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0. Introduction

In number theory, the analytic properties of the critical values of automorphic
L-functions are important in the conjectural framework of Deligne and Beilinson.
For previous work of Harder [H|, to compute the period integrals of the Eisenstein
cohomology classes over the fundamental cycles formed by summing over a genus,
we can get the special values of the associated L-function, together with some
explicitly computed local factors. In this case, He considered the cohomology on
the arithmetic quotients of the upper half plane of degree n. However, he has not
come to consider its Eisenstein cohomology classes and has not prove the Deligne’s
conjecture. To understand the arithmetic of certain special values of L-functions
based on the Deligne’s conjecture, we should treat the Eisenstein cohomology of
other manifold. In this article, we understand the analytic properties of such an
Eisenstein cohomology classes to prove the Deligne’s conjecture on the special values
of the associated L-functions.

Let m be a cuspidal representation of GL(2). Our main object of this article is
the exterior square L-functions of m defined by using the standard L-function

(0.1) L(s,m) = H(l —aip ) o, €C

=1

of . We denote

(0.2) L(s,m, A?) = H (1 — azop= )7t

1<i<j<2

the exterior square L-functions on GL(2). To prove the Deligne’s conjecture on the
critical values of the exterior square L-functions, we find its period integral rep-
resentation and confirm the analytic properties of suitable Eisenstein cohomology
classes.

Typeset by ApS-TEX



Since we will denote more precisely, our interesting situation confine G to Sp(2, Q).
Let X be a symmetric spaces which is a quotient of G(R)/K . Here K, is a max-
imal compact subgroup of G(R). X is identified with the Siegel upper half space
of degree 2. We take I' be a torsion free arithmetic subgroup of G. It naturally
acts on X for the identification. The cohomology classes of H*(I'\ X) arise from
classes on the boundary of the Borel-Serre compactification of I'\X. Since the
compactification has the same homology type as I'\ X, there is a restriction map
from the cohomology of I'\X to the cohomology of the boundary. The bound-
ary components are parameterised by I'-conjugacy classes of parabolic subgroups
and are homotopic to quotients of X by a subgroup of I'. The cohomology group
H*(T'\X,C) on the compactification decomposes the direct product of the cuspi-
dal cohomology H¢,,,(I'\X,C) and so called Eisenstein cohomology Hp; (I'\X,C).
It is known that the Eisenstein cohomology classes are represented by its suitable
residue or the first term. Then our aim of this paper is to realize its classes using
well-known arithmetic functions like Gamma function and zeta function and calcu-
late its period integrals to describe the special values of automorphic L-functions.

Specially, if the degree of the cohomology group is 3, J. Schwermer showed in
[Sc] that the cohomology classes of H3(T'\X,C) are represented by the residue of
a Eisenstein series E(g, s) where its flat section is in the induced representation of
the minimal parabolic subgroup of G (after, we will call it the minimal parabolic
Eisenstein series) and the constant terms of the Eisenstein series of the maximal
parabolic subgroups of G. Then first we will give the formula of the residue of
the minimal parabolic Eisenstein series (Theorem 4). In order to give the explicit
formula of the residue, it is necessary to describe Fourier expansion of the minimal
parabolic Eisenstein series E(g, s) along the minimal parabolic subgroup P of G
and to carry out the differentiate for s (Theorem 3). However the Fourier expansion
of the real analytic Siegel modular forms along P is not known, we will extend the
results of [Na] for the holomorphic Siegel modular forms (Theorem 2).

Our main theorem of this paper is to compute H = GL(2) x GL(2)-period of the
residue of the minimal parabolic Eisenstein series to bring out that it is the pure
and simple critical value of the exterior square L-function L(1, 7, A?) (Theorem 5).

THEOREM. We define 2,2 be the period integral of the flat section included in
the minimal parabolic Fisenstein series E(g,s). Then we have

(0.3) Qo - / Ress_1 E*(h, s)dh = L(1/2,7)L(1, 7, A2),
H(Q)\H(4)

where L(1/2,m) be the special value of the standard L-function of automorphic
cuspidal representation .

The flow of its calculation is as follows. We use two theorems. One of it is the
minimal parabolic Eisenstein series can be decomposed as the classical Eisenstein
series on GL(2) and the Siegel-Eisenstein series associated to the maximal parabolic
subgroup of G (Theorem 1), and the other one is the period becomes Bump and
Friedberg’s Rankin-Selberg integral referred in [BF]. Since the analyticity of it
follows from the residue of the minimal parabolic Eisenstein series, then we hope
to prove the Deligne’s conjecture on the critical values of the exterior square L-
functions to future application.

During writing this paper, the author was supported by Grants-in-Aid for young
scientists (S) for JSPS. The project title is “Strategic Research to solve certain
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conjectures in Arithmetic Geometry”, the number of it is 21674001 and its princi-
pal investigator is Pf. Kenichi Bannai belonging to Keio university, department of
mathematics. I appreciate that S. Matsumoto gave advice about the program of
the Iwasawa decomposition in Matlab.

