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Abstract

The L2-penalty fictitious domain method is based on a reformulation
of the original problem in a larger simple-shaped domain by introducing a
discontinuous reaction term with a penalty parameter € > 0. We first derive
regularity results and some a priori estimates and then prove several error
estimates. We also give several error estimates for discretization problems
by the finite element and finite volume methods.
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1 Introduction

The fictitious domain method is a powerful technique for solving partial differ-
ential equations. It based on a reformulation of the original problem in a larger
spatial domain, called the fictitious domain, with a simple shape. One of the
advantages of this approach is that we can avoid the time-consuming construc-
tion of a boundary-fitted mesh. Thus, the fictitious domain is discretized by a
simple-shaped mesh, independent of the original boundary. Consequently, we can
directly apply a large class of numerical methods, for example, the finite element,
finite volume, finite difference methods as well. Furthermore, this approach will
be useful to solve time-dependent moving-boundary problems. Actually, the ficti-
tious domain reformulation combined with the finite volume and finite difference
discretizations are successfully applied in numerical simulations for real-world
problems, for example, a blood flow and fluid-structure interactions in thoracic
aorta ([14]) and a simulation of spilled oil on coastal ecosystems ([13]). The
aim of our work is to establish a mathematical study of the penalty fictitious
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domain method which can be applied to these time-dependent moving-boundary
problems. As a primary step towards this final end, herein we examine the error
analysis for elliptic problems.

In a previous paper, Zhou and Saito [18], we studied a class of the fictitious
domain methods with a penalty for elliptic problems with various boundary con-
ditions. Therein, we introduce a fictitious domain reformulation by considering a
discontinuous diffusion coefficient, which we call the H'-penalty fictitious domain
method or, simply, the H'-penalty method. As is reported in [18], this reformu-
lation and its finite element discretization enjoy finite mathematical properties.
However, it is rather difficult to apply the finite volume and finite difference meth-
ods to the H'-penalty method since the treatment of a discontinuous diffusion
coefficient is not straightforward. Moreover, solutions of the H'-penalty problem
are not smooth across the original boundary that may cause some difficulties in
actual computations.

In the present paper, we study another type of the fictitious domain method by
introducing a discontinuous reaction term, which we call the L?-penalty fictitious
domain method or, simply, the L?-penalty method. As examined in the present
paper, this method can be directly discretized not only by the finite element but
also finite volume and finite difference methods. Moreover, the penalty solution
has the H? regularity in the whole fictitious domain.

Now let us summarize the contents of this paper. In Section 2, we study
the L2-penalty method by examining the H? regularity and some estimates for
solutions of the L?-penalty problem. Then, we derive error estimates of H! and
L? norms. In summary, we have (cf. Theorem 2.1) the error estimates

1 1
lu = uel| () < Cetl| fll2 (), |u — el L2y < Ce2|| fllz2q)s

where u and u, denote the solutions of the original elliptic problem (2.1) defined
in a bounded domain  C R? and its L2-penalty problem (2.18) for a given
f € L?(), € is the penalty parameter with ¢ — 0. Moreover, the Dirichlet
boundary condition posed on the original boundary I" = 9€) is approximated in
the sense that

[[ucll

1 1
H3(T) * ﬁ”“eHLQ(Ql) < Cei fllrz ),

where D denotes the fictitious domain such that Q C D and Q3 = D\Q (see Fig.
1).
Thanks to our regularity results and error estimates, the finite element analy-

sis becomes easy to treat. In Section 3, we derive the error estimates of the finite
element approximation of the L2-penalty problem. We have (cf. Theorem 3.2)

1 1 1
IV (ue — ten) 2 (p) + ﬁllue — uen|lz2(0)) < Cllfllz2(0)(h2 + €7),

1 1
e — tenllr2i) < Cllfllr2) (h2 + €3)?,

where u, denotes the solution of the finite element approximation (3.1) for the
L?-penalty problem (2.18) with the mesh parameter h.



Consequently, we obtain (cf. Theorem 3.3)

1 1 1
lu = uenl (@) < Clen +h2)fllL2@) lu—uenllr2@) < Cle2 + M) FllL2 @),

1 1 1
HuehHH%(F) + \%HuehHLZ(QQ <Oz + 1) fllz2@)-

From these results, we see that the optimal choice of € is € = h?, when h fixed.
According to the fictitious domain method, we solve the discrete L?-penalty
problem (3.1) instead of the original problem of (2.1). Since the domain € has
smooth boundary, we provide an approximation scheme for the computation of
the inner-product (ucp,vp)q,. We find a polygon Q) approximating to (2, with

max dist (z,0Q) = O(h?). For example, the ) is constructed by connecting
Te

the intersection points between 92 and the mesh for every triangle of the mesh.
Then, instead of (3.1), we solve its approximation problem (3.6), and we have
the error estimate (cf. Theorem 3.4)

~ 1 1 _ 1.3
|u — Ue,h”Hl(Q) <C(h2 et +¢ 2h2)”f”L2(Q)v
~ 1 _1 _ 1.3
[ — tieplr2) < C(h+ €2 + e 2h* + € 1h2)|| fll 120,

which show the approximation scheme shares the same error order with the error
of finite element method for ¢ = h?; however, ¢ < h? would enlarge errors and
we will verify this phenomenon with the aid of numerical experiments.

