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A SYSTEM OF FIFTH-ORDER PARTIAL DIFFERENTIAL
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WHICH CONTAINS MANY CIRCLES

KIYOOMI KATAOKA AND NOBUKO TAKEUCHI

ABSTRACT. Let z = f(x,y) be a germ of a C®-surface at the origin in R3 con-
taining several continuous families of circular arcs. For examples, we have a usual
torus with 4 such families and R. Blum’s cyclide with 6 such families. We intro-
duce a system of fifth-order nonlinear partial differential equations for f, and prove
that this system of equations describes such a surface germ completely. As appli-
cations, we obtain the analyticity of f, the finite dimensionality of the solution
space of such a system of differential equations with an upper estimate 21 for the
dimension. Further we prove the non-integrability of the systems corresponding
the surfaces including six continuous families of circular arcs; this result implies a
local characterization of Darboux cyclides.

1. INTRODUCTION

In 1848, Yvon Villarceau [12] found that a usual torus includes 4 continuous families
of circles passing through every point of the surface; of course, only two of them are
new. These new circles, so called Villarceau circles, are slanted against the rotation
axis and are not perpendicular to this axis (see Figure 1). Further in 1980, Richard
Blum [1] found that some special cyclides include 4~6 continuous families of circles
passing through every point of them (see Figure 2). Here, a general cyclide is defined
by a quartic equation

3 3 3
a(x? + 22+ 22)? +2(2? + 23 + 23) Zﬁlml + Z Vi TiT; + 2251-%— +e=0 (1.1)

i=1 i,j=1 i=1

FIGURE 1. A torus and Villarsceau circles
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FIGURE 2. An example of Blum cyclides:
(22 4+ 9%+ 222 — 622 —4y? + 422+ 1 =0.

with real numbers o # 0, 5;, 75, 6;, € (Darboux [2]). Then a usual torus and a 6-circle
Blum cyclide correspond to the case a = 1, 3. = 0,8, = 0,7;; = —2a;;;,€ = a3 with
0 < a4 < a; = az, a3 = —ay, and to that with 0 < ay4 < as < a1, —a4 # az < aq,
respectively. At the same time, R. Blum gave the following conjecture in [1]:

Conjecture 1. A closed C*-surface in R? which contains seven circles through each
point is a sphere.

N. Takeuchi [9] (and [11]:the survey of Takeuchi’s results) solved this conjecture
affirmatively for closed surfaces with genus ¢ < 1 by using the intersection number
theory for 1-dimensional homotopy groups. Further, replacing 1-dimensional homo-
topy groups by 1-dimensional homology groups with Zs-coefficients, we obtained the
following extension in [3]:

Theorem 1.1. We have some positive integer Ny (< 22971 —1) for any g =1,2,3,. ..
such that, for Yg > 1, there is no closed surface with genus g in E® which contains N,
circles through each point. In particular, we can take Ny = 11.

Moreover, this is strengthened to the following theorem, which is a direct corollary
of Theorem 2.4 in the present paper:

Theorem 1.2. There is no C*-surface in E3 other than totally umbilical surfaces,
which contains 11 circular arcs or line-segments through each point. Here, a totally
umbilical surface means an open subset of a sphere or a plane in E3.

Proof. If a surface M C E? satisfying all the conditions in the statement is not totally
umbilical, then there is a non-umbilical point p € M. Apply Theorem 2.4 to M at
p. Then we have a contradiction concerning the upper estimate 10 for the number of
circular arcs or line segments on M passing through p. This completes the proof. [

On the other hand, the geometric key tool (Theorem 1 in [8]) in the proof in [9]
can be generalized to the following; that is, the condition “any two of three circles
satisfy some conditions” can be replaced by “either one of three circles satisfies some
conditions with any of other circles”.

Proposition 1.3. Let M be a C*® surface in E3. Suppose that, through each point of
M, there exist three circles of E> contained in M, and that either one circle of them is
tangent to others or have two points in common. Then M is a totally umbilical surface.

Proof. Let p be any point of M. Suppose that there exist three circles C, C1, Co passing

through p included in M such that, for each i = 1,2, C is tangent to C; at p, or have

two points in common with C;. Let S; be the sphere (or the plane) including C' U C;

for each i = 1,2. If C is tangent to C; at p, then by Meusnier’s theorem we have that
2



F1GURE 3. The example of a non-cyclide:
(22 +y? +2%)2 —4y?2? — 42 = 0.
This surface has the singularities along z =0,y = £=.

S; is the curvature sphere for M at p concerning the common tangent line to C' and
C;. Note that the tangent plane at p to M coincides with the one to S;, and that S;
and Sy include C, respectively. Thus we have S; = S;. Hence, any two of C,Cq,Cs
are tangent to each other at p, or have two points in common. Therefore, M satisfies
the conditions in Theorem 1 of [