Below, o(X) is set to the usual trace of the matrix X and §(X) is the determinant
of it. And e(ar) means €27V 1o,

I. Minimal parabolic Eisenstein series for symplectic group

I-1. Group structure.
Let G be a symplectic group of degree 2 over the rationals Q which is defined by

1) G=5p2.0Q) = {g=SL0.Q) | 'ghg= s = (2 )}

Take its analytic subgroups N and A of G for

(12) N = NO X NQ
1 no | 1 | n1 ng
1 | 1 | Ng N3
=< n= T X T
|1 | 1
| —ng 1 | 1
and
(13) A= {a'(p) = diag(a17a'27a1_17a2_1> | a; > 0} y

where N is the maximal unipotent radical and A a maximal split torus of G. Then G
has the Iwasawa decomposition G = NAK for a fixed maximal compact subgroup
K = Ky x]] K,, where Koo = G(R)Nn0O(4) = U(2) and K, = G(Z,) for
v < 0.

Let M = Zk(A) be the centraliser of A in K

V<00

(1.4) M = {diag(€1,627€1,62) |81,€2 € {:l:l}}.

Then the minimal parabolic subgroup P = NAM of G has the Langlands decom-
position which is known by [L].

I-2. Principal series representation and Eisenstein series.

In this section, we recall the principal series representation of G for the minimal
parabolic subgroup P.

Let a be the Lie algebra of A. For A = (A1, A2) € af = Homg(a,C) = C?, we
define a modulus quasi-character e* : P — R+ of P by

(1.5) e*(a(p)) = exp(Aloga(p))

for the Langlands decomposition p = na(p)m, n € N, a(p) € A and m € M.
The irreducible unitary representation o of M is given by the product of sign
representations. It is specified by

(1.6) e; = o(diag(—1,1,—1,1)) and ey = o(diag(l,—1,1,-1)).

For an irreducible cuspidal automorphic representation (m, Vy) of G, there exists
a cuspidal data (P, 1y ® e*? ® o), where p is the half-sum of the positive roots of
P.



DEFINITION 1. Let o be an irreducible unitary representation of M. For A € ag,
we define a principal series representation of G as an induced representation

(1.7) IndS(1y @ e** ® o)
= {¢:G = Vi | plpg) = **(a(p))o(m)p(g), Y(p,g) € P x G}.

We call function ¢ : C x G — C a flat section of Ind%(1y ® e*? ® o) when
it satisfies the following conditions: For all s € C, ¢(s,-) : G — C belongs to the
space of the induced representation and its restricted in K is not depend on s € C.

DEFINITION 2. Let o1, € IndE(1x ® e* TP ® 0) be a flat section. The minimal
parabolic Eisenstein series for G is defined by

(1.8) E(g,s) = Y @xip(s,79).
~vyeP\G

This series is absolutely convergent for Re s > 3/2.

I-3. Relation among the Siegel-Eisenstein series.

In this subsection, we consider the relation between the minimal parabolic Eisen-
stein series and the Siegel-Eisenstein series of G. The Siegel-Eisenstein series is one
of the most fascinating subject in number theory, for example, its analytic prop-
erties are very important. This relation among them is studied for some time, for
instance in [Ba], [Sa] and [GMRV], however there is no evident paper to give an ex-
plicit formula of its Fourier expansion, prove its functional equation and give some
information about poles using its relation. Then we bring out the relation among
Siegel-Eisenstein series where its classical Siegel-Fourier expansion is extensively
considered.

Now, let P, be the Siegel maximal parabolic subgroup of G. It has the Levi
decomposition P, = Ny Ay Moy, where

(19) Ny = {n(v”c) = ((1)2 i)

and

(1.10) My = {m(a) = (OC; t;)zl)

xr = tx} , Ay = {diag(a,a,a”t,a™ ") | a > 0}

aESLi(Q)}.

We can also define the Siegel-Eisenstein series for G using a flat section cpf\? €

Idg, (1, ® e+ @ 03) for pa = (3/2,3/2),

2
(1.11) Ba(g.s)= > o (s,79).
YEP\G

The first theorem of this paper is to show the relation between the minimal parabolic
Eisenstein series and the Siegel-Eisenstein series.
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THEOREM 1. Let wg\zlp € Ind§ (1n, ® eMP @ 03) be a flat section and f be a
A *

natural embedding from GL(2) to Py as A — <02 ¢ g1 ) For the embedding, we
define f the isomorphism map from B\GL(2) to P\P,. For allg = pok € P,K = G,
we define the Eisenstein series on GL(2) by

(1.12) g,8) = Y. O p(5.0F M (p2)),

S€B\GL(2)

where B is the standard Borel subgroup on GL(2) and cpl(,1+)L+p2 s a flat section in

IndgL(Q)( L, @est 2 R0p). Then the minimal parabolic Eisenstein series E(g, s)
18 decomposed as follows.

2
(1.13) E(gs)= Y. ¢ (s.79)e(1g,9).
’YEPQ\G

PRrROOF. Since the Siegel maximal parabolic subgroup P contains the minimal
parabolic subgroup P which is a normal subgroup of P, then

Yo D> el mne).

