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NOTES ON ‘INFINITESIMAL DERIVATIVE
OF THE BOTT CLASS
AND THE SCHWARZIAN DERIVATIVES’

TARO ASUKE

ABSTRACT. The derivatives of the Bott class and those of the
Godbillon—Vey class with respect to infinitesimal deformations of
foliations, called infinitesimal derivatives, are known to be repre-
sented by a formula in the projective Schwarzian derivatives of
holonomies [3], [1]. It is recently shown that these infinitesimal
derivatives are represented by means of coefficients of transverse
Thomas—Whitehead projective connections [2]. We will show that
the formula can be also deduced from the latter representation.

INTRODUCTION

Given infinitesimal deformations of foliations, we can define the deriva-
tives of secondary characteristic classes for foliations with respect to
them. We call such derivatives infinitesimal derivatives for short. In-
finitesimal derivatives of the Bott class for transversely holomorphic
foliations, and those of the Godbillon—Vey class for real foliations are
known to be represented by a formula in the projective Schwarzian
derivatives of holonomies (Maszczyk [3] for ¢ = 1 and [1] for general g,
where ¢ denotes the (complex) codimension of foliations). Both of the
proofs consist of honest calculations so that their meanings are difficult
to see. It is recently shown that these infinitesimal derivatives can be
represented by means of coefficients of transverse Thomas—Whitehead
projective connections [2]. We will show that the formula can be also
deduced from the latter representation. This shows that the formula is
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indeed derived from transverse projective structures of foliations which
are possibly non-holonomy invariant.

1. DEFINITIONS

We largely follow the notations in [2]. In particular, local coordinates
in the transversal direction will be (y',...,y9) instead of (z',...,29)
in [1]. On the other hand, when we need notions related with Cech—
de Rham complexes, we modify notations in accordance with [1]. For
example, the product of a Cech-de Rham (r, s)-cochain a and a Cech—
de Rham (¢, u)-cochain b is denoted by a U b and is defined by (a U
D)io,ivee = (1) asy, iy Nbiy i, We will assume that foliations are
transversely holomorphic of complex codimension ¢, and deal with the
Bott class. The arguments for the Godbillon-Vey class of real foli-
ations of codimension ¢ are parallel and omitted. Finally, the Einstein
convention is used throughout the article.

We recall the projective Schwarzian derivatives.

Definition 1.1. Let v be a local biholomorphic diffeomorphism of C9,
and let y = (y*,...,y9) and ¥ = (3!, ..., 7% be the natural coordinates
on the domain and the target of v, respectively. We set

S = dyt Py 4, dlogJ(y) 4, dlogJ(v)
Ve = G5 oyrdyr ~ q+1 oy g+1 oyr
1 9%logJ(7)
A mn —
) g+1 oymoym™
1 dlogJ(y)dlogJ(v) 1 9dlogJ(y)oyr Oy
(¢+1)2  Oym oy" qg+1  oyr Oy Oymoy"’

where J(v) = det Dy denotes the Jacobian of . The (1,2)-tensor

l

mn 15 called the projective

of which the coefficients are given by ()
Schwarzian derivative of v and denoted by (7). The (0,2)-tensor of
which the coefficients are given by A(7)m, is denoted by A(y), which

is a kind of the curvature of (7).
The following is a well-known

Lemma 1.2. We have the following.

1) Z(V)hn = Z(V)hn-
2) Z()mn = 2()mm = 0.
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3) X is a cocycle in the sense that X(vy20v1) = 77E(72) + X(71).
4) AV)mn = AV)nm

In what follows, we fix a simple open covering {U;} of M such that
each U; is contained in a foliation chart. The coordinates in the trans-
verse direction on U; are denoted by (y(ll.), e ,y?i)). Let 7,; be the
transition function from U; to U; in the transversal direction. We fix
a Bott connection on A’Q(F) and let 6; = f(,-)ldyéi) be the connection

form on U; with respect to Ay R N
70 0

Definition 1.3. We set
E(%J) E(%J)mndy(j
A(ij)m = (¢ + DA )m,
Hijymn = Aig)mn = FinZ(ig
Hijym = H(z‘j)mndy?j) = A(Vij)m — f(j)zZ(%j)ﬁn.

