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Abstract

In the present paper the authors discuss the efficiency of stochastic mesh meth-
ods introduced by Broadie and Glasserman [4]. The authors apply stochastic mesh
methods to certain type of Hérmander type diffusion processes and show the fol-
lowing. (1) If one carefully takes partitions, the estimated price of American option
converges to the real price with probability one. (2) One can obtain better estimates
by re-simulation methods discussed in Belomestny [3], although the order is not so
sharp as his result.
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1 Introduction

Stochastic mesh methods were introduced by Broadie and Glasserman [4], and Avramidis
and Hyden [1] and Avramidis and Matzinger[2] proved the efficiency of them in some
cases ( see [5] also ). Also, Belomestny [3] showed in Bermuda options that once we
have estimated functions for the so-called continuation values, we have a better estimated
value if we construct a pre-optimal stopping time by using these estimated functions
and estimate the expectation of pay-off functionals based on this stopping time by re-
simulation.

In the present paper, we consider the efficiency of stochastic mesh methods and re-
simulation in the case that we apply them to Héormander type diffusion processes.

Let N,d > 1. Let Wy = {w € C(]0,0); R%); w(0) = 0}, F be the Borel algebra over
Wy and p be the Wiener measure on (Wy, F). Let B* : [0,00) x Wy — R, i =1,...,d,
be given by Bi(t,w) = wi(t), (t,w) € [0,00) x Wy. Then {(B*(t),...,B%t);t € [0,00)}
is a d-dimensional Brownian motion. Let B°(t) = ¢, t € [0,00). Let Vo, V4,..., V4 €
C(RN; RY). Here Ci°(RY; R™) denotes the space of R™-valued smooth functions defined
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in RN whose derivatives of any order are bounded. We regard elements in Cf°(RY; R")
as vector fields on RY.

Now let X (t,z), t € [0,00), z € RY, be the solution to the Stratonovich stochastic
integral equation

X(t,z) =z + Z/o Vi(X(s,)) 0o dB'(s). (1)

Then there is a unique solution to this equation. Moreover we may assume that X (¢, z) is
continuous in ¢ and smooth in z and X (¢,-) : RV — RN, t € [0, 0), is a diffeomorphism
with probability one.

Let A = {0} UU2,{0,1,...,d}* and for a € A, let |[a]| = 0if a = 0, let |a] = k
if a = (at,...,a) € {0,1,...,d}*, and let || a || = |a| + card{1 < i < |af; of = 0}.
Let A* and A** denote A\ {0} and A\ {0, 0}, respectively. Also, for each m = 1, AZ |
{ae A o= m}.

We define vector fields V},), a € A, inductively by

Vg=0, Vy=V, i=0,1,....,4d

View) = Vi, Vi, 4=0,1,...,d.

Here axi = (al,...,a* i) for a = (a!,...,aF) and i = 0,1, ..., d.

We say that a system {V;;i =0,1,...,d} of vector fields satisfies the following condi-
tion (UFG).
(UFG) There are an integer £y and o, 5 € C°(RY), a € A™, B € AZ, , satisfying the

following.

V= Y @apVig, acA™
BeAZ,

Let A(z) = (AY(2));j=1,..n,t > 02 € RY be a N x N symmetric matrix given by

A(z) = Y Vi@Vl (), i,j=1,...,N.

>k k
aeAgeo

Let h(z) = det A(z),z € RY and E = {z € R™; h(z) > 0}. By Kusuoka-Stroock [7], we
see that if z € F, the distribution law of X (¢,z) under p has a smooth density function
p(t,z,-) : RV — [0,00) for t > 0. Moreover, we will show in that Jpp(t,z,y)dy = 1,
r el

Now let zg € E and fix it throughout this paper. Let (2, F, P) be a probability space,
and X*:[0,00) x Q2 — RY, ¢ =1,2,..., be continuous stochastic processes such that the
probability laws on C([0, 00); RY) of X,(-) under P and of X (-, zy) under y are the same
forall £ =1,2,..., and that 0{X,(t); t 20}, £ =1,2,..., are independent.

Let ¢ : Ex Q= [0,00),t > 520, L =1, be given by

s

L

1
qgi)(y,w)zZZp(t—S,Xe(S,w),y), yEE, WGQ,
/=1

Let m(E) denote the space of measurable functions on E.



We define a random linear operator Qift), t>s20,L 21, defined in m(E) by

(D) £y() — 1= p(t — ,2, Xo(8) F(Xo(t))
Qs () ; X))

Now let T'> 0, and g : [0,7] x RY — R be a continuous function with sup{(1 +
lz|)"tg(t, z); x €e RN, t € [0,T]} <oo.Foranyn = 1,and 0 =ty < t; <...<t, =T,
o E—o>Ryandd”, i ExQ—o R k=nn-—1,...,0,L > 1,

tk: 7tk+1 77777 n
(L)

inductively by ¢, (z) = & " (z) = g(T, ), z € E, and

: reFE, fem(E).

we define ¢y, 4, .,

,,,,,

Ctk,tkﬂ,“.,tn (.Z') - / p(tk—i—l - tk: €, y) (g(tk+17 y) \ Ctk+1,--.7tn (y>)dy:
E

and
(L L (L
(@) = QU (9t )V EY o (D)(2)
forre Fandk=n-—1,...,0.

Then we will show the following.

Theorem 1 Suppose that n(L) = 1, 0 = t(()L) < tgL) < ... < tffz

e > 0 such that

3:) = T. If there is an

n(L)
,-(1-e)/2 Z(tl(cL) _ 75I(CL_)1)—(N+1)€0/4 — 0,
k=1

then "
~(L )
EHCt(()L)’tgL) e (z0) — €0 40 o (x0)]*] — 0, L — oo.

,,,,,,,,,

Letn=>21,and 0 =Ty < Ty < ... < T, = T and fix them. For each w € Q, let
7uWo — {Th,...,T,} be a stopping time given by

Tre =min{Ty; k=1,2,... n, Eifﬁk’TkH’m’Tn(X(Tk,a:o),w) < 9(Th, X (T, x0)) }-
Let ¢ : 2 — R be given by
t(w) = E*g(Trw: X (Trw, To)]-
Then we have the following.

Theorem 2 Suppose that v € (0,1]. If

then for any o € (1/2,(1+7)/(2+ 7)), there are Q, € F, L 2 1, and C > 0 such that
P(Qr) — 1, L — oo, and

|é(w) — enymy,m| S CL™Y for any w € Qp and L 2 1.



2 The basic property of Hormander diffusion pro-
cesses

Let J : [0,00) x RN x Wy — RN @ RN, J(t,z) = (Ji(t, %))ij=1,...n be given by

.....

1 8 %

Then it has been shown in [6] Section 2 that there are b° : [0,00) x RY x Wy — R,
o, b € AZ, , such that

S Bt a) () V(X (E ),  ac AL,
ﬁeAglo

and

sup  EM[|BA(t, 2)|P] < oo a,€ AL, T>0,p=1.
zeRN t€[0,T]

So we see that for any ¢ € RY,

(A@)6,8) = > (Viuy(2),8)?

>k >k
O‘G-Aqo

Yo (> W) Y (Jte) Vig(X(t2)),€)°)

sk *ok *ok
ac Az, BeAY, BEAZ,

=( Y. ) Bt a))(J(t2)AX(t,2) I (t 2)E, )

* %k k%
"eAgzo 56A§eo

Therefore we see that

) S (Y Y bt ) Ndet(J(t,x))*h(X (¢, z)). (2)

O‘EA*S*Z 56A7

Then we have the following.

