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Abstract

We show quenched large deviations for the simple random walk on
percolation models with long-range correlations defined by Drewitz,
Réth and Sapozhnikov [3], which contain supercritical Bernoulli per-
colations, random interlacements, the vacant set of random interlace-
ments and the level set of the Gaussian free field. Our result is an
extension of Kubota’s result [8] for supercritical Bernoulli percola-
tions.

1 Introduction

In the research of percolation, it is important to understand geometric prop-
erties of clusters and behaviors of random walks on the clusters. In the case
of supercritical Bernoulli percolation, Antal and Pisztora [1] gave large devi-
ation estimates for the graph distance of two sites lying in the same cluster.
Kubota [8] showed quenched large deviations for the simple random walk
on supercritical Bernoulli percolation on Z¢. The strategy of proof in [8] is
similar to the one in Zerner [10], which showed large deviations for random
walk in random environment. However, the configurations of percolation fluc-
tuate and the random walk has non-elliptic transition probabilities. These
obstructions are overcame by using [1] Theorem 1.1.

Drewitz, Rath and Sapozhnikov [3] considered percolation models on Z?
with long range correlation satisfying some conditions (Assumption 1.1 in be-
low). They obtained large deviation estimates for the graph distance, which
are similar to [1] Theorem 1.1 and a shape theorem for balls in the graph
distance. The percolation model they considered is a generalization of the
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supercritical Bernoulli site percolation on Z¢. Moreover, the conditions are
satisfied by random interlacements, the vacant set of random interlacements
and the level set of the Gaussian free field.

In this paper, we show quenched large deviation principles for the simple
random walk on percolation models {P, }, considered by Drewitz, Rath and
Sapozhnikov. Our strategy of proof follows the one in [10] and [8]. In [8], the
fact that P, is a product measure on {0,1}%" is essentially used in order to
show that the Lyapunov exponent «,(+) is subadditive. However, in the case
under consideration, P, is not necessarily a product measure. To get over
this obstruction, we use some ergodic theoretical results for commutative
transformations, specifically, Furstenberg and Katznelson’s theorem [5] and
Tao [9] Theorem 1.1.

Now we describe the setting. Let d > 2. We write |z]o = maxi<i<q |2,
and, |z|; = Y cicqlmi] for @ = (z1,...,24) € R% Let B(z,r) = {y € Z% :
12— Yloo < 7]}, 2 €24, 7 > 0.

Let us denote a configuration of {0,1}%" by w = (w())zeze. Let C =
Cw) ={z e Z wx)=1}, we {0,1}%. We regard C(w) as a subgraph
of Z% in which the set of edges is {{z,y} : 7,y € C(w), |z — y|; = 1}. Let
C, = Cy(w) be the connected component in C(w) containing z. Let C,,
r € [0, 4+00], be the set of z € Z¢ such that [;-diameter of C, is larger than
or equal to . Let D(x,y) be the graph distance in C between x and y. Let
D(z,y) = 400 if x and y are in different connected components in C.

Let 0,, z € Z% be the canonical shifts on {0,1}%, that is, 6,(w)(-) =
wlz+-), w e {0,1}". Let &, : {0,1}*" — {0,1}, y € Z%, be the map defined
by @, (w) = w(y).

Let 0 < a < b. Following [3], we assume that a family of probability
measures { P, }qcucs on {0,1}7" satisfies the following conditions.

Assumption 1.1. (P1) P, is invariant and ergodic with respect to the
lattice shifts 6,, x € Z%\ {0}, u € (a,b).

(P2) For any u; < up and any increasing event G, P,,(G) < P,,(G).

(P3) There exist constants Rp, Lp < 400, €p,xp > 0, and a real valued
function fp with fp(t) > exp((logt)*), t > Lp, such that

PUQ (Al N A2) < Pu1 (Al)PUI (A2) + eXp(_fP(L))? anda

Pul (Bl N B2) < PUQ(Bl)Pm(BQ) + eXp<_fP(L>>

for any pair (R, L, uy, us, 1, T2, A1, Aa, By, By) with the following conditions,
(i) R > Rp is an integer.