We have 0 H = 0 by Lemma 1.4 below, and dH ;)mn = —df(j)lE(%j)inn
modulo 19, where I denotes the ideal of Q*(M) locally generated by
dyiyy A+ A dyfy

The following lemma can be shown by direct calculations.

Lemma 1.4. 1) We have

FonE ik — FonSie)h + FinE (i) e (D)
= (fin = S (D)D) (i) (D),

+ Fun (S — St ) + (Dyis)p B (15 )2 (DY V)

_ Olog J,
- Iy z ka(%y) (D'Yyk)

2) The cocham A(y) = {A(yy)} fails to be a cocycle. Indeed,

we have

., 1 0OlogJ
AiE)m = Ai)m + Ao (Dyja)f, = —— ot

q-+ q+1 0y
3) We have Hij(D;i)% = —H(jiym.

S (Vi e (DY)

In what follows, f(;;2(7i;), is often denoted by (f;2ij)m
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Corollary 1.5. We have

1 Jdlog J;;

A zrD2:n+A ij)m — 1 U
(’YJ) ( 73) (’YJ) 71 ayéj)

. 1 (‘9log in

g +1 ay@.)

S(Vij Vo

S (v5i)s (D)
Remark 1.6. The case where ¢ = 1 is exceptional and we have
2(Yij)m = 0,
A(i)r (D) + A(Vji)m = 0.

Moreover, we have

~ 1 3 (7’
Hgn = Ayi) = =2 (--J s ) | v,
2 %{j 2 %{j

where the symbol “” means the differentiation with respect to y;).
Therefore, both H and A are equal to the classical Schwarzian deriva-
tive.

Lemma 1.7. Let ap = ag A dyéj), where ay; is a differential form. If

(w(}y) is a Cl-valued differential form, then,
ay AS(Vij ) NG Az A A g
+ar A A ay AS(i)h Aas A Aag
o AGR Aag A Aag AS(v)h,
=0.

Proof. The claim is shown by the following well-known equality, namely,
ifay,...,a, € My ,(C) and if B € M,(C), then

alB aq aq 3]
ag ax B as s
det . + det . + .-+ det . =det]| . | trB.
Qq Qg an aq
If we set B!, = (2(73;)), then tr B = X(;;)! = 0. 0

Definition 1.8. Let a = {a,,..i, } be a Cech-de Rham (k, r)-cochain
which is not necessarily alternating. We define an alternating Cech-de
Rham (k,r)-cochain Alt(a) by

1

Alt(a’)ioil--'ik = (k? + 1)'

D (81 0)p(io)(in) - o(in) -

PESK 11
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We also denote the cochain Alt(a) by Alt(ag;..x)-
We have the following. The proof is easy and omitted.
Lemma 1.9. Ifa is a Cech-de Rham cochain, then & Alt(a) = Alt(da).

Finally we will briefly explain infinitesimal derivatives. Let F be a
transversely holomorphic foliation of complex codimension ¢, of a mani-
fold M. Then, the Bott class is defined by a Cech-de Rham (0, 2¢ + 1)-

+1 3
form <ﬁljl>q 0 U (df)4, where 0 = {6;} is a certain Cech—-de Rham

(0,1)-form. Under a certain condition which is always fulfilled if we
consider real transversely orientable foliations, we may assume that
0 is a globally defined 1-form on M. Especially, the Godbillon—Vey
class is usually defined by the (2¢ + 1)-form 6 A (df)? up to multi-
plication of a non-zero constant. If we have a smooth 1-parameter
family {F,} of complex codimension-¢q foliations with Fy = F, then

the family {ﬁ@s U (d@s)q} is differentiable and we can consider

the derivative at s = 0. If we set § = %95‘3:0 and 0 = 6y, then 0
and df are globally well-defined and the derivative is represented by