Proposition 3 (1) u(X(t,z) € E) = 1 for any x € E and t > 0. In particular,
p(t,z,y) =0,y c RV\ E, z € E.
(2) For anyp >1 and T > 0, there exists a C > 0 such that

Eh(X(t,z))"?] £ Ch(z)7?, reE, tel0,T].
(3) For anyn,m =2 0, p € (1,00), and T > 0, there exists a C > 0 such that
|R(X (t,2)) "™ ||wne < Ch(z)~ ™™ 2z e E, t0,T)].
Proof. The assertions (1) and (2) are easy consequence of Equation (2). Note that
D(h™™(X(t,))) = —mh~ "V (X(t,))) D(h(X(t,2))).

Thus we easily obatain the assertion (3) by induction. 1
By Kusuoka-Stroock [7], we have the following.



Proposition 4 Let §y > 0 be given by

d
8= (3N(sup > [Vi(a)[*)™!
zeRN T
Then we have the following.
(1) For any T > 0,
20,
sup  Elexp(Z2|X(t,z) — z]?)] < oc.
te(0,T], xRN 13

(2) For any T >0,n 21, and p € (1, 00),

5
sup "] exp(7°|X(t,x) — 2] |Jwnr < 0.
te(0,T], zeRN

Proposition 5 For any v € Z%, there are gya,,. 0, € C°(RY), k= 1,...,]7], a; €
*S*fo’ 1=1,...,k, such that

ahl Il
h(x)'”'%f(xbz Y e @ Viay - Vi f)(z),  zeRY

,,,,, ~ be the cofactor matrix of the matrix A(z) for r € RY.
Also, let coi(z), 7 € RN, a € A%, ,i=1,...,N, be given by

N

Cai(@) = Y Ay (@) V] ().

=1
Then we see that h,c,; € C;°(RY), and

> s Vah)w) = W) oh@), =1 N

* 3k
O‘EAgeo

So we have the assertion for the case that |y| = 1. Since

) (@) L
i 0 Oh ity O
= (@) B O 1))~ o a0 f ),

we have our assertion by induction. 1
Now we have the following lemma.



Lemma 6 For anyt > 0,z € E and v, 7 € ZJEVO, there are k., (t,x) € W~ such
that B

/ 000 p(t, x,y) f (y)dy = E[R(X (t,x)) 20D p(X (¢, 2))kyy o, (8, 2)],  f € CP(RY),
RN
and

sup  tlholr D21k (¢ %)), < o0, T>0, neN, pe(1,00).
te(0,T],z€E

Here 8} = 0N /027 and 0] = 0N /0y

Proof. First, by the argument in Shigekawa [9] we see that for v € ZJZVO, there are
Jys(t,x) e Woorem £ 20,z € RN, B € Z5, |8] < |v], such that

R X ()= Y (NX(t2) ]t ),

pezl, 181<h]

and

sup ||y 5t 2)||wn,p < 00, T>0 neN, pe(1,00).
te(0,T],zeRN

Then we have for any z € E and f € C°(RY),

9°0) p(t, z,y) f(y)dy

= [ el s)(OF Ny
= (-1 P B} ) (X ()
=S B ) sl )

6ezy,, I8I=Iol

[y1]+B]

= (=ph - ) ERX(tx) Mg by (X(E 7))

peZy, IBIShol k=0 an,..an€AZ,

x J’Yo,ﬁ(tv x)(‘/[al] T V[ak}f)(X(t? z))].
So by the integration parts formula in [6] Lemma 8 and by Proposition 3, we have our
assertion. 1

Proposition 7 For anyt >0, z € E and vy, 71 € ZIZVO,
X0y p(t,z,y) =0 a.ey € RN\ E.
Moreover, for any vy, 71 € Z];Vo’ p € (1,00), T >0, and m € Z with m = 2(|yo| + |ml),

00007 p(t, z, y) [P
p(t,z,y)P1
t€(0,7T], x € E} < 0.

dy)"'”;

sup (#7012 210l +m o —m( /

m DO
h(y)? GXP(TOI?/ —z/?)
E



Proof. Let
0
Pra(y) = eXp(f!y —af),  zyeRY, t>0
Then we have for any ¢ > 0, f € C°(RY) and z € F

/RN 0T p(t,z,y) f(y) (e + h(y) ™ e (y)dy

= E[A(X (t,2)) 2 0mD £(X (2, 2)) (e + (X (t,2))) " @ea(X (8 2)) s (E 7))
By Propositions 3 and 4, we see that

/RN 3;06;1p(t,x,y)f(y)h(y)m%’m(y)dy

= EIR(X(t, )™ 2 0H 00 £(X (8, 2)) 0y (X (1)) o (£, ).
Let k'(t,z) = h(X (t,x))m 2ol+mDloy, (X (t,2))ky, -, (, 7). Then we see that

sup  t(holHmbeo/2p (gy2(holtmblo=m g g/ (¢ ) |P)VP < o0, T >0, pe (1,00).
te(0,T),z€E

Note that there is a Borel function l?:(t, r):RY - R, t € (0,T], z € E, such that

B} (t,2)|o{X(t,2))}] = k(t,2)(X(t,2)), te(0,T], z€E.

Then we have

/RN 3;06;1p(t,x,y)f(y)h(y)m%’m(y)dy

= BIK(t,2)f(X(t,))] = Elk(t,2)(X(t,2)) f(X(t,2))] = . F)k(t ) (y)p(t, z,y)dy,

for any f € C§°(R™). This implies that 8007 p(t, , y)h(y) "¢« (y) = k(t,2)(y)p(t, ,y)
a.e.y, t 2 0, z € E. Therefore letting m = 0, we have the first assertion. Since

10)p(t, 2,y |”

/E N / it 2, 9)Pp(t, 2, y)dy

= Bl|k(t,2)(X(t,x))I"] < E[K'(t,2)]"],

we have our assertion. 1

Proposition 8 For any T > 0, there is a C' > 0 such that

Dt 2,) < O1 (D02 ()20 20}y 0y e (0,T) my e B
and

Pt 2,) < O1OFD002h(y) 20400 ey 20y ) e (0.1], 2y e B

In particular, for any T > 0 and m = 1, there is a C > 0 such that

plt,z,y) < Ct= T2 (e) 2B (1 gL [y, te (0,T), wy € B



Proof. Let Cy

2(N +1)0 Oyip(t, z,y) [N H!
= sup{té‘)/zh(xf(/ exp(%]y—xﬁ)| y;:((t j 5)>z|v dy)Y Nt € (0,T], z € E,e > 0}.
E g}

Let

20,
pe(t,z,y) = (p(t,z,y) + cexp(—(1 + _°)|y )Y,

Then we see that

(/ eXp(ﬁ|y—:v| )| 0 Pe(t T y)|N+1dy)1/(N+1)
RN t a i

; T exp(— 200 [, — 2[2))|N+1
:(NH)1</RNexp(%%‘y_ﬂz)myz(p(t, y) + e exp(—(1+ 20)ly — z]))|

(st dy)1/(N+1)
(p(t,z,y) + e exp(—(1 + 22)|y — z[2))N

20, 0 ip(t, x,y N

<([ e3Py -l )
RN (p(t,=,y) +eexp(—(1+ 52)|y — z[?))
+(/ eXp(2—60‘y—$‘2) |8yz(€€Xp(—(l+%)|y—x|2))|N+l )1/(N+1)
RN ¢ (p(t, @,y) + cexp(—(1 + B2)|y — z|2))V
) ) 1
< Cut 2h(a) 2+ (e [ (2ly’ = DY+ PV expl—ly — o))
RN

