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ANALYSIS OF THE FICTITIOUS DOMAIN METHOD WITH
H!-PENALTY FOR PARABOLIC PROBLEM

GUANYU ZHOU

ABSTRACT. We consider the fictitious domain method with H!-penalty
for a parabolic problem. First, the sharp error estimate for the H!-
penalty problem approximating the original problem is derived. Then,
we present some regularity analysis and prior estimate to the H!-penalty
problem. The finite element approximation is investigated for discrete
problems of two types, “continuous-time” and “single-step backward”.
To perform the numerical computation, we provide an approximation
scheme for the “single-step backward” discrete problem as well as its
error estimate. The theoretical result is verified using our numerical
experiment.

1. INTRODUCTION

The purpose of this paper is to establish a mathematical study of the ficti-
tious domain method for parabolic problems. The fictitious domain method is
well known to be based on a reformulation of the original problem in a larger
spatial domain, called the fictitious domain, with a simple shape. Then, the
fictitious domain can be discretized by a uniform mesh, independent of the
original boundary. The advantage of this approach is that we can avoid the
time-consuming construction of a boundary-fitted mesh. Furthermore, this
approach will be useful to solve time-dependent moving-boundary problems.
Several means exist to introduce a reformulation in the fictitious domain ([3]).
We restrict ourselves however to the H'-penalty method described below be-
cause of its wide applicability. In a previous report ([25]), we developed a
mathematical theory for the H'-penalty fictitious domain method for elliptic
problems that can be applied easily to parabolic and moving-boundary prob-
lems while maintaining the sharpness of error estimates. Herein, we study
the H'-penalty fictitious domain method and its fully discrete finite element
approximations for parabolic problems in a fixed spatial domain. Analysis for
the H!'-penalty method is also given for moving-boundary problems.

To be more specific, presuming that 2 is a bounded domain in R? with the
smooth boundary I' and 7" > 0 is a fixed constant, we consider a parabolic
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problem

w—Au=fin Qr,
(1.1) u(z,t) =0on X,

u(+,0) = ug on Q,

where
(1.2) QT:QX [O7T], Yr=TXx (O,T]
To state the weak form of (1.1), we introduce
(13)  Hy"(Qr) = L*(0,T; Hy (), H™(Qr) = L*(0, T H™1 (1)),

where H} () is the standard Sobolev space of order one in L?(Q) with bound-
ary value zero in I' and where H~1(Q) is the dual space of Hg(£2). Moreover,
(-,)s denotes the duality pairing between H&’O(QT) and H=%(Qr), and
(‘,-)or is the scalar product of L?(Q7). The weak form of (1.1), which we
will call the original problem, reads as

Find u € Hy®(Qr) with u, € H4(Q7) s.t.

(1.4) (ug,0)Qr + (Vu, Vo) o, = (f,v)qr, Yo € Hy®(Qr)
u(+,0) = uo.

Hereinafter, we assume that

(1.5) f € L3Qr), up € L*(Q).

We have u € C([0,T); L2(Q)) for u € Hy "°(Qr) and u, € H~19(Qr) ([10]).
Therefore, the condition u(-,0) = ug € L*(f) is meaningful.

The fictitious domain method is used to find a larger domain (the fictitious
domain) of a simple shape, which we designate as D satisfying D D Q. Dy =
D x [0,7T], Q% = Dr\Qr. Then we introduce the H'-penalty problem (Q.)
to approximate the original problem (1.4), where € is the penalty parameter.
Setting 0 < e < 1 and M, = xg, + %XQ’,T’ where x ¢, is the indicator function
of Qr, (Q) reads as

Find u, € Hy*(Dr) with Mou, € H1°(Dy) s.t.
1
(Meter, v) Dy + (Vue, VU)o + E(Vué, V),

= (f)v)DT7 Yv € HOLO(QT),
us('70) =

(1.6)
’&'07

where f and g respectively denote the zero extension of f onto Dr and ug
onto D ( In fact, f and @ can be any extension function satisfying ||to|lo.0, <
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Clluollo.oe and || f]| 0, < Cl/fllo,qr, see Remark 1). The first main result is
the error estimate of the form (Theorem 2.1)

(1.7) luel@r —ullmro@qry +luetlQr —wellz-1.0gr) < CUfllo.r + luollo.n)e,

which maintains the sharpness of the estimate for the elliptic problem (see
14, 22, 25)).

For the finite element approximation of H'-penalty problem, no analysis is
given in an earlier paper [15]. The H!-penalty problem, which is equivalent
to an interface problem, can also be viewed as a parabolic problem with a dis-
continuous coefficient. However, our coefficients of both contain the penalty
parameter € (¢ < 1). For this reason, although the finite element approxima-
tion for parabolic interface problem has been examined in many articles (for
example, [1]), as well as the problem with discontinuous coefficient (see [2] for
the elliptic case), we will examine explicit error estimates on our own.

Finite element analysis for the H'-penalty elliptic problem has been well
developed [14, 23, 25]. In one of those papers [25], the error estimate of
both H' and L? norms was obtained. Therefore, here, we will apply those
finite element results of elliptic problem in [25] to our H!-penalty parabolic
problem.

To implement the finite element method to solve the H'-penalty problem,
we take some uniform triangulation 7 to domain D, where h is the maximum
diameter of the triangles of 7. V(D) is the subspace of all piecewise linear
continuous functions subordinate to 7. We set Q1 = D\, I' = 952. Then,
we introduce “continuous-time” discrete problems (CQ.,p), which reads as

Find u. 5 € C1([0,T], Vi(D)), s.t.

1
(te,ht, V) + = (tent, vn)o, + (Vien, Vor)o
(1.8) ¢

1 ~
+ g(vue,hvvvh)ﬁl = (f,vn)p, Yor, € Vi, t € (0,77,
te,n(0) = Ton,

where g, € V}, is an approximation to 4g. Several analytical methods exist for
finite element approximation for a parabolic problem (e.g., [8, 9, 13, 18, 20]).
Then we mainly apply the analysis method from [13].