(ii) L > 1 is an integer.

(iii) uy, ug are real numbers such that a < u; < ug < band ug > (1+RXP )uy.
(iv) @1, 22 € Z% such that |z; — To|e > RL.

(v) A; (resp. B;), i = 1,2, are decreasing (resp. increasing) events such that



A; (resp. B;) € 0(®, : y € B(x;,10L)).

(S1) (connectivity) There exists fg : (a,b) X Z; — R such that for any
u € (a,b), there exist Ag(u) and Rg(u) such that fs(u, R) > (log R)'*4s®)
for R > Rg(u). Moreover, for any R > 1,

Pu(Cr OV B(0, R) #0) > 1 — exp(—fs(u, R)), and,

P, ﬂ {z and y are connected in C N B(0,2R)} | > 1—exp(—fs(u, R)).
x,yGCR/loﬂB(O,R)

(S2) (density) u — P,(0 € Cy) is positive and continuous.

The family of supercritical Bernoulli site percolations on Z? satisfies the
assumptions (P1)-(P3) and (S1)-(S2). (P3) is trivial because P, is a
product measure on {0,1}2°. We see (S1) by Grimmett’s book [7] (7.89)
and (8.98). and (S2) by [7] (8.8).

Fix u € (a,b). By (S1), C is non-empty and connected, P,-a.s. and
hence Cy, is a unique infinite cluster, P,-a.s. Let Qy = {0 € C}. we define
the probability measure P on {0, 1}%" by P(A) = P,(A|Qy).

Let us define the random walk on the infinite cluster by the Markov chain
(Xn)n>0s (P2)ecca(w)) o Coo(w) whose transition probabilities are given by
P*(Xo=1z) =1,

1
PiXnn =z +elXn = 2) = = liue=1} 0 s, Jels = 1, and,
Pr(X Xo=z)=— S 1 0
= = = — N —, (¢] .
w n+1 TiAn z 2d o {w(e’)=0} x
A

The following theorem is our main result.

Theorem 1.2. The law of X,,/n obeys the following large deviation principles
with rate function I(x) = supyso(ax(z) — N), © € R, where ay(-) is the
function on R* defined in Section 3.

(1) Upper bound : For any closed set A in R?, we have P-a.s. w,

0
lim sup log Py (Xn/n € 4) < —inf I(x). (1.1)

n—00 n €A

(2) Lower bound : For any open set B in RY, we have P-a.s. w,

log P°(X,./n € B
lim inf 8o/ € B) o iy (1.2)

n—o00 n zeB



2 Preliminaries

Let H, be the first hitting time to y for the random walk (X, ),.
Let A > 0. For z,y, z € Cy, we let

ax(z,y) = a3 (z,y) = —log Eflexp(—AHy)1{#,<1o0}], and,

d)\(xv y) = max{a)\(x, y)7 a)\(y7 l’)}
By the strong Markov property of (X, )y,

ClA(l',Z) < GA(xay)"‘CLA(Z/,Z)a T, Y,z ECoo- (21)
By considering a path from z to y of length D(x,y) in Cy,
da(z,y) < (A +log(2d))D(z,y), x,y € Coo. (2.2)

Let T, : Q@ — N U {400} be the map defined by T, (w) = inf{n >
1:nr € Co(w)}, z € Z4\ {0}, where we let inf() = +oo. We define
the maps O, : Qy — Qp by O,w = oL@y, By the Poincaré recurrence
theorem, O, is well-defined up to measure 0. By Lemma 3.3 in Berger and
Biskup [2], ©, is invertible measure-preserving and ergodic with respect to
P. Let T\" = Z;é T, 0 ©F. Then, by Birkhoff’s ergodic theorem and Kac’s
theorem, we have that for z € Z¢\ {0},