Also, we have

200
(/ eXp(iw —z*)pe(t, = y)N+1dy)1/(N+1)
RN

(/R exp(%ky —z|*)(p(t, z,y) + eexp(—(1 + 2760)|y — 2[2))dy) /D

(E[GXP(%|X(25, z) — z|?)] + 7Ne)/N+D,
and

(/RN('a f<exp(%|y — 2?)|pe(t, @, )V Ly D

4dolys — il \ N4 209 209 2y} 7y L/ (N+D)
pr— —————————— — JE— 1 — JR—
(/RN( n ) exp((N+ Tyt ly—z|*)(p(t, z,y)+e exp(—(1+ ; Ny—2|%))dy)
_ 44y

26 46
< ZOB(X (1) =]V exp( SN () —a I O+ [l exp(ly ).
Then by Sobolev’s inequality, we see that there is a constant C' > 0 such that

Sg‘;gv(exp(ﬁ‘y—ai\ )((p(t,x,y) +8eXp( ‘y’ )))1/ N+1)

< C(Cot™"h(z) 7% + Ot + Ce(1 + %)).

So letting ¢ | 0, we have our first assertion.



Let
~ 20,
pe(t, z,y) = (p(t, 2, y)h(y)> VD 4 cexp(—(1+ TO>|y )WY,

Then similarly we can show that

/RN(eXp<<N2—f_ 1)t \y—x\ )pe(t, @ y))N+1

+Z|8yz (ex(; = Ty e )y SO e (0T w e B

So we have our second assertion.
Finally note that

|| o2t

yeRN e>0.
1+¢t2 wY

| log(1-+|z|*)—log(1+y|*)| = |

So we have the final assertion. 1

Proposition 9 Letd € (0,1/N), o, 8 € ZY, and T > 0. Then there are C > 0 and ¢ > 0
such that -

050 p(t, @,y)| < Ot~ (DO, () =2l B0 b4 g )10 2y € E, t € (0,T),
and

050, p(t, @, y)| < Ot~ (DO () =2(lHBE oy ¢ 2 )20 2,y € B, t € (0,T].
Proof. Let p=1/§ > N, and let

9290p(t, x,y)
(p(t,z,y) +)'°
for € > 0. Then we see by Proposition 7 that there is a C; > 0 such that

o25p(t, 2,0
et x,y)Pd Vp:/ 9:6,p(t, @ dy)'/?
([ Intezppan = ([ S ay)

pe(ta xZ, y) =

< Oyt~ el H1BD/2 gy (4)) =2l 5Dk e>0,tec(0,T], z€ E.
Also, we have

( / Oyepe(t, 2, ) Pdy) 7
RN

ry (p(t,z,y) + )P~}

a 98 2
+(1 _5)(/ (|a:c8yp(tax7y)| P dy)l/(Zp)(/ ( ‘a 1p<t7$;y>’2p dy)l/(Zp)
R

~ (p(t,2,y) + €)1 v (p(t,2,y) + €)1




So we see by Proposition 7 that there is a Cy > 0 such that

( / 0y, p-t, 2, ) Py )7
RN

< CZt*(\OéHlﬁHl)@o/Qh(y)*2(\a|+|ﬁ\+1)fo, >0, te(0,T], z€E.

So by Sobolev’s inequality, we see that there is a C3 > 0 such that

sup |pe(t, z,y)|
yeRN

< Qg alHBIF /2]y () =2l HBIH) 50 € (0,T], z € E.

Letting € | 0, we have the first assertion.

Let 5
am ayp(t7 x? y)

p(t,z,y) +e)'~°
for € > 0. Then a similar argument implies that there is a Cy > 0 such that

h(y)2(|a\+|ﬁ|+1)

ﬁe(ty T, y) - (

sup |pe(t, z,y)|
yeRN

< Oyt~ alHIBIH /2. £>0,te(0,T], z€ E.

So we have the second assertion. I

Proposition 10 Letm =20, o, 3 € ZY, p € [1,00), § € (0,1) and T > 0. Then there is
a C >0 such that -

[ 1orocoste — s a)lpts, . 0)ds
R

< Ot — s)PUelP2me2o 2y ¢ g, )1

for any t € (0,T], s €0,t), y € RV.

Proof. First note that
1A
Op(t,z,y) = Lop(t, z,y), where L = - > W+
k=1

So it is sufficient to prove the case m = 0.
Let » = 1/(1 — ¢). Since p > 1 — 4, we see by Propositions 8and 9, that there is a
C > 0 and b > 0 such that

050Dt — 5,3, y)]P < C(t — sPIHEF 2 (2) Op(t — 5,2, 4)' 7,

for any t € (0,T], s €[0,t), x € E, y € RM. So we see that

[ 1oz0gste = s a)lots, o)
R

10



SOt - 8)p('a+5'+2)£°/2/ h(z)""p(t — s, 2,9)""p(s, 0, 2)dz
RN

<Ot — S)p(|a+ﬁ|+2)zo/g(/

(h(2)""*p(s, zo, Z)dZ)‘;(/ p(t — s, 2,9)p(s, zo, 2)dz)' .
RN

RN
Since

/ p(t_8727y>p(37m07z)d2:p(tym()uy)?
RN
we have our assertion. 1

Proposition 11 Let a € (0,1], and b € (0,a). Then we have

/ p(S7 Zo, x)ap<t -5, Z, y)b(b(flf)dflj é p<t7 o, y)b(/ dl?p(S, Zo, x)(aib)/(lib)(b(x)l/(lib))171)
RN E
for any t > s 2 0, and non-negative measurable function ¢ : E — [0, 00).

Proof. Let § = (a —b)/(1 —b), p = 1/b, and ¢ = 1/(1 — b). Then we see that
1-0=(1—-a)/(1-b)and a—0=0b(1—a)/(1—0b), and so we have

[ plsanayple—sm)o(erds = [ plo,an,apls,z0,2)0 0 plt-s,,0) 7 6(0)ds
R

RN

174

(/Ep(s,wo,a:)ap(s,xo,x)l_‘sp(t — s,x,y)da:)l/p(/ p(s,wo,x)5¢(x)qdw)1/q

E
= P(Sal’o,y)b(/ (s, 79, 7) @O/ D) () AD) gy 10,
E

This proves our assertion. I

Proposition 12 Letp =1, m=21. o, €ZY,, T >0,a € (0,1/p] andb € (a —1/N,a).
tThen here are C > 0 such that -

/ 105 (p(s, 20, 2))P|O%p(t — 5,2, y)|Pda
RN

< Cs—p(\a|+1)£o/2(t _ S)—p(lﬁ\+2)é’o/2p(t, zo, )PP (1 + [y|)™™
for anyy € E and s,t € (0,T] with s < t.

Proof. Let 6 = (a —b)/2 < 1/N. Note that 9%(p(s,zo,z)*) is a linear conbination
of ala —1)---(a — m + 1)p(s, zo, z)* ™03 p(s, o, z) - - - 03™p(s,x0,x), m = 1,...,|c|,
ap € Lo, lag| 2 1L, k=1,....m, a1+ + oy, = 0.