After giving some regularity results and apriori estimates for the H'-
penalty problem, we start to derive the finite element error analysis, and
obtain the following results. For f =0, ug € H}(Q) N H2(Q), t € (0,T], we
have (see Theorem 4.8)

1
—|le(t
ﬁlle( )l

- - 1. -
<C ((\/E + V1) ||uoll2,0 + [|@o — donllo,e + \ﬁHuo - UOth,Sh) .

lle() o, + 0,91
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If feL?(Qr), ugo=0, t € (0,T], then (see Theorem 4.9)

le(log + %He(t)llo,m
1
<C(Ve+Vh)’In NV max 1f(9)llo.c2-

For the H'-norm error with f € C*([0,T], L*(?)) and uo € Hg(Q) N H3(Q),
we show that (see Theorem 4.10)

1 C
le®lie+ ~lle®lfq, < - (Ve+ VR)(lluollze + [l fller qor.c2@))

+ C(Ve+ Vh) + C(|[iig — iion|

1, . .
0.0+ \ﬁ”uo — tion ||o,0,)-

Then, setting time-step k£ = %, N is a positive integer, we consider the

“single-step backward” discrete problem (SQ ), which reads as
Find U""' €V}, n=0,1,...,N — 1, s.t.

1
(U™ up)a + E(atU"“,vh)Ql + (VU™ Vup)q

(1.9) 1 )
+ E(VU”+1,vvh)Ql = (f"" o), Yo, €Vj

UO = ﬂ0h7

where
Un+1 —_yn B 1 tny1
HU™ = —and ! = 7/ f(s)ds.
k k tW,

Letting (" = u, 5 (tn,) — U™, then for f = 0, we prove that (see Theorem 4.14)

1 k 1
n o < C— (@ L .
<" [lo.2 + ﬁHC o0, < tn(HUOhHo,ﬂJr ﬁHUOhHo,szl)

For dg, =0, f € C([0,T]; L3(£2)), we have obtained (see Theorem 4.15)

1

[uen(tn) = U oo + —=lluen(tn) = U 7o . [1£(s)llo-

0,91 § Ckln

For the H'-norm error with f € C([0,T]; L?(£2)), we have (see Remark 8)

I 1T + <l 1T, < CUIC o0 + —=11€"llo.0.)

7

Because (1.9) contains an integral on curved domain  and €, which comes
out to be a problem when doing computations, we propose an approximation

scheme here. Setting Qasa polygon approximating to 2, and O = D\Q, we
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consider problem (SQEJL):
Find U"t' e V,, n=0,1,...,N — 1, s.t.

rn 1 rn rn
10 (6,5U +17’Uh)Q + E((“)tU —H’”h)fh + (VU +1,Vvh)Q
( ’ ) 1 Frn4-1 rn+1
+ E(VU Vup)g, = (f"" " vn)p, Yon € V4

0’0 = ﬂoha
With some assumption of {2, we obtain the error estimate of (see Theorem 5.3)

1
Je

10" = 0™l g+ = 10" = Ullg g,n0, < C(Ve+ VR,

[0~ 01l g+ 10" = 0™ 0,00, < C(VE+ V).

1
I\
\ﬁll

To this point, we have stated only the time-independent domain Q. At
this stage, we consider a time-dependent (bounded) domain €, C R? with the
smooth boundary I';, 0 <t < T. We propose a redefinition

(1.11) Q1 = Uteo,1)2t; X1 = Usepo,m1s,

instead of (1.2). As usual, we respectively call (1.11) and (1.2) cylindrical
and non-cylindrical domains. We assume that Q7 C R2 x R; is sufficiently
smooth, and we consider the original problem (1.4) and its H'-penalty prob-
lem (1.6) again. Then, we will prove that the error estimate (1.7) holds true(
cf. Theorem 7.1). The key point is to modify the standard extension the-
orem (Lemma 2.2) for a cylindrical domain to this non-cylindrical domain.
However, we must confront some obstacles to accomplish the analysis of the
finite element approximation for a non-cylindrical domain. Therefore, we will
postpone the detailed analysis for discussion in a future paper.

The remainder of this paper is organized as follows. We study the error
estimate for H'-penalty approximation in Section 2. Furthermore, in Section
3, we present some regularity analysis for H!-penalty problems. We will show
that the H'-penalty problem is, in a sense, equivalent to a kind of interface
problem. Section 4 is devoted to finite element approximation for the H'-
penalty problem. We consider a scheme approximating the discrete problem
in Section 5. We give some numerical experiments to verify our theoretical
results in Section 6. Finally, we conclude this paper by stating some results
for moving-boundary problem.

2. ERROR ESTIMATE FOR H!-PENALTY APPROXIMATION

For problem (1.4) and (1.6), we have the following theorem.
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Theorem 2.1. There exist unique solution w and ue for (1.4) and (1.6),
respectively. Then we have

2.1) NuclQr —ullgro@r) + luetlor —utl a-10Qr) < CUIfllo.@r +lluollo0)e,

(2.2) el oy + [luetll 100y < Cl[fllo,r + lluollo,0)e.

Before stating the proof, we state an extension theorem, which is a direct
result following from Lemma 12.2 of Chapter 1 in [10].

Lemma 2.2. (Extension Theorem) Qr = Q x [0,T], as defined before. For
u € HYO(Qr) with uy € H=19(Qr) and u(t) € L*(Q),Vt € [0,T), there exists
an extension operator P such that

(i) P e £L(H"(Qr); HY(RZ x [0,T])) ;

(i) %(Pu) =P(w), PeL(H"(Qr);H (R x [0,T)));

<Putav>R2><[0,T] < CHUtHH—l,O(QT)||’UHH1,0(R§><[O,T]),V’U S I‘II’O(R2 X [O,T]);
(iii) Pu(t) = (Pu)(t), Vt € [0,T], P € L(L*(Q); L*(R?)).

proof of theorem 2.1. The unique existence of the solutions for (1.4) and (1.6)
might be readily apparent in view of the standard theory of parabolic equa-

tions ([10]).
Substituting v = u, into (1.6), we obtain the expressions shown below:
1 1 - 1,
ST g + (D) g, = 170 = 7Ol 0,)

