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Abstract

We study a linearly semidiscrete-in-time finite difference method for
the system of nonlinear Schrédinger equations that is a model of the in-
teraction of a non-relativistic particles with different masses. The main
aim is to show that the scheme is second-order convergent.

1 Introduction and main results

We consider the following system of nonlinear Schrodinger equations:

iOwu + alAu = \av, t >0, = € RY,
10w + AV = pu?, t >0, z € RY, (1)
u(O,x) = UO(I’), U(va) = 'UO(x)a T e Rda

where u and v are complex-valued functions, A is the Laplacian in R? , o and
[ are positive constants, and A and u are complex constants. This system is a
model of the interaction of a non-relativistic particles with different masses.
The mathematical study for (1) is well developed. Throghout this paper, we
suppose that
s> d/2, s:integer.

For some s > s, there exists a constant 7% = T*(ug, vg) € (0, 00] such that the
system (1) admits a unique maximal solution

(u,v) € C*([0,T*); H** (RY)),

for any initial data (ug,vo) € H® (R?); see, e.g., Cazenave [3]. Moreover, the
aymptotic profiles of solutions of (1) are studied, for example, in [5] and [6].

In this paper, we are concerned with a time discretization method for (1). As
is well-known, we need to consider implicit schemes to obtain stable numerical
solutions for Schrodinger equations. Especially, the Crank-Nicolson scheme is
useful and widely applied, since it is stable and second order convergent. How-
ever, if applying the Crank-Nicolson scheme to a nonlinear Schrédinger equation,
we deduce a nonlinear elliptic equation at each time step as the the resulting
equation in order to maintain the second order convergence (cf. [1], [4]). On a
consequence, we meet another difficulty for solving nonlinear elliptic equations.
This can be quite time-consuming when the size of a fully discretized problem
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is very large. In this connection, Besse’s relaxation scheme ([2]) is a method
worthy of note. He considers a nonlinear Schrodinger equation and studies a lin-
ear scheme by considering both the main time step ¢,, and the dual one ¢, /5.
Here, by a linear scheme, we mean a time discretization method whose resulting
equations consist of linear elliptic equations. His relaxation scheme is shown
to be convergent but the proof of the second order convergence is still open at
present.

In this paper, we propose a linear scheme for (1) that is motivated by the
relaxation scheme. The main contribution of this paper is to show that it is
actually second order convergent. As stated above, we restrict our attention
within a time discretization scheme and not discuss about space discretizations.
However, the resulting equations of our scheme is linear so that the standard
space discretization methods, for example, the finite difference, finite element,
spectral methods are readily applicable. As a matter of fact, fully discrete
schemes for (1) by those methods under various boundary conditions will be
studied in forthcoming papers. Moreover, numerical examples will be reported
there.

Now let us state the time discretization scheme for (1) to be considered. let
h be a time step size. We propose the following scheme for (1).

Z,u"+g —unts N aAu”Jr% +unts . untE 4yt Py
Un+1 _ Un Un+1 + ,Un N
. A — n+3\2
i+ 5 p(ur2)
forn =0,1,2,... Namely the first and the second equations of (1) are discretized

at times tn41 = (n+1hand ¢, 1 = (n + 3)h, respectively.

The scheme (2) consists of two linear equations for solving u”+3/2 and v"+!
at each time step. More specifically, the first equation of (2) is equivalently
written as

3 . 1 . _ 1
K u"T2 (1+z—°’2hA) u” E—Z%hu" zpntl
+1 — 3 - . — 1 . 1_
" u" T2 (171—0‘2’1A) u” 5+z—>‘2hu" 2gntl

where

K ( 1—i9rA i3t )
ntl = | _Ahzntl i ah :
1510 1+i%A

Since the operator K, is defined in terms of the solution v"*! at the previous
time step, it is not certain that K,4; is invertible at this stage. However,
as we will state in Propositon 1 and Theorem 2 below, the scheme (2) has a
unique solution in ¢, 3,9 < T™ for a suitably chosen h so that K, is actually
invertible.

Below, we use the usual Lebesgue spaces L? = L?(R%), L>® = L>*(R9) and
Sobolev spaces H¥ = HF(R?) for an integer k together with their standard
norms. We write as

Wz =l lz2eey  and |- lars = [|- |l e ey

First, we state the following local stability result which plays an important
role.



Proposition 1 Let a, b € H®, and put R > ||a||gs + ||bl|g=. Then there exist

a constant Tr > 0, which depends only on R, A\, u,s and d, a unique solution
1 1

(ut2 o™, of (2) with initial condition (uz,v°) = (a,b) satisfies

w5 | e + [[v" | e < 2R (3)

for alln € N with nh < Tg.