Then by Propositions 9, we see that there is a C'; > 0 such that

103 (p(s, w0, 2))|O7p(t — 5, 2,7)|

for any a € (0,1/p], b € (a — 1/N,a), x,y € E and s,t € [0,T] with s < t. By Proposi-
tions 8, we see that there is a C5 > 0 such that

p(t = s,2,y)' 707" < Ca(t — 5) 7/ h(a) 2EHVO(L 4 |2 2)™(1 + [y|?) 0070

11



for any z,y € F and s,t € [0,T] with s < t. So we have

102 (p(5, w0, 2)) 107D (t — 5,7, y)]
< 01025—(\a|+1)€o/2(t _ S)_("6‘+2)€0/2h(x)_2(|ﬂ|+N+2)K0p(8,.110, :U)“_‘Sp(t — sz, y)b
X(l + ‘.%‘P)m(l + ’y‘2)7(17(a+b)/2)m
Note that pb < p(a — §) < 1, and so we have

[ (a2 D5 ) 5,1+ )P
E

- / p(sa Zo, x)P(a—(s—b)/(l—pb)p(s’ Zo, y)Pb(l—p(a—Cs))/(l—Pb)p(t - 5,7, y)pb
E
X(h(x)—Zp(lﬁHNH)é’o(l + |x’2)mp dr

<( / p(s, w0, &)P O U p s g, y) AP/ Ot — 5 2, y) da)?”
E
< / p(s, o, 2)P@ 5D/ A=PD) () PUSLEN+2/ (=) (1 | | [2ymp/(1-p8) g y1-pb
E

L / (14 [[2) "N p(s, 2o, )Pa—0-D/(A=88) () =20(13+N+2)/(1=p1)
E
X<1—|— ’x|2>mp/(1—pb)+N d.r)l_pb

< p(t, zo, y)pb(/ (1+ [2*) (s, zo, @) h(z) PIPHNTD ola=o=t)
E

X (14| ?) (mp+N (A=pb))/ (p(a—3-b)) dx)p(a—é—b)(/E(1+|x|2)—N dz)(1—P(a=3-b))/(1=pb)

:p(t,xo,y)pb(/(l + |z2)7N da)(-p0)/(1-pb)
E

x B*[h(X (5, 0)) " WPHN+DO/(] 4| X (s, 20) [2) (PN (L-pb))/(p0)]20,

So by Proposition 3, we have our assertion. 1

3 Stochastic mesh and random norms
Let ]-"t(L), t=>20,L=0,1,...,00 be sub o-algebra of F given by
FP = o{X,(s); s[04, £=1,2,....L},

and
F = o{X,(s); se[0,¢], £=1,2,...}.
Let vy, t 2 0, be the probability law of X (¢,z() under pu. Then we see that vy is the
probability measure concentrated in zg, and v4(dx) = p(t, zo, x)dz, t > 0.

Then for any ¢ > s = 0, we can define a linear contraction map P,; : L'(E;dy) —
LY (E;dv,) by

(Poif)(x) = /Ep(t —s,z,y)f(y)dy, x€E, feL(E;dy).

12



Proposition 13 Lett > s 20, a € ZJZ\"0 and bounded measurable function f : E — R.
Then we have -

E[02(Q%) 1) (@)|F) = 82(Paf)(z), vy — ace.

and

BIOE Q% Pla) ~ o (P @ < 7 [ Ot = 5.2 )WL 4
Proof. Note that

a (L) 00)] __ 1 8?p(t—8,$,y)f<y)
| =72 /

/ op(t — 5,2, 9) f(y) dy = O%(Purf) ().

This implies the first assertion.

Let

1 0%p(t — s, x,

me= 7 [ ERE S g xi06),)
E QS,t (y)

and

100p(t — 5,2, Xo(0) F(Xe(1))
L ae (Xe(1))
for £ =1,..., L. Then we see that

dy =

E[d|F v Ff Y =0, ¢=1,...,L

Here we let F” = {,Q}. Moreover, we have

Y de=02(QL (@) — 0 (Parf) (@)
/=1

So we see that

E[02(Q f)(x) — 02(Posf) (@) P|F S B Z!de F!

< Z E[(lagp(t — 35 x7XZ(t))f(X€(t)))2|f(oo)]

a7 (Xo(1)) )
B O A I 7)) P (0] P
= Z/ D)2 A Ry
o l (8§p(t - S,I,y))2|f<y>’2
- L/E ¢ (y) W

13



So we have the second assertion.

Now let M™ : m(E) x @ — R, and N\ : m(E) x Q — [0,00), t 20, L = 1, be a

random functional given by

> F(X f em(E),

=1

M (f) = M (f;w

hIH

and
L

NP(F) = NO(f0) = MP () = 7 S0, f € m(B).

(=1

Then we see that Mt(L) is a linear function and Nt(L)

Proposition 14 Lett > s =0 and L 21 (1) For any f € m(E),
D(Qul f) = Mif).

(2) For any f € m(E)
NQSY 1) £ M)

Proof. Suppose that f € m(£). Then we have

OO £y — Ly Lyl =5 Xils), Xult) F(0)
L Z L Z g (X (1))

L LN Rl X)X OV K0)) o

; L2 B (Xel1) )= )

So we have the assertion (1).
The second assertion is an easy consequence of the assertion (1).

Proposition 15 (1) Let T > 0 and m = 1. Then there is a C > 0 such that

23" BI(QE NXA(s)) ~ (Puef)(Xols) |7

is a semi-norm in m(E).

=1

C
< o) O e BOG(S)HYDUHXIP) [ QPO s
for any L 2 1 and s,t € [0,T] with s < t.

In particular,

EINM(Q f — Puuf)?]
C
< 6= s)"VIOB max A(Xu(s) I+ 1Xe(s) / F@P+ [y dy

for any L 2 1 and s,t € [0,T] with s < t.
(2) For any e >0 and T > 0,

lim 7% sup B[ max A(X(s))” 2V (1 + | X ()™ = 0

L—oo s [0 T} /=1..

14



Proof. By Proposition 13, we see that

= S BQE X)) — (P (Xels) P17
(=1

< ii/ p(t — S,Xe(S),y)Qf(y)Qdy

L? ¢\ (v)
L
. / p(t — s, Xu(s),y) f(y)?
<=5 [ (max plt — s, Xu(s),y)) dy
L2; g O=1,..L qg?(y)
1

Then by Proposition 8 we have the assertion (1).
Let € > 0. Let us take p > 1/¢. Then we have

Bl max h(Xe() 21+ [Xe(9))")

< B[ (A(Xe(8)) NI+ [ X () P)™)P) 7]
=

—_

< BIY (HXe(s) 2L+ [Xo(s) ™)
=1
= LB (X (5,0)) N1+ |X (5,20) )77
< LBV (5, 20)) OO CD BA((L + X (s, o) 2

So we have the assertion (2) by Proposition 3.

4 Application 1

Let » 2> 0, and let B, be the set of Borel measrurable functions f : RY — R such that
supgern (1 + [2[*) 72| f(2)] < oo
Then we see that Qgi) and Ps;, t > s 2 0, can be regarded linear operators on B,.
Now let ¢s: : R* X R, s,t € [0,00), s < t, be measurable functions. We assume that
there is a A = 0, such that

‘¢S,t<x7y) - ¢S,t(x7z)‘ é eXp<>‘(t - S))|y - Z|7 YRS RN7 Y,z € Ra t>s Z 0.

Also, we assume that ¢,,.(-,0) € B,, t > s = 0.
Let us define a nonlinear operator @, : B, — B,, s,t € [0,00), s < t, by

(Psif)(x) = Psp(z, f(2)), reE, fchB,.

Then we have
NBP(D,,f — D,,9) < exp(A(t — s)) NP (f - g)

s

for any f,g € B,. ) } } }
Let us define operators ng;) and P,; on B, by Qgi) =d,;0 ng;) and P, ; = ®,, 0 Ps;.
Then we have the following easily from Propositions 14 and 15.