As mentioned before, one of the advantages of the L?-penalty method is that
it can be directly applied to the finite volume and finite difference methods (cf.
[13], [14]). Therefore, a mathematical study of these problems are of interest.
However, it seems that little is known in this direction. Thus, our next aim is
to study the finite volume discretization of the L2-penalty problem. To this end,
in Section 4, we first introduce and study a special finite element approximation
with the mass-lumping approximation, where the L? inner product is replaced by
a simple quadrature formula using the Voronoi polygon (cf. [8, §6.2]). Actually,
we prove (cf. Theorem 4.1)

1
lrte =il o) + 7zllue = ekl
< C(h+he Y + he 2+ B2 fll 120,

where ulg\flL denotes the solution of the finite element approximation with the
mass-lumping.

The final section, Section 5, is devoted to the finite volume method. We first
verify that the finite element approximation with mass-lumping is equivalent to
the finite volume approximation and then derive the following error estimate:

|Qntte — inl1,pp < C(h+ he V4 4 he V2 4 p2e3/4)|| f

0,2

where uj, denotes the finite volume approximation, QQ,u. a suitable projection of
ue into the finite volume trial function space, and |- |1 p 5 the discrete H& norm



defined as (5.5). We note that 4, and Qpnu. are piecewise constant functions.
This is the first result concerning error analysis for the fictitious domain method
applied to the finite volume method.

The convergence of L2-penalty for elliptic and parabolic problems has been
proved in [10]; however, no error estimate has been found, neither the finite el-
ement analysis. A similar penalty problem for the Navier-Stokes equations is
considered without any numerical results in [1]. Our error estimates in the H'
norm maintain the sharpness of those for Navier-Stokes problems in [1]. It should
be kept in mind that our method of analysis presented here can also be applied to
Stokes and Navier-Stokes problems with little difficulty. Furthermore, the results
presented in this paper are applied to analysis of L? and H'-penalty fictitious do-
main methods for parabolic problems in cylindrical and non-cylindrical domains
in [19].

Notation

Throughout this paper, we follow the notation of [9]. Namely we use standard
Lebesgue and Sobolev spaces L?(w), H™(w) (m > 0) and H{ (w), where w denotes
a domain in R?. We write as

(U, )0 = (u,0)12(s) :/u(m)v(m) dx;

w

1/2
lullow = ||u||Lz<w>=< [ o d:c) ;
1/2

fulme = | D 10%ulfe |

la|=m
1/2
[ullmew = (lulla-rw+ ulae)
where a = (a1, a2) denotes a multi-index with |a] = a1 + a2 and set 9% =

(0/0x1)*(0/0x2)*2.

We also use standard Lebesgue and Sobolev spaces L?(y) and H*(7y) (s > 0)
defined on a part v of the boundary dw. The unit outer normal vector to the
boundary under consideration is always denoted by n. Finally, we use the same
letter C' to express a generic constant independent of the penalty parameter e
and the discretization parameter h.

2 Fictitious domain method with L?-penalty

Throughout this paper, we assume that € is a bounded domain in R? with the
C? boundary I' = 9. As a model problem, we consider the Poisson equation
with the homogeneous Dirichlet boundary condition,

—Au=finQ, wu=0onTl, (2.1)



Figure 1: The original domain €2 and the fictitious domain D.
where f is a given function of L?(2). The weak form reads as

Find u € Hy(Q) such that
(2.2)

(Vu, Vo)g = (f,v)g Yo € Hy(Q).
We take a convex polygonal domain D C R2, which we call the fictitious

domain, such that Q C D and set Q1 = D\Q. See, for example, Fig. 1. Then,
the fictitious domain formulation with the L? penalization for (2.2) is given as

Find u. € H} (D) such that
1 _ . (2.3)
(Vug,Vv)D—i—g(ue?v)Ql =(f,v)p Vv € Hy(D),

where
0<e<L1 (2.4)

is the penalty parameter and f € L?(D) is any extension of f into D such that

f=rfaein® |fllop<Clflloe

with a positive constant C' depending only on D and (2.

According to the Lax and Milgram’s theory, there exists a unique solution .
of (2.3) for any e € (0,1]. Substituting v = u, in (2.3) and then using Schwarz,
Poincaré and Young’s inequalities, we have

1
IVuelf o + Vuelg o, + gHueH%@l

C* 1 2 L 72 1 2
< 7||f”0,9 + §|Wue”o,9 + §€||f 0,0, T Z”Ue”o,ﬂy

This gives
1
1,0 + %Iluello,m < Ol flloo- (2.5)

e

In particular, we have ||uc|/on, < Cv/e.



Furthermore, the function u, solves the variational problem
-1 L
(Vue, Vo)p = | f — XUe v Vv € Hy(D),
D

where y € L*°(D) denotes the characteristic function of €; defined as

{0 (x € Q)

1 (ze). (26)

x(z) =

Hence, we can apply regularity results of elliptic problems in convex domains
(cf. [5, Theorem 3.2.1.2] for example) to obtain
u. € H*(D) (2.7)

and )
ol <€ 7~ L

<c(1+ 7 Iflos (28)

This estimate is meaningless for a sufficiently small ¢; However, we can deduce

0,D
better a priori bounds for ||uc|l2.o and, by using this, we can derive some error
estimate for u.. Actually, the following theorem is the main result of this section.