Y1EP\ P2 72€P2\G

If we take an element of P, the inverse image of f is in the Borel subgroup B on
GL(2). Then the first isomorphism theorem says that P\P, = B\GL(2) and we
can replace the first summation with B\GL(2).

From the character formula for the induced representation, if we consider the
inclusion relations P C Py C G, then we have an isomorphism Ind% (1 y®e M P®0) =

Ind%, <Ind1;2 (Iy ®eMP @ 0)> which is called induction in stages.

The Borel subgroup B has the Langlands decomposition B = NgAgMp such
that

;ﬁ{(é?)VGR}”B{(% ")
= ()

We also define o g the irreducible unitary representation of B and e% the modulus
quasi-character of B for v € Homg(ap,C). Since the image of a representatlve Q
of B\GL(2) by f becomes a representative f(a) of P\ P, if we take ¢’ an element
of Ind? (1y ® e*M? ® o) and define o™ (a) = ¢'(f(a)), for a € [A], then we have
the isomorphism

o, €Id P (1y, @ e @ op) 2 Indp (1y © 7 @ 0) 3 4,

where ¢ = (1/2,—1/2) be the half-sum of positive roots for GL(2).
For all g € GG, we have

a; € Ryg and |a1| # 1, |az| # 1}

a; € Ry and |a1| = ‘CLQ’ = 1} .

E(g,s) = > S @ (5,720)05 (5,71 (129) | )
f=1(m)€B\GL(2) 12€P2\G
> ST @2 (5.7129)0 0 1, (5, F T ) FTH(129) ).

F=1(v1)€B\GL(2) 72€P2\G

The second summation is the Eisenstein series on GL(2). O



I1. Fourier expansion of the Eisenstein
series along the minimal parabolic subgroup

However the classical Fourier expansion along the maximal parabolic subgroup
are well-known, little is known concerning the Fourier expansion along the minimal
parabolic subgroup P. One of the reason of it is that the unipotent radical N
of P is non-abelian. We should extend the theory of Fourier analysis on non-
abelian groups. According to the previous study of H. Narita discussed about an
expansion of vector-valued holomorphic Siegel modular forms in [Na], the Fourier
coefficients of the Fourier expansion along minimal parabolic subgroup are related
to the maximal one. We should extend the results for the real analytic Eisenstein
series. Also we prove the relation between the Fourier coefficients of the Fourier
expansion along the minimal parabolic subgroup and the Siegel maximal parabolic
subgroup as an expansion of the study of Narita and calculate the Fourier expansion
of the real analytic Eisenstein series obtained in section 1, coming down to the
maximal one.

II-1. Construction of the Fourier expansion along the minimal para-
bolic subgroup.

We define (7, H,) be the spherical principal series representation of G and (7, V;)
be the irreducible finite dimensional representation of K. Let ¢ be the inclusion
map from 7 to mxg where mx be the K-finite vectors in w. Then we can define a
generalised Whittaker function as an image of the following map:

(2.1) Wi € Homgy, gy (7x, Cpo (N\G) i) = Homp (7, C72 (N\G) k) 2 Wi o4,
where

(2.2) nr = L*-Ind};e(T log)

and

(23) Cp(N\G)xc = {Wir: G5 H | Wir(ng) = nr(n) Wi r(g), K-finite]

for H,,, the representation space of nr and Hy? the space of C"°-vectors in it. We
remark that the space Homg (7, Cp2 (N\G) k) is equivalent to the following space
such that

(2.4) {Wer : G5 HZ | Wir(ngk) = nr ()7 ())Wir(g) }

The explicit formula of the generalised Whittaker function at archimedean place
was given by Niwa in [Ni], Theorem 1 and Proposition 2.

We take an arithmetic subgroup I' of G which implies that the Q-structure comes
from a such of G and NNIT'= Np = (NgNT') x (N2 NT'). Since Np\N is compact,
its L2-space is decomposed as the Hilbert space direct sum.

PROPOSITION 1. Let N is the unitary dual of N. We have

(2.5) L*(Np\N) = @(U’Hn)eﬁHomN(n, L*(Nr\N)) ® H,,.



PROOF. Its proof is described in [GGP], Chapter I. section 2.3. O

As same as in [Na], if we choose a basis of Homy (1, L?(Nr\N)) and decide the
multiplicity of 5 in L?(Np\N), then we can describe the Fourier expansion of the
real analytic Eisenstein series along the minimal parabolic subgroup P on G. Before
stating our result, we prepare some notation.

Let Sy be a set of positive definite symmetric matrices of degree 2 with rational
coefficients. We denote by Sy the closure of Sy in V. Since tr(u,v) for u, v € V = N,
is a non-degenerate bilinear form on V', we define the dual lattice of Vp =V NI =
Ns N T such that

(2.6) Sy ={T €8 |tx(T,5) €Z, VS € Vr}.

Consider the natural action of the maximal unipotent radical Us(Q) = { ( Lb ) } of
GL(2,Q) such that (v,u) — 'uvu for all u € U3(Q), we define

(2.7) Sy = S2/U(Q).