(n)
lim 25— — E[T,] = P.,(Q)""!, P -as. and in L'(P). (2.3)

n—oo M

2.1 Some Lemmas

In this subsection, we describe some assertions derived from [3] Theorem 1.3.
By [3] Theorem 1.3, we have that for any u € (a,b), there exist ¢, > 0
and C, < 400 such that for any = € Z<,

P, (D(0,z) > Cy|z|1,0 < x) < Cy exp(—cy(log |x|;)T45). (2.4)

Noting (2.4), we can show the following assertions by using the argu-
ments in the proofs of Garet and Marchand [6] Lemma 2.2 and Lemma 2.4
respectively. We omit the proofs.

Lemma 2.1. There exist C1,Cy > 0 such that for any r > 1 and for any y
with |yl <,

P, (D(0,y) < (3r)%,0 < y) < Crexp(—Cy(log r)tas),



Lemma 2.2. There exists C3 > 0 such that E[D(0, T,x)] < Cs|x|y, € Z<.

Noting (2.4) and Lemma 2.1, we can show the following by using the
arguments in the proof of [8], Lemma 3.1, or, in the proof of [10] Lemma 6.
We omit the proof.

Lemma 2.3. Let A > 0. Then the following holds P-a.s. : For any € €
QN (0,400), there exists a positive number N such that for any x € Cy with
’I|1 Z N}

sup{dx(2,9) 1y € Coo, |z =yl < e} < (A +log(2d))Cuefzs.

3 Lyapunov exponents

Let the Lyapunov exponents ay(x) = P,(Qp) inf,>1 Elax (0, T %)) /n, for A >
0 and € Z4. They are obtained by Kingman’s subadditive ergodic theorem
as the following.

Proposition 3.1. Let A > 0 and z € Z*\ {0}. Then,

(n)
lim ax(0, Ty " x)

= ay(z), P-a.s.

Proof. Fix A > 0 and z € Z%\{0}. Let W,,, = a)\(ngm)x,ngn)x), 0<m<n.
Then, by using (2.1), (2.2) and Lemma 2.2, we see that Wy, 11,11 = Wy, p 0
O, Won < Won + Winm, and, W,,,, € L'({0,1}%")P), 0 < m < n. Now
we can apply Kingman’s subadditive ergodic theorem to {W,, , }o<m<n and
obtain

oy @0 T2) L Elaa(0, 73" a)]

n—o00 n n>1 n

By (2.3), we have that

, P-a.s.

nh—{go Té”) -

]

We need the following lemma to show the subadditivity of the Lyapunov
exponents.



Lemma 3.2. Let 21,20 € Z%. Then,

1 — . ,
lim — E P.(Q0 N0, N0 ') exists and positive.
=1

n—oo N 4

We denote this limit by b,, .,.

Proof. By Tao [9] Theorem 1.1, there exists a function g € L2({0,1}%*, P,)
such that

1 ¢ i i i :
- ZZI Lo, 00f - 1o, 00 1o, 00, — g, n — oo, in L*(P,).
Since 6 is the identity map on {0, 1}2",

o1
lim —
n—oo M,

D Pu(Q0 N0, N0 Q) = / gdP,.
i=1 {0

1324

Since P,(€) > 0, it follows from Furstenberg and Katznelson’s theorem
[5] that

N —i —i
lim inf z; P, (Q N 0.1 N 6Qp) > 0.

These complete the proof. O

Proposition 3.3. Let x,y € Z¢ and ¢ € N. Then, we have that

(1) ax(z+y) < ax(z) + ar(y).

(17) ax(qr) = qax(x).

(131) M)y < ax(z) < (A +1og(2d))C5P,(0)|z|1, where Cs is the constant in
Lemma 2.2.

Proof. We can see the assertion (ii) by using the methods taken in the proof
of [8], Corollary 2.4. By noting (2.2) and Lemma 2.2, we have E[a(0, T,x)] <
(A + log(2d))Cslx|; and hence ay(x) < (A + log(2d))C3P,(Q0)|z]1. Az|i <
a)(z) is shown by using the methods taken in the proof of [8], Lemma 2.2.
Thus we have the assertion (iii).