15



Proposition 16 (1)

DQE - QR g) < exp(At — )N (f - g)

for any f,g € B,.
(2) Let T > 0 and m 2 1. Then there is a C > 0 such that

[ L (Q f Ps,t.f)2]

<C
- L

a(L) eXp(Q)\(t — S))(t — 3)_(N+1)40/2/ f(y)2(1 + |y|2)—(r+N) dy
E
for any L 21 and s,t € [0,T] with s < t. Here

a(L) = sup Efmax h(X(s))” DL+ [ X (s) )™

sefo,7] =l
Note that by Proposition 15(2), we see that for any 6 > 0,
L7%(L) =0, L — .
So we have the following.

Theorem 17 For T > 0, there is a C > 0 satisfying the following. For any n = 1, and
0:t0<t1<"'<tn§T,

EH(Qg(‘)L,%l e ~l(fle,tnf)(x0> (pto tl Ptn 1, tnf)(x0)|2]1/2
C n

< ma(L)W exp(Aty) Y (t — tyy) N/
k=1

(Pt Prain DR+ ) )
Proof. Note that
(@5 Qi1 D) (@0) = (P Pro_y i, f) (o)
= NWQD, QP ) = Py B0 f))

3

A

L ~(L) o (L ” ”
( )((ng,h th 1 tthk’tk+l e Ptn—l,tnf) (Qto t1 ' ng_)Q,tk_lptkflztk e Ptn—l:tn -f))

e
Il
—

§ Z exp()‘tk—l)Nt(,i)l (ngjl,tkptkytk+l T ptnfl,tnf) - (Ptk—l:tk e ﬁ)tnflytnf))'
k=1

Also, we have by Propostion 16
E[Nt(kL_)l (ngL_)l,tthk,tk_'.l Tt ‘ﬁtnflﬂfnf) - (ptk—lytk o ptnflytnf))2]l/2

01/2

= 12 a(L)1/2 exp( Aty — tr_1))(ty — 1&,%_1)—(1\7“)50/4
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< /E Bosnrs - P D (1 [y2) 0 dy) 2.

These imply our theorem. 1

Now we apply the above theorem to American option. Let g : [0,7] x R* — R
be a continuous function such that there are r = 1 and C; > 0 such that |g(¢,z)| =
Ci(1+ |z>)72, ¢t € [0,T], x € R™. Let ¢,4(z,y) = g(s,x) Vy, for z € R", y € R, and
s,t € [0,T] with s < t. Then we have ¢ .(x,y) — ¢s+(z,2)| < |y — z|. It is easy to see that
there is a @ = 0 such that

E[sup (14 |X(t,z)[>)%] < exp(aT)(1 + |z|*)"/?, x e R"™

te[0,7T
So we see that
sup (1+ |2]?) 72| Py f(z)] < expCy V exp(a(t — s)) Sup (L+[z)"|f(x)l,  f€B.
TzeR™ xeR™

Then we see that
(/ (jjtkatk+l e ptnfhtng(tn’ ))( ) (1+|y| ) (r+N) dy)1/2 < C exp( (tn_tk)) / (1+|y|2)_N dy)l/Q'
E E

So we have by Theorem 17, we see that there is a C5 > 0 such that

E[(Qhyr, -+~ 08, 0,9(tns ) (@0) = (Pros -+ Pru 11,9 (tn, ) (0) /2

C n
< LTZQ(L)I/Z Z(tk — t_q) (N HDo/
k=1
foranyn =21, and 0 =ty <t; <---<t, <T. Soif we take n;, = 1 and 0 = )<t()

<t =T for each L > 1, and there is a dp, 01 > 0, with §p < §; < 1/2 such that

nr
Jim 15 350 — v~
k=1

then we see that

—a- (L L
- 51>/2|(Q§ég)yt§m---Qi@)) 9T, ) (xo) — (P,

(
np -1 0

L) (D) " P l,t%LL)gT’ N(@o)| — 0

t"L—

in probability.

5 Preparations for estimates of functions

Proposition 18 Let Z;, k= 1,2... be independent integrable random variables.
(1) For any p 2 1, there is a C' > 0 only depend on p such that

|sz— [z < C sz + (O |EIZ)®), n2 1.
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(2) For any p 2 1, there is a C' > 0 only depend on p such that

E[| ) Zi*) < C(EIY Zi)] + (D |IEIZD™), n2 1.

(3) For any m € N, there is a C > 0 only depend on m such that

n m+l n
m T m—+1—r
EY Z1s0Y QO EZ)" Tnzl
k=1

r=1 :].

Proof. (1) If >°)_, E[|Z;|**] = oo, the right hand side is infinity, and so the inequality
is valid. So we assume that >, E[|Z|*’] < co. Then by Burkholder’s inequality we

have
n

\Z (Zi — BIZ)[*] < CopEI(Y (2 — E[Z])*)).

Since we have
E((> (Zw — E[Z])*)) £ B[ _(Z: + E[Z)))"]
< 2B 2+ 27> EIZSY S 2B Z2Y) + 20O |E[Z]))”

we have our assertion.

(2) Note that

n

E]l Z Zi**) = Ell )_((Zx — BlZ4]) + E1Z])[*]

k=1

< 2¥(E |Z (Zw — B[ Z3)*] +|ZEZk ]1%).

k=1

So we have our assertion by the assertion (1).
We can show the assertion (3) easily by induction and the assertion (2). 1

Proposition 19 Foranym =>1,5 20, a € Z>0, 5 €(0,1), and T > 0, there is a C >0
such that

8]004 87Xf(8>7y)) _aga;p(t7x07y)|2m+l]

1
sup -
s€ [0,t—e] L

HMh

< Qe OHe o L2 Lp(t, 2,y) 0 (L7 + p(t, 20, 9)' )",
foranyy € RN, L>1,t€(0,T), e € (0,1).

Proof. Let us note that

%8]8‘1 (t,x,y) = Lmaf(?;‘p(t,x,y), t>0, z€E, yeRY,

18



where
1A
k=1
So we see that 8585‘19(75 —5,X4(s),y), s € [0,t), h > 0, is a martingale, and

(@]02p(t — -, Xu(),y))s

d s
=3 [ 1ot Vipte — X))
k=1"0

So we have by Burkholder’s inequality and Proposition 18 (3),

E[ sup |Z (D05 p(t — 5, Xe(5),y) — DO p(t, w0, )]

sEOt I —

L d t—e
< CraB(L Y / DO Viap(t — 5, X(s), y)|2ds)?"]
/=1

=1

d t—e
< Cpnd® 3 BI(Y | o0Vt = s Xi(s) )P as) )
k=1 /=1

SO SB[ O (e — 5. Xelo) )P

k=1 r=0 (=1

d m L t—e . ) o
<o (Y B / IO Viaplt — s, Xo(s), 9)[*" ds])?

k
d m t—e
m__om—r m—r > o r+1 m—r
—o e ([ 000 Vit~ s 5 )P s, m0, )
0 R

Then by Proposition 10, we have

E[ sup |Z (D05 p(t — 5, Xe(),y) — DO p(t, w0, )]

sEOt el

m
< O'2" =2 (GHal+3)0 Z Lszrp(t, o, y)zm*’"u—é)'
r=0

< O e U L2 [ip(t, 2o, y) (LT + p(t, 2o, ) )"

This implies our assertion. 1

Proposition 20 For any 6 € (0,1/2), T > 0 and p € [2,00), there is a C > 0 such that

L
B(swp  sup 46 (v) = (t, 70, 9)|
yeRN tele,T),s€[0,t—e] (L_l/(l_é) + p(tu o, Z/))(l

—572)"]

19
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Proof. Let us take an m = 1 such that p + N < 2™. Note that
Lil + p(ta Lo, y)lié é 2(L71/(176) + p(ta Lo, y))lié‘

Let (L)
(5,1,1) = a5 (y) — p(t, 20,9)
pPL\S, 1, Y) = (Lfl/(lfé) +p(t, xo,y))(l—é)/gv

We see by Proposition 9, we see that for any a > 0, 7 =2 0, and « € Z>o’ thereisa C' >0
such that

0Ss<t<T, yeR".