1
HVuels,or + ZIIVucl o,

x 1 z 5 c 1
=(f,u)o.or < 55 l5.ar +elFI5.0) + 5 (lucllfor + Il op)-

Following from Friedrichs’ inequality, we have the a priori estimate as

1
(2),91 + HueHiQT + gHUeHiQ'T

1
e (T)I6.0 + = llue(T)

i 1, . .
<C(lac(O)5.0 + Z1aO)5.0, + I F15.0x + €ll15.05)-

Next, considering the H~1% norm for u. ;. Setting v € Hé’O(DT), satisfying
v=0in Qr( resp. Q%) in (1.6), then

d ~
<dtu6’U> = _(VUG’VU)QT + (f’U)QT’ Vv e H&7O(QT)7
Qr

d ~
(resp. ( Gvev) = ~(Vue, Vol + el v)ay. W0 € HE(Qp))
QT
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which gives

d -
23) ], 0o, S Cl@n + 7).
- T
d By
(2.4) (resp. %ug oo < C(||ue||H1=°(Q’T) +€|lf OaQIT)')
’ T

Using the extension theorem (Lemma 2.2) and setting v = P(uc|q;,) € Hy°(Dr)
(the extension of u. from domain Q% onto D) into (1.6), then the following
is obtained:

1

~(luc(D 5.0, = e 0)[5.0,) + (ue(T), v(T))a = (ue(0),v(0)a — (e, vi) pr
1 -

HVue, Voo, + g, = (F.0)r-

Following from (i)(#4)(i4i) of Lemma 2.2,

(ue; ve) D < Clluellr, e luetll 1004

[o(T)llo.o < Cllue(T)]

0,015

||’UHH1,0(QT) S C||u6||H1,o(Q/T).

Therefore, combining Friedrichs’ inequality, it is possible to obtain the fol-
lowing:

1 1

ST, + el ooy

1

SC(Ellue(O)Ilﬁ,gl + [[ue(T)llo.allue(T) o0, + [luc(0)l[allue(0)]lo,o,
| fllo, o el oy + [uellt, pr uet | -10(Qp) + [[Vuello,or [[uellmroqy))-
With (2.4), it is apparent that, if [|uc(0)|o,0, = |l@ollo.0, < C|luollone and
I fllo.@. < Cllfllo.r, (which are satisfied because we let @g and f be the zero
extension of ug and f respectively), then

[ue(T)lla, + [luclaro@y) < Cllluollo.o + [ fllo.@r)e;

which is the (2.2).

Setting w = P(uclq), § = uclgr — u — wlg,, it is apparent that £ €
Hy(Qr) and & € H='°(Qr). Then, we consider £& + A¢ = £ (uc|g, —
u) + Auelgr —u) — % wl|g, — Aw|g,, where A is the operator of H*(Qr) —
HY(Q7), g+ Ag defined as (Ag,v) = (Vg, Vv), Vv € Hy"(Qr).

First, following from (1.6) and (1.4), it is readily apparent that

d _
a(u6|QT - u) + A(UE|QT - u) =0eH I)O(QT)'



8 GQUANYU ZHOU
For Aw|q, and 4w|q,, we have

A
||Aw|QTHH1’U(QT) = sup M

|| H < C”w”Hl’O(QT)?
veHL (Qr) IWIHL-(Qr)

Hl’”(Q}))

Therefore, £& + Af = —Lw|g, — Aw|g, = F € H-19(Qr), and from (2.5),
(2.4) and (2.2), which yield

Subsequently, by extension theorem(Lemma 2.2),
(2.5)

d d
w10 (@) + Hdtwkh <C (”uenHl’O(Q’T) + Hdtue

H=1%(Qr)

1F N -10(@r) < Clllucllmrowy) + €l floes) < Clluolloo + 1]
On the other hand, ¢ satisfies the initial condition £(0) = w(0)|q and ||w(0)|lo.q <

O,QT)e'

Clluec(0)|lo.0, = ll@ollo,0,- With the assumption that ||Gollo.o, < Clluollo.aé,
then applying Theorem 4.1 of Chapter 3 in [10],
d
leloian + | ¢ < C(IF 1o + [0(0) o)
(2.6) (Qr) dt H-19(Qn) (QT)
<C(lluollo,e + [Ifllo.Qr €.
Because
[ue = ull 0@y + [tet — wellm-10(Qr)
d d
< l€llmo@ry +{| € Hllwllao@e + || 2w 7
H*l,O(QT) H*l,O(QT)
(2.1) follows from (2.6) and (2.5), and the proof is completed. O

Remark 1. Actually, f and 4o was the zero extension at the beginning. How-
ever, in the proof, it is shown that ||tollo,0, < Clluollo,ee and [|fllo,q; <
C|/fllo,or are sufficient to deduce the sharp error estimate.

Remark 2. For the original parabolic parabolic problem with Neumann or the
mixed boundary condition, one can apply a similar analytical method in [25],
which is for elliptic problems, to obtain the sharp error estimate.

3. REGULARITY THEOREM FOR H'-PENALTY PROBLEM

In this section, we derive some regularity analysis for H'-penalty problem
(1.6). First, we recall the regularity theorem for the parabolic problem (1.4).

Theorem 3.1. (regularity theorem for problem (1.4), Theorem 5.3 of Chapter
4 in [11]) For f € H**(Qr), ( 2k > 0, integer), ug € H**+1(Qq) satisfying
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the (R.L.) condition of
Jw € H**+2541(Qr) N HY Y (Qrp) with

w(x,0) = up(x),
1
Di[Aw + Dyw]|i=0 = D f(x,0), 0 <r <k — 3

Then, a unique solution u € H?**TF*+1(Qr) N Hol’o(QT) exists for problem

(1.4).

Applying Green’s formula, it is apparent that the H!-penalty problem (1.6)
is equivalent to the interface problem (P.):

d d 5
ﬁue + Au. = f in Qr, %ue + Au, = €f in QF,

Ue|Qr = Uclqy, on X7, u.=0o0ndD x (0,T),
Ote|gr laueleT

= by
on e On R

Ue = Ug in 2, ue =01in Q.