Theorem 2.1. Let u, € Hi(D) be the solution of (2.3). Then, we have u. €
H?(D) and

[ucllz0 < Cliflloge; (2.9)
_1
lucllzgn < Ce3lIfllogs (2.10)
1
HUEHLQ1 < CeZHf 0, (2'11)
3
ucllo.o, < Cet|flloo- (2.12)
Furthermore,
1
lu—uelie < €illflloe (2.13)
1
lu—uclloo < €2l fllo,e, (2.14)
1
ludlsr < Celfloe, (2.15)

where u € H}(Q) denotes the solution of (2.2).

Remark 2.2. In [10, Theorem I-4], it has already proved

1
llue —ulli,0 = 0, —=|luello, =0 as e—=0 (2.16)

Ve
for f being the zero extension of f.

In the proof of Theorem 2.1, we use the following regularity result for a linear
elliptic equation. Although it seems not to be new, we give its proof for readers’
convenience.



Lemma 2.3. For ¢ € L*(Q) and g € HY*(I'), let w € H*(Q) be a solution of

ow

—=gonl, w=0ondD.
on

1
—Aw+ —w = ¢ in O,
€
Then, we have

3
[wlloo, < Clell¢lloor +exligls ),

_1
[wllz0, < C(ldllo0r + € gl r)-

In order to prove this, we need the following auxiliary lemma. The proof will
be given in Appendix A.

Lemma 2.4. Forg € H%(I’) and n > 0, there exists v = v, € H*() such that,

0
—v:gonf, v=20 on 0D
on

with estimates
lolloe < Cnllgllr:  Ivlie < Callglir,  Ivla < Crlilgll -

Proof of Lemma 2.3. By Lemma 2.4 with n = ei, there exists ¢ € H?(Q) such
3
that 9¢/on = g on I, ¢ = 0 on 9D, |[¢llog, < Ceillgllyp and [[¢]20, <

Ce*ngH; r- Setting u = w — 9, we have
27

@:OOHF, u=0on dD.
on

Multiplying the both sides by u and integrating over {21, we have

1 1
—Au+ —u=¢+ AP+ -1 in Qy,
€ €

1 1
IVullig, + ~llulge, < lgloalluloq + <H¢Hz,m + 6||1/1||0,91> [ullo.c -

Hence,

A

lulloor < eliéllony + el + ¢ ]oo,
_1 3
elléllogn + e Ce Hliglly p + Ce gl 1.

IN

This implies

3 3
lwlloo: < 1Yo, +ellgllo +Cetllglls p < ell@lloo, +Cetllglls -

On the other hand,

lollz. g<ﬂp+aw+1w +Clgll ¢
€ o0, 2
< Clldllo, +Clollzo, +C[Wlog, +Cllgly r
< Clléllon, + CeHllgls p + Clalls
which implies the desired estimate. O



Now we can state the following proof.

Proof of Theorem 2.1. First, we prove inequalities (2.10)—(2.15) by using (2.9).
Applying Green’s formula, we observe that (2.3) is equivalent to the following

problem:
—Auc = fin Q, ue|g = ucq, on T} (2.17)
1 s € €
Aut tu = Fingy, Pl %%l T w —0onaD.  (2.18)
€ on g  On|g,

In view of the trace theorem, we have

Ou,
on

< Clluelz0 < Cl fllo.0-

1
2’
Hence, we apply Lemma 2.3 to the problem (2.18) in order to obtain

Clet | fllog + el Fllog), (2.19)
C(e i fllog + I fllo.c) (2.20)

HUEHQQl <
<

[eell2, 00,

which imply (2.10) and (2.12), respectively.
We recall that in general we have (cf. [4, Theorem 7.27])

[vli0, < Clvlag, + 17 vlog)

for any 1 > 0 and v € H%(Q). Setting n = e%, we deduce (2.11).
Estimates (2.13) and (2.15) are readily obtainable consequences of (2.11) and
trace theorems. Thus,

IN

[ue —ull1,0 CHUG_UH%,F :C”“e”%j

1
Clluell1,0, < Cet| fllog-

IN

We proceed to derive (2.14). To this end, we introduce the adjoint problems
for (2.2) and (2.3) which are given as

Find up € H(Q) such that (2.21)
(Vup, Vu)g = (F,v)g Yo € HY Q) '
and
Find up, € Hi(D) such that
] i (2.22)
(Vupe, V'U)D + E(uFE,v)Ql = (F,’U)D Yu € H&(D),
for any F € L?(Q), and the extension of F, F € L*(D), satisfying ||[Foq, <

CllFllog-
Apparently, we can obtain the a priori estimates and H' norm penalization
error estimate, like (2.20), (2.20) and (2.13), for the adjoint problems (2.21) and



(2.22). Thus we have

_1 ~
[urell2.0 < Cle™ 4[| Flloe + [[F]l0.01), (2.23)
; ~
[urello,o < C(et][Flloo + €l Fllo,0.), (2.24)
1
lupelo — urllio < Cex||Flloq. (2.25)

Denoting by % and %p the zero extension of u and up, respectively, one can
show that

(Vue, Vip)p = (ar, f)p = (ur, f)o = (Vur, Vu)q
= (F,u)q = (F,@)p = (Vuge, Vi) p,

and hence

(V(upe — ip), V(e — i))p = (B, ue — i) p — %(uFe,uE)Ql.