(LT 4 p(t, w0, y) N9 (L7070 + p(t, 20, )) ™)

< Ot~ @rtleDlop(t zy, ),y eRN, t€(0,T7.

So we see that by Proposition 18, for any a > 0, 7 = 0,1, and a € ZJEVO with |a| < 1, there
is a C > 0 such that
i N m+1
E[ sup |8/05pr(s,t,y)*" ]
s€[0,t—¢]
< Ce LT Ip(t, wo,y) ", yeRN, L21, e€(0,1), t € (,T)

Therefore we see that

E[/ dy sup |900pL(s,t,y)*""]
RN

s€[0,t—e]

< 052’"*3"%2’”[,/ p(t, zo,y) " 2dy, L>1,£€(0,1), t € (eT)
RN

Note by Proposition 8 that there is a C' > 0 such that
/ p(t, zo,y) Pdy < CtINFIO ¢ e (0, 7).
RN

Also, note that

T
agpL(‘S?tuy) - agpL(SJT7 y) - / 8ra;PL(57T; y)d?",
t

and so we see that

sup / %01 (5., 9)*" dy
RN

tele,T),s€[0,t—e]

<2m“/ dy sup |85p(s, T, y)[*"

sE OT 8]
+2m+1 T + 1 / dr/ dy sup |a;pL(37 r, y)|2m
RN SG O’r‘ 6

Then by Sobolev’s inequality, we see that there is a C' > 0 such that

E[sup sup oz (s, 1, y)|2m+1]1/2m+1 < O @HNHD/2m Nt [ —1/241/270
yeRN tele,T),s€[0,t—e]
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L =1, € €(0,1). This implies our assertion. 1
Let

(L)
— p(t, xo,
Zu(s,t;8) = sup et W) —2b70,0)]

, t>0, se|0,t
SUR L0 4 p(t, a0, 4)) 0D s€0)

and .
Zr(g,0,T) = sup Z1(s,t;0)

tele,T],s€[0,t—¢]

for T'>0,e € (0,7], and ¢ € (0,1). Note that Z.(s,t;0) is F*)_measurable.
Then we have the following.

Proposition 21 (1) Let T > 0, e € (0,T], and § € (0,1). Then for any p > 1, there is a
C > 0 such that

E[(LY=9R2 7, (e,8,T))P| VP < Qo024 [ >,

(2)([1167(55)5 € (0,1), t > 0, and s € (0,t). If L0927 (s,t;6) < 1/4, and p(t, zo,y) >
L=V7% then

(L)
1 s
Lo 4l oy e (,T], se€[0,t—e].
2 p(t,xo,y)

Proof. The assertion (1) is an immediate consequence of Proposition 20. Note that
469 (w) = p(t,z0,9)| < Zi(s, 6 8) (L7 4 p(t, w,) 2

 forany y e RV, t € [¢,T] and s € [0,t — €].
If p(t, zo,y) = L~179, we have

L
qg,t) (y)

S 1Lz S,t;6 L—l/(l—é)p t, To,y -1 +1 (1—6)/2p t, 20,y —(1+6)/2
p(t, z0,Yy) IS Zu(s,50)( (t20,y) ) (£, 20, y)

< Zp(s, 4 8) (LY L1084 1) (=02 [(=0%/2 < o[ (=8%/2 7, (5 ¢ 6).
This implies our second assertion. I
Proposition 22 Let T > 0, and ¢ € (0,1). Let Br(s,t) € F, L = 1, be given by
Br(s,t) ={we Q: LO2Z, (s,4;6) < 1/4}, ¢ > ands € (0,t),
and @11, - E— {0,1}, t € (0,T], L =2 1, be given by
OtL = Liyepp(taom)>L-0-9} t>0.

(1) Let a € (1/(2N),1/2), b € (a —1/(2N),a), and m = 1. Then there is a C > 0 such
that
Ls, (o El(sup p(s, 0, 2)"[(QS7 (1.L.0))(2) — (Pes(prrf)) (@) )| ]

zel

[IA

C _ - - —m
T8N = ) D [ it ) (L ) s ) f0F . as
E
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fort e (0,T], s € (0,t), L =2 1, and any bounded measurable function f defined in E.
(2) Let a € (0,1/2), and m = 1. Then there is a C > 0 such that

Lay (s El(sup pls, 20, 2)*41Q1) (p0,0.f)) () = (Paalprn. ) (@)])*| FE)]

zeE

é Llfés_(N—i_Q)éo(t _ S)—(N+2)€o /E(l + |y|2)_m(Pt,L(y)f(y)2dy a.s.

forte (0,T], s € (0,t), L 21, and any bounded measurable function f defined in E.
(3) Let a € (0,1/2) and b € (a —1/(2N),a). Then there is a C > 0 such that

L3, El(5up p(s, 2o, 2)* Q4 (pr,p(t, 70, ) ™)(@) = (Poslepr,np(t 20, -) ™)) () ) F)

C
é i S—(N-F?)ZO (t _ S)—(N-i-?)fo
fort € (0,7], s € (0,t), L = 1.

Proof. Note that for a € ZI;VO
Ly (1) [|(9 (p(s, zo, )*(Q st(mf))( ) = (Pos(en,. ) () PFE]

0°%(p(s, o, T —s,2,y))]?
é L(s,t) / ’ p< 0 ) ( y))’ Spt,L(y)f(y)2 dy
QSt (y)

a.s.

2 _
é ZlBL(S,t) / |ag(p(37 Lo, x)ap(t -5, y))|2p(t, Lo, y) 190?57L(y)f(y)2 dy
E

So we have by Proposition 12 there is a C' > 0 such that

L BLJ o 102005, 20,2)" (@4 (00 £)@) = (Pas(or ) a)) L)

¢ _ - - —m
< s (N+2)lo (¢ — g)=(NF2)bo / p(t, 0, y) (L + |y[*) e (y) £ (y)dy.
E

This and Sobolev’s inequality imply the assertion (1).
In the assertion (1), if a=1—¢6/4 and b > 1/2 — §/2, then we have

p(t,z0,y) P (y) S L0

This implies the assertion (2).
In the assertion (1), if m = N + 1 and f = p(t, zo,-) " then we have

/ p(t,@0,y) (L + Y1) e (y) f(y)dy < L”/ (L [y Yy
E R

This implies the assertion (3). 1
Similarly by using Proposition 12, we have the following.
Proposition 23 Let a € (1/(2N),1/2) and b € (a —1/(2N),a). Then there is a C > 0
such that
sup p(s, zo, 2)*|(Ps.f)(2)]

ek
< Csf(N+2)€0/2(t _ 8)*(N+3)éo/2 sugp(t, o, y)b]f(y)\
ye

fort e (0,T], s € (0,t), and any bounded measurable function f defined in E.

