L(g) + ); + > _(L(q)x + ar) AT}
k
, _ 1
== [l +daj+ ) ainT;— pa) D FifTdy* A dy™,
( i kJlm
where T}, = F;’“;i are the coefficients of the transversal torsion 7" of

V’. Note that )~ Rl = 0 and
m

1 . . .
0 __ E I k §

.5,k J
These equalities can be shown by lengthy calculations which we omit.
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2. TRANSVERSE PROJECTIVE STRUCTURES

Let G?(q) the set of 2-frames at 0 € C?. Tt is well-known [16] that
G*(q) = {(s5; s%) | (s5) € GLy(C), s¥;, = s};} and G*(g) has the group
structure such that

(S;Z’Syzk)(sj’sjk ( Z ?’ZS/; gk + qur §j§ ) :
We set
H*(q) = {(S;, s;k) € G%(q)|3s; s.t. szk = —(s?sk + S’]L;;Sj)}

H = {(8 :) € PGLq((C)}.

The group H is naturally isomorphic to H?(q) via linear fractional

and

transformations.

Definition 2.1. Let P?(F) be the transversal 2-jet bundle [19]. A
transverse projective structure of F is a subbundle of P?(F) of which
structure group is H?(q) [19], [5]. If F admits a transverse projective
structure invariant under the holonomy, then F is said to be trans-
versely projective. If in addition the transverse projective structure is
given by that of CPY, then the transverse projective structure is said

to be flat.

Transverse projective structures are often assumed to be flat and the
term ‘flat’ is omitted. However, we consider the both in this paper.

Theorem 2.2. Let V? and V¥ be Bott connections for F, and let D
and D’ be Bott connections on K}l.

1) Transverse TW-connections V for (V®, D) and V' for (V¥,D’) are
projectively equivalent in the sense of Definition 1.23 if and only if
V? and V¥ are projectively equivalent in the sense of Definition 1.25.
Therefore, the projective equivalence classes of Bott connections on
Q(F) are in one-to-one correspondence to the projective equivalence
classes of transverse TW-connections on Q(JE ).

2) Any transverse TW-connection for (V?, D) is equivalent to the stand-
ard one for (V?, D) and also to TW-connections for V°.

3) Transverse TW-connections V for V® and V' for V¥ are projectively
equivalent if and only if V? and V¥ are projectively equivalent.
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4) A torsion-free TW-connection determines a transverse projective
structure. Therefore, transverse projective structures are in one-
to-one correspondence to the projective equivalence class of trans-
versely torsion-free Bott connections.

5) Any TW-connection is projectively equivalent to a TW-connection
for some (V?, D).

Proof. We will denote by 0 = > fidy" and 6 = > fldy’ the con-

nection forms of D and D’ with respect to e; A --- A e,. First, we

show 1). If an equivalence between V and V’ is given by 3, then

we can define a 1-form A on M by setting A = > b;dy’. By (1.24),
J

A+ qul(H/ — ) gives a projective equivalence between V® and V.
Conversely let A be a projective equivalence between V® and V¥. We
set by = A — (_%(f-’ ~ f), B = ~(L(@) ~ @) + (Elg) — a); and
B = Zb dy' @ dy° +Zb dy® ®dy9+2dy ® ;. Then [ is well-defined

and an equivalence between V and V’ The part 2) follows from 1) at
once. The part 3) follows from 1) and 2). The part 4) is well-known.
Indeed, if (u, ) be the components of V with respect to {e,...,¢€,},

then < quldy,H L(q) + oz) viewed as a family of m @ gl (C) © m*-
valued forms, namely viewed as the connection form of a Cartan con-
nection, determines a projective structure and vice versa (cf. [16], [7]).
In order to show 5), first assume that V is torsion-free. Then we
have a subbundle of P?(F) with structure group H?(q). Therefore, we
have a section, say o, to P*(F)/H?(q). Since H?(q)/GL,(C) is con-
tractible, we can find a lift of o to a section to P?(F)/GL,(C). The
last section gives a transversely torsion-free Bott connection which we
denote by V°. Let now (u,v) be the components of V with respect
to {€g, ..., €. . As VP is given by a lift of o, we can find a connection