To study the regularity of the H'-penalty problem, we state some spaces and
utilities as

1
Ac(u,v) : HY(D) x H} (D) = R, A (u,v) = (Vu, Vv)q + g(Vu, Vo)a.i.

A, : HY (D) — H YD), (Acu,v) = Ac(u,v).
HYQ, ) = {u|ue L*D), ulo € H*(Q), ulo, € H* ()},

with norm |lullx.0.0, = |ullk.a + ||Jullkq for arbitrary k& > 0, where & is an
integer.
For arbitrary k > 1, where k is an integer, we define

Di(A.) = {u | u € H}(D), ulg € H*(Q), ula, € H*(Q), %

ar € on

with norm [|ul|p, ca.) = lullk.c + ¢llule.o;

Remark 3. In an earlier report [25] (see Theorem 3.1 and Lemma 7), we
showed that A, is an isomorphism of Dy (A.) — H*=2(Q,Q1), k> 2, kis an
integer.

We also define the space
HMQ, Q) = {v|ve HQ )}, k>0, k is integer,

with norm [|v]| gx(0,0,) = [0llka + Llvlka,-
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For arbitrary k > 1, where k is an integer, we define

Di(Ad) = {u| ule € H*(Q), ulg, € H* (),

1 ou ou
70(Q7F)u = 770(Qlar)ua a.- = - ) ’YO(Da 3D)u = O}a
€ onjgr  Onjg,
with norm |[ul|p,4.) = lullr.e + |ulro,. We also define operator A, :

Remark 4. Ac = AcM., and M, is an isomorphism from Dy (.A.) onto Dy (A4.), k >
2, such that Yv € Dy (Ae), |[vllp,(a.) = ||M5U||Dk(A€)~

We define operator A, : D1(A.) — H~Y(D) by (Ach, ) = (Vo,Vib)q +
(Vo,Vip)a,, Vi € Hi (D), then we have the following lemma.

Lemma 3.2. Yw € Dy 12(A.),k > 0,k is an integer, there exists § € R and
c> 0, such that Vp =& +1in, £ > &, we have

k
[(Ae + p)wllk.0.0, + 1+ [p[2)[[(Ae + p)wlog.0,

N
>c([[wllp, acan) + [Pl [lw]

HO(2,01)-)

Proof. This lemma is similar to Theorem 5.1 of Chapter 4 in [11]. For arbi-
trary k > 1, where k is an integer, we define

Di(Acp) ={w | w € H' (Ry; H} (D)), wlaxr, € H*(Q x Ry),
wlo, xr, € H"(Q1 x Ry)},
with norm [|w||p,(a, 5) = [[wllkoxr, + |0|k0; xr,- In addition, we define
the operator
Aco: H' (Ri; Hy (D)) = H™ ' (Ry; H (D)), w i A pw,

, 1 _
(Aepw,v) = / GZGV(x,t)w-V(£7t)vdxdt+ - / 619V(£7t)w.V(x7t)’Ud$dt.
QxR € Jay xR,

It might be readily apparent that there exists C' independent of 6 € [~7, 7]
such that, Yw € Dy (Ac9) with supp w € D x (—1,1), one obtains
lwl|p,(a.e) < CliAcow| mE—2 (xR, 00 xR,)> K > 2,

which follows from the isomorphism of A. (see Remark 3). Then, with an
analogue of proof of Theorem 4.1 and Theorem 5.1 of Chapter 4 in [11], we
can obtain that Vv € Dg(A,), k > 0, k is an integer, there exists § € R and
¢ > 0, such that Vp = £ +in, £ > &,

k
[(Ae + pMe)vl[k.0.0, + (14 [p2)[[(Ae + pMe)vlo,0.0,

k
>c([v]lpyrscany + 1PI" 2 [ Mevllo.0.0,-)

)

which shows our result (see Remark 4). O
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Next, we apply Theorem 5.2 of Chapter 4 in [11] to obtain the following
theorem

Theorem 3.3. k > 0, k is an integer, § = g, and

feL*0,T; H*(Q,Q,)) N H(0,T; H*(Q,Q4)),

f(J)(O) =0, ifj<B— 575 # integer + 3
1 1
%f(u)(t) € LQ(OaTé HO(Q7QI)) if B=p+ > L 18 an integer,

then, we have

Flw € L2(0,T; Dyyo(Al)) N HPT0,T; HY(Q, Q) satisfying
Aew +wp = fﬂ
w(0) = 0.
Proof. Setting H = H*(,Q;) and H = H°(£,Q;) in the proof of Theorem

5.2 of Chapter 4 in [11], then because A, satisfies Lemma 3.2, we can obtain
the result immediately. O

Combining Remark 4, finally one is able to obtain
Theorem 3.4. k > 0, 2k is an integer, for

fe € L2(0,T; H*(Q,Q1)) N H*(0,T; H(Q,Qy)),
U € H*H(Q, ),

which satisfy the (R.L.*) condition

Jw € L*(0,T; Dogr2(A)) N HE1(0,T; HO(Q, Q1)) with

w(z,0) = ue,
Di[Acw + Dywl|t=o = Dy fe(z,0), 0 <r <k — %
Then, there exists a unique solution
ue € L?(0,T; Dojya(A)) N HMH0,T; HY(Q, Q1))

for problem

Meuet + Aeue = fea
ue(0) = uep.
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4. FINITE ELEMENT APPROXIMATION AND ITS ERROR ESTIMATION

We consider the finite element methods with P1 function approximation for
the H'-penalty problem (1.6). First, we define the Ritz projection operator

Rep: Hy(D) — Vi (D), v+ Repv, Ac(v — Repv,¢) = 0,Y6 € Vi (D).

From the result for elliptic problem in [25] (see Theorem 4.4 and notice that
R pue = ue,p), one obtains the following.

v+ Zellu=Repulin, < O+ Va[ullan+ ulaa,)
Remembering that the right-hand-side function f need not to be the zero
extension of f (see Remark 1), then neither does the elliptic problem with the
Dirichlet boundary condition. Therefore, we consider the adjoint boundary
value problem (4.10) in [25] with f, such that ||fllo.p < C|fllo.o- Then,
taking f = M, (u. — ucp) in the proof of Theorem 4.5 in [25], one finds that

(4.1) [lu = Re pul

1
lu — Repulloq + %HU — Re nhullo,0,
1
(4.2) <COW/h+ Ve (llu = Regello+ 2w = Reuli.on)

<C(Vh+ Ve (Jullae + lull2e,),
for u € H}(d), with u|q € H3(Q), ula, € H2(), |ull2.0 < C, ||lullz., < Ce.