22



6 Application to Bermuda type problem
Let us think of the situation in Section 4. Then we have the following.

Theorem 24 Let0 =Ty <T1 <...<T,<T,§€(0,1/2), and f € B,, for somer = 0.
Then there are C > 0, QF € F, L > 1, and measurable functions dﬁ,f)z B x Q—[0,00),
m=1,....n—1,1=1,2, L 2 1, such that

lim LP(1 - P(Q") =0, pe(l,00),

L—o0

]‘QL’(QTm Tm+1 ’ QTn 1 Tnf)(x) - (PTm,Tm+l e PTnflyTnf>(x)|
<dP () +dDyz), weBE,m=1,..,n-1 L21

and

E| / AP (2)p(T, 30, z)dz] < CL~070
E

m,1

E| /E Ay (2)*p(Tn, 20, x)da] £ CL~079
forany L=1, m=1,...,n—1.
Proof. Note that for f,g € B,
(@ @) — (@79 ()

= |6s4(z, (QF F)(2)) — dsu(z, (Q9)(2))]
gamu@—ﬁXQ;uf—m»@>

So we see that

QY QY p A @) — (@Y QY 1.9) (@)

< exp(\(Tk = T)) Q1 s - Q) 1, (1 — 9])) ()

Similary we have

QY (@) — (Puag)(@)] < exp(A(t — sHIQY f)(2) — (Porg) (@)
Let us take ax, k =0,1,...,n such taht 1/2 > ay > a; > ... > a, > 1/2 — 4. Also, let
em(t) = (Pr,1py -+ Pro_y 1, f) (@)
Note that
Q) 7,y Q%) 4. 0)(@) = (Prgs - Pro 1, f)(@)]

—m

~(L ~ ~
’(QT'”?,Tm+1 T Q;Tj+k,1,Tm+kPTm+knTm+k:+l T PTnflaTn f) (ZL‘)

3

=
k=

[y

L ~
(Q m+l ) QTm+k,2,Tm+k,1PTm+k717Tm+k: s PTnflyTnf>(x)|
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n—

L L L
Sexp(AD) Y QW g Q) QY g Otk — Py T Ctk]) (2)
1

3

B
Il

Let

Ry = 1p, (1., 1) Sugp(Tk—lal‘Oa 2)* 1 (1QY) 1 (oroner) — Proym(oraen)) (@),
S

Zy,
Al — L —a —a
= 1BL(Tk71,Tk) Sugp(Tk,l,xo, l’) g 1(’Q§Wk)fl,Tk(S0Tk’Lp(Tk’ 20, ) k)_PTk—lka (90Tk,Lp(Tk7x07 ) k)’)(x)a
e

and

Dy, = Sugp(Tk—l,9130,36)“’“’1(PTk,l,Tk(SOTk,LP(Tk,xoa 7)) (x) < oo, k=1,...,n
TE

Then Ry and Z,, are f}:o)—measurable for k =1,...,n, and by Proposition 22 we see that
there is a C' > 0 such that

ER|FP 1< cL™,  EZ)FX ] < o0

forany L 2 1, and k = 1,...,n. So inductively we have

k k
ERY( ] (Z+ Do) FSD) < 2 fer =t [ (07 + oL=079)
i={+1 i=0+1

forany L 2 1, and 1 £ ¢ < k < n. Let Q¥ = (,_, Br,(Tk-1, T)). Then we have
1QLQTk 1 Tk( (Tk,il]'o, ')_ak)(m)

= 100Q% | 1, (o7 22(Th, 70, ) ™) (@) + Q% | 1, (1 = @1, £)P(Th, 70, -) ™) ()
= 1o (Zk + Di)p(Th—1, w0, )" + 1QLQ%11,TR((1 — ¢1,,.)p(Tk;, T, -) ") ()
Therefore we have

L
1QL<Q§“m,Tm+1 T QTerkuvaJrkfl(’QT k1T etk Pr, +k,1,Tm+ka+kD(l‘)

L L — Qe
é 1QLRm+k(Q§“n3,Tm+1 U Qg’72+k—2,Tm+k—1p(Tm+k—1v To, ) e 1)(.%)

L L L
o (QW g QY QY (L= ) emek])
4Pt (L= 01 ) [emsk])) ()
g Jm,Q(x) + Jm.l(x)u

where i
d2y(x) = Rusr [[(Zunsi + Donti))p(Ton, 9, ) =)
=1
and .
dw) ()



k m—+k
L L Ayt b—
=Y Rual [ (ZAD)@) Q1 s (0000 )P(Tnao1, 20, ) )) (@)
/=1 i=m-+4+1
L L L
QY gy Qs Q) (U= 1) lemk])

P11 T (U= 01, L) [emi])) (2)

Note that
m-+k
L L a —1
ERpul [[ ZADNQE 1 Q%) e (=01, £)P(Tonem, 70, )+ ()]
i=m+4+1
m-+k
= EERuix( [[ (Zi+Di)F))
i=m-+4+1
x(QY .. QW ((1- (T, e (z) )]
i Tontt—2:Tomgo—1 PTmte—1,L)P\Lm+e—1, 20, x
m-+k
g (2kck+1L—1 H (D?—l—CL_(l_(S)))l/Q
i=m-+4+1
L L At d—
<EQY QW o (U= ¢r )T, @0, ) +1) ()]
m+k
=@t I DHCL NPy g (101, n)P(Trsee1, 0, ) +0) ().
i=m-+4+1

Note that for a = 0

N / oo r0.)<r-0-9yP(Tger, T, @)
E

A

L~(-9? / P(Trpsi—1, To, ).
E

Then we have our assertion.

7 re-simulation

We think of application to pricing Bermuda derivatives.
Let r = 1 and let g : [0,7] x RN — R be a continuous function such that

sup (1 + [a]?)72[g(t, )| < oo.
zeRN, t€[0,T)
Let ¢s4(z,y) = g9(s,2) Vy,0Ss<t<T,z € RV andy e R. Let 0 =T, < Ty} < ... <
T,<T,and let ¢, : E— R, m=0,1,...,n, be given by

P - Pr 1 g(Th, N(x), m <n—1, and ¢, (z) = g(T),.x).
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Now let é,, : E— R, m =1,...,n— 1, be given and let ¢, = g(T,, ). We regard ¢,,
as estimators of ¢,,,, m =1,...,n.
Let us think of the SDE in Introduction. Let 7 : Wy — {T1,...,T,} and 7 : Wy —

{T1,...,T,} be stopping times given by
7 =min{Ty; cx(X(Tk,z0)) = g(Tg, X (T, o), k=1,...,n}

and
7 =min{Ty; (X (Tk,z0)) = 9(Tk, X (T, o), k=1,...,n}

Let é,, m =0,...,n, be given by inductively, ¢, = g(T,, -), and

Cm-1 = PTmfl,Tm(g(Tma ')1{5m§g(Tm,~)} + Em1{8m>g(Tm,‘)})7 m=mn,n— 17 SR L.
Then we have the following.