D of K;l of which the connection form is given by 6 = > fidy" and

that pf, = T — % fr— qi—zl [, where T, are the transverse Christoffel
symbols of V°. Let V' be the standard TW-connection for (V? D). If
we define § as in the proof of 1), 8 is an equivalence between V and
V’. Suppose now that V is not necessarily torsion-free. In this case, we
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1,
2
to {€o, ..., €}, then a TW-connection without torsion is defined. If we

set p'ty, = . If we regard (i/,v) as the components with respect
denote this connection by V', then we can find Bott connections V°
and D such that the standard TW-connection for (V? D) is projec-
tively equivalent to V’. Let Fj-k be the transverse Christoffel symbols

of V* and set I, =T, + M Then {T",} defines a Bott connec-
tion which we denote by V', and V is projectively equivalent to the
standard TW-connection for (V'®, D) by the part 2). O

Theorem 2.3. 1) A foliation F is transversely projective if there is a
transverse TW-connection on Q(F) which is invariant under holo-
nomy.

2) Suppose conversely that F is transversely projective and that ¢ > 1.
Then, F admits a normal transverse TW-connection for a trans-
versely torsion-free Bott connection V°, namely, F admits a trans-

verse TW-connection of which the components with respect to {e, . . .

is given by (II, L'(q)), where II is given by the formula in Defin-
ition 1.19 with f; = > T, and L'(q) is given by the formula (1.26)

in §§ 1.3. Moreover, the standard transverse TW-connection for V°
is projectively equivalent to the normal transverse TW-connection.

3) Suppose that F admits a transverse TW-connection V on Q(]? )
which is invariant under the holonomy. If V is torsion-free and
the curvature of V is equal to zero, then the transverse projective
structure determined by V is flat.

4) Suppose that F is transversely projective and let V be a holonomy
invariant TW-connection for (V?, D), where V° is torsion-free and
D is induced by V. If V is Ricci-flat as a linear connection on

Q(F), then V is transversely normal connection.

Proof. It a transverse TW-connection invariant under the holonomy
exits, then we can modify it to be transversely torsion-free as in the
proof of 5) of Theorem 2.2. Once we have a transverse TW-connection
invariant under the holonomy, the projective structure found by The-
orem 2.2 is also invariant under the holonomy. This shows 1). In
order to show 2), suppose that F is transversely projective. We can
then find a projective structure on 7" = [[ 7 invariant under the ho-

)
lonomy. By locally pulling-back the normal projective connection on
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T, we obtain a normal transverse TW-connection. The part 3) can be
shown in a similar way to the proof of Theorem 15 in [16]. Finally
suppose again that JF is transversely projective and V is holonomy
invariant. Suppose in addition that V° is torsion-free and D is in-
duced by V°. Then, the Ricci curvature makes a sense, and we have

> Ry = —L' (@) + (L(q) + @) O

Remark 2.4. The connection V° in 1) is not necessarily invariant
under the holonomy. Note also that V in 4) is Ricci-flat if the transverse
projective structure is indeed flat.

If we consider only transverse projective structures invariant under
the holonomy, it is natural to restrict ourselves to F-equivalences in
Definition 1.23 and Definition 1.25.

3. BorT, GODBILLON-VEY CLASSES AND THEIR INFINITESIMAL
DERIVATIVES

We will introduce the Godbillon-Vey and the Bott classes and in-
finitesimal derivatives of them. For the sake of simplicity, we assume
for a while that Kz = A?Q(F)* is trivial. We refer to [2] for detailed
accounts. Let () be a trivialization of Kz and regard €2 as a ¢-form on
M. By virtue of Frobenius’ theorem, there is a 1-form, say 6, such that
dQ2+ 6 AN Q = 0. This 6 is essentially the connection form of a Bott
connection on K ;1 with respect to the dual of 2, and the Bott vanish-
ing theorem [6] shows that the differential form 6 A (df)? is closed. It
can be shown that the differential form represents a cohomology class
independent of the choice of {2 and 6.