4.1. Some prior estimates. We derive some prior estimates for our H'-
penalty problem. u, , is the solution of (1.8). In the following, we designate

1IZ, .0, = WIEa+ vl o, and vl 200, = Wlka + J2lvllke.-

Lemma 4.1. If ug € L*(Q), f € L*(Dr), then
(4.3)

t
lue@5 /20,0, +/0 lue($)I17, e.0.0,95 < Cllluolls. + 13,0, + €l Fll5.q;)-
Proof. Substituting v = u. into (1.6), we obtain the result immediately. O
Lemma 4.2. If ag, € Vi (D), f =0, then

(4.4)  Jluene(t)

¢
3,\/2,9,91 +/0 ||“e’ht||§,ﬁ,ﬂ,91d5 < C||“e’ht(0)||t2),ﬁ,9,91-
For f € L%(Dr), the following is true:

t
/0 ltens ()2 ey d5 + e )2 oo

<C(llaonl e a0, + IF15.0r + el FII5.0;)-

(4.5)
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Proof. To prove (4.4), we take the derivative with respect to ¢ of (1.8). To
prove (4.5), we substitute v, = u, p¢ into (1.8). We have
1d

Ae (ue,h7 ue,ht) = 5 %Ae (ue,fu ue,h)7

which gives
, 1d, .
luene @5, 20,0, + 5 7 (Uen(t), uen(t)) = (F(2), uene(t))o.0

1 1
§§(Hf||(2),§z + e (B)]I5.0) + 5(6 ).

Then, taking the integration from 0 to ¢ of the above inequality, and with
Poincdre’s inequality for u.(t), we obtain (4.5). O

1
+ p [[e,ne () 2,

Remark 5. From the proof of (4.5), it is apparent that replacing e ne, Ue,p
in (4.5) can be done by u, u. respectively for ug € H}(Q).

Lemma 4.3. If top, € Vi(D), f =0, then we have

t
(4.6) t||“e,h(t)||?,\/E,Q,Q1 +/0 S||Ue,hs||%,ﬁ,sz,ﬂld5 < C||ﬂ0h|\3,ﬁ,ﬂ,m‘

Lemma 4.4. If agp, € Vi(D), f =0, then we have

t
A7) Plucn®IE eon, + / lluensll? e .05 < Cllionl2 e o0,
0

Lemma 4.5. If ug € H}(Q) N H%(Q), f=0, then

t
(4.8) tuee I e 0.0, +/O lluess[l5, 2,00, 95 < Clluoll3 o-

The proofs of Lemma 4.3, 4.4, and 4.5 are, respectively, the analogues to
the proofs of Lemmas 2.3, 2.4, and 2.5 in [13]. (To show Lemma 4.5, we
require regularity results in the previous section for g € H2(£2,€2;).)

4.2. “continuous-time” discrete problem. Setting e(t) = u.(t) — u.n(t),
for ¢t € (0,T] yields the following estimates.

Theorem 4.6. If f € L*(Qr), uo € H}(Q), then

" le®I2 g a, + /n 2 g qds
<C(WVe+ V) (luolli o + 1113 0.) + o — Gonllf 2 0.0, -
Proof. Subtracting (1.6) from (1.8), then

(6(t), SJon + = (elt), Bhoo, + Aclelt), ) =0, ¥ € Va(D).
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Substituting ¢ = Re pe(t) = Re pue(t) — e yields
1d 9 9
5 = lle(®) e e,
(Lot () = Rnue®)) 2 (Le)uet) = Repue(t)
- dt y e €,h We 0.0 € dt s Ue €,h e 0.0

+ (Ve(t), V(ue(t) = Re nue(t))oo + - (Ve( ) V(ue(t) = Repue(t)))o.g
where |v|1.0 = [|[Vv|o.q, is the semi-norm of H*(Q). Applying Poincdre’s
inequality yields

S LI 0, + Ol 00
<Clles(D)llo,ve,0.0, 11e(t) = Repuc(t)llo, e 0.0,
4 1
+ 7“ e(t )||1 Ve, T 20, s llue(t) = Repue(t) 2, €,Q,

Taking integration with respect to ¢ of the inequality above, (4.9) follows from
(4.1), (4.2), the regularity result, and Lemma 4.2. O

Remark 6. If we assume additionally that u € H?(Q), setting g, = R o,
then

a0 — @onllg, e 0.0, < C(Ve+ Vh)*luoll3 6
Remark 7. If u € C1(Q), setting g, € Vi, (D), with
w(v)onve K, KCQ, KNT =,

0 on others,

ﬂOh(l/) = fhuo = {

where K is the closed triangle of 7, and v is the vertex of K. Then, we can
obtain that

o — G0l e, < C(VE+VIluol g
Theorem 4.7. Assuming f =0, ug € H}(Q), then
t
(4.10) /0 le(s)13, vz.0.0,d5 < Cllao — donll}y eq.0, + C(Ve+ Vh)HuolF o-

Proof. We consider adjoint problems of finding w : [0,7) — H}(D) and
wyp ¢ [0,T) — Vj such that

(6,w0)a + (6, w0)a, — Ac6,w) = (6, Mee(t)p
Vo € Hy(D), 0<t<T, w(T)=0,

(4.11)

(6nwnder + (0 wie)e, — Acldn,wn) = (6, Mee(t))
V(bhEWh( ), 0<t<T, wh(T)ZO,

(4.12)
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Following from (1.6) and (1.8) with the assumption that f = 0, we can infer
the following.

& (000 + e ),
= — A0 0 (8) + Aot (8), 04 () + (e (0), wna () + (D). wre ()
— Ac(ue,n(t); wa(t)) — (uen(t), Mee(t))p-

Because
Ae(“é(t) - Re,hue(t),wh(t)) =0,
following from (1.6), (1.8), (4.11), and (4.12), and which yields
& (000 + e ),
:He(t)Hg,\/g,le — (ue(t) = Re pue(t), we(t) — wni(t))a
- %(ue(t) = Repuc(t), wi(t) — wni(t))o, + Ac(ue(t) — Repue(t), w(t) — wn(t)).

Taking integration from 0 to T of the equation presented above, and recalling
that w(T) = w,(T) = 0, then

T= [ 160l gz, = ~(e(0).wn(0))e = £(e(0). (0,
T
+ /0 (ue(t) — Re pue(t), we(t) — wpe(t))o + %(ue(t) — Re pue(t), we(t) — wpe(t))o, dt

— /0 Ac(ue(t) — Re pue(t), w(t) — wp(t))dt.