At this stage, we let F' = u, — @. Then,

- - - 1
lue = allgq + luclg.o, = (V(upe = ir), V(ve = @)p + —(ure, uc)o,-

Combining those estimates, we get

1
[uelo = ullo.o < Ce2|| flloo- (2.26)

Thus, we have proved (2.14).

Now, we go back to the beginning of the proof; It remains to show (2.9). To
this end, let us consider the interface problem composed of (2.17) and (2.18) and
apply the standard method of tangential difference quotients due to Nirenberg;
See, for example, [5, Theorem 2.2.2.3], [12, Appendix], or [18, Theorem 3.1].

We take a set {U; };VZI of open subsets in R? enjoying the following properties.
With U; and 1 < j < N, we associate a C? diffeomorphism &, U; — R? that
satisfies

2l

N
c |J e, cD,
Jj=1
Ujp=9;(®;(U)NQ) =R2NU;, Uj =9;(®;(U)NQ)=R2NT;,

where R = R? N {£xy > 0} and ¥, = (I>j_1. Further, we take {Hj}j-vzl C C§e(Q)
such that supp 6; C ®;(U;) and

N
3 j=1onQ and 6= 1g;i§nN dist (supp 6;,0®;(U;)) > 0.
]:
We note that (0juc) o ®; € H}(U;) for j =1,2,...,N. We drop the subscript j
and write U = U;, Uy = Uj1, Uy = Ujog, ® = ®;, ¥ = ¥;, and 6 = 0; for short.
Set up = Que and ug = (Qu,) o P.



First, if Uy = (), then u; € H*(Q) and |jusllo.0 < C|/fllo.p are not new. In
what follows, we consider the case Uy # 0 and Uy # (). Set D; = 8/0x;, (i = 1,2).
We observe that ug € Hi(U) satisfies

2

2
1
> / aixDusDyvdr + = > | DiugDyo| D®Jdz = (fo,v) Yo € Hy(U),
ik=1"U €=/
(2.27)
where fo = (0f + Vu.V0 4+ V - (u.V6)) o ®|DP| and

2
a = () DyiDiy) 0 B|D®| (i,k =1,2), W = (¢, ¢n).
=1

Let @2 be the zero extension of uz onto R? and let |h| < §/4. Substituting

v = Thh*1 T—’,;‘lag € H}(U) into (2.27), where 7, is the translation operator with

() = d(w1 + h,12), ¢(x) € L*>(R?), we have after some calculation
2 2
Th—1_ 2 1 Th—1_ 2
2 oo+ e X7
; H < h u2> 0,U * € ; ho 2 0,U1

2
Th— 1. 1,
SCZH“’( ; U> |+l + R,
=1 ’

applying (2.16) or (2.5), we have 37, HDZ (T’”h_lzlg) HU < C fllo,o- On letting
0

h 10, we conclude D;Dyug € L*(Up) and ||D;Dyusllov, < C|lflloq fori=1,2.
Finally, we see that

Dius = —(fa — Z Dy(ap Dyuz) — DaazaDoug) — in Up.

1
a
22 k<3

This implies that D3ug € L?(Up) and |Jug|a.i < C| fllo.0-
Summing up, we conclude that uc|q € H%(Q) and |lul2,q < C| fllo,o- This
completes the proof of Theorem 2.1. O

Remark 2.5. As stated before, the solution u, € H} (D) of (2.3) has a regularity
property u. € H?(D). Thus, the solution of the penalization problem (2.3) is
regular. It seems that this property is an advantage of the L?-penalty method
in contrast to the H'-penalty method whose solution u. has only uc|q € H?(Q)
and |, € H?*(Q). However, as is reported in Theorem 2.1, we are able to
guarantee only ||ucll2,0, < E_i”fH()’Q. Thus, ||uc|l2,0, may be very large for a
sufficiently small € > 0. This drawback has not been pointed out in the previous
studies on the L%-penalty method including, for example, [1] and [10].

3 Finite element approximation

We introduce a shape-regular family of triangulations {7;}r~0 to the convex
polygonal domain D, where h is the maximum diameter of the triangles of 7j.

10



That is, there exists a positive constant v, such that

h

L <uy (YT eVTh € {Tuln),

T
where hp and pr, respectively, denote the diameters of circumscribe and inscribe
circles of T. Let V,(D) C H}(D) be the set of all continuous piecewise-affine

functions subordinate to 7j,. A finite element approximation for (2.3) reads as
Find uep, € Vi (D) such that

1 ~ (3.1)
(Vuen, Vop)p + E(Uehyvh)ﬂl = (f,vn)p Vop € Vi(D),

Thus, applying the fictitious domain method, we compute (3.1) instead of (2.2).
According to Theorem 2.1, the error satisfies

1
1,0 + [ue — uenll1,p < Cet + C|V(ue — uen)|

lu — uenll1,0 < [Ju — ue 0,D>

1
lu = uenllogn < [lu = ucllooy + lue = uenlloo < Cez + [lue — uenllo.o-
Hence, it suffices to examine u. — uep. First, we give the following lemma.