If we consider the group structures of Uy and Ny, the equivalences UsNT" 22 Uy (Z) =2
NoNT hold, for S € &. Then we define

(2.8) o ={T €S | 'uTu=15, JucUsy(Q)}/Us(Z).

For T € M&N, let m7 be a maximal subordinate subalgebra : a maximal left subal-
gebra containing the characteristic subalgebra and excluding the central generator,
and My = exp(mp).

PROPOSITION 2. Let F' be a real analytic Eisenstein series on G of weight k
with respect to I'. For any n € N and g € G, the Fourier expansion of F' along P
s given by

(2.9) = > > Fer(9)0r(Wir())(n),

Sesy . TeMy (S)
where

(210) O2(Wir(-))(n)= >, Wir(yn) and Fsr(g) = Wir(l-9)7"
YENrNMr\Nr

PROOF. This proof is almost the same as the paper of Narita ([Na], Theorem
5.8). Only different thing is that now F' be a real analytic Eisenstein series. In this
case, F' generates the spherical principal series representation (mw, H,) at infinite
places. Then for a basis {Or}rery = of Homy (n, L2(Np\N)), we can take the

generalised Whittaker function Wy r(g) € Hy? on G of 7. U

We also discuss about the relation between this Fourier expansion and the Siegel
Fourier expansion. There are three types of Fourier expansions on G by its parabolic
subgroups. We call Siegel Fourier expansion as a Fourier expansion along Siegel
maximal parabolic subgroup P,. In the expansion, if we replace N with Ny that is
Ny =2 U, is identity element, we get the following well-known expansion.



THEOREM 2. Let F' be a real analytic Fisenstein series on G of weight k with
respect to I'. We take T € Sy belonging to My . (S) with some S € Sy Define the
Fourier expansion of F along the minimal parabolic subgroup P is

(2.11) Z Z Fs,r(9)07(Wk,r())(n)

SeSy  TeMy _(S)

and the maximal parabolic subgroup Ps is

(2.12) F(g)= Y Fs(g)e(o(Sz)).

Sesy
Then the relations of the both Fourier coefficients are given by

(2.13) Fsr(9) = Fs(g), and Fsr(g9) = Fiyusu(g), forevery u e Us(Z).

PROOF. It is done to replace N with Ny in the formula of the Fourier ex-
pansion of F' along P in the previous proposition. Before all, in the part of
Or((Wk.r)(-))(n), it can be calculated as follows. For all n(z) € Ny C Ps,

Or (Wk,r)(+) (n(z)) = xr(n(2) )Wy r(-) = Wi r(n(z))
=nr(n(z)) = e(o(Tx)).

Compare with the formulas of both Fourier expansions, we obtain the statement. [J

I1I-2. Calculation of the Fourier expansion.
According to the previous subsection, we have to calculate the Fourier expansion
as follows :

(2.14) E(g.s)= > Y. Esr(9)®r Wir()(n)

Sesy . TeMy . (S)

= 3 Eslge(o(Sa)).

Sesy

where the Fourier coefficients Eg r(g) is expressed as

Esrlg) = Es(g) = /N oy 2 AL s am(@m ()

YEPN\G
(2.15) x e(yn(z)m ((0 4, )) s s)e(—o(Sz))dn(z),

a1 a2u
0 ag

for a decomposition g = n(z)m (( )) k € G. Here we remark that the function

gpg\zl ,(s,) and the Eisenstein series £(-, s) are not depend on the maximal compact
subgroup k € K. Below, Eg(g) are calculated concretely.
According to the structure of the Siegel maximal parabolic subgroup P, G has

the Bruhat decomposition G = H?:o Pyw; P>, where

1 1
(2.16) wo =14, wy; = ( L 1) and w9y = (_1 1>
-1 -1
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be its Weyl group elements. It is well known that for any Weyl group element
w;, one has the decomposition for the unipotent subgroup of G such that Ny =
NYi - Ny, , where

e v =Ny N = fuw) o= (TR )] wd v - )
2

and

0 O
01’3

(2.18) Ny, = {14}, Ny, = {n(x) |z = ( )} and N, = Ns.

Then the Fourier coefficients Eg(g) can be decomposed as the following.

LEMMA 1. Let Es(g) be the Fourier coefficients of the Fourier expansion of the
minimal parabolic Fisenstein series formulated in (2.15). For all S € 8, it is
expressed as follows.

Z > /w —o(Sy~ wy))dn(z)

=0 e QM I\Nwz(A)
x / N OS2 (s, win(x)ym (5 2))e (win(@)ym (G 20), )

(2.19)
x e(—a(Sy™ wy))dn(x),

where QQ; be the subgroup of My defined by

b

az

(220) Qo =M, Q)= {m(a) | a= (%1 ) € GL(2)} and Qs = M,

PRroOOF. It is easy to check that w{ngwZ- NP, =NvYQ, for all i =0, 1 and 2.
The coset wi_lpgwi N Py\ P; is equivalent to the set {nm | n € N,,, m € Q;\M}.
This equivalence relation will be acquired by computing the residue class of the
coset. Since the map of P — Pw;P, p — w;p is surjective, then we have an
isomorphism

w; ! Pyw; N P\ Py 2 P\ Pyw; Py = {nm | n € Ny, m € Q;\M}.