It is readily apparent that

I <l|ig — ﬁ0h||0,\/€,Q,Q1 l|lwn (0)] 0,v/€,92,Q;

C T
+ g/0 (lue = Rentielly e, + (Ve+ VR lue = Ropuel} e q.q,)dt

T
1
+ n/ (lwe = wnellg, ve.0.0, + = lwe = wnelli e q.0,)dt
0

(Ve+ V2

Applying Lemma 4.1, Lemma 4.2, and Theorem 4.6, the right-hand-side of
the previous inequality is bounded by

L 1 T C
Cllto — uOhI\S,ﬁ,Q,Ql + C(§ + n)/o IIe(t)IIS,ﬁ,ﬂ,mdt + 5(# + Vh)*|luo |3 g

Here, we can choose n > 0 such that C' (% +n) < 1. Furthermore, it is apparent
that the T' can be replaced by any t; € (0,T]. Therefore, we complete the
proof. O
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Theorem 4.8. If ug € H(Q) N H2(Q), f =0, then we have
413)  le®I 0.0, < CWe+VR)Huoll3 o+ Cllio — donll3, z.0.0,-
Proof. Setting &(t) = R, pe(t), with
Ac(Repue(t), ) = Ac(ue(1), ),
yields the following:
(&), £(1)a + %(Et(t),ﬁ(t))sh + A(E(1),€(1))

(4.14) J ) p
= - (uet - dtRs,hue(t)a§>Q - E (uet - dtRs,hus(t)a§> o, )

from which, with multiplication by t, we obtain the following:

5 IEOIZ e 0,) + ALEW, E0)
1

1 d d
:itHg(t)Hg,\/g@Jh — t(uet — aRe,hUe(t),f)Q - Et(uet - aRé,hué(t)»g)Qr

With integration from 0 to ¢ of the above equation, we obtain the following:

t t
vena < [ SIEOIE eands+ [P0 = Renuald yeo0,ds

where R, & = 4R, ). Noting that e(t) = u(t) — Re puc(t) + £(t), then

tllgt)

tlle(?) ”(2),\/;9,91

t
<Ct(Ve+ VR (Jue® 3.0 + luc)ll3.0,) + Ct/o le(s)1I5, ve..0, ds-

t
+Ct(Ve + \/5)4/0 s(llues(9)[13.0 + lues(s)l13.0, + lue($)l3 .0 + luc(s)ll3 o, )ds.

For f =0,

[ues(s)ll20 + [[ues(s)ll20, < Cl[Acue(t)llo,a + [|Acue(t)]lo.0,)
<C([luete(t)llo,0 + et (t)llo,0,)-

Then, (4.13) follows from regularity result, Lemma 4.5, and Theorem 4.7. O

The method of those proofs fundamentally derives from [13]. With the
similar analogue of [13], one can obtain the following theorems, which are the
analogues of Lemma 3.10 and 3.7 in [13].

Theorem 4.9. Ifuy =0 and f € C([0,T); L?(2)), then

(4.15) le®llo,eq.0, < C(Ve+Vh)*In ax [ f(#)llo.e-

1
——m
Ve+Vh 0]
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Theorem 4.10. If f =0 and up € H}(Q) N H%(Q), then
1 C
||€(t)||iﬂ + EH‘f(t)Hiszl < ?(\@+ \/E)(||Uo||2,9 + I fllerqo, 11,22 (2)))

(4.16)
+ C(Ve+Vh) +C(|a

|20 — ton 0.0, )-
\[

Proof. Because we have A.(e(t), e(t)) = A(e(t), ue — Re ptte) + (Meey (), ue(t) —
Repue(t))p — (Meey(t),e(t)) p. Furthermore, following the same method of
Lemma 3.6 of [13], it is possible to show that ¢(Mcet(t),g) < C(|luollz.0 +
I fller o), L2()))Pllgllh, ve.0,0,- Consequently, using Theorem 4.8, the result
can be obtained. O

4.3. “single-step backward” discrete problem. Setting (" =u;, —U",
for n = 0,1,..., N, (here, {U"} is the solution of (1.9)), before we derlve
some error estimates we define,for wy, € Vi, (D),

(whavh>ﬂ + l(wh, ’Uh)Ql
lwnll=1,eh,.00, = sup
vr €Vi (D) lvnllie + ==

Following from (1.8), one obtains the following.

[ve,nt (D) |-1,e,0,0,0, < C([[uen(t)

\[Ilueh( )01 @)llo.o+el F(B)llo.)-

Theorem 4.11. If f =0, and G, = U°, then
m=n+1

L S T L LTS
(Here, k = %)

Proof. Setting r"t! = 6tu?}:1 — %ue,h(tn-&-l) yields
1
(atcn+17 ¢)Q + g(atcn+17 ¢)Ql + AE(Cn+17 (b)
1
=", ¢)a + E(Tnﬂvfb)m + (f(tns1) = f"1,0)p, Yo € Vi(D).

Substituting ¢ = ¢"t!, we get, with assumption that f = 0
12 e, + 2EALCTL Y+ = 2 o
SUCIZ e, 2K g 4 2R (L
<68 e + CHIF 1 e, + RICHIE eas,

To estimate ||r" ™| _1 ¢ n.0.0,, because

1 tnt1
rnJrl — %/ (S — tn)ue,hss(s)ds’
t

n
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it is possible to derive that

k tn41
‘|7’n+1||2_1,e,h,9,§21 < g/ Hue,hSS(s)||2—1,67h79791d3’
tn

and
[tenss()-1,e.n.0.00 < Clluens(s)l1, ven.0.-
Therefore,

m=n+1

I, oo+ D KICTIE o0,

m=1
m=n+1

12 5 [ 2
<k Y I R renon €O [ on(s) P cnnds
m=1

The use of Lemma 4.2 produces the result. O

We apply the method in [13], and define an adjoint problem for (SQc ).
Let {F7}5_, C Vi(D), and {W}},_; C V(D) be the solution of

1 — m

(¢78Wm)ﬂ + E((ba awm)Q,l - Ae(¢; wm 1) = (¢a F )7
Vo € Vi (D), m=m,...,1, W"=0.