It should be kept in mind that, since h € (0, Tg/5], the set {n > 1 | nh < Tg}
is not an empty set. This proposition will be proved in section 2, after having
prepared a few prelimimary results.

We are now in a position to state the main results of this paper.

Theorem 2 Let s € N and s > d/2. Let ug, vo € H**5, and let T* = T*(ug,v)
be the mazimal existence time of the solution (u,v) of (1) as mentioned before.
Then (u,v) further satisfies

3
(u,v) € () C* ([O,T*); (HS+6‘2’“)2) . (4)

k=0
Let T € (0,T*) be arbitary, and set M* = maxo<r<s{Mx}, where

Mk = tgf(?)’z(“] {||8fu(t)|\Hs+sfzk + Hafv(t)”Herafzk} (k‘ = 0, 1, 2, 3) (5)

Moreover, let (u™t2,v™), be the solution of (2) with initial condition

1 ih
u2 = ug + %(aAuo — Migvg), v° = . (6)

Then there exist positive constants hg and Ky, which depend only on o, B, A, i,
T and My, such that the problem (2) is solvable and the solution (u""’%,v”)n
satisfies

(g y) = w5 e+ o(tn) = v"[|e < Koh® (7)

for all h € (0, hg) and n € N satisfying (n + 1)h <T.

2 Proof of Proposition 1

First, we collect preliminary results, which we use in the proof of Proposition
1 and Theorem 2. We introduce operators, for positive constants « and (3,

-1 -1
to=(reiga) (1-5a) L m= (1-5a)
2 2 2

which are primary defined on L2, where I denotes the identity operator in
L?. An application of the Fourier transformation, we can deduce the following
lemma.

Lemma 1 1. A, is a unitary operator on H® and we can write

.ah -1 .ah
A, = (I — zQA) (I—HQA) .



2. Bg 1is a bounded operator on H?.

The following estimates are readily obtainable cosequeces of the Taylor’s

theorem.
Lemma 2 1. Let f(t) € C3([0,T); H®), h >0, t+h € [0,T], and t —h € [0,T].
Then we have

I (F b+ R) = (2= 1) = 20 D)l e < 5] fllesiommey b

2. Let f(t) € C*([0,T); H*), h>0,t+h € [0,T], and t — h € [0,T]. Then we
have

[f(t+R)+ ft—h)=2f(O)las < |fllc2qommh°-

We will make use of the well-known Sobolev inequality.
Lemma 3 There ezists a positive constant C' which depends only on d and s
such that

[woll s < Cllullgs[|v]| &

for allu, ve H®.

Now we can state the following proof.
Proof of Proposition 1. It is based on the contraction mapping principle.
Let a,b € H?® be arbitrary and set R > ||la||g= + ||b]| -

First, Equation (2) with initial condition (u2,v°) = (a,b) can be written in
the following form with Duhamel’s principle:

n ‘+§ ‘+l

u"tE = At — iR Y ALTIB, (“j‘gl‘g) VIt
=0
n ) ) 2

,Un-i-l — Anglb— ’L,LLhZAgijBﬂ (u]-‘r%)

Jj=0

forn=0,1,2,... R
For the time being, we fix N € N and set N = {1,2,...,N}. Then, we
consider a Banach space

Xy = {(wnﬂ-%’wn)neN | wn-l—%’wn c H® Vn € N}
with the norm

PN 1 ~
I 2l = s (I g+ " 1)
nGN

for (w”“‘%,u”)")n € Xny. We introduce 7 : Xy — Xy by setting
(@2, 5", = T (W2, 0™, (9)

where

n .3 1
. u]"l‘* fu]"!‘* .
ats = AZ+1Q _ MhZAZﬂBa <2J2r2> AR
=0
n
. . 2
gt — Ag-‘rlb_ iﬂhZAz_jBﬂ (u]-‘r%)
§=0



forn=20,1,..., N — 1. Here, we set u? = a.
Below, we will show that 7 is a contraction operator from a closed ball Bogr
into itself, with a suitably chosen h, where

Ban = { (w5, 0™, € Xn [ (w3, 0"y < 2R}

First, let (u"2,0"), € Bog, and set (@"t=,o"), = T (u"2,v™),. By using
Lemma 1 and Lemma 3, we have

n

187 e < lallae + €Y (0¥ le + e ) o
7=0
< |lallm + CNRER?,

|8 iz < [Bllaze + CR Y w530 < [lbll - + CNAR?,
§=0

forn =0,1,..., N —1. Hence there exists a positive constant C, which depends
only on d, s, A and pu, such that

