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1. Introduction. The purpose of this paper is to establish a mathematical study
of the fictitious domain method for elliptic and parabolic problems. The fictitious
domain method is well known to be based on a reformulation of the original problem
in a larger spatial domain, called the fictitious domain, with a simple shape. Then, the
fictitious domain can be discretized by a uniform mesh, independent of the original
boundary. The advantage of this approach is that we can avoid the time-consuming
construction of a boundary-fitted mesh. Furthermore, this approach will be useful to
solve time-dependent moving-boundary problems. In our previous reports ([14, 15]),
we developed a mathematical theory for the H'-penalty fictitious domain method
for elliptic and parabolic problems. The aim of this paper is to establish rigorous
estimates of the errors induced by L? penalization and finite element interpolation.
We examine the L? penalization by studying the H? regularity and estimates of the
L2-penalty problem, which is a different approach from [1], where the L? penalization
for Navier-Stokes equation is considered without numerical analysis. Thanks to our
regularity and estimate results, the finite element analysis becomes easy to treat. Our
error estimates in the H' norm of L? penalization for elliptic and parabolic problems
maintain the sharpness of those for Navier-Stokes problems in [1]; moreover, we show
the error estimates of L? norm. The convergence of L? penalization for elliptic and
parabolic problems has been proved in [7]; however, no error estimate has been found,
neither the finite element analysis. Our analysis method presented here can also be
applied to Stokes and Navier-Stokes problems with little difficulty.

The rest of this paper is arranged as follow. In Sect. 2, we consider the elliptic
problem. We first show the error estimates for L? penalization, then we turn to the
finite element approximation. And Sect. 3 is devoted to the parabolic problem, as the
same way to the elliptic case. The numerical experiments to validate the theoretical
results are presented in the last section.

2. The fictitious domain method with L?-penalty for elliptic problem.
Let ©Q be a bounded connected domain in R%2. Throughout this paper, we assume that
the boundary 99 = T is of class C2. We consider the original elliptic problem (EQ):

2.1
u=0 on T, (2.1)

{—Au:f in €,
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2 G. ZHOU

the weak form of which reads as:

Find u € Hy(9), such that
(2.2)

(Vu, Vo) = (f,v)q, Yo € Hy(Q),

where (-, -)q denotes the inner-product of L?(Q), f is a given function of L?(2).

To implement the fictitious domain method with L? penalization, we assume there
exists a rectangular domain D D Q and denote Q; = D\Q. The L?-penalty problem
(EQ.) reads as

Find u. € H} (D), such that

(Vue, Vo)p + %(ue,v)g1 = (f, v)p, Yv € Hy(D), (2:3)

where 0 < e < 1, and f € L?(D) is some extension of f onto D. Applying Green’s
formula, (EQ.) is equivalent to

1 -
_Auezfin Q, _Aue‘f'*ue:fil’l Ql7
€
Oue|  Oue

%Q_ on

(2.4)

Uelq = uelg, on T, onTI', u. =0 on 0D,

1951
where v|q denotes the restriction of v on 2, and n is the outer normal vector.

2.1. Error estimate for penalization. In the following, we denote by C' some
constant independent of €, and || - ||,.q is the norm of H"(2). We show the main
theorem for error estimate of penalization,

THEOREM 2.1. There exist unique solutions v € H'(Q) and u. € H{(D) for
(2.2) and (2.8), respectively. Moreover, if f, the extension of f, satisfies || fllo.0, <
C| fllo.q, then we have ulq € H?(Y), ucla, € H*(),

_1 3
[uell.0 < Clifllo.a, lluell.00 < Cem 2| fllo.g, llucllo,a < Cetf|flloo- (2.5)

Furthermore, we have

1 1
Lo <€t fllog, llu—udalloo < e[ flloo- (2.6)

1
[uellr,a0 < Cet[fllo.r [lu—uelal

Before stating the proof, we give some lemmas.
1 .
LEMMA 2.2. For g € H2(T') and n > 0, there exists v = v, € H*(Q) such that,