Definition 3.1. 1) In the real case, the cohomology class of H**1(M;R)

2g+1
represented by (;—ql) oA (dh)? is called the Godbillon-Vey class
and denoted by GV, (F).
2) In the transversely holomorphic case, the cohomology class of H2¢™1(M; C)
2-+1
represented by (ﬁ) ! O N (dB)? is called the Bott class and de-

noted by Bott,(F). If Kr is not necessarily trivial, then the Bott
class is defined as an element of H**"(M;C/Z).

If K is trivial, then the Bott class in H*™(M; C/Z) coincides with
the natural image of Bott,(F).
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Let {Fs} be a one-parameter smooth family of foliations of co-
dimension ¢ such that Fy = F. If transversely holomorphic foliations
are considered, we assume that transversal holomorphic structures also
vary smoothly (see [3] for a precise definition). We still assume that
K, is trivial for each s for simplicity. If s is small enough, then we
may assume that there is a smooth family of trivializations {€,} and
1-forms {6, } such that dQ;+60,AQ = 0. If we set § = 6y, 0 = %68‘5:07
then we have 2 (6, A (d&s)q)|szo = OA(dO)?+qONdAN(dA)I~". Since we
have d(6 A8) = df Adf — 0 Adb, the right hand side is cohomologous to
(g+1)8A(dA)?. The differential form (g+1)f A (df)? makes a sense even
if K is non-trivial, and represents the derivative of the Godbillon-Vey
class or the Bott class with respect to {F}.

The derivatives of the Godbillon-Vey class and Bott class with re-
spect to infinitesimal deformations of foliations are defined as a gen-
eralization of the above construction. In order to explain it, we need
some definitions.

Definition 3.2. Let Q"(U) = Iy (A" T*M) be the set of C-valued
differential forms of class C'* on an open subset U of M. If E is a
vector bundle over M, we denote by Q"(U; E) = Iy(N T*M ® E)
the set of E-valued r-forms on U. We denote by [} (U; E) the ideal of
O*(U; E) locally generated by dy* A--- Ady™* @ s, where i; < -+ < iy
and s € I'y(E). If E is a trivial line bundle, then we denote I (U; E)
by I[(U). We set C5(U3 Q(F)) = (Us Q(F)) /L (U; Q(F)).

Note that naturally C%(U; Q(F)) = Iy(A" E(F)* @ Q(F)).

Definition 3.3. Let V? be a Bott connection on Q(F). Let {e1,...,¢e,}
be a local trivialization of Q(F) and 7 the connection form of V° with
respect to {e1,...,e,}. If ¢ € C%(U; Q(F)), then we locally represent
c=> c" ®e; and set

dre=>) (dci +) A cj> ®e; mod ITTHU; Q(F)).
( J
We denote by H(M;Q(F)) the (co)homology of (C%(M;Q(F)),dr).
Note that if we choose {dy',...,dy?} as a local trivialization, then
T=1T.
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Lemma 3.4. (C%(M;Q(F)),dr) is indeed a cochain complex, namely,
we have dr o dr = 0.

Proof. Let ¢ =>_ " ®@¢; € C%(U; Q(F)). We have

d]:(d]:C)

= dr (Z (dc@%}}/\d’) ®ei>

2

:Z(Zd@;/\cj—ZT;/\dOj—G—ZT;/\de—i—ZT;/\Tg/\Ck) ® e;
i J J J J:k

:Z(dT—G—T/\T);/\Cj@@i
i,J
=0
because dT +7 AT € I3 (U; Q(F) @ Q(F)*). =

Let ©x be the sheaf of germs of vector fields which preserves F. If F
is transversely holomorphic, then we assume that vector fields preserve
the transverse holomorphic structure. A vector field X is such a one if
[ X,Y] € I'(E(F)) for any Y € I'(E(F)). The following is known.