[ e + (67 e < R+ CLNAR?
foralln=0,1,..., N — 1. Therefore, if
CiNRR <1 (11)

then we have ||( "+2 , 0" )nllan < 2R, which implies that 7 (Bag) C Bag.
1
Next, let (u) 71)1 ", (u;H_"’,vé‘)n € Bap, and let
@550 = T o, @) = T o),
Then, we have

Nn—i—% ~n+2 ||H5

+8 + ;
<ChZ{(IW g e )

+ 1 +1
o (g e+ N e ) lod = 0 )

k+3 k+3
< CNAR|(uy 2,08 )5 — (us 2, 08)k ] xns

and

n . |

- - j+i i+ +3 +3
o+t = o5 e < 0> (gl + ™ e ) ™ = e
j=0
k41 k41
< CNhR||(uy Qavlf)k — (ug 27U§)kHXN

forn =0,1,..., N—1. Hence there exists a positive constant C5, which depends

only on d, s, A and pu, such that

12 — a2 e+ (57 — oY e

1 k+3
< CoNRR|| (X2 o), — (b2 0k) il



for alln =0,1,..., N — 1. Therefore, if

1
CoNhR < 57
then we have
k+1 k+i 1 k41 k+l
”T(ul 27Uf)k - T(u2 zvvg)kHXN < 5”(”1 27v11€)k - (u2 2’U§)k||XN7

which implies that 7 : Bogr — Bog is a contraction mapping. At this stage, we
define as

T — mi 1 1

R = mm{ClR, 2C’2R}'

Moreover, from now on, and chose N as N = max{n | n > 1,nh < Tg}. Then,
the mapping 7 turns out to be a cotraction mapping of Bogp — Bag. As the
result, 7 has a unique fixed point (u”*é ;") ex Which obviously satisfies (10)
and (3) for 1 <n < N. This completes the proof of Proposition 1. O

3 Proof of Theorem 2

This section is devoted to the proof of Theorem 2.

Let ug, vo € H**6 and let (u™t2,v™), be the solution of (2) with initial
condition (6). Then there exists a positive constant C* which depends s, d and
a, such that

[l e + 0% e < C*M*(1+ M¥)
Put M’ := max{M*, C*(M* + 1)M*}. From Propsition 1, there exists a
constant Th;s > 0, which depends only on R, A, i, s and d, a unique solution
(u™t2,v™),, of (2) with initial condition (6) satisfies

[ 2 e+ 0" |z < 20
for all n € N with nh < T);,. We define
v = sup{n € N | [[u™*2 | e + |[0"]| 5= < 3M'}.
We divide the proof into two steps.

Step 1. First, we show that there exist positive constants h; and K, which
depend only on T and My, such that the estimate (7) holds for all A € (0, hq)
and n € N satisfying

(n+Dh<T, n<u,. (12)

. T
Nh:mln{{h} -1, Vh}7

where [T'/h] denotes the integer part of T'/h.
Forn=0,1,2,..., we set

We define as

otz :u(tLTH%)—u""'%7 P =wv(ty) —v™.
Then we have

h E 1
grts —gnti i%A(e’”% +0"7E) = ihe" T,



or equivalently,
0" t3 = A,0"2 4 ihB, ",
where &1 = ¢! 4 B! 4 it

w(t,ys) —w(t,r1
711+1:i{atU(tn+1)_ ( +2)h ( +2)}a

u(t,is) +u(t, 1
g+1:OZA {u(tn+1)— ( +g)2 ( +2)}’

1 — unts 4unts 1
3 = AWl o) — (e

It follows from Lemma 1 that

107 llze < 1072 e+ RIS .
Next, we estimate ||®"*1||g-. Fisrt, from Lemma 2, we have
167 e < OMsh®, |l ¢ ™ || me < CMah?

for n =0,1,..., N, — 1, where My and M3 are constants defined by (5).
Moreover, since

un+%+un+%
Wla1)o(tnsn) - ( ot

M\w

wrtE gty
+ 2

it follows from Lemma 2 that
65+ e < CMah?|[v(tysr)l|are
3 1
+ C(futnsz) =™ 2 e + [ultyps) — w2 o) [o(tng) | oo
+ O[3 | e+ [Ju™™ 2 | o) [o(tnr) — 0" e
< OM'(Mzh® + (10775 | g + |07 % || = + 0" |11+
for n =0,1,..., N, — 1. Thus, we obtain
@Y e < CM'H2