Now we show the assertion (i). We can assume without loss of generality
that z,y,x +y € 24\ {0}.

For 21,2y € 74, let

A,z = {21, 22 € Coo, ar(21,22) < Cu( A+ 1og(2d))|21 — 22|1},
where C,, is the constant in (2.4). Let

Ai = Ag iz N Aoitaty) N Aiziaty)-

6



1§5Erme@+y»Mq

(4

R |

Now it is sufficient to show the following convergences.

nll_{gonZE [ x—i_y)),Az} —aA(x—l—y)%. (3.1)
0 i) =~ oz be zty
S N e
NCEN ar—l-y)) . be aty
Jim 3 [ A —apEs 6y

Here b denotes the constant defined in Lemma 3.2.
Now we prepare the following lemma.

Lemma 3.4.

1 ]P . ac ,T+Y
nﬂnZ B ()
Proof. By Lemma 3.2, it is sufficient to show that

lim P, (AN Qe N6, NE,"

71— 00

Q) = 0.

Tty
By (2.2) and (2.4),
Py (A5 NQ N0, % N0, Q)

< Py (006,70 N AG ) +Pu (0N 0,7,Q0 N AG ary) +Pu (027 N0, NAS, 1y)

< P, (D(0,iz) > Cyi|z|i,0 < iz)+P, (D(0,i(x + y)) > Cyilx + y|1,0 < i(z + y))
+ P, (D(iz,i(x +y)) > Cyuily|i, iz < i(z +y))
< 3C, exp (—cu(log(imin{|z|y, Jo + yl1, yli })29) .

Since x,y,x +y # 0, exp (—cu(log(i min{|z|i, |z + yl|1, |y|1}))1+AS) — 0,
1 — 00. This completes the proof of Lemma 3.4. m



We show (3.2). First, we have that

(2000 4] g2 4] s osrmia

By Lemma 3.4, it is sufficient to show that

d

By Proposition 3.1, we have that

a0i@) )

1,42} — 0, i — 0. (3.4)
i

0,2 0,2
M —ay(z)| 14, < M — ax(®)| Ljo,zecy — 0, 1 — 00, P-as.
i i
By the definition of A;,
ax(0,iz) ,
———— —ax(z)| 14, < Cu(A +log(2d)) + ax(z), i > 1.
i

By the Lebesgue convergence theorem, we obtain (3.4). Thus (3.2) is shown.
We can show (3.1) in the same manner.
Finally we show (3.3). By Lemma 3.4, it is sufficient to show that

By the shift invariance of P,, we have

.| -5

Now we have that a,(0,iy) < C,(\ + log(2d))ily|; on 67 A;. Hence,

ax(iz, z(:r; +y) ax(v)

1A1} — 0, 1 — oo. (3.5)

ay (i, 2(33 +y) 0 (y)

GA(O,iy)
1

—ax(y) 19;&} -

aA(O7iy)

- Loia, < Cu(A+10g(2d))|y|1 + an(y).

—ax(y)

By Proposition 3.1,

aA(Oaiy)
{

~ oy a0,7)

Loia, <

- O‘/\(y)' L{0,iyecey — 0, @ — 00, Py-a.s.

Thus we obtain (3.5) by using the Lebesgue convergence theorem and
hence (3.3) is shown. These complete the proof of the assertion (i). O



We can easily extend the Lyapunov exponent a,(+) to the function on R?
and then we have the following. See [10] Proposition 3 for proof.

Proposition 3.5. Let A\ > 0. Then, there exists a function ay : R — [0, 00)
such that for any x € 74\ {0}, P-a.s.,

e
lim M = ay(x).
n—o0 Tx”
Moreover, for any x,y € R? and for any q € (0,+00), ax(qzr) = qax(z),
ax(z+y) < ax(x)+ax(y), and, Nz|; < ay(z) < (A+1log(2d))C5P,(20)|x]1-

We state some properties of the Lyapunov exponent. See [10] Proposition
3 for proof.