+1 :
(27;/1_71)(1 (¢ +1)8 A (df)?. These derivatives can be generalized to

the ones with respect to infinitesimal deformations. An infinitesimal
deformation of F is by definition an element of H*(M;©x), where © »

denotes the sheaf of germs of foliated sections to Q(F). Let E(F) be

the vector bundle locally spanned by T'F and %, cee %. In the real
() ©)

case, we set E(F) = TF. Then infinitesimal deformations are repre-
sented by Q(F)*-valued 1-forms on E(F). It is known that the repre-

sentatives can always be extended to a Q(F)*-valued 1 forms and that

the infinitesimal derivatives are independent of the extensions. Given
an infinitesimal deformation, we can construct a derivative 6 of 6 with
respect to each representative of the deformation. The infinitesimal de-
rivative of the Bott class with respect to the deformation is by definition

+1 .
the class in H?1(M;C) represented by <2ﬂ%>q (g+1)0 A (df).

An important remark is that we made a use of a representative o for p

in [1], while we made use of a representative w for —u in [2] because w
corresponds to the derivative of a (fixed) family of local trivializations
of Q(F)*. In what follows, we will follow conventions in [2] and make
use of w = —o.
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2. A PROOF OF THE FORMULA

The formula given in [3] and [1] for the infinitesimal derivatives

of the Bott class and those of Godbillon-Vey class in the projective
Schwarzian derivatives is as follows.
Theorem A ([3], [1, Theorem 4.10]). Let A be the foliated Cech 1-
cochain defined by Nij = A(Vij)m @ dyiy- If 1 € HY(M;OzF) is rep-
resented by o and if we set L;j(0) = A(%-j)mndy?j) A iy, then the
infinitesimal derivative of the Bott class is represented by

(%&)?ﬁ(q—m > (sgnp)((dlog )" U L(0)) p0)--p(a)-
SCPEET

In the real case, the same formula also holds for the infinitesimal de-
rivative of the Godbillon—Vey class.

By abuse of notations, we denote L;j(0) = —L;;(w) also by —A;; Aw;.
In [2], infinitesimal derivatives of the Bott class as well as those of the
Godbillon-Vey classes are discussed, and it is shown that they can be
represented by means of coefficients of transverse Thomas-Whitehead
projective connections. We will present here a proof of Theorem A by
continuing calculations in [2]. We remark that the proof given in [1] is
in a slightly more general setting. Indeed, we can consider a family of
locally defined Bott connections rather than globally well-defined ones.

Before the proof, we will make some remarks and recall some relevant
facts from [2].

Remark 2.1. On the page 406, line 7 of [1], we claimed that
(D" p(k))o-q = (— 1)1 2y (o)A — {(dlog J)|a).
The last term should be read as
(0(dlog J)?|a,).
In addition, —(27y/—1)7"!((dlog J)?|c,) in the line 9 should be read

as

—(2mv/=1)"(d(dlog J)?|).

Let N('k)i = df (k)i — Py 1f(k)if(k)jdy€k). The tensor N’ is defined by

coefficients of transverse Thomas-Whitehead projective connections [2].
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If w is a representative of an infinitesimal deformation, then we can lo-

1_0
l7
Ja<)

not take contractions. We set Nj Aw; = N( o\ w . We define A;; Awy,
Hi; Nwj, fiX N\ w; and %%J)”ij A w; in a similar way. As df; is
globally well-defined, we will omit the indices in what follows. Then,
the family of locally defined tensors N’ = {N(’k)i} has the following
properties.

cally represent w as w’ where j is an index for coverings and we do

Lemma 2.2 (2, Lemma 4.10]). We have
1.
——O A (dB)T = d(N' A&) A (dB)!
q
Lemma 2.3 ([2, Lemma 4.5]).

N(/J‘)ltD%iin(D'Vji)i - N(/i)ms = Hjiyms

Actually Lemma 4.5 in [2] is shown in a slightly more general setting.
Lemma 2.2 shows that the infinitesimal derivative of the Bott class is
cohomologous to d(N'AwA(df)7~1) multiplied by —(—2my/—1) =@+ q(g+
1) in the Cech-de Rham complex, and Lemma 2.3 shows that (N');; = —H;;.