CLIH
an _g7

0.0 < CnPlgllyrs vl < Crtg]

3
where
lvl50 = ; ||782U 13
2,00 — pa 8$181‘] 0,0
i,j=1

is the semi-norm of H?(S2).
Proof. We only consider the case that 2 = Rf , since for general domain, trans-
formations of domains between  and RY can be applied( see [12]).
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We set 0(€) is the Fourier transform of v(z). & = (&,...,én-1). We add a
slightly change of the extension formula in [9]( Theorem 5.2, Chapter 2), and

(¢, zN) = zN exp (—(1 + \§/|)77_27x]v) g(&h). (2.7)
Indeed, let |a| < 2, let us consider w, = D% in RY and set w, = 0 for 2y < 0.
Let us denote o = (ay,...,an, ), and a = (¢/,ay). Hence 1w, (€) is a finite sum of

expressions like

al(§) = a/ e THNEN () (L4 1€ ) Ty exp (—(1+ 1€ ~% an) §(€)dan,
0
where a is a constant, j = 0,1. We have:

(€N (1 +[€)n~2) v =T g(¢")

1= e T

and so
077—2”9”2%,1_‘) anN = 2,

IOl =C [ (@ (€2 Slae)Pde < S Ol e aw=1,
Crfllgl o =0.

Thus, we show the results. O
LEMMA 2.3. For f € L?(Q), there exists a unique solution u € H*(Q) N HL(Q)
such that

1
—Au+-u=f inQ,
€
u=20 on T,

with estimates ||ull2,.0 < C||fllo.o and ||u]lo.o < Ce|lflo.q-
Proof. The existence and uniqueness of u € H}(Q) is obvious in view of the
Lax-Milgram theory. Setting v = u into the weak form

(Vu, Vo)g + %(u,v)g = (f,v)q,

we have [[ull o < e(f,wa < el floaluloq. Hence, [ulloq < Celfloq. Since f -
Lu e L*(Q2), we have v € H2(Q), and |Jull2,0 < C(||fllo,o + 2]|ullo,e) by the standard
regularity theory of elliptic equations. O

LEMMA 2.4. Replacing the boundary condition of the problem in Lemma 2.3
with the Neumann boundary g—z =g, for g € H2(T), we have llulloo < C(ell flloa +
e lglly ), Nullza < CUlflloa + e Higlly r).

Proof. By Lemma 2.2, there exists v € H2(Q) such that |[v]o.q < Ced lglly r and

[v]l.0 < Ce & gl ,r- Setting w = u — v, we have

1 1 0
—Aw+ -w=f—Av+ —-v in Q, Y _0 onT.
€ € on

With the same analogue of the proof of Lemma 2.3, we can obtain the results. O
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REMARK 1. If we replace the boundary condition of the problem in Lemma 2.4
with the mized boundary g—fl =g only, forg e H%(I‘l), and u = 0 on I's, where
TNl = 0,Ty Uy =T, we can obtain the same results of Lemma 2.4.

It has been proved( see Theorem I-4 in [7]) for f being the zero extension of f
that

lue — ull1,0 — 0, llo, =0, ase—0, (2.8)

- |
Ue

Ve

Before the proof of Theorem 2.1, we show a simple a priori estimate here. Substituting

v = U in (2.3), we have

1 - 1
|tuello,0 + §€||f||(2),91 + iﬂue

Ig,917

1
?,Ql + g”ue 3,91 < flloe

uell? e + llue

with assumption that || f]jo.0, < C|lf]lo.c, we have
1
Ve

Proof. [Proof of Theorem 2.1] For the time being, we admit u.|q € H?(2) and

luelli.o < Cllfllo.0 0.2 < ClIf o, (2.9)

[|ue

lwell2,0 < Cllfllo.q- (2.10)

In view of problem (2.4) and the trace theorem, we have

< Clluellzo < C| fllo.q-
ir
L,

Oue
on

Then, by Remark 1, we can conclude that

[ucll2.0 < CE ]| fllo.0 + || f] 0.0 < O] fllog +ellflloo).  (2:11)