Theorem 3.5 (Heitsch [9], Duchamp-Kalka [8]). The complex (C%(M; Q(F)),dr)
is a resolution of O so that HE(M;Q(F)) = H*(M;Ox).

Definition 3.6 (Heitsch [9], Duchamp-Kalka [8]). The elements of
H'(M;©Opx) are called infinitesimal deformations of F.

Derivatives of the Godbillon-Vey class and the Bott class with respect
to infinitesimal deformations of F are defined as follows [9], [10], [3],
[4]. Let a € H'(M;0%). By Theorem 3.5, —« is represented by a
Q(F)-valued 1-form o such that do+7 Ao +7Aw = 0 for some gl (C)-
valued (gl (R)-valued) 1-form 7. We set 6 = tr7 and 6 = tr7. It can
be shown that 6 A (dh)? is closed and represents a class independent of
the choices.

Definition 3.7. 1) In the real case, the element of H2¢™(M;R) rep-

2g+1 ,
resented by (5—;) ! (g4 1)0 A (dF)? is called the infinitesimal de-
rivative of the Godbillon-Vey class with respect to a.
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2) In the transversely holomorphic case, the element of H?¢"(M;C)

2g+1 .
represented by <2q\_/1_—1) (g+1)0N(dF)? is called the infinitesimal

derivative of the Bott class with respect to «.

3) The Godbillon-Vey class or the Bott class is said to be infinitesimally
rigid if their infinitesimal derivatives vanish with respect to any
infinitesimal deformation.

It is known that a smooth family {F;} of foliations induces a class in
H'(M;®Opx), and that if « is induced from {F;}, then the infinitesimal
derivative of the Godbillon-Vey class (or the Bott class) with respect
to a coincides with the derivative of the Godbillon-Vey class (or the
Bott class) with respect to s at s = 0.

4. TRANSVERSE PROJECTIVE STRUCTURES AND INFINITESIMAL
DERIVATIVES

Definition 4.1. Let v be a (biholomorphic) diffeomorphism from an
open subset, say U, of C? to an open subset of C?. We set y = ~(y) for
y € U, and
; oyt 0%y 6t Olog J 5t OlogJ
E<7)jk:z_’\l — — ko - ;
l oy 0y dy qg+1 0Oy qg+1 0Oy
-1 8210gJ_ 1 OlogJdlogJ
g+ 10yoyk (¢+1)2 9y Oyt
Z 1 OdlogJ oyt 9*y™
qg+1 oyt Oym oyioys’

Y

A(V)jk

lm

where J = det Dy. We set X(7)} = > 3(7)}dy* and (y) = (3(7)).
k

J

Similarly, we set A(y); = > A(7)xdy” and A(y) = (A(y);). We call
k

¥ () the (projective) Schwarzian of -, and A(y) the curvature of the
Schwarzian, respectively.

Remark 4.2. 1) We have X(v)}, = X(7);; and A(7) 5 = A(7)k;-
2) We have > %(7)4 = 0. In particular, if ¢ = 1, then we have
1 1" ”\ 2
Y(7)i; = 0. On the other hand, A(y);; = 5 (7—/ —g (l> >
gl
which is the classical Schwarzian.
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3) If ¢ > 1, then A(7y) is equal to be the Ricci curvature of 3(7)

in the sense that we have

multiplied by

Ak = 7= (Z ay - ZE(V)ZEZ(W)%) :

m,n

It is known that

Definition 4.3. Let V be a TW-connection and B be a Bott con-
nection on K}l. Let w and ¢ = > g;dy’ be connection forms of V

j
and B with respect to {ep,...,€,} and e; A --- A e,, respectively. Let
(p,v) be the components of V with respect to {ep,...,¢,} and set
N = N(V,B) =v+ gu, where g = (g1 -+ g,)-

If V is a TW-connection for (V°, D), then (u,v) = (II, L(q) + «) and
N(V,D) = L(q) + a+ fII, where § = Y f;dy’ is the connection form

J
of D.