(4.18)

Consequently, we obtain the following lemma.

Lemma 4.12.

n

(4.19) HWmH%\/EQQl <Ck Z HF]”§%991
j=m+1

Proof. The proof is similar to that of Lemma 4.2 in [13]. Setting ¢ = OW™
in (4.18), we can calculate the following.

||8Wm||(2),ﬁ,9,91 — Ae(an7Wm—1) = (@W™, F™)p

1 m||2 1 m||2
< §||3W ||o,\/€,sz,Q1 + §HF ||o,ﬁ,sz,szl-
It is noteworthy that
1
—A (W™ wmly > S0 (AW, W)™).
Therefore, we have proved the result. O

Using this lemma, we can derive the following theorems.

Theorem 4.13. If f =0, then

lg™ ]

k
2 ~ 2
0/E0,0; = Ctn+1 1on 1o, 2 0.0,
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Proof. Setting F™ = M.(™ in (4.18), we can obtain our result using the same
method of Lemma 4.3 in [13]. O

The following theorems are analogues of Lemma 4.4 and Lemma 4.6 in [13],
respectively, the proof of which is similar to those in [13] and which is not
shown here.

Theorem 4.14. If f =0, then

koo
0.ven,0 < CgHuOh”ow,ﬂ,ﬂl-

Theorem 4.15. If ig, = U’ =0, f € C([0,T]; L3(%)), then

(4.20) lg™ ]

" 1
(4.21) 1< o, ve0.0, < Ck IHE Sg[l(%i] £ ()Ml 2(@)-

Remark 8. For H'-norm error [[¢"[|; /eq.q,, from

A6 = (MO = Zucalt)C") -+ (F(t) = .M
D

d - _
— (U™ )+ ()~ Fruen(t) M)+ (ta) = .o
D
wehave [ e, < U oz + R 1 (t)~ Pl 2 ., < OF:

(The boundedness of [|0:U"(| /e 0.0, can be shown in the same way as the
proof of Lemma 4.12).

5. APPROXIMATION TO A DISCRETE PROBLEM IN NUMERICAL
COMPUTATION

From examination of the approximation scheme proposed in Section 1, it
is possible to derive the error between (1.9) and (1.10). First, it is assumed
that Q) satisfies

(5.1) U1 en@ne) < CVh|U||1, ke atso krs)> YU € Vi(D),

(52) HU”LKQ(QI\QI) < C\/EHUHI,KOQ( also KNQ1)» VU ¢ Vh(D)a

for K is the open triangle of 7, and K N T # (). For example, if Q € C?, and
VKNI # () such that I' cuts K into two parts with points of intersection on two
sides of K respectively, then one can connect those points of intersection to
form a polygon €. It is not difficult to see that this 2 satisfies the assumption
described above by Lemma 5.1 in [25].

To derive the error of U™ — U ™. as a first step, the following lemmas are
presented, which are the prior estimates for (1.9) similar to Lemma 4.1 and
Lemma 4.2.



20 GUANYU ZHOU

Lemma 5.1. {U"}N_, is the solution of (1.9). Consequently,

n n
013, en.0, + CE DU venan < IU°G ena, + 5D IF Hg,ﬁ@,m

j=1 j=1

Proof. Substituting v, = U™*! into (1.9), the result is obtained immediately.
d

Lemma 5.2. {U"}_, is the solution of (1.9). Then

n n
kY N0:U7118, e 0, HIVU™ G ey <KD NP 15,2 0.0, HIVU°I5 200,

j=1 j=1

Proof. Substituting v, = 9;U"*! in (1.9) yields the result immediately. [

Remark 9. Tt is possible to obtain Lemma 5.1 and Lemma 5.2 for (1.10) with
U, Q,9 replaced by U, , €, respectively.

Theorem 5.3. {U"}N_, and {U"}N_, respectively denote the solutions of
(1.9) and (1.10). If
k; ||f]||1ﬁ991 + ||VUO||O7\/E7Q,§21 <C,
J:

then denoting Z" = U™ — U",

n
2 2
||Zn||0,\/E,QuQ,Qle +k Z(HZnHLﬁ,QUQ,Qle
j=1

02
<Ch+|Zz Ho,ﬁ,ﬂuﬂ,ﬂmﬂl'

(5.3)

Proof. Subtracting (1.9) from (1.10) yields

1 1 -
(8t(Zn+1),vh)QmQ + E(at(ZnJrl),Uh)leQl + (atU"“ — EatUnJrl,Uh)Q\Q

1 n rn n 1 n
+ (ZatU T -ou Hv”h)m\fh +(V(Z"), Von) gpg + ;(V(Z ), Von)o, e,

1~ 1 s
# (TUT = CV0 Vin)oyg + (VU™ = V0 Vg6, =0
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Substituting v, = U™ — U™*! into the equation above yields

n
+1)12 412
12713 eaotaune, T 2 UVETIE favsa,00,

J=0

M=

IVENEY

€ ((8tUj+17 Zj+1)Ql\Q1 + (VUj+1’ VZj+1)Ql\Q1)

<
Il
=)

—k(l—l)

€

M=

(U7, 27 ) g\ + (VUL V27 ) g g)

<
I
=)

. 1 .
770 _ 702 0 _ 7702
=IU" = Ulllg qua + 2107 = UTl5 0,00,

Following from (5.1) and (5.2),
(@UijZjH)Ql\Ql + (vUjJrl’ijJrl)Ql\Ql
< S IO R g, + HITT R g, + HITTR )
+ SR gy + RITTR g, + R ).

Then for (9,071, 27 g0 t+ (VU VZI+1) g\ g, one can obtain a similar
estimate. Then, following from Lemma 5.1 and Lemma 5.2, we prove the
result. O

Remark 10. Tt is readily apparent that the error of U™ — U is independent
of k.

Remark 11. Following from a similar mode of Remark 8, we can derive the
H'-norm error of U™ — U™:

+1 +12
1z" ||1,ﬁ,QuQ,QmQ1§C||Zn Ho,\/E,QUQ,Qle'

6. NUMERICAL EXPERIMENT

In this section, we present a numerical example. We consider the parabolic
problem in a cylinder domain Q7 = Q x [0, 1], where Q = {(x,y,t) | 2% +y* <
8}. X = 9Q x (0,1]. The original problem (Q) reads as

2 2

ut—Au:fE?)—"T Zy +t, for t € (0,7, in Q,

(6.1) u=0on Xr
z2+y2

u(z,y,0) =2 — 1 in Q.