Lemma 3.6. (i) x — ay(z) is conver on R%.
(i1) A — ay(x) is concave on [0, +00).
(ii7) (A, x) — ax(x) is continuous on (0, +00) x RY,

4 Shape theorem

First, we state the following lemma, which is essentially the same as [6]
Lemma 5.5.

Lemma 4.1. Let z € Z*\ {0}. Let n > 0. Then, we have P-a.s. that
there exists a positive integer N such that for any r > N there exists k €
(1 —mn)r, (1 +n)r] such that kz € Cu.

Let €24 5 . be the set with probability 1 such that the statement in Propo-
sition 3.1 holds on the set for fixed A, z. Let Qs ., be the set with probability
1 such that the statement in Lemma 4.1 holds on the set for fixed z,7. Let
(23 5 be the set with probability 1 such that the statement in Lemma 2.3
holds on the set for fixed A\. For A > 0, we let

Q) = () Qa:n N Qoo N Q1.

2€74 2€Z4\{0},neQN(0,00)
We remark that P(2(\)) =1, A > 0.

Proposition 4.2 (Shape theorem). We have P-a.s. that for any A > 0,

lim ax(0,z) — ax(z)

|z|1—00,2€Cs0 |l‘|1

=0.




Proof. The following proof is essentially the same as the proof of [8] Theorem
1.2. By using Lemma 3.6 and the argument in the final part of [10] Theorem
A, we see that it is sufficient to show that for any fized A > 0 and e € QN(0, 1),
the following holds P-a.s., there exists a positive integer N such that for any
x € Cx with |z]; > N, |ax(0,z) — ayx(x)] < €|z|;.

Assume this statement fails. Then, there exist \y > 0 and ¢; > 0 and
an event A with positive probability such that on A, there exists a sequence
(Xn)n C Coo satisfying |z,|1 — oo, and |ay, (0, z,) — ax, (xn)] > €o|Tn]1, n > 1.

Take a configuration w € A N Q(\g) and a sequence (x,), in Co(w)
described as above. By taking a subsequence if necessary, we can assume
that x,/|z,|1 converges to a point v € {z € R¢: |z|; < 1}.

Take n € QN (0,00), which is chosen small enough later. Let v €
St N Q7 such that [v —v'| < 5. Let M € Nsy such that Mv' € Z. Let
xl, = ||zn|li /M| Mv', n > 1. By recalling Lemma 4.1 and w € ()\), we have
that for any n, there exists k,, = k,(n,w) such that (1 —n)||z,|[1/M]| < k, <
l|znli/M], and, k, Mv" € C(w). Let x!! = k, Mv'. Then,

20 — 2|y < |wn — 2|1+ |2, — 271
<ap = |znV'|y + |znv" = 27|y + M([|zn|/M] — k)

Tn
< [t | —'| + M 4l

|xn|1

Hence |z, — 2| < 3n|x,|; for sufficiently large n.
Recalling 2! = k,Mv" € Cs, Proposition 3.1 and w € Q()\g), we have
that

1/ /
lim ax, (0, z7) ~ lim ax, (0, k, M)

= Q) (MU/) =

Since k, < |z,]1,
QAo (07 27/7;) — Q) (JIZ)

lim = 0.
n—oo |'rn|1
Hence,
lim sup |a)\0 (07 xn) — Q) (In)|
n—oo ’xnh
< lim sup |CL)\0 (O’ Z‘n> — Q) (Ov IZ>| + lim sup |O‘>\0 (l’n) — Q) (JZZ)|
n—o0o |mn|1 n—o0 ‘xn‘l

By recalling |z, — x| < 3n|x,|; for sufficiently large n, it follows from
(2.1) and Lemma 2.3 and w € Q()\g) that

O n) 07 " .
lim sup 1200, 7n) = 02, (0, ) < lim sup

n— o0 ’xnh n—o00 |xn|1

1
d)\o (‘ITH ‘rn

) < 3n(Ao + log(2d))C,.