Proof of Theorem A. If ¢ = {c;,.. i, } is a Cech-de Rham cochain, then
we denote ¢;, ;. by co,. x for simplicity. As o = —w, it suffices to show
that 6 A (df)? is cohomologous to

,,,,,

-----

(g+1)
()" |
(¢g—1)! Z (sgn p)dlog Jopm A+ Ad10g Jp(g-2)p(g-1) N p(g—1)p(g) \Wg-
' pES 11

Let
e = Nigy Adh A (dB)!
We have %9 A (dB)? + D"c(%20) = 0, and

(50(07211))01 - 050,211) _ C(()0,2q)

- H(lO)m A U)gﬁb A\ (d@)qil
— _H(Ol)m /\ Cdin /\ (de)q—l‘
If ¢ = 1, then these equalities together with Remark 1.6 show that

0 A db is cohomologous to —A A& and the proof is completed. We
assume ¢ > 1 in what follows. For 1 < k < ¢ — 1, we set

g =0y Ndlog Joy A+ ANdlog Jp_op1 A Hy_1p Ay A (dO)TFE
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k—1
B2 =N (0 Adlog oy A+ A dlog Jiag-1 A frDyrSors A wr A (d)F
r=0

S k20-K) _ o208 | L gzen)

(k+1) (k+2
2

b Al (k20k),

where dlog Jo1 A -+ A dlog Jy—2—1 is formally set to be 1 if k = 1.
We have

ck2a=k) — (—1)

= dlog Joy A--- Adlog Jya k1 A Hg—yp Ao A (dO)""
— (—1)k90 VAN dlog JOl AR leg Jk—2,k—1 A dfk A Zk—l,k A Wk A (d9>qfk717

.....

k—1
= Z dlog Joi A+ -- Ndlog Ji—a -1 N fr DVpeXp—16 N Wi A (dg)T*

r=0
k—1

+ (—1)k Z ‘90 A\ dlog J()l A A leg Jk—2,k—1 N dfr A D'yrkEk—l,k A\ wk A\ (d@)q_k_l,
r=0

k,2q—k
5a((),...3€+1)

.....

2
= dlog Jor A -+ Adlog Jy 1k A frDVrgr1 Skt A @rs1 A (dO)TF71

ﬁ
|
—

+ 3 (=1)" (B Adlog Jor A+ Adlog Jryiy A -+ Adlog Je_1s

ﬂ
Il
=)

0 lOg Jr,rJrl

A\
8y(r+1)

D1k Skt A g A (d9)TF1).
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By Lemma 1.7, we have

(k,2q—k) (k+1,2g—k—1)
570,.,.,k+1 —d 0,0 k1

1 . ke
= —5d10g J()l JANKIIEIVAN leg Jk—l,k A fOD’YO,k—&-lEk,k—&-l A\ Wk+1 A (d@)q k=1

k—1
1 —
+ - (1) (6o Ndlog Joy A -+~ ANdlog J i1 A -+ ANdlog Ji—1
q r=0
dlog J,., ) ke
A S8 L Dt st Skt A Dpar A ()T

8y(?"-i-l)
k-1
+ (—1)k+1qTeo Adlog Jor A+ Adlog Jy_14

A dfppr A D g1 N\ W1 A (dg)s=+2

= 0.
Therefore,

D’(—l)wvéﬁf‘iﬂ) + D”(_l)wv(lﬂ—l—l@q—k—l)
= () R g k) () gy 20k
=0

for K > 1 and

D”<_7(1,2q71)> — d,y(l,zqﬂ)
= Hoy Ao A (dO)1 + 00 A dfy A So1 Aoy A (dB)T2

1

+ ngnyOlEOl AN U:Il A (d@)qfl
1

- —00 VAN dfo A D'YOIEOI N LZ)l VAN (dQ)q_2
q

- H01 VAN 02.11 VAN (d@)qfl.
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Hence 6 A (d6)? is cohomologous to ¢D'cl4~14+1) in the Cech-de Rham
complex. On the other hand, we have