The Fourier coefficients Eg(g) is as follows when the sum running v is rewritten
using an isomorphism.

(2) S S s)je(—o(ox n\x
Z - A2, (5:79)e09,9)e( o (S2))dn(z)

’YEPQ\Ple PZ

_Z > / Z w&?ps 679)e(67g, s)e(—a(Sx))dn(z).

i=0 yeQ;\ M ¥ V2\N2(A) se v,



10

For the element in N(A), transformation of the variable n(x) to y~!

that

n(x)y shows

-y ¥ /. ) (s, win(z)ym (% %20))

i=0 4€Q:\ M2 )
% e(win(@)ym (% “21), s)e(—o(SyLzy))dn(z).
Because of Ny(A) = NYi(A) - Ny, (A), we obtain the statement. [

The next opinion is obtained because we classify the Fourier coefficients Fg(g)
according to the rank of S € S5 concretely using Lemma 1.

PROPOSITION 3. The assumptions and notations are same as in Lemma 1. The

Fourier coefficients Es(g) can be described concretely as follows.
(1) If S = 02, then we have

(2.21)
OS2 (s,m (5“2 N)e(m (6 21)) )

+ / w&?p@,wm(:c)m((%l ) ) )e(win(z)m (4 %)), s)dn(z)
N, (A)

>/

leQ “’1(A)
x e(win()m ((;1 ity ) ) »)dn(a)

+/ oL (s, wan(@)m (G &))e(wan(@)m (4§ 1), s)dn().
Ny (A)

(s, win(x)m ((aol az(?ﬁr“) >>)

(11-1) If rank S =1 and S = (21 Zi) such that sy = s3 = 0 or s1s3 = s3, then we
have

(2.22)
/N N P (s, wan(@)m (6“2 ))e(wan(@)m (G %2")) . s)e(—o(Sz))dn(x)

(2) 00 0 u
+ /Nwl(A) 90>\+p(5 win ((0 3 )) m ((a1 a2(u+§2/51) )))
00 0 as
X 5('11)177, ((0 T3 )> m (((11 CL2(U+82/51))> ,S)e(—slx?,)da;?"

(11-2) If rank S =1 and S = (0 SZ), then we have

/N N O] (s, wan(@)m (6“2 ))e(wan(@)m ((§ %2")) . s)e(—o(Sz))dn(x)

-/ o Ao (52)) m s )
X e(win ((8 3?3 )) m (9 2")),s)e(—szx3)dxs.
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(7ii) If rank S = 2, then we have
(2.24)

Na (8) o wan(@)m (5 0))e(wan(@)m (5 °2)) - s)e(~o(Sx))dn ).

In the above proposition, what is necessary is to give the Iwasawa decomposition
of win(z)m(a) for a = (4 =), a = ( 0 o2 ) ora= ( 0 . ) because

0 aso a1 az(u+a) a1 az(u+s2/s1)
the domain on the Eisenstein series (g, s) is depend only on the diagonal block of
P, C G which was explain in Theorem 1. If we compute the Iwasawa decomposition,

in all cases, f~!(w;n(z)m(a)) = (%1 aaz?u) for f given in Theorem 1.

THEOREM 3. Let E(g,s) be the minimal parabolic Eisenstein series of weight
k € 2Z. We put g = m(a) for a = (al aw) € GL(2). The imaginary part of the

OCLQ

action of \/—1 multiple of the unit matriz of degree 2 on G is defined by y, that is
y = ata. We also define the imaginary part of the action of a on \/—1 as v and
T = u + v/ —1v. Following we use the notations £(s) = n5/2T'(s/2)((s) and the
Pochhammer symbol (a); = T'(a+1i)/T(a). For all n(x) € No, the Fourier expansion
of the normalised minimal parabolic Fisenstein series

(2.25)
E*(n(z)g, s) = " (n(x)g, s)E3 (n(z)g, 5)
= £(5)E(25 — 2)%(5/2)1s2((s = 1)/2)ks2(s — Dye(n(x)g, s — k) E(n(x)g, s — k)

along the minimal parabolic subgroup P of G is given as following.
First, we show the Fourier expansion of the normalised Eisenstein series

(2.26) e*(n(x)g,s) =€(2s — 2)(s — 1)ke(n(x)g,s — k)
such that

(2.27)
e*(n(x)g, s)

= 6<y>%v%—’“{6<y>—1v3£<2s —2)(s— D+ v "TE(2s = 3)(s =k — 1)y

+ Z m_s+102s—3(m)W—kz,s—3/2 (47va> e(mT)
m=1
+(s—k—=1Dk(s—1)k Z m~ oo _3(m)Wy s_3/2 (4rmu) e(—mT)},
m=1

where o5(n) is a divisor sum defined by os(n) = >, d° and W,,,(2) is a W-
Whittaker function which is given by the integral

o—7/2 yh+1/2

D(—v+p+1/2

(228)  Wiu() = et gy gy

for Re (—v+pu+1/2) >0 and Re z > 0.
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Second, we show the Fourier expansion of the normalised Siegel-FEisenstein series