Proposition 4.4. Let V°, D and B be Bott connections and V the
standard TW-connection for (V®, D). Then (df)? = (N(V,B) A dy)“.

Proof. By Theorem 1.20, we have N A dy = (L(q) — glI) Ady = df —
gl A dy. Since —gIl A dy € I3(U), we have (N A dy)? = (df). O

A study on relationship between projective connections and Chern
forms can be found in [14].

Lemma 4.5. We have N = (N + (¢ + DA®R) — fE(3))Dv, where
7y =~7L If V'is also a TW-connection, then (N(V', B)—N(V, B))®dy
is globally well-defined.

Proof. We make use of the same notation as in the proof of The-
orem 1.20. Let (u,v) and (2, 7) be the components of V with respect
to {eo,...,€,} and {e€o,..., €}, respectively. As in the proof of The-
orem 1.20, we have

dlogJ OdlogJ 1 1 dlog J

=d - D) YdD~y 4+ ——dlog J
o a9y (D7) v+ dlos o
~ Olog J A
+ADy — ag (Dy)~'iDn,
1 1 dlog J

= (DY) 'dD~y — ——(dlog J)I, — d D D
p= (D7) 7q+1( ogJ)1, 195, + (D7) "' iDy.
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Since g = gDy + 8%5]’ we have
N=v+gu
- ToE (D) in
+3Dy ((Dv)ldD’Y - qul(‘“Og = Jlr 1dyal§§J>
+ al(;jj <(D7)‘1dm - q%wog a4 i 1dym§§J
_ NDv+d81§§J - qi 181<(9)§J(dlogj)

On the other hand, if we set 7 = v~ and J = det D7, then %Dv +

dlog J

o = 0. Therefore, we have

dlogJ 1 OdlogJ

d dlog J
oy g+1 Oy (dlog.J)
OlogJ , . _ 610gj N1 g e —
- _d DA)~ ! D7)~ tdD7(DA) !
o (D7)~ + o (D7) (D7)
1 810gj ~
70 (DA) Ydlog
1 ag(v)(og)
= (¢+1)A@)DF,
and
1 1 dlog J
D) YdD~y — ——(dlog J)I, — d
(D7) vqﬂ( og J)I, 1% g,

1 ~ 1 8logj
— _DA(DA)YdDA(DA) L + ——(dlog NI, + —— DAdj~—2
(D7) (D7) +q+1( og)q+q+1’yyay

(D7)
= ~DFT(F)(DF) .

Consequently, N = (N+(q+1)A(3)—g2(3))Dy. Therefore, N(V', B)—
N(V,B) = (N(V',B)—N(V,B))D~v holds and (N(V',B)—N(V,B))®
dy is globally well-defined. U

+ (Dv)‘lﬁDv)
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Definition 4.6. Let V® be a transversely torsion-free connection on
Q(F), D the induced connection on Kz' and V be the standard TW-
connection for (V?, D). We define Lp: H%(M;Q(F)) — H?*" (M)
as follows. Let N = N(V,D) and N Ady = >, N; Ady'. If [] €

H%(M;Q(F)), then we locally represent ¢ = ¢! ® e; and set N A ¢ =
ST N; A c'. We set then

Lp([e]) = [d((N Ae) A (N Ady)T™)] € H> (M),
where P denotes the projective equivalence class represented by V.

In what follows, we always assume that D and B are induced by V°,
and denote the connection form by 6.

Proposition 4.7. Lp is well-defined and depends on the projective
equivalence class of V.