10



By Proposition 3.5,

(T = 27,) V x (2, — Tn)

lim sup < 3n(Ao + log(2d))Cs.

n— oo ’xnh

Thus we have

lim sup ’CLAO (07 xn) — Q) (In)‘

n—oo |xn|1

< 3(Xo +10g(2d))(Cs + Cu)n.

By recalling the definition of (x,,),, we have that €y < 3(Ao+log(2d))(Cs+
Cy)n. However we can take n < €/(3(Xg + log(2d))(C5 + C.,)). This is a
contradiction. O

5 Large deviations

In this section, we show Theorem 1.2 by using the strategies taken in the
proof of [8] Theorem 1.3.
Let I(z) = supyso(an(z) — A), z € R Let Dy = (I < +00).

5.1 Proof of the upper bound

Let A be a closed set in R%. Since |X,|; < n for any n > 1 under P° and
I(z) = 400 for z € R? with |z]; > 1, we can assume without loss of generality
that A is contained in the closed [;-ball centered at 0 with radius 1 in R<.
If 0 € A, then inf,c4 I(2) = 0 and hence the assertion holds. Hereafter we
assume that 0 ¢ A.

Let I°(2) = (I(z) — &) A (1/8) and Ay(§) = {z € A : ax(2) — X >
inf,cq I°(x) — 6}, A >0, 6 > 0. Since A is compact, there exist i, ..., Ay
such that A = U™, A,.(d). Hence we have

log P°(X,, € nA) log PY(X,, € nA,,(9))

. < .
llill_}Solip - < max h?—?ogp - (5.1)
We will show that for A > 0 and § > 0, the following holds P-a.s.w :
log PY(X,, Ax(0
lim sup og F,(Xn € n4,(9)) <6— ingl‘s(z). (5.2)
n— oo n z€

11



We can assume without loss of generality that nA,(d)NCs(w) # 0. Then,

F(X,end(@)= Y  Fi(X.=y)
yEnAx(G)NCor ()

< Z P¢8<Hy <n)
yEnAN(6)NCoo (w)

< > exp(in—a5(0,y))
YENAL(6)NCoo (w)
< }nAA(é) N Zd| exp(An — a5 (0, yn)),

for some y,, \ € nAL(0) N Coo(w).
Since Ay(6) is bounded, we have

o8 P80 € nx(0) _ 11 a0
n B n
—o(1) + A —ay <ym> _ (0,900) = ¥n) [Ynalt
’yn,)\‘l n
(5.3)

Since A)(0) C A, 0 ¢ A and A is compact, dist(0, Ax(d)) > 0. Hence
|Ynal1 — 00, n — 00. Then, by Proposition 4.2 and boundedness of A,(9),
we have P-a.s. that

ax(0,yn ) — ax(¥Un) [Ynph
|yn,)\|1 n
Recalling (5.3) and y,, »/n € A\(9), we have P-a.s. that

0
lim sup log £ (Xn € ndr(9)) <A— inf ay(2) <8 — inf I°(2).
n—00 n z€AX(0) 2€A

Thus we see that (5.2) holds P-a.s. for fixed A > 0 and 6 > 0. By (5.1), we
see that for fixed § > 0 the following holds P-a.s. :

0
lim sup log P (Xn € nd) < 6§ — inf I’(2).

n— 00 n z€EA

— 0,n — 0.

By letting § — 0, we see that (1.1) holds P-a.s.

5.2 Proof of the lower bound
For A >0, w € Qp, x,y € Coo(w), let

exp(—=AHy (X)) 1{m, (x.)<+o0}

T (dX) =
el Eglexp(=AHy) 1, <400}

P(dX.).