The exact solution is ) )
e+
u=(t+1)(2— 4y ).
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Setting D = {(x,y) | =3 < z,y < 3}, we have H!'-penalty problem (Q.)
in Dy = D x [0,1]. Introducing the Cartesian mesh to D, we solve the
approximation “single-step backward” discrete problem (SQe’h) with U9 =
i, defined in Remark 7 and replace f™ in (1.10) by I5 f(t,) (see Remark 7
for the definition of Ij,). We define
F e L*(Qr), F(t) = I f(ty) if t € (tn_1,tn), n=1,2,...,N.
Then, following from Lemma 4.1,
1f = FI g, + €l f — FI2 g, < Clk+ ve+ VR

Consequently, the solution up of (1.6) with f replaced by F satisfies

t
Jar () = 01 v, + [ 0p(9) = 0o e ds < Cllt Vet VR

Therefore, it is readily apparent that ||up(t) — ue(t)||f\/EQQI < Cllup(t) —
ue(t)]|o, /e.0,0,- Moreover, it is apparent that U° satisfies the assumption of
Theorem 5.3. Consequently, recalling the results of the previous sections, we
have ||a(t) — ue(t)||1,p < Ce, where 4(t) is the zero extension of u(t) from Q
to D. And,

e (t) — e ®llo.p + [ue(t) — wen(®)]2.p < C(Ve + VI In —

Ve+Vh
1 1
Hue,h(tn) - Un”(),D S Ck 1n%7 ||ue,h(tn) - Un”l,D < Ck lnEa

o — U™o,p < Ch, o — U1,p < cVh.

We present our numerical results, which are the error U™ — d(t,) in L? and
H' norms at t, = 1 in the following graphs. The error is independent of
k (see Figure 1 and 2). Next, we show the error with respect to h and e.
setting € = h when doing numerical experiments, we find the L?-norm error is
bounded by & (see Figure 3), and the H'-norm error is bounded by v/A (see
Figure 4), which is the same as the elliptic finite element error estimate (see
[25]). Therefore, we believe our finite element error estimate is also sharp.
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Er = %w for different h = € at time ty = 1
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7. NON-CYLINDRICAL DOMAIN

We consider the original problem (1.4) in non-cylindrical domain (1.11).
Presuming that there exists D D Y, V¢t € [0,T], denoting Q1 = D\, we
can write the H!-penalty problem (1.6). We have, as in Theorem 2.1,

Theorem 7.1. For f € L?(Qr) and ug € L?(Qo), satisfying ||f||07Q’T <

Cllfllo,or, lltollo,o, < Cellugllo,oqy, there exist unique solution uw and ue for
(1.4) and (1.6), respectively. Then we have

(7.1) Muclor —ullaro@r) +lltetlor =il m-10@r) < ClIfllo.@r +Iluollo,00)e,

(7.2) well oy + lluetl| =100y < Cl[fllo,or + [luollo,00)e

The proof of Theorem 7.1 is the same as that for Theorem 2.1 because we
have the extension theorem in a non-cylindrical domain, as the following.

Lemma 7.2. Q, Q7 are defined above. For every integer l,m,n, there exists
an extension operator P such that, for all u € L%(0,T; H(Q)),

(i) P e L (L*(0,T; H'(2)); L*(0,T; H'(R™))) ,
and if | <0, then
(Pu, v)gn 0,17 < Cllull L2 0,751 @) 10| L2073 11 (7)), Y0 € L2(0,T5 H™H(R™)).
Moreover, if u, € L*(0,T; H™()), u(t) € H(Q), t € [0,T], P satisfies

(i) L (Pu) = Plu,), P e £ (L0, T H™()); L0, T: H"(B"))),

(#i1) Pu(t) = (Pu)(t), P € L(H™(Q); H"(R™)).
We can replace R™ by some domain D D Q, Vt € [0,T]. Additionally, we
can extend u to L*(0,T; HY(D)) maintaining the properties (i)(ii)(iii).

Proof. Because Qr is sufficiently smooth, there exists O;, ®;(z,t) and p;,
j=0,1,..., v satisfying the following properties:

(1)O; is a bounded set in R™ x [ty, ], such that UY_,O0; D Qr, UY_;0; D
X7

(2)®;(z,t) € C°(R? x R;) transforms O; to some cylinder domain L x
[t1,t2], where Ly = {y, > 0}NL={y = (¢,yn) | ly| <1}, and ®;(x,t) has
the invert <I>;1(y,t) € C*(Ry x Ry);

(3)5] S OOO(QT) with suppﬁj C Oj n QT, Z;:O ,Bj =1.

We define @ : u(y,t) — ®ju = u(®;(w,t)) and q)j_l su(x,t) — @;_111
u(® (5, 1)), then

v
—_~—

Pu =)0 (P(®} (),

J=0
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where ®%(8;u) € L?0,T; H'(R%) is the zero extension of ®x(Bju) € L?0,T; HY(Ly)
because supp(fju) € O; N Qr, and that P is the extension operator from
HY(L,) to H'(R™) for %(Bju)(t), ¥t € [0, T]. (P is defined in the Lemma 12.2
of Chapter 1 in [10].) Consequently, P satisfies (i)(iii), and for }57_o 8; = 1,
one can confirm that P satisfies (7).

The cases of extending to H'(D) and H}(D) are trivial now. O

It must be mentioned that some difficulties exist for finite element analysis
for the case of non-cylindrical domain. It is readily apparent that R j is
dependent on t. The analysis becomes more complicated because we must
address %(Ae(t; uc(t),v)), %R@h(t), and so on, where

1
Ac(tue(t),v) = (Vue(t), Vo)a, + E(Vue(t)7 V), -

Furthermore, for a “single-step backward” discrete problem, the equations of
(1.9)) include terms such as (VU™ V’Uh)ﬂf,nﬂv the integration domains of
which are different on every time step t,1, which makes the finite element
error estimate more difficult.
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