0,2 )5 |ltel

Since |ucl1,0, < C(nlucl2.0, + 17 uello.a), ¥n > 0( see Theorem 7.27 in [3]), setting
n = €2, with the assumption that || f|lo.0, < C||fllo.q, we have |luc|l1.0, < Cet||f]lo.q-
Following from trace theorem,

1

[ucll1 r < Cllucllio, < Cetl|fllo.q-

Setting ¢ = uc|q — u, ¢ satisfies, in the sense of distribution,
—Ap=0inQ, ¢p=uconl,

which gives the error estimates of penalization in H' norm in view of the isomorphism
of operator A,

luclo—ullLe = I9lLe < CU=Adll-1otloly r) < Clluelly r < Cetl[fllo. (2.12)

To obtain an error estimate in L? norm, we introduce the adjoint problems for (2.2)
and (2.3), which read as,

Find up € HZ (), such that
{ r € Ho(%) (2.13)

(Vur, Vo) = (F,v)q, Yv € Hj(Q),
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Find up. € Hg(D), such that

1 5 L (2.14)
(Vupe, Vu)p + E(UFe;U)Ql = (F,v)p, Yv € Hy(D),

for any F' € L*(Q), and the extension of F', F' € L?(D), satistying || F|jo.q, < C||F|lo.q-

Apparently, we can obtain the a priori estimates and H' norm penalization error

estimate, like (2.11) and (2.12), for the adjoint problems (2.13) and (2.14), such that
s _

0.2:), [[urellog < C(et|[Fllog + el Fllog,)- (2.15)

_1 ad
[upcllz.o < Cle™T[[Fllo.o + [|F]

lurel —uplia < Cet||F o0 (2.16)

Denoting by % and @ the zero extension of v and up, respectively, one can show
that

(Vug,VﬁF)D = (ﬂp,f)p = (uF,f)Q = (VUF,VU)Q = (F, U)Q = (F,ﬂ)p = (VUFE,Vﬂ)D,

following from which, we have

(V(upe — itn), V(e — @) = (Frue — i) — %(uFE,ue)Ql.

Let F = u, — u, we have

_ - N 1
e = all§ o + lluclf g, = (V(wpe = ir), V(ue = @) + —(wre udo,
Following from (2.11), (2.12), (2.15) and (2.16), we have

1
[uclo = ulloo < Cez|| fllo.o- (2.17)

Thus, we obtain the a priori estimates of u., and the error estimates of penalization
in H! norm and L? norm.

At this stage, we go back to the beginning of the proof, it iremains to show
(2.10). For interface problem (2.4), u.lq € H?(Q) follows the standard regularity
theory, but we need to show the norm is independent of e. We use the well-known
method of tangential differential quotients due to Nirenberg( see Theorem 2.2.2.3 in
[4], Appendix in [10], or Theorem 3.1 in [14]).

Let U; be an open subset in R?, and there exists C? diffeomorphism ®;, with
U, =&, j=1,2,...,N, such that

QcC Ujvzlq)j(Uj) c D. UjO = \I/j(q)](U]) DQ) = Ri n Uj,

Uji ==9;(®;(U)NQ) =RENU;, j=1,2,...,N.

And also, there exists §; € C5°(Q) with supp 0; C ®;(U;), j =1,2,..., N, with

N
20]- =1, on Q.
j=1

Hence, (Qjuc) o ®; € Hi(U;), j = 1,2,...,N. We omit the index j and write
U, Ui, Uy, ®, U, 0 instead. Setting u; = Ou. and uz = (Que) o . If ||Juill2,0
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or ||uz||2,u, are bounded by C||fllo,o, then, taking a summation of j =1,..., N, we
get ||lulla.o < C|fllo.o- (1)The case Uy = (. It is apparently that u; € H?(f) and
fllo.n- (2)The case Uy # 0, and U, # 0. Setting D; = %7 (i =1,2),
ug € HY(U) satisfies

Z / ai; Diug D vdm—I—

3,j=1 z]l

/ DiusD;0|D®|dz = (fo,0), Yo € HA(U), (2.18)
where fo = (0f + Vu. VO + V - (u V) o ®|DD|.