12



Then we have the following lemma, which is essentially the same as [8]
Lemma 4.1 and Fukushima and Kubota [4] Lemma 4.1. See the references
for proof.

Lemma 5.1. Let v € Q% \ {0}. Let 3 € [0,1). Denote v = z/|x|;. Denote
M € Ny such that Mv € Z*. Denote g3 = T @AM vy ang
yff) = T&f“mo)nm/MJ)MU. Then, the following holds P-a.s. : for any A > 0
and 11,72 € R with 0 <y < o), (z) < o) _(2) <72,

n—oo

NN
lim /\,w’ m c (’71,’72) =1.

Now we start the proof of the lower bound.
First, we show that it is sufficient to show that for any fixed z € Q% \
{0} N Dy and r € (0,00) N Q, the following holds P-a.s. :

0
i inf log P)(X, € nB(z,r))

n—oo n

—1(2). (5.4)

Let B C RY be open. If BND; = (), —inf.cp I(2) = —oo and hence the
assertion holds. Assume B ND; # (). Since D; is convex and B is open,
we see B NintD; # () and for any 2 € B N Dy, there exists u < 1 such
that uz € B NintD;. Therefore, inf,cpnp, 1(2) = inf.cpnintp, 1(2). By the
continuity of I on intDy, inf.cp I(2) = inf,cprinp,not (). Take a point
z € BNintD; N Q¢ and r > 0 with B(z,7) C B arbitrarily. By applying
(5.4) to B(z,r), we see that (1.2) holds P-a.s. for B.

Now we show (5.4). Hereafter we fix z and r. Let A\.(z) = sup{\ >
0: a)\(2) exists and > 1}, where o/} (z) denotes the derivative of a,(z) with
respect to A if it exists. Let v = z/|z|; and M be the least integer such that
Mv € Z%. Let Q4.5 be the set with probability 1 such that the assertion in

Lemma 5.1 holds and also yg)/n — x, n — oo (Cf. (2.3)), on the set, for
fixed z, (.

Case 1. \(z) = 0. In this case, we use the methods described in the

proof of [8] Theorem 1.3. Let y,, = yff), where yr(lz) is defined in Lemma 5.1

for x = z and § = 0. Then, y,/n — z on Q4. Let R > 0 be an even
integer. Then, for all sufficiently large n, B(y,, R) C nB(z, 7).
P°(X,, € nB(z,r)) > P'(H,, <n, Xm+m,, € B(yn, R),Vm € [0,n])
> P(H,, < n)P"(X,, € By, R),¥m € [0,n])
> E°lexp(—=AH,, ), H, < n]P"(Xg=y.)"". (55)
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Applying Lemma 5.1 to the case x = 2z, § =0, 73 = 0, and v = 1, we
have that on Qg .0, for any A > 0 such that o) (2) exists,

Eo[exp(—)\Hyn), H, <n|~ Eo[exp(—)\Hyn)] = exp(—ax(0,yn))-

By Proposition 3.1 and (5.5), we see that for any A > 0 such that o/ (z)
exists, we have that on €40 N Q4 x a0,

log P*(X,, € nB - log PV (X, =
lim inf 2 (Xo € nB(z7)) > liminf (0, ¢) + liminf —2 (X = yn)
n—00 n N 00 n oo R
log PV (Xp =
= —a,(z) + liminf og P (Xp y”)

n—oo R

Since C., is a subgraph of Z, P¥(Xp = vy,) > cqR~¢ for any n > 1,
where ¢4 is a positive constant depending only on d. Therefore, by letting
R — o0, we see that for any A > 0 such that o\ () exists, on Q40N \ 0,

0
i inf log P°(X,, € nB(z,71))

n—oo n

> —ay(2).

Since A\.(z) = 0, we have that I(z) = limy o a\(2) and the following holds
P-a.s. :
0
i i log P°(X,, € nB(z,1))

n—oo n

> —1(z).

This completes the proof of Case 1.