Proposition 25 (1) For m=0,1,...,n— 1,

E*g(r, X(1,20)|Br,, 17210013 = (X (T, %0)) 1421, .13 Q-5
and

E“[!J(f’,X(%,$0)|5Tm]1{%;Tm+1} = ém(X(TmafBO))l{%ngH} a.s.
Here By = o{B'(s); s<t, i=1,...,d}.
(2) Form=0,1,...,n—1, and z € E,

0= Cm(@ —Em(l’) < PTm,Tm+1(|Cm+1 —5m+1|)($)"‘PTm,TmH(1{6m+1>gm+1}(0m+1 —5m+1))(9‘3)~

In particular,

0 é Cm(CU) - Em(CU) é Z PTm,Tk(|Ck - EH)(ZB), m=0,1,...,n.
k=m+1

Proof. Since we have
E*[g(7, X (7, 20)|Br,,,_,]L {7210}

= E* [EM [9(7:, X(%a xo)l{‘TZTmH} ’BTm] + g(TTm X<Tm7 xo))l{?=Tm} ’Bqu]?

we can easily obtain the assertion (1) by induction.
Note that

= Pr, Tt Lo ir <o(Tmin )y ((9(Tint1 ) V emi1) — 9(Tng1s )
TP, Tt (Lem 159101 (9 (Lint1s ) V Gngt) — Emsn))
= Pr,. T s (Lpir <@} (9Tt ) V Cmg1) = (9(Tong1, ) V Emyr)))
+Pr,, Trs (Lo 59(Tmin, )} (9(Tong1, ) = Cmi1) VO) = ((9(Tons1, ) = Cms1) VO) +Crug1 —Crmy 1))
S Pr, T (|0n1 = Gnaa]) + Pro T (Uemin> (T3 (Gmt1) — Cng)

This implies the first inequlity of the assertion (2). The second inequality follows from
this by induction. 1
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Proposition 26
C()(.I'()) — Eo(xo)

<> /E(|5k — G| + ler — ) (@)1, —cpl 4 en—en|2e} (T) + EL{1g(Ti,)—exl<e}P(Ths To, T)d

for any € > 0.

Proof. Note that
co(wo) — Co(xo) = E¥[g(7, X (7,20)) — 9(T, X (T, 20))]
= E*[g(T, X (1,20)) — 9(7, X (T, 0)), T > 7] + E*[g(1, X (7, 20)) — 9(T, X (T, 20)), T < 7]
= E*[E*[g(T, X (7,20))|B7] — g(
—i—E”[g(T,X(T, 'TO) - E“[Q(Tv (Tvx())”BT]:T < 7:]

(T,
7, X(T,20), 7 > T|

3
—

(E*[ern(X (Th, z0)) — 9(Th, X (T, 20)), T > T, T = Ti

£
Il

1

_|_EM[ (Tk,X(k, IL’())) — Ek(X<Tk,.’L'0)),T = Tk, Tk < 7:])
= Z X (T, x0)) — 9(Th, X (Tk, w0)) Lz, <g(mi,) <er} (X (T, 20) )]

+E“[(( (Th, X (k, 20)) — (X (Tk, 20)))) V 0) i, <g(mp, )<} (X (Th 20))])-

For any € > 0, we see that
(Ck - g(Tk7 '))1{Ek§g(Tk,~)<ck}

= gl{g(Tkw)<6k§g(Tkw)+6} + (Ck - Q(Tka ’))1{ék§g(Tk,~)<ck}1{gk+a<ck}
=S elgym,)<(Te)ter T (G — ) e—a>e} Lo <o(Th) <o)

and
((9<Tk’ ) - Ek) \ O)l{Ckég(Terﬁk}

< ((9(Thy *) =) VO) Lie, <g(mi, ) <ind Ljen—en | +en—ci 2 T ((9(Thy *) —C)VO) Lie, <g(To, ) <in} 11en—cp|+len—cx| <<}
= (lex — el + ler = D) Lga, —cpl +lex -z} Ler <o) <ay T ELer<a(Ti)<ente)

So we have our assertion. 1
Now we have the following.

Lemma 27 Let d,; : E — [0,00). m = 1,...,n, i = 1,2, be measurable functions.
Assume that |Gy — Cm| S dpa + dima, m = 1,...,n. Then we have the following.

C()(il'}o) — ég(l‘o)

n

<n / di1(z)p(Ty, zo, x)dx + n(Z(/ dk72(:1:)2p(Tk,xo,x)da:)l/z)

E

3

k=1"E k=1
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n

X(€_1/2( Ldk,l(x)p(Tk,1’07a7)dx)+€_1<z(/ dk72<x)2p(Tk7$07x)d.'1,')1/2))

k=1 k=1 Y E

+2(€Z\/ 1{|9(Tk7‘)*ck|<25}p(Tk,CU(),iL‘)d:L‘
k=1"E

for any € > 0.

Proof. Let

dni(x) = Y (P, i) (z),m =1,...,n.
k=m

Then by Proposition 25, we have

() = cn(@)] + |em(@) = en(@)] £ (@) + dn2(2).

Note that
E<dm,1<x) + dm,2 (x))1{Jm71(g3)+d~m72(33)§25} (x)p<Tm7 Lo, lf)dl’
< [ s @pTonzo, ) [ ool pTon20,2)d0) ([ L4 ey (20T 0 2)d)
E E E

+(/E 1{Jm,2($)26}(x)p(Tma Zo, Cb')dx)l/2)

< /E G 1 (2)p(Ton, 0, 7)d-+ /

d’m72(.’1,')2p(Tm,IL’(),IB)de)l/Q(E1/2(/ Jm,l(x)p(Tm;xO7x)dx)l/2
E

E
el / 0 o(2)2p(Ton, 0, 7)) 2)
FE

Also, note that

/dm71(x)p(Tm7x07m>dm§ Z/ dk’l(l’)p(Tk,xo,I)dﬁ,
E i JE

and

( /E G (22T 0, 7)) 2 < 3 /E Ao ()?p(Th, 70, )dz) V2.

This and Proposition 26 imply our assertion. 1
Now we apply this Lemma and the results in the previous section to a Bermuda
derivative.
Let ¢si(z,y) = g(s,2) Vy, 0 S s <t < T,z € RV andy € R. Let ¢,, : F — R,
m=1,...,n—1, be given by

Cn(z) = (QF) 1 - Q%) 1 9(Tn,))(2).

Then by Theorem 24, we see that for any 6 € (0,1/2), there are Q;, € F, L =21, C >0
and measurable functions d,(qf)l ExQ—[0,00),m=1,....n—1,i=1,2, L 2 1, such
that

lim P(Q}) =1,

L—oo
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|G (2) — e ()| £ dm () + dm2(2), reE, weQ;,, m=1,....n—1, L=1

and
E[/ dm,l(x)p(Tm; $0,1’)d$] g CL7(176)2 m = 17 sy — 17 L i 17
E
and
E[/ A o(@)?p(T, 70, 2)d7] < CL-0-"  m—1,. . n—1,L>1.
E
Let
Qf ={we; / Ay (2)p(Ton, o, z)d 2 L= op / dm72($)2p(Tm,$o,l‘)dl‘ > L—(1—5)3}'
E E

Then we see that
PQ\ Q) <200 0-0% [ >1,

Let Qp = Q. NQY, L 2 1. Then we see that P(2) — 1,1 — 00. So if we use these &,,(z),
m=1,...,n— 1, as estimators and use the re-simulation method, we have

CO(.I'()) — EO(.I'())

< n2L7(1*6)3 + n3L7(176)3/2(571/2L7(176)3/2 + 571[;(176)3/2)

+€Z/ 1{‘9(Tk7')_ck‘<5}p(Tk7'CCOwZ)dx
k=1vE

for any € > 0, w € Qp, and L = 1. Suppose that

n—1
Z/ L9ty —exl<=3P(T, o, z)dz = O(e"), €0,
k=1"E

for some v € (0,1]. Then letting ¢ = L~(1-9%/C) we see that co(zo) — &o(xo) =
O(L_(1_6)3(1+7)/(2+’Y)) as L — 0.
Since ¢ is arbitrary, this proves Theorem 2.
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