57(q—17q+1)
= leg J()l A A leg Jq_qu_g VAN leg Jq—2,q—1 N Hq—l,q A c'uq

1 &
+ a Z dlog Jo1 A --- ANdlog Jy—24-1 N frDVrg2Xg—1,4/\Wq

<
—

-2

s}

1 —
+ - (—1)T(90 A\ leg J()l A A leg Jr’7«+1 VANCIEIVAN leg Jq,27q,1
q r=0
dlog J, :
A MD7T+1 qzq—l q A wq)
ay(r+1) ) )

=dlog Jo1 \--- Ndlog Jy_34-92 Ndlog Jy_941 N /Kq_Lq A Wy

— dlog J01 VANEREIVAY dlog Jq_37q_2 A dlog Jq_27q_1 N quq_Lq VAN d)q
qg—1

1
+ 5 Z leg J()l VANEIVAY leg Jq_27q_1 A frD/YT,qEq—l,q VAN (,;)q
r=1

1 .
+ adlog Jor A Ndlog Jy—gq-1 N foDY0,Xq-1,4 N\ Wyq

= leg J()l A A leg Jq_qu_g N leg Jq—Q,q—l N Kq—l,q N (,Z)q

1 dlog J,
— E E leg J01 N A dlog Jq_qu_l A %Zq_l,q A (,Z}q
r=0 q

—dlog Joy A+ Adlog Jy_sq2 Adlog Jy_se 1 ANy 1.4 Ao
q—1

1 ~ ~ ~
— 5 Z dlog J()l VANCIVAY dlog Jq_27q_1 A (Aqr — Aq—l,r + Aq—LQ) N Q)q
r=0

1 ~
= —— Zleg J()l N A leg Jq_Q’q_l A Aqr,« A wq
q r=0
1332 -
+ = dlog Joy A+ Adlog Jy-ag-1 ANg_1, A,
q r=0
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where ‘dl@H’ means that dlog J,,; is omitted. We have

(2.4)
leg <]01 VANRRIVAY dlog Jq_27q_1

=dlogJo1 A\ ---Ndlog Jy_9, 1 A---Ndlog Jy_941
=dlogJoy N ---Ndlog Jy_3,_2
Ndlog J,—o, Ndlog Jp_1,41 N+ ANdlog Jg—34-1 ANdlog Jg_24-1.
If ¢ — r is even, then the right hand side of (2.4) is equal to
(=1)dlog Joy A --- ANdlog J,_3,—2
Ndlog J,—o, Ndlog Jprio A ANdlog Jy_aq—o N dlog Jy_941
Ndlog Jy—1,4-3N---NdlogJri1,,
where ¢ = [2if ¢ —r = 2I. If ¢ — r is odd, then the right hand side
of (2.4) is equal to
(—1)dlog Joy A -+~ ANdlog J,—3,-2
ANdlog J._o, Ndlog Jy 1o N -~ Ndlog Jy_3 41 A dlog Jy_14-2
Ndlog Jg—2q4-4 N+ Ndlog iy,
where € = [2 + 1 if ¢ — r = 2l + 1. Therefore, modulo alternations of

indices, we have

leg J()l VANRIERIVAN leg Jq_qu_l VAN qu,‘ AN C{.)T

A:lt —leg J()1 VANERRIVAY leg Jq—3,q—2 VAN leg Jq—Q,q VAN Kq—l,q VAN C;)q

= —leg ng A A leg Jq_g’q_g A leg Jq—2,q—1 A ./A\/q_l’q A C;)q
—dlog Jo1 A -+~ ANdlog Jy—34-2 Ndlog Jy—14 N Kq,l,q A Wy,

Y

where the symbol ‘A% means that the equality holds modulo alterna-

tions of indices. Similarly, we have

dlog Joy A -~ Adlog J, 041 ANy 1, Ao,

A:lt leg J()l VANRRIVAY leg Jq—3,q—2 A leg Jq_qu_l VAN /A\/q_g,q_l VAN wq—1~
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Therefore, we have