Pmof First, note that (dc + I' A ¢)|gr) = 0 and that N; = df; —

> oy 1fzfjaly Therefore, N Ady = df and d((N Ac)A (N Ady)i~1) =
J

d(N Ac) A (df)?t. We have
AN Ae) A ()" '
= d((N + (¢ + DA@) = FS@) Dy A (Dy)718) A (dB)"
d(N AT) A (cle)q*1
+d((q+ DAG) ~ JE@) ACA (dB)!
— ((g+ DAGF) — [2A)) A (de) A (dB)*
= d(N AT) A (cle)q*1
+((¢+ 1)dAR) — fAS(7)) ACA (dB)!
_(df)/\E(v)/\c/\(dG)q !
—((¢+DA@) - (?)
= d(N AT) A (BT — df A

) A (=T AT A (df)!
S(7) ACA (dh)r
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by 1) of Lemma 4.5. On the other hand, we have
df ASF) ATA (d)T!

q—1
—demz )odJ" AT A (demdy>

1,5,k

1 o .
=y > S@)E A (Z dfi N dﬁ)
%,J l
=0.

Moreover, d(d(N A ¢) A (d§)7 ') = 0 so that a closed form on M is

defined. Next, suppose that ¢ = dzh for some h € C% ' (M;Q(F)),

that is, ¢ = dh' + > T% A h? 4 k' for some (r — 1)-forms A’ such that
J

= ZDyj-hj and k € I]"(M; Q(F)). Then,
j

d(N Ac) A (d§)"?

= dN; A (dhi +) A hj> A (dO)T — N Ade A (df)t
? J

=dN Adh A (dO) —df Ad(T ANh+ k) A (dF)7?
On the other hand, we have
df NTARA(dO) = " dfs ATidy® AR A (d)

1,7,k

= Z =

= "L A ()
; q

because D is induced from V?, and also have

dN A h A (d§)7

1 ,
= =D o fy A ey b - ydfi AR A (d6)
7,k

=3 gt (o
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Therefore,
d(N Ac) A (dO)T =d(—2dN AN h A (dO) " +df Ak A (dO)T).

We will show that dN A h A (d§)7! and df Ak A (d§)7! are globally
well-defined. We have

dN N h A (dF)7
= (AN + (g + 1)dA(F > df NS > FAS(3))Dy A (DY)~ h A (dB)*~!
— (AN — df AS() AT A (dB)
= dN Ah A (d)T "
The last equality follows from the following one, namely,

df ASH) AR A (dO)! demz )iy AR A (dB)

1 S ~
— £ 3" 5@ AR A (dD)
,J
= 0.
We also have
df Ak A () = (df + dDlog J)Dy A (D)™ k A (dB)e
=df Nk A (dB)*

Therefore AN AhA(dA)4~! and df Ak A(dB)?! are globally well-defined,
and d(N Ac)A(df)? ! represents the trivial class in H**"(M). Now let
V' be a TW-connection for (V¥,D’) which is projectively equivalent
to V.and N' = N(V',D'). We denote by 1 the projection from
M x[0,1] — M and by ¢;: M — M x {t} the inclusion, where ¢ € [0, 1].
Let F x [0,1] be the foliation of M x [0,1] of which the leaves are
given by {L x [0,1] | L is a leaf of F}. We set V! = (1 — t)V® + V",
D, = (1 —t)D 4 ¢D" and let V; be the standard TW-connection for
(V2 Dy) on Q(F x [0,1]). Let [c] € HX(M;Q(F)) and ¢ = Toyle] €
HE oM % [0,1]; Q(F x [0,1])). If we set N; = N(V,Dy) and p =

d(N;AC)A(dB;)?~1, then p is closed and we have (5p = d(N Ac)A(df)7!
and ip = d(N' Ac) A (dF")T!. We represent dp = o + [ A dt, where

1

a and  do not involve dt, and set U = Bdt. It is well-known and

0
easy to show that we have dU = (jp — t]p. Therefore £ depends only
on the projective equivalence class of V. U
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Remark 4.8. The equality V; = (1 — )V + ¢V’ fails in general, and
concrete forms of the coboundary between d(N Ac)A(df)?~! and d(N'A
¢) A (df)7! are quite complicated.

Remark 4.9. Secondary characteristic classes for transversely projec-
tive foliations have been well-studied. See e.g. [20], [19], [22]. See also
[1] for a related study.