2
aij = (O DitpiDrapy) o ®|D®|, i, j = 1,2, W = (b, 1))

k=1

Let @ be the zero extension of us onto R2. Substituting v = T’L—h_lT‘thﬂg into (2.18),

where 73, is the translation operator with 7,¢(x) = ¢(z1+h, x2), ¢(x) € L?(R?), after
some computation, we have

> [ (2tm) [, + LS 2wl

Th— 1. 2 1, .
<y |n () [, + otlalio, + Clilo
1=1 ’

applying (2.8) or (2.9), we have ZZ 1 HD —uQ H < C|fllo,e- Let h — 0, we

conclude D; Dyuy € L?(Up), < C\|f||07g, for i = 1,2( we use several
lemmas of Theorem 2.2.2.3 in [4] here). Then, we see that,

1 .
Dius = —(fa — Z Di(arDyus) — DaaseDous), in Up,
a2 k1<3

following from which, we obtain [|uz||2,0, < C||flo.q. Hence, we complete the proof.
0

2.2. Error estimate for finite element approximation. We introduce a
Cartesian mesh to the rectangular domain D to get a uniform triangulation 7y, where
h is the maximum diameter of the triangles of Tj,. Vi (D) C H}(D) is the subspace
of all piecewise linear continuous functions subordinate to 7,. The discrete problem
for (2.3) reads as,

Find uep, € Vi (D), such that

1 - (2.19)
(Ver, Vop)p + E(ush»vh)ﬂl = (f,vn)p, Yon € Vi (D),

To consider the error estimates of u. — ue, we give the following lemma.
LEMMA 2.5. u. and uep, are the solutions of (2.3) and (2.19), respectively, then

1 . 1
IV el o Jellue—ualony < € dnt (196 = )l + 72l = wnlo
(2.20)
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Proof. Tt follows from (V(ue — uen), Vop)p + %(uE — Uep,vp) =0, Yoy, € V(D). O
THEOREM 2.6. Suppose that ue and u., are the solutions of (2.3) and (2.19),
respectively, then

1
19 e = wen)llo.p + —=lfue = wenllo.an < Cllflla(h® + €%), (2.21)
e — uenlloe < Ol flloa(h? + )2, (2.22)

Proof. We define some notations first. K is some closed triangle of 7y, and we
denote A(K) = (v, vl vE) as the set of all vertices of K. Tr = {K|K NT # 0},
T ={K C QK NTr = 0}. Iyu, is the linear interpolation of u.. We define v}, by
setting,

0 for v € A(K), K C Tr U Qy,
’Uh(V) =

uc(v) for all other vertices v,

and substitute this vy, into (2.20), then, following from the a priori estimates in The-
orem 2.1, we have

3
ue — vallo.o, = l[uelloo < Ced || fllo.q,

V(ue —vn)llo.p = [V(ue —vn)llo.0
SC(IV (ue = Inue)llor + [ Vuelloovr + [ Vunllo,ovr)

<C (h+nt +0}) Jullzn < C (h+h2) o,

(see Theorem 4.4 in [14] for the detailed proof of this estimate), which gives (2.21).
Then, setting F = lo(ue — uen) and v = ue — uep, in the adjoint problem (2.14),
where 1o = 1 in ©Q, and 1o = 0 in others, applying (2.21) and the prior estimates in
Theorem 2.1, we have

1
”F”g,sz = [Jue — uehH%,Q = (Vupe, V(e — ten))p + E(uFeaue — Ueh)Q,
1
=(Vupe — vp, V(ue — uer))p + E(UFE — Up, Ue — Ueh)0y, VR € Vi(D),
1 1 1 1 11,1 1 1,1 1
<C(er +h2)[|Flog(e® +h2)|fllog +C—ex (et +h2)[|Flloqez (7 +hZ)l|fllo.o,

which shows (2.22), and the proof is completed. O

3. The fictitious domain method with L?-penalty for parabolic prob-
lem. Let us consider the original parabolic problem (PQ) in cylindrical domain
Qr =Q x[0,T], with 0 < T < 00, and X7 = 9Q x (0,T], then (PQ) reads as,

uy — Au= f(z,t) inQr,
u=0 on X, (3.1)

u(x,0) = ug in Q,



8 G. ZHOU
where f € L*(Qr), uo € H(2). The weak form of (3.1) reads as,

Find u € Hy(Qr), us € Hy "°(Qr), s.t.