Lemma 3.1. Let uc and u, be the solutions of (2.3) and (3.1), respectively.
Then, we have

1
IV (ue = uen)llo,p + \fHue — uenllogn

1
<c it (|V(u— 4 e — (3.2
=Y (D) <” (e =onllo.o + Tl UhHO’Ql> 32

Proof. 1t is a consequence of the Galerkin orthogonality

1
(V(ue — uen), Vup)p + E(ue — Uep,vp) =0 Vo, € Vi(D).
]

Theorem 3.2. Suppose that ue and ue, are the solutions of (2.3) and (3.1),
respectively. Then, we have

1 1 1
IV (ue — ten)llo,p + \f\lue — Uenllo, < C(h2 +€2)[|fllog; (3-3)

1 1
e — uenllon < C(h2 + €1)?(| f]lo.0- (3.4)

Proof. We introduce some notations first. A generic (closed) triangle of 7j is
denoted by K, and the set of all vertices of K is denoted by A(K) = (vf, &, vE).
Set Tr = {K | KNT # (0} and T" = {K C Q|K NTr = ()}. The standard P1
Lagrange interpolation of v € H?(D) is denoted by Iv. We define v, € V;,(D)
by setting,

op(v) =

0 for v € A(K),K C Tr Uy,
uc(v) for all other vertices v.

11



substitute vy, into (3.2) and using the a priori estimates in Theorem 2.1, we have

3
[ue = vnllo.an = lluello.ar < Cet|[fllo0

and

IV (ue = on)l[5 .0

< OV (e = D)l 2 + IVuell§ g + IV orllf on )

< C(IV(ue = W§ 2 + IV (= ) [ 7 + I Veell§ o2 + IV 0RlIG o)
< C(RP|lull3 0+ hllucl3 o + hllull3 o)

< Chlfllp.q

where u € H%(Q) is the solution of (2.2). Therefore,

IV(ue —on)llp = IV(ue —vn)ligo+ IV (e —vn)llg 0,
= [V(ue —wn)llg 0 + Vueli g,

1
< Chlflga+CellflE o

which implies (3.3). See the proof of [18, Theorem 4.4] for the detailed proof of
this estimate; Especially, the estimate ||Vuellgo\r < ChéHueHZQ follows from
[18, Lemma 4.2] or a similar lemma in [17], and for the proof of ||[Vuvy|lg.o\7 <

Chz ||ul|2,0, one can refer to [17] or the proof of [18, Theorem 4.4], with aware of
u =0 on I', which gives (3.3).

Then, setting F = lo(ue — uep) and v = ue — ue, in the adjoint problem
(2.22), where 1o = 1 in Q, and 1o = 0 in otherwise, applying (3.3) and the prior
estimates in Theorem 2.1, we have for any v, € V(D)

1
HFHg,Q = [Jue — uehH(z),Q = (Vupe, V(ue — uen))p + g(qu,ue — Ueh)

1
= (que — Uh, V(ue - ueh))D + E(U‘FE — Uh, Ue — ueh)Ql
Clet +h2)|Flloga(et +h2)| fllogo
11 1 1 11 1
+Ozex(et +h2)|[Fllogez (€f +h2)|fllo.0,

IN

which implies (3.4), and the proof is completed. O
Combining Theorems 2.1 and 3.2, we obtain the following estimates.

Theorem 3.3. Suppose that u and ue, are the solutions of (2.2) and (3.1),
respectively. Then, we have

IV (= ue) o < C(R2 + )| fllocs  Nu—uenllog < Ch+ €2 flloq

1 < CO(h? + ¢t
2 4
Huehlg,ﬁﬁ\\uehllonl < C(h2 4 €1)||f|lo.

12



Due to the smooth boundary of €2, the inner-product (ucp,vs)o, cannot be
computed exactly. Therefore we need an approximation scheme for computation
of the problem (3.1).

As we mentioned in Introduction, we find a polygonal domain ) for  such
that the vertices of 92 are situated on 9Q and assume that there are hi1 > 0 and
cp > 0 such that

dist (Q,Q) < coh?  (h € (0,hy)). (3.5)
We set Q) = D\Q.
Then, we consider

Find 4., € Vi(D) such that
) 1, ) (3.6)
(Vien, Vor)p + E(ugh, Uh)Q1 = (f,vn)p Yo, € V(D).

We have the error estimate of the approximation

Theorem 3.4. Let u and .y be the solutions of (2.2) and (3.6), respectively.
Then, we have

R . 1 1 _1.3
le = @epllie < Cliealls p < C(h2 + €5 + ¢ 2h2)| fllog,
lu—iienllon < C(h+€b + e 2h% + e 5h3)| flloq.

Remark 3.5. For € = h?, we have ||u— e l1.0 < Chz = Cet and lu—Tepllo0 <
Ch = Cez.
Proof of Theorem 8.4. In view of Theorem 3.3, it suffices to prove
. _1,3
|ten — uenllio < Ce2h2] flloq, (3.7)

. _1 1.3
e — uenllog < C(e72h? + € 1hz)||fllo.o- (3.8)

Subtracting (3.1) from (3.6), we have

. 1 .
(V(ue, — tien),vn)p + E(Ue,h — Qe hy Vn) g na,

1 1
+ g(ue’h’vh)gh\fll — g(ue’h’vh)fh\ﬂl =0. (3.9

for any vp, € Vj,(D). We also have

ldenllgn, < CVelfloq:  luenllon, < CVellflloo
which be obtained by substituting v = 4., and v = uc, respectively, into (3.6)
into (3.1).
Since we assume that (3.5) hold true, we have