+ OM" (16" e + 10" e + 1"l )



and cosequently
1672 (e < 10742 | 1re + 2@ 1o
< [67%2 s + CM'R?
+ CMB (16" s+ 10" e + " ). (13)

forn=0,1,...,N, — 1.
Similarly, we have

h 1
prtt—pt — i%A(p"“ +p") = ih W, (14)

or equivalently, )
Pt = Agp™ +ihBg¥"tz,

1 +1 +1 +1
where W2 = o))" 2 4 qpy 2 fahy 2,

;LJr% :i{@tv(tn+;) _ v(t”H)hv(t")}’
;H% ZﬁA{U(tn+§)_W}v

nd _M{<u(tn+;))2 - (“H%)Q}'

Again, from Lemma 2, we have
nt2 nt2
[y "% e < CM3H?, oy | < CMoh?

forn=20,1,..., N, — 1. Moreover, we have

+1 1 1
5™ 2 e < Cllultygs) e + 1™ = o)ty ) — w2 ]| o

< COM'||97F3 | -
for n =0,1,..., N, — 1. Thus, we obtain
10" e < o™ e+ B e < [lp7 are + CM P+ CMBIO™ [ (15)

forn=0,1,..., N, — 1.
Summing up estimates (13) and (15), we deduce

3
16" = |7z + (1" | 125
1
<0 e+ 7 e+ MR
n4+3 n n+1 7
4 CaMh (167 e + 107 e + 167 e+ 17

where C3 and Cj denote positive constants depending only on d, s, o, 3, A and
u. Therefore

(1= CaM'm) (10" e+ 11" 1)

< (14 Cab'R) (167 Hlze + 0" |- ) + CoM'R?



forn=0,1,..., N, — 1.
At this stage, we define a positive constant hi by

1

hy = ——— 1
ToN VT (16)
and we assume that h € (0, hq]. Then, we have
1072 1z + "
< (1+4CM'h) (||9"+%\|Hs + HanHs) + 205 M B3
< M (1173 |y + [} ) + 205 M'h
forn=20,1,..., N, — 1. Thus, we have
n 1 n
1072 | are + (1" (|-
n—1
< AN (08 1+ 10 e ) + 200 MR Y A
§=0
< ACMT| 0% || o + 20, M'TeACM'T p? (17)

n € N satisfying (12).
In view of the regularity property (4), we have

Btu(O) = i(OZA’LL() - /\’U,()U(]).

Hence, using the Taylor theorem, we can calculated as

02 =ulty) —u® = {U(O) + gatu(()) + /0 (;L - T> u(r) dT}

— {uo + Zg (aAug — )\uovo)}

_ /0 (Z - 7) 02u(r) dr.

This gives
h
1 2 (h h? M’
650 < [ (5 7 ) 102l ar < 5 s o)l < S0
Therefore, taking
Ml / ’
Ko = ?6402M T 4 90, M'TelCM'T

we have shown that the desired estimate (7) holds for all » € (0,h1] and n € N
satisfying (12).

Step 2. We prove that there exists a positive constant hy such that

T
7] e



holds for all h € (0, hg). We argue it by contradiction.
Assume that vy, < [%] — 1. Then, we have Nj, = v, and in view of Step 1,

1
[ultyys) = w2 |me + [lo(tn) — v"[[1e < Koh?

1
2

for all n = 1,...,v and h € (0,hy). Moreover, since (v, + 1)h < T, it follows
from the definition of M’ that

e ([ultys )l + [o(t) e ) < M

n=1,...,v
Combinig those inequalities, we get
[ 2 e+ 0" e < M+ Ko

foralln=1,...,vp.
We define a positive constant hy by

: M1
ho:mln{hl, T[{Q, 2T2M’}7

where T, is the constant introduced in Proposition 1 with R = M.
From now on, soppose that h € (0, hg]. Then,

[+ 3| e + 07 e < M+ Koh® < SM'.

N w

We apply Proposition 1 with a = u”h"’%, b=v"» and R = %M’ and obtain
a2 e o e < 3M.

This contradicts the definition of v,. Therefore, [£] — 1 < v, holds for all
h € (0, hp]. That is, we have N}, = [%] — 1 for all h € (0, hg]. Hence, by the
result of Step 1, we see that the desired estimate (7) holds for all h € (0, k]
and n € N satisfying (n + 1)h < T. This completes the proof of Theorem 2. O
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