57(q—1,q+1)

A:1t dlog J()l VANCEIIVAY dlog Jq_37q_2 VAN dlog Jq_27q_1 VAN /Kq_17q A C'dq

+ leg J()l VANEIIVAN dIOg Jq_qu_g A leg Jq—l,q A /A\/q_Lq A u.)q

—1 ~ .
+ qulog J()l VANRRIVAY leg Jq—3,q—2 VAN leg Jq—2,q—1 VAN Aq_qu_l A Wy—1-

If we set (g1 = dlog Jo1 A Aoi, then we have
d(dlog Joy A -+~ Ndlog Jy—34-2 N Cy—24-1) =0
and
d(dlog Jor A -+ ANdlog Jy—34-2 N C4—2.4-1)
=dlog Jo1 N -+ Ndlog Jy_54-2 Ndlog Jy_14 A /NXq_Lq A Wy
+dlog Jy A--- Ndlog Jy—3 42 Ndlog Jg_24-1 A Kq,gq,l A Wg—1
—dlog Joy A+ Adlog Jy_gq—o Adlog Jyoq A Ng_oq Aoy
On the other hand, we have
dlog Jyn A---Ndlog Jy—34-2 ANdlog Jg_14 N /N\q_lﬁq N Wy
= dlog Joy A+ ANdlog Jy_sg-3 Adlog Jy_s, 1 AdlogJy 1.4 A Ng14 Ay
—dlog Joy A+ Adlog Jy_sq3 Adlog Jy_gq1 Adlog Jy_14 A Ng_1.4 Ay
= dlogJoy A+ Adlog Jy_s g3 Adlog Jy_s e 1 Adlog Jy_1.4 N Ag_14 Ay
—dlog JJoy A -+~ Ndlog Jy_54-a Ndlog Jy_a4-2
Adlog Jy—94-1 NdlogJy_14 N ./N\q_l,q N Wy
+dlog Jo1 A --- Ndlog Jy_54-4 N dlog Jy_3 42
Ad1og Jy_gq1 Adlog Jy14 A Ng_1.4 Aoy

= (q—1)dlogJor A+ AdlogJy s Ndlog Ty a1 ARgzg1 Ay

Alt —(g—1)dlog Jo1 A --- Ndlog Jy_34-2 Ndlog Jy_o4 A /N\q—lq A Wy
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Hence we have

5(d 10g J()l A A dlog Jq_37q_2 N Cq—Q,q—l)
Als 4 +1
qg—1

= (g+1)dlogJo A+ Adlog Jy g2 Adlog Ty a1 ARy ag 1 Aoy i,

leg J01 VAYRRRIVAY leg Jq—3,q—2 VAN leg Jq—Lq VAN Kq—l,q VAN d)q

Consequently, D'cl?=14+1 ig equal, modulo alternations, to
a(g+1)

(—1)"% Alt(dlog Joy A- - - Adlog Jy—3,4-2 Nd10g Jy_941 Ag_1,4 Nog).

Thus we are done. O

Remark 2.5. Actually, we have shown that

g+1 .
G 2 EA(dos )T U A 0
T pEGg41

where £ is defined in [1]. This is the formula in [1, Lemma 4.7].

ﬁiou-iq =

Remark 2.6. We can show that

a(g+1)

)" (g1 1)?
(—2my/—1)at!

is also a representative for the infinitesimal derivative of the Bott class.

L Alt(dlog Jog A+ A dlog Je—og A Ag_1q A Gg)

It is more symmetric representation. Due to several non-trivial rela-
tions among A(7), 3(v) and dlog J(7), a cocycle can have many ex-
pression. In addition, we can consider coboundaries so that we do not
know if there is a canonical or natural choice of a representative such
as so-called the Thurston cocycle for the Godbillon—Vey class (cf. [4]).
We think however that the one given in Theorem A and the one as
above are the simplest ones.
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