~ 1.,
ltenllogna, < Ch2 licnllog, e

1
[orllg a0, < Ch2lvnlly 6,7 < Chllvalli,p,

1.
[uenlloona, < Ch2lldenllooint:

1
lonllg. o0, < Ch2llvnllo,0inm < Chljvall,p,

13



where Tr = {K € T | KNT # 0}, and these estimates can be found in [16]. Sub-
stituting vy, = ey, — G p, into (3.9), and applying these estimates and Poincaré’s
inequality, we obtain that

N 1 N
[[we,n — UE,hH%,D + E”ue,h - ue,hHg,Qle

. . 1 . .
< (V(uen — ten), V(Uen — ten))D + ;(Ue,h = Aie,hs Ueh = Te,h)g 0,1y
1. . R 1 R
< llaenllogpna, lten = Genllo a0, + Zlluenllo oo, luen = denll a,\a,

1 11 A
< C-hrerhllucy = denlh,p,

which gives (3.7). Setting f = uc — fcp, in (3.1) and (3.6), applying (3.7) we
finally get (3.8). O

At this stage, we give numerical experiments to show that the L2-error is
bounded by (y/€ + k) and the H'-norm error is bounded by (ei + h%), which is
according to our analysis on L?-penalization and finite element error estimates.
We consider the problem

—Au=1inQ, u=0onT,

where Q = {(z,y) | 22 + y* < 1} and the exact solution is u = —1(2% 4+ y* — 1).
To implement the fictitious domain method, we set the domain D = {-1.2 <
z,y < 1.2}. We solve the problem (3.6). First, fixing h = 0.01, we show the
errors for different e, see Figure 2; then, setting ¢ = 1075, we observe the errors
dependents on different h, see Figure 3. The logarithm is of base 10 for all the
figures.

_ lveillen g, p _ el o
Er = St for h =001, (k=0,1). Br=eflen for ¢ =107, (k =0,1).
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0.2 ‘ ‘

04 L

0.6

A T = 08¢
___________ - at
= & P
) T
3 15 22t ox
2 2
-1.4
2r 16 | )
L*norm —+— a8 b L*morm —— |
25 H'norm s i : L H'norm_ -—w-—
y=qu 2t e y=z
e ; ‘ ‘ il tallr Yy ‘ ‘ ‘ Y=g
-6 -5.5 -5 -4.5 -4 -3.5 -3 -2.5 -2 -2.2 -2 -1.8 -1.6 -1.4 -1.2 -1 -0.8
loge logh

Figure 2: ler—tleo oy — 0.01, k = Figure 3: laer o g ¢ = 16 — 6,

llallx,p llallx,p

0,1 k=0,1.

4 Finite element approximation with mass-lumping

We continue to consider a family of shape-regular triangulations {7}, of the
polygonal domain D. Further, we assume that it is of weakly acute type. Thus,

14



each T' € Ty is a non-obtuse triangle. In this section, we consider a special type
of the finite element approximation to (2.3). In the subsequent section, we will
show that the scheme considered here coincides with a finite volume scheme.

Let P, be the set of all nodes of and 772 be the set of all interior nodes of
Th. Moreover, Let D} be the Voronoi polygon (Dirichlet domain, Wigner-Seitz
cell, Thiessen polygon; See for more detail [8, §6.2]) corresponding to P € Py,
The domain Dp = D% N is called the circum-centric region corresponding to
P € Pp,. We introduce, for each P € Py,

op € C(Q), ¢p|r is an affine function on T for all T € Ty,

1 (QePn, Q=P)

orl@)= {0 (QePh Q#P)

and
N 1 inDp
op = _
0 otherwise.

Then set

X = span {¢p}pep,, Vi =span {¢p}pcpo,
X, = span {Qgp}pe'ph, Vi ={ve Xy |v=0in Dp for P € P,\P}}.
(The spaces X}, and V}, are nothing but the standard P1 finite element spaces

defined on 7p.)
We introduce the lumping operator My, : V;, — Vh defined as

M= Y v(P)gp  (vEV). (4.1)
PPy
The inverse operator is obviously given as
Moo= Y 9(P)¢p (b€ Vh). (4.2)
PePy,

It is well-known that there exists constants C,C’ and C” depending only on D
and v (=the shape-regularity constant) such that

Cllonllo,p < |Myvnllo.p < C'llvnllop (vn € Vi), (4.3)
|vn — Mpowllo,p < C"hl[Vupllop  (vn € Va).

See, for example, [6, Lemma 2.1].
Now, we consider the following finite element scheme:

Find u,p, € V}, such that

L. P
(Ven, Vop) + g(uehavh)ﬂl = (f,on)p (Yop € Vi),
where i, = Mpuep, and 0, = Mpvy,.

Below, we write as

(Vhs wh)w,n = (Mpvp, Mpwp)o, (vp,wp, € Vi, w =, D).

15



Theorem 4.1. Let u, € HY(D) and ug, € Vi be solutions of (2.3) and (4.5),
respectively. Then, we have

IV (ue = ten)

1
lo,p + \%Hue — Uenlo,0,
< C(h+he V* 4 he 2 4 h2e3/%)| flloq.  (4.6)

In particular,

= en |l < C(ei + b+ he M + he 1/2 4 n2e3/4)|| 7

lo,0
where u denotes the solution of (2.2).