(2.29) E5(n(x)g,s) = £(s)6(25 — 2)(s/2)k2((s = 1)/2)x 2 E(n()g, s — k)
such that
(2.30)

E3(g,8) = e2(9,8) +8(y) "7 v327F (s — 1),(5)€(25 — 2)
+0(y) T 0227k (s — k — 1)5&(s — 2)€(25 — 3)

1 s—k -2 1
+208 {5(y) Slo(Sy)lTEE2s = 9 (2 - 5)
S8y ,3(5)=0,

S#02,5>0

X ((3=5—=k)/2); /o Wiy2,(s-1)/2 (4|0 (Sy)])
+8(y) T Mo (Sy) T e(2s — 3)F (S (s — 1)

X ((s = k)/2) s Wiy2,s/2-1 (47T|0(Sy)\)}e(0(59€))

+2l ik Y {5<>2|a<5y>|2 £(25 — 2)F.%(2 - )

SeSY ,5(S)=0,

S+£04,5<0
(3 =5 = k)/2)1y3 Weyoamyja (o (Sp)
+8(y)" 5 |o(Sy)| T re(2s — B)F L (s — 1)

X (8 = F)/2) k2 Wy2./2-1 (47T|0'(5y)\)}e(0(5$))

+237réw{ S @) HE28) L (s — 1,0 FD(s)

SeS8y,5(8)>0,
S>0

X (s =k = 1)apw (2my, S5 (s + k) /2, (s — k) /2) e(a(Sy))

> @) TRO(29) T (0(2y) L (s — 1, ) ES (s)
SESQVS,i(éS”)>O,

X (s —k—1)ogw (2my, S; (s + k)/2,(s — k)/2) e(c(Sy))
+ Y () E(—6(28) 7 (—8(2Sy)) AL (s — 1,\)FS(s)

SeSsy ,8(8)<0,
S<0

X (8 =F)/2)p)a (s =1)/2)p o w (2my, 55 (s + k) /2, (5 = k)/2) e(O(Sy))},

where €9(g, s) is the Eisenstein series on GL(2), its flat section is in Ind(|- |}~ 12 |-

2/2_5) and e(S) = gcd(S). Here the definition of some functions remarked. For
seCand S eS8y,

ordpe(S)
(2.31) ) (s

(S) H F(l) S), s), F(l) Z p(s—Di

ple(S)
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and

(2.32) F(s) = [ F2(S, 5),
plf

a—i—1

F(2) S S sz(Z s) me(?) 2s) )pl—s Z pj(3—2s)
5=0

Here we note that —6(2S) = D(S)f? for the fundamental discriminant D(S) and
[ €Z, ay =ordpe(S), a = ord, f and the Kronecker symbol x(-) = <M> We put

L(s, x) the Dirichlet’s L-function of x normalised by 7=*/?T'(s/2)L(s,x) = L*(s,X)
and w(y, S, a, B) the confluent hypergeometric function as the same notation in [Sh).

The minimal parabolic Fisenstein series converges for Re s > 3, but can be
analytically continued on the whole of the complex plane as a meromorphic function
of s. It satisfies a functional equation s to 3 — s and has simple poles at s =1 and
2.

PRrROOF. In Proposition 3, if we calculate the Iwasawa A-part of the restriction
for P of wyn(z)m(a) for i = 1 or 2 and for a = () ") or ( 0 a2 ), it is

0 a2 a1 a2(u+b)
understand that all of it is not depend on N;(A) and explicitly given by (g aazu)
Then the local integrals (ii-1), (ii-2) and (iii) of Proposition 3 come down e(m(a), s)
for a = (aol a;:) multiple of the integral of the flat section go( ) of the Siegel-
Eisenstein series Fs(g,s) and e(—o(Sz)) on N, (A). The Fourler expansion of
Es(g,s) was considered by S. Mizumoto in [M] and Y. Hasegawa-T. Miyazaki in
[HM]. Using these references and Shimura’s explicit expression for the confluent
hypergeometric functions in [Sh] and considering the shift of p, we get the formula
(2.30). Especially, the local integrals of the second term and the third term of

(2.21) in Proposition 3 are calculated by
{A{ o2 (s, wnn()m (4 %20)))e(win(@ym (% 20 ,))dn(z)
wy (A)

e[ A (& i)
.