Case 2. A\(2) € (0,400). In this case, we follow the strategy of proof of
[10] Theorem B. Let € € (0, \.(2) A 1). Then, By noting Lemma 3.6 and the
assumption A(2) € (0,00), there are p € (0,1), n > 0, and, A\, Ay such that
1) o\, (2) and o, (z) exist.

2) A ( )—e<)\0<)\( ) < Ao
) an, (2 )<Oé)\()( z) +e.
) Py, (2) + (1 = p)ay, (2) + [=n, +n] C (1 —er/2,1 + er/2).

Let y,(1 , y,g) as defined in Lemma 5.1 for x = z and 8 = p. Since
y,(f)/n — zon Q. ,, B(y,(f), nr/2) C nB(z,r) for sufficiently large n. Then,
for sufficiently large n,

(
(
(3
(4

1 1
~log P°(X,, € nB(z,7)) > ~log P° (Hy(z)/n €e(l—er/2,1+ er/2))
n n n

> A\(2) (1 — %) + %log E° [exp(—)\*(z)Hy@),An} ,
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where we let

A= {H,m € np(a, () + [-n, +1)) }

N {Hm € n(l — p)(ajy,(2) + [—n, +n]) such that Xm+Hy<1) = yﬁf)} ,

By the strong Markov property of (X,,),,

EY [exp(—)\*(z)H ), An} — E°

Yn

x B’

Since —A\.(2)H @) > —XoH 1) + (Ao — Au(2))np(a,(2) + 1) on the set

Yn

{Hy£1> € np(ah, (2) + [-n,+n])}, and, A.(z) < A, we have that on Q4 ,,

ligri%)rolf % log E° [exp(—)\*(z)Hyw), An]
> M(2)(1 = er/2) + (Ao — Au(2))p(0), (2) + 1) + a1 + a2, (5.6)

where we let

1
a; = liminf — log E" [exp(—/\oHyS)), H o € np(ay, (z) + [-n, +n])} , and,

n—oo M

o1 )
> = limint ~log B [exp(~AaH ), H o € n(1 — p)(ad (2) + [~ +1)]

n—oo M

By using Lemma 5.1 for x = z and # = 0 and for x = 2z and 3 = p, and
then by using Proposition 3.1,

log E°exp(—XoH 1))]
ay = nlg& - = —pay,(2), on Q0N ., and,

(1)
log E¥ " [exp(—AoH (2))]
as = lim I = —(1— plan,(2), on Q. , Ny,

n—00 n

Therefore we have that on €y, , N Q4.0 N2 5, Ny, the right hand side
of (5.6) is larger than or equal to

er

A=) (1= 5 ) + Qo = A(2)p(05, (2) + 1) = pany(2) = (1 = p)any(2).
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By the assumption A.(z) € (0,+00), we have that I(z) = ay,()(2) — A(2).
Recalling the properties (1) - (4) which p, A\g and A, satisfy, we see that on
Qa2 N Q20 N QN N Qg
log P°(X B
lim inf —2 (Xn € nB(z.7))
n—oo n

By letting € — 0, we see that (5.4) holds P-a.s.

> —1(z) — M(2)er — e(2 + er).

Case 3. A\i(z) = +o0. In this case, we use the methods taken in the proof
of [4] Theorem 1.4. Since A.(z) = +o00, we have lim,_,o &4 (z) < 1. Then,
for any w € QN (0,1), there exists A(u) < oo such that for any A > A(u),
o) (uz) < 1, and hence, A\ (uz) € [0,00). If u € (0V (1 —7/|z|),1), we can
take r(u) € Q with B(uz,r(u)) C B(z,7). By using Case 1 or 2, we have
P-a.s. that
lim inf log P°(X,, € nB(z,7)) > lim inf log P°(X,, € nB(uz,r(u)))

n—oo n n—oo n

Since I(uz) < ul(z) < I(z), we see that (5.4) holds P-a.s.
Thus the proof of the lower bound (1.2) is completed.

> —1(uz).
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