Proof. We drop the subscript € for simplicity; © = ue and up = ue,. Let wp, € Vy,
be arbitrary. Then, we have

1
|V (wh —up)llo,p + \szh — uplloo

(V(wp, — up), Vo) p + L(wp, — up, vp)o,

< C sup . (4.7)
v EVY ||Uh||1,D,Qh€
where
1 ) 1/2
2
lonlh e = (IF0nlo + Flunla, ) (4.8

‘We observe
1
(V(wp —un), Vor)p + E(wh — Up, Vp) Oy
1 1
= (V(wp —u),Vup)p + (V(u —up), Vup)p + ;(wh —u,vp)Q, + E(U — Up, Vp) O,

1
= (V(U}h - ’LL), v’Uh)D + E(wh —u, Uh)Q1

=J1

1 1
+(VU, Vvh)D + E(u,’uh)gl — (Vuh, Vvh)D — E(uh, vh)th

—J5

1 1
*E(Uhavh)ﬂl + g(uha UR)Qy k-

=J;
First,
1
[Jil = (IV(wn = w)llo.p + —=llwn = ullog, ) [nll,p01e

Ve

Next, since uy, satisfies the equation (4.5), we can deduce from (4.3)

| Lol = |(f,on)D — (fn,0n)p|
Cll fllo,pllvn — onllo,p
Cl fllo, - ChlIVurllo,p

Chll fllo.gllvnlli.p.oq e

IN

IA A
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By taking vy = up, in (4.5), we can derive

IVunllop < Cllfllog,  llunllogs < Ce?[fllog

in the same way as the derivation of (2.5).
By using these estimates, together with (4.4), we can perform an estimation

as
1
|J5] < g|(uh,vh)m — (un,vn)oy,nl

1 .

= g‘(uhavh)ﬂl — (U, On) 0, |
1 . L

= g‘(uh — U, vp)0, — (U, On — V), |
1 . .

< = [l = @ o)a,] + (@, 0 — o)
1 ~ A~ A~

s 2 (llun = anllo.o: llvelloor + lldallo.; llve — Orlloo:)
1 A ~ A~

< - (Ilun = @nllo,pllvallo.e, + llnllo.o llve — 9allo.n)
Ch )

< — ([IVurllo,pllvnllo.or + o [Vorllo,n)

Ch 1 Ch _;
< = L L2
< Tlfloa Zellnllor + <2 ol Venlon

_1
< Che 2| fllo,llvnlli,p,01 e

Summing up those estimates and using the triangle inequality, we get

1
IV (w = un)llo.0 + \f\lu — unllog,

1 1
IV (u —wp)lo,p + \%HU —whllo,0, + IV (wh —un)llo,p + %llﬂm — up o0,

IN

IN

1
Clh+ he ™) fllog + C (HV(wh ~ Wl + el —uuo,gl) .

Now choosing w;, = Ipu (= the standard P1 Lagrange interpolation of u) and
then using (2.9) and (2.10), we obtain

IV(u—Iw)gp = [IVu—Iu)§a+IIV(u— Il
< Ch2|U’%,Q + Ch2|u|§,91
1
< CR||flla+ Che 2| fl3q (4.9)

IN

1 1 1
- Tulda, < <CU*+nt TR, (410)

In conclusion, we have

IV (u = un)

1
0,D T+ \f”u — upllo,0:
< C(h+he V4 he V2 4 123 fllog,

which completes the proof. O
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Remark 4.2. We suppose € = h* with a > 0. Then, for h < 1,

Cho/*| floe  (0<a<4/3)

(4.11)
Ch'=22| flloa (4/3 <a <?2).

| —uepll1,0 < {

The optimal choice of v is @ = 4/3; then, ||u — ua|l1.0 < ChY3| fllo.. When
a > 2, the error estimate is meaningless.

5 Finite volume approximation

This section is devoted to analysis of the finite volume approximation. We set

771 ={Dp}prep, 77? = {DP}PEPQ‘

Following the standard notion of the finite volume method (cf. [3]), we write
K € ﬁl instead of Dp € 771 to express a general control volume. Further, for
K e 77“ we write xx € Py, instead of P € Py, and call xx the corresponding point
to K.

Then, 7}, is an actually admissible mesh of D. That is, the following conditions
(A1)—(A4) are satisfied:

(A1) Any K € T is a convex polyhedral domain and D = U K;
KeTh

(A2) For any K, L € Ty, with K # L, either the (d — 1) dimensional Lebesgue
measure of K N L is zero or K N L is an entire common side (edge, face) o.
Below we write 0 = K|L to express the latter case;

(A3) For K € Ty, the corresponding point e € Py is in K. Further, if o = K|L,
that xp # x1 and the line segment connecting xx with xy, is orthogonal to

g;
(A4) For K € T,\T2, we have zc € D.
Moreover, we use the following notation.

e Each K € 7, is called a control volume. The d dimensional Lebesgue
measure of K is denoted by mg. The set of all sides of K is denoted by
k.

We set £ = U ¢k, Emt={oc€&|oC D},and Ext = {0 € E | 0 C ID}.

KeTh
Obviously, & = &y U Eext. For o € &, the (d — 1) dimensional Lebesgue

measure of ¢ is denoted by m,.
e For K € T2, the neighbours of K is defined as N'(K) = {L € Tj, | o = K|L}.

e For 0 = K|L € &, the distance between xx and x, is denoted by d,, while
the distance between xx and o is denoted by dk 4.
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e The transmissibility coefficient is defined as 7, = m,/d, for K € ’7;0,
L e N(K) with ¢ = K|L.

e As the size parameter, we continue to employ h. (In [3], h is denoted by

size (Tp).)

e Below, we write as vg = v|x = v(xg) for v € X, and K € Tj.