1eQ’/ N

x e(wyn(z)m (<a01 a2&2+b) >> ,s)dn(:):)}

. / o2 (5, m (20 N)elym (%4 %20)) , 5)dn(z).
~eB\GL(2) Y Nwi (4)

Since the right hand side of the integral on N, (A) sets a flat section of the induced
GL(2) (

1 5
L 211277, so that if we take the summation of all

representation Indg A
v € B\GL(2) is equal to the Eisenstein series on GL(2). In the well-known formula
of the Fourier expansion of the Eisenstein series on GL(2), we add it to the shift of
p-

The functional equation of the minimal parabolic Eisenstein series follows from
the local functional equations such that £(s) = £(1—5), (—=$), = (=1)"(s—n+1),,

F(s) = bR (1—s), FY) = (32 FN (3= 5), 04(n) = [n]*o_s(n), L*(s,x) =
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= 8(28)/ 25 L* (1 = 5,X), Wiu(2) = Wiy (=) and w(y, S5, B) = w(y, 533 —
a,3 — ). If we exchange s to 3 — s in (2.30), then the first term itself, the second
term and the third term, the forth term and the fifth term, the sixth term and the
seventh term, the eighth term and the ninth term respectively preserve the equality.

Since the function £(s) has poles —1/2 at s = 0 and 1 at s = 1, then E3(g,s)
has simple poles at s =1 and 2. [J

For this theorem, the Fourier expansion of the minimal parabolic Eisenstein
series had written exactly, then the analytical properties of the Eisenstein series
came to be found well.

3. Bump-Friedberg’s zeta integrals and critical
values of the exterior square L-functions

There is a fundamental problem of Langlands’ theory of automorphic L-functions
such that every general automorphic L-function initially defined as an Euler product
in some half-plane, continues to a meromorphic function in all of s € C, with only
finitely many poles, and a functional equation relating its values at s and 1 — s.
It has been successfully attacked in general using two different methods. One of
it is the explicit construction of zeta-integrals and the other one is the Langlands-
Shahidi method using Eisenstein series and their Fourier coefficients.

According to the previous work of G. Harder in [H], he constructed the coho-
mology classes in the cohomology groups of arithmetic quotients and provided it
with integral over suitable cycle. Then by summing it over the classes in the genus
which is called the period integrals, the critical values of L-functions attached to
algebraic Hecke characters were appeared.

In this section, to refer the way of [GRS], we calculate the H = GL(2) x GL(2)-
period integral of the residue of the Eisenstein series and it is shown clearly that
the critical value of the exterior square L-function appear.

3-1. Eisenstein cohomology on arithmetic quotients of the Siegel upper
half space of degree 2.

In the introduction of this paper, we had already reviewed the structures of coho-
mology groups of ['\G/K = I'\ X for an arithmetic torsion free subgroup I' C G(Z).
Then we induct the result of J. Schwermer in [Sc|, p. 254, about the Eisenstein co-
homology classes on I'\ X.

PROPOSITION 4. Let E*(g, s) be the minimal parabolic Eisenstein series of weight
6 which is defined in the previous section. The residue of E*(g,s) at s = 1 is closed
and harmonic and represents a non-trivial class in the Eisenstein cohomology of
degree 3.

Considering this proposition, we let calculate the period integrals of the residue
of E*(g,s) at s = 1 which is a cohomology class in H?(I'\X,C) and then obtain
the critical values of the exterior square L-functions. Since the Fourier expansion
of E*(g,s) was explicitly shown in Theorem 3 (II-2), then the residue of E*(g, s)
at s = 1 is fully-clarified by calculating the Laurent expansion around s = 1 of
zeta function, gamma function, the confluent hypergeometric functions and other
special functions appearing in the Fourier expansion of the Eisenstein series.

THEOREM 4. The notations are same as in Theorem 3. For allg =m (( “ azu)) €

0 ag
G and s € C, take E*(g,s) as the minimal parabolic Fisenstein series of weight
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k € 27Z. The residue of E*(g,s) at s = 1 is explicitly given as following. For k > 0,

(3.1)
Rese B*(g,5) = e(g, 1) - 6(y)~ 50 {2—k5<y>w/6

—27R5(y)2 > o1 (m)W_y 1 2 (drmu)e(mr)

—2rr Y (=6(28)) 7 (=628 FSY (1) (1= k)/2)y 10
§(S)=-0<0

X w (2my, S;(1+k)/2, (1 — k’)/2)e(a(Sy))}.

Res.1°(g,5) = e(a, D(3(0)0)* { 5 Qogamo/a(s) +) + 21og ()

=2 > oo(e(8)Ko 2n(jo(Sy)])) e (o(Sx))

5(5)=0,570,

2 Y el Ko(eny/a7 - 3@ (o(Sa) |-

§(25)=-0<0

PROOF. Since for all k& € 27Z, the Eisenstein series £*(g, s) is entire at s = 1, then
it appears the value of s = 1 in the part of the residue of the minimal parabolic
Eisenstein series at s = 1. On the other hand, the Siegel-Eisenstein series Es(g, s)
has poles in the first term e2(g, s), the second term and the last term for the Fourier
expansion given in Theorem 3, (2.30) for £ > 0. In this case, the functions £(s) and
€(2s—2) have a singularity. If the Dirichlet’s character y is trivial, i.e. —§(25) =0,
L*(s —1,x) = (=0(28)/2f~1L*(2 — 5,x) = ((s) has a simple pole at s = 1. We
also count a zero of order 1 of functions (s —1)i or ((3 —s—k)/2); 5, (3.1) is
obtained.