(e, v)Qr + (Y, V0)gr = (f,0)qr, Yo € Hy*(Qr) (3.2)
u(zx,0) = uy,

where Hy®(Qr) = L2(0,T; HX (), Hy "%(Qr) = L2(0,T; H1(2)), and (-,-) ¢, is
the dual product of Hy*(Qr) and Hy "°(Qr).
To implement the fictitious domain method, we set Dy = D x [0,T], Qr1 =
Q1 x [0,7] and Sy = 9D x (0,T], then the L?-penalty problem (PQ.) reads as,
1 z .
Uer — AU + leTlue = f(x,t) in Dr,

u=0 on S, (3:3)

u(x,0) = g in D,

where g € H¢ (D) is the zero extension of u, and f € L?(Dr) is some extension of f
satisfying || fllo,or < Cllfllo,or- The weak form of (3.3) reads as

Find u. € Hy*(Dr), ueq € HY0(Dy), s.t.

1 _
<ueta U>DT + (vuev VU)D:r‘ + E(UE’U)QTl = (f?U)DT? Vo € HS’O(DT) (34)

uc(z,0) = .

3.1. Error estimate for penalization. Before deriving the error estimate, we
define some spaces and show a regularity result for the L?-penalty problem.

b
0.

with norm |[ul|p(a.) = |lull2,0 + €% |Julla.o, + € F|Juflo0, (0 < € < 1). We define an
operator A, : D(A.) — L*(D), u+ —Au + élglu. Following from Theorem 2.1, we
know A, is invertible, satisfying [lul|pca,) < CllAcullo,p, for u € D(Ac). Then we
have the following lemma, which is an analogue to THeorem 5.1 of Chapter 4 in [6].

LEMMA 3.1. For any v € D(A.), there exists & € R and C > 0, such that
Vp=~E+in, £ > &, n € R, we have

@
on

_ Ou

D(A) = ue€ HYD) | ulg € H*(Q), ulo, € H*(Q1), = —
ar on

[(Ae +p)vllo,p = C(llvlpea) + Iplllvllo,n)-

Proof. We define A, = Ac — ¢’ DZ2, and w(z,y) = z(y)e™¥v(z), where p € R,

z € Cg°(R), supp z € [-1,1], 0 € [-F, 5]. By virtue of the ellipticity of A, which
follows from that of A., we have
[Acwllrz(pxr,) + wllz2(Dxr,) = C|wllL2®,:D(A) + Wl H2(R,;L2(D)))-

Since [|w||z2(r,;p(4.)) = Cllvlp(a.)s

lwl 2w, 22(py) = Clul*vllL2py — C(A + |ul)||vllL2(p),
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[Acwllz2(pxr,) < Cll(Ae + e p?)oll L2y + C(L+ |u)lvll 22y,

choosing p > &y, with &y sufficiently large, we have obtained the result. O
With the help of Lemma 3.1, following from Theorem 4.2 in Chapter 4 of [6], we
have the following regularity theorem.
THEOREM 3.2. For F € L?(Dr), there exists a unique solutionv € L?(0,T; D(A.))N
HY0,T; L?(D)) satisfying
Ut+A6U:F m DT7
v=0 on Sr, (3.5)
v(z,0) =0 in D,

with |[vtl| 22 (D7) + [0l L20.1:D(a0)) < ClF |22 (Dr)-
REMARK 2. Forug € H (), there exists v € Hy*(Qr)NL*(0,T; H2()) satisfies

vy —Av =0 1in Qr, v=ug in §,
with
lvellL2(@r) + vll2 0,102 (0)) < Clluolla o).