1 .
ST i fady
g+ 1 ; fifidy
Then d(N' Aw) A (df)1~t = —59 A (df)?. In addition, we have

dpN' A = (dN"+N' ANO)Aw A (dF) =0,

Lemma 4.10. We set N’ = (N/), where N = df; —

1

NAOAwA (@) = —24 A (dh)".
q

Proof. Weset Q =w' A---Awl=dy' A--- Ady? and = &' A dy® A
o ANdyt - dyt A AN dyTE A Wl We have
N

a(q

=g (=) T ONdfL A Adf, A O
= g (=) A A N AOAQ ARy A Adf, A dQ)
=g (=1) T A A A, AQA (Fi e+ f07)

a(q+1)

—ql(=1)" 2 dfy A--- ANdfy AdS.
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On the other hand, we have the following equalities, namely,

(Z ( dfs — — Zfzfjdy ) ) A (d)!

7

1 oA q-
= — (dfif; + fidf;) Ady’ A" A (df)T

1]

- Z (dfz Z fifidy’ > Adit A (dB)"!

__(q—l)-
a (q+1)( D

q(q 1)

(fid' + -+ LD Adfy A Ndfy A

- m(fu& e f?) A (dB)

= dfi Adi A (d6)"

(= D=1 T (il o4 L) Adfr A Ay AQ
q(g+1)

+ (=177 (g = Dldfy A+ Adfy A dQ
1.
= ——0 A (df)".
;0N ()
Hence the first equality is shown. We have d(N' A w) A (d)T! =

(AN'"Aw+ N ANOAG+ N AOAwW) A (d9)*~. On the other hand,
N AOAwA (d§)i! ZN’/\@’/\dyJ/\(dO)q b=—20n(dh). O

Theorem 4.11. We have Lp([w]) = —%9 A df? in H*(M; C).

Since d(N' A ) A (dB)4~" = d(N' A A (df)?1), the Cech-de Rham
class {0((N' ® dy) A (df)?')} makes a sense. This class is denoted by
L and studied in [3], where it is shown that £ can be represented only
in terms of A(7).

Proposition 4.12. Let V be the standard TW-connection for V. If
V? is transversely torsion-free and if V is invariant under holonomy,
then Lp = 0.

Proof. Let (II, L(g)) be the components of V with respect to {eo, . .., €,}
and [c] € H(M; Q(F)), where ¢ = > d'®e;. Then d(NAc)A(dF)?™t =

d((L(q)+fII)Ac)A(dF)4~1. As V is holonomy invariant, dL(q); € 13(F)
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and dL(q) AcA(d)? = 0. We also have (L(q)+ fII) AdcA(dB)?~ =0
because c is dz-closed. Finally, we have

d(fI) AeA(d9)T ! =df ANTLAcA (d§)T?
= dfy NTLdy? At A (dfy Ady')T

4,7,
1 [P
il q

Since V? is assumed to be transversely torsion-free, we have 1T}, = II!, =
0. O

Combining with Theorem 4.11, we obtain the following

Corollary 4.13. 1) Let F be a (real) foliation. If F admits a trans-
verse projective structure, then the Godbillon-Vey class of F is in-
finitesimally rigid.

2) Let F be a transversely holomorphic foliation. If F admits a trans-
verse holomorphic projective structure, then the Bott class of F is
infinitesimally rigid.

Corollary 4.13 is shown in [3] for transverse flat projective structures.

Remark 4.14. 1) The homomorphism Lp is non-trivial if F admits
deformations with respect to which the Godbillon-Vey class or the
Bott class vary continuously.

2) Suppose that F is transversely projectively flat. Then, F admits an
foliation atlas such that every transition function v;; in the transver-
sal direction is a projective transformation. If we make use of such
a foliation atlas, then we have 3(v;;) = 0 and A(v;;) = 0. Therefore
N Ac is globally well-defined by Lemma 4.5, and (N Ac)A(N Ady)4™?
is a cocycle. We do not know if this cocycle leads to an invariant of
transverse flat projective structures. For example, the class repre-
sented by this cocycle depends a priori the cocycle c.
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