A

We introduce interpolation operators P, : L'(D) — V;, and @y, : C(D) — Vi,
which are defined by

Prv €V (Panlic == [ o@) do (v e L'(D)),

Quw € Vi, (Quw)lx = w(zg) (we H*(D)).

Now we are able to derive the finite volume scheme to —Aue + (1/€)xue = f
in D with uc|gp = 0, where x € L*°(D) denotes the characteristic function of
defined as (2.6). First, we integrate the equation over K € 720 to obtain

1 _
—/Aueda:—I—/xuedx:/fd:r.
K € JK K

In the finite volume method, the Laplace operator is approximated as

/ Au, dx = Z Vue ng, dS ~ Z Tolue(zr) —ue(zK)],
K

LeN(K),o=K|L"? LEN(K),0=K|L
where ng , is the unit normal vector to o outgoing from K. Other terms are
treated as

1 1 1

/ Xue dr =~ / Xue(Tg) dr ~ —ue(x g )XKMK;
€ € JK €

K

| Faa = i,
K

where

Xh = Pnx, fn="Pnf.

Summing up, we can state the finite volume scheme to (2.3) as follows:
Find .y, € Vh such that

. . 1. 2 -~
- Z To (le,, — Ue, i) + Xrugmi = femr (VK € T)0).
LeN(K),0=K|L
(5.1)
We then derive another expression to (5.1). Multiplying by 0 the both sided

. . . ~ 0 .
of the above identity and summing up all K € 7}, , we obtain

=Y ik > )’YKL(ﬂe,L—ﬂe,K) +% > Xitixdxmi = Y frixmi.

KeT,  LeN(k KeTh, KeTy,
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We can calculate as

> Riiigirme = Y / XUnOp dz = (Un, On)Qy
KeTy, Keh, TN
Z froxmi = (f.0n)p-
KeTy,
Thus, setting
an(Op,p) = — Y WK Y ’YK|L b, — oK) (On,dn € Vi), (52)
KeT;, LeN (K

we obtain an equivalent expression to (5.1) as follows:

Find ., € Vj, such that
o 1 ) R (5.3)
an(len, Op) + = (Ueh, in)a, = (fion)p  (Von € Vi)

At this stage, we recall the following well-known result (cf. [8, Corollary 6.9],
(7, §3)):
Lemma 5.1. We have ap(0p,wr) = (Vup, Vop)p for Op,wp, € Vi, with v, =
M, Yop € Vi, and wy, = M 1y, € V.

By taking into account of this fact, we see that problem (5.1) is equivalently

written as (4.5). Thus, we have the following Lemma.

Lemma 5.2. Let uc € H(D) and i, € Vi, be solutions of (2.3) and (5.1),
respectively. Set u., = M{lﬂsh. Then, we have

1
IV (ue — ten)lo,p + \%Hue -
< C(h+he ™V 4+ he 2 4 B2/ flloa.  (5.4)

At this stage, we introduce a discrete H} norm defined as

. I | . -

|On]1,D,n = an(On, on)2 (on, € V). (5.5)
An error estimate for the finite volume approximation is given as follows.

Theorem 5.3. Let u. and U, be solutions of (2.3) and (5.1), respectively. Set
én = Qpue — up, € Vh. Then, we have

énlipn < C(h+he /4 he V2 1 K23/ fllo.q- (5.6)

Proof. Set e, = Mh_léh € V. Then, it is explicitly given as e, = I u. — up with
up = Mh_lﬂh. Hence, in view of Lemmas 5.1 and 5.3, we have by using (4.9)

an(én,én)? = (Ven, Vey,)

lenli,pn =
< [IVnue = ue)llo,p + [V (ue — uen)llo,n
< C(h+he 4 he 24 12| flloa,
which completes the proof. O
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A Proof of Lemma 2.4

It suffices to consider the case () = R_]X , since then the general case is proved by
the standard argument by using partition of the unity and localization technique
(see, for example, [15, §20]).

We suppose that ﬁ(ﬁ’) is the Fourier transform of a function h(x1,...,xNx-1),
where & = (&,...,&v—1). Similarly, let w(§) be the Fourier transform of a
function w(x) in variables (z1,...,2nx-1), where £ = (& ,xy). We apply the
extension formula in [11, Theorem 5.2, Chapter 2| with a slightly modification.
Thus, we propose

0, zn) = anexp (=(1+ € )n~% an) 5(€). (1.1)

Indeed, let |a| < 2, let us consider w, = 0%v in Rf and set w, = 0 for zn < 0.
Let us denote o = (aq, ..., an, ), and a = (o/,ay). Hence 1, (€) is a finite sum
of expressions like

al(©) =a [ el (42 Tl
0
exp (—(1+[¢')n~ % an) §(€)dxn,
where a is a constant, 7 = 0,1. We have:

() ((L+1€hn—*)*V—g(&)

IO =@z viens

and so

1) en =C (€2 (L + [ 2)2 v 2g(e") Pde!

RN-1

Cr 2l s o =2

IN

CrPllolf e o =1,
Crllgli . an =0.

This completes the proof. O
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