Let v be the zero extension of v onto Dr, recalling the assumption that g is the
zero extension of ug, we have w = ue — U satisfies (3.5) with F = f, which gives the
regularity result for (3.3),

luetll2(Dry + el z2.mpa0) < CUFllL2(pry + lluollmey). (3.6)

With this regularity result, we can derive the error estimate for L? penalization.
THEOREM 3.3. Suppose that u and u. are the solutions for (3.1) and (3.3),
respectively. Then, we have

1
et = wellg-10Qr) + lue = ullmro@ry) < Ce(llflloo + lluollie),  (3.7)

1
[ue = ullL2(@ry < Ce2([[ flloe + lluoll1,0)- (3.8)

Proof. In view of Remark 2, we have

1 _3
€3 ||luellzz0,msm200)) + € *lucllzz(r) < CUlflloe + lluolla),

which gives,

1
[wellL20,7:m1(00)) < Ce3 (I fllo,0 + [uolli,e),

1.0)%

el sy < ttellz2 0,750 () 1tell 22 (@) < Ce(ll fllo.0 + lluol

Then, (3.2) and (3.4) yield that,

(Uet — ut, V) gp + (V(ue — 1), VV)o, — / Mvds =0, Vv e Hl’O(QT),

St 3n
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and setting v = u.|g, — u, we have

O(ue —u)

() = (D)l + 190~ )R g, < €| X

([wello, -
0,5

Hence,

i 1
[ue(T) = u(T)llo. + V(e = u)llo,@r < Clluellg s, < Cex(l[flloe+ lluoll1.0) (3.9)
And it is apparently that

et = well 10002y < ClIV (ue = w)llo.or < Cei (|| fllo.0 + lluoll1e).
To estimate ||ue — ullo,o, we introduce the adjoint problems for (3.2) and (3.4),
Find w € Hy*(Qr), w; € Hy "°(Qr), s.t.
<wt7v>QT - (vw?vv)QT = (H?U)QT7 Vo € H(%ﬁ(QT) (3.10)

w(z,T) = wy,

Find w. € Hy* (D7), we € H-4(Dr), s.t.

1
<w6t7v>DT - (Vw67vv)DT - g(w57v)QTl = (H7U)DT7 Vo € HéO(DT) (3'11)
we(x, T) = Wy,
where wg € H}(Q), H € L?*(Qr), o is the zero extension of wp, and H is some

extension of H satisfying ||ﬁ||Lz(QT1) < O|H||2(qr)- Setting H = uc|g, — u, and H
the zero extension of H, we have

5 _ ~ B 1
||H||37QT = (Weg — Wi, Ue — W) py — (V(we — W), V(Uue — 1)) py — g(w€7u’€)QTl7

then (3.8) follows from (3.9) and Remark 2, which completes the proof. O

3.2. Error estimate for finite element approximation. We employ the
backward Euler approximation for a time-discretization. Setting the time step k& > 0,
T = Nk, where N is some integer, we consider the discrete problem (PQ.p) defined
as:

Find {U"}Y_, C Viu(D), st.n=1,..., N,

1 ~
(U™, vp)p + (VU",Vu)p + E(Unavh)ﬁl = (f(tn),vn) D, Yo € Vi(D), (3.12)
UO = ﬂohv

where OU™ = (U™ — U™ 1) /k.
Before showing the error estimate, we define the Ritz projection operator Ry :
HY(D) — Vi (D) as

Ac(u — Rpu,vp) =0, Yo, € Vi (D),
where

1
Ac(u,v) = (Vu, Vo)p + E(u,v)gl.
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Then, as consequences of the previous section, we have, for u € D(A,),

1 1 1
v — Rpull1,p + \f”u — Ryullon, < C(e7 +h3)|ullpa,), (3.13)
lu — Ryullo.o < C(et + h#)?|[ull pa,)- (3.14)

We shall show the following theorem, which is an analogue to Theorem 1.5 in [11]
with assumption that ug, = Rptg. This error estimate is simple but not optimal, and
one may apply the method from [15][8] to obtain some better results.