If £ = 0, the poles of E5(g, s) appear in £5(g, s), the second term, the forth term,
the fifth term and the last term. In this case, we remark that

Wo,o(4r|o(Sy)|) = 2|0 (Sy)|2 Ko(27|o(Sy)])

and

w(2my, $:1/2,1/2) = 2”373 (—8(Sy)) T Ky (QW\/O—(SW - (5(25y)> .

where the relation between the hypergeometric functions, it says more correctly
W-Whittaker function and the confluent hypergeometric function, and K-Bessel
function. [

After this section, computing the period integrals for this residue, then we show
that an exterior square L-function is included in the integrals.
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3-2. Formulation of the period integrals.

Let H denotes the subgroup of G which composes fixed points of an involution
0 of G defined over Q. We called such an H a symmetric subgroup of G and the
pair (G, H) a symmetric pair. In this article, we take H as GL(2) x GL(2) which
embedded in G by

al as b1 ba ' b1 —b2 "
o (e (CneT),
as ay
The sublattice ' = I—{q(f‘\)_(, Z) C HI"YT\X,Q4('\ X))V consists of linear forms
on HI™HT\X,Q4(T\ X)) and these linear forms are natural inner product between

g-cycles H(Q)\H(A) € Q,(T'\X) and closed g-forms f € Q¢(T'\X) as follows.

(3.4) (H@\H®), 1) = /H gy, R

The Stokes theorem says that the pairing is independent of the choice of representa-
tives of the equivalence classes H,(I'\X,C) and HY(I'\X,C) and defines a pairing
between them. We call the pairing a period integral. We want to give an explicit
expression for that period integral.

3-3. Calculation of the period integrals of the Eisenstein cohomology
classes.

If we refer to the calculation method of the article [GRS], applying the truncation
operator to E*(g,s) and computing its integrals follow our main theorem.

THEOREM 5. Let (7, Vr) be a cuspidal representation of GL(2). We define )

the period attached to a flat section ©®) € Vi appearing in the minimal parabolic
Fisenstein series E*(g,s). Then the integral over H(Q)\H(A) for H = GL(2) x
GL(2) of the residue of the minimal parabolic Fisenstein series at s = 1 expressed
as following.

(3.5) Qo) - / Res,—1 E*(h,s)dh = L(1/2,7)L(1, 7, A?).
H(Q\H(A)

Here L(1/2,m) be the special value of the standard L-function of .

Since we prove this main theorem, following result by D. Bump and S. Friedberg
in [BF] such that the Rankin-Selberg integral which have been discovered involve
Eisenstein series represents a product of two L-functions is useful.

LEMMA 2. Let €(g,s) be an Eisenstein series on GL(2). For all cusp form
p € Vy and a € C, we have

(3.6) L(1/2,m)L(s, 7, A?) = / © (a, (g tg=1 )) (g, s)dg.
GL(2,Q)\GL(2,A)

We apply the truncation operator A¢ for a real number ¢ > 1 to the minimal
parabolic Eisenstein series E*(g, s) such that

A°E*(g,8) = E*(g,8) — > ((s,79) + M(s)0(s,79)) xe(v9)
YEPN\G

(3.7) = Y (579X () — Y M(s)e(s,79)xe(19);

YEP\G YEP\G
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where the function in the summation is a constant term of E*(g,s), x. is the
characteristic function on GL(2) such that for the all real number ¢, x.(g) satisfies

where dp is the modulus character of B. Naturally, M (s) is the standard intertwin-
ing operators. Since its integrals are explicitly calculated by Ginzburg, Rallis and
Soudry in [GRS] of Proposition 4 to describe the cosets appearing the unfolding
of its integrals and summations respectively, taking the residue of the result and ¢
maps to co, they obtain the following lemma.

LEMMA 3. If Re s is sufficiently large, then the following formulae are valid with

a certain choice of measures. For a € C, we have
(3.8)

/ Resy—1 E*(h, s)dh = / / o (a, (9 tg_1> k) dgdk,
H(Q\H(A) Ku JaLe.o\GLE2.A)

where Ky 1s the maximal compact subgroup of H.
Using the above two lemmas, we prove our main theorem.

PROOF. Since the minimal parabolic subgroup E*(g,s) is decomposed as in
Theorem 1, then the integrand is decomposed by

oo (o)1) = o ) ) () ).

The property of ¢(?) says that it can be separated by ¢ <a, (g tg)) 90(2)(04, k)

and the Eisenstein series on GL(2) is not depend on k € K. Then the integral in
Lemma 2 is equal to

/ Ress—1 E*(h, s)dh
HQ\H(A)

~q; 6 (0, (* )2 (7)) R1)

1
@ " /
GL(2,Q)\GL(2,A)

where Q;(lz) means the period attached to ¢(?). Since this integral is exactly the

special value of the Rankin-Selberg integral at s = 1 which is found by Bump and
Friedberg in Lemma 2 up to the multiple by € ,2), we obtain our main theorem. [

Since the analytics of L(1, 7, A?) follows from that of Ress—1 E*(g, s) referring to
our main theorem, then it becomes now easily to prove the Deligne’s conjecture on
L(1,7,A?).
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