THEOREM 3.4. With U™ and u. the solutions of (3.12) and (3.3), respectively,
we have, fort, =nk, n >0,

[ tn
U™ = ue(ta)llo.n < Cleb +12)*(luell pa,) + / lwetllpea.)ds) + k / lwetello.pds,
0 0

(3.15)

IV —ue(ta))lo.p < Ot +h2)(luetll 20,6, D04+ Chluere | 204,220y (3.16)

REMARK 3. Theorem 3.4 requires a higher reqularity of (3.3), which can be ob-

tained by the same method introduced in the previous sections for elliptic and parabolic
problems, with smoother assumption of f, ug, f, g

Proof. [Proof of Theorem 3.4] We write
U™ —ue(tn) = (U" = Rpue(tn)) + (Rpue(tn) — uc(tn)) = 0" + p",

and p™ is bounded as claimed in (3.14) and (3.13). For 6", (3.12), (3.4), and the
definition of Ry yields that

1
(39n,vh)D+ (V@",Vuh)DJr E(Qn,vh)gl = f(w”,vh)D, Yoy, € V}L(D)7 n>1, (3.17)
where

w" = Rp(0ue(tn)) — tet(tn) = (Rn — I)Ouc(tn) + (Ouc(tn) — uer(tn)) = wi + wi.

choosing v, = 6™, we have

1
(96",6")p +[IV0" ||, + — 6

6.0, < llw"lo,pll6"

0,D;
which yields

L

n n
\/EIW lo.02) < 16%0.0 + & D llwillo,p + kY Jwsllo.p.

Jj=1 Jj=1

16" lo.0 +Ck Y (Il7[l1,0 +

Jj=1

Since we have assume that g, = Ry, 8° = 0. Further, we write

tj tj
w! = (Ry, — I)k;_l/ Uerds = k’_l/ (R, — Iueds,
ti—1 tj—1
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kwh = uc(t;) — uc(tj—1) — kua(t;) = — / ’ (5 —tj_1)uest(s)ds.

tj71

Together with our estimates, we show the (3.15).
To obtain ||V(U™ — uc(tn))|lo,p, we choose vy, = 90™ in (3.17) to obtain, with the
assumption ° = 0,

1 " ,
VO™ 15 + EHQTLH(Z),Ql < kz 1w [0, 05
j=1

which gives (3.16). O

4. Numerical experiments. We give two numerical experiments for elliptic
and parabolic problems, respectively, to show that the L2-error is bounded by (y/e+h)
and the H'-norm error is bounded by (6% + h%), which is according to our analysis on
L? penalization and finite element error estimates. For elliptic problem, we consider
the problem

—Au=1inQ, u=0onT,

where Q = {(z,y) | 2% + y? < 1}. To implement the fictitious domain method, we
set the domain D = {-1.2 < x,y < 1.2}. We solve the problem (2.19). First, fixing
h = 0.01, we show the errors for different ¢, see Figure 4.1; then, setting e = 1076, we
observe the errors dependents on different h, see Figure 4.2.

For parabolic problem, we consider the problem,

ur—Au=fin Q2 x[0,T], u=0on Xy, u(z,0)=mwuyin Q,

where f = —1sin(%)sin(22 +y?—1) —4 cos(z® +y> —1) cos(%) +4sin(z? +y> — 1) (z? +
y?—1) COS(%), ugp = sin(z? + y? — 1). Then, setting T = 0.4, the time-step k = 0.02,
we solve the problem (3.12). Fixing h = 0.01, we show the errors for different €, see
Figure 4.3; then, setting ¢ = 1076, we observe the errors dependents on different A,
see Figure 4.4.

In our numerical results( using Freefem++), the error estimate becomes bad for
very small €(see Figure 4.1,4.3), this may due to the interpolation of the function 11¢,
when doing computation. To find a simple and effective way to approximating +1g,
is important for the fictitious domain method with L? or H! penalization. However,
we skip this part and left it for the future work.

Acknowledgement. I thank N. Saito and T. Kashiwabara who brought my
attention to the present subject and encouraged me through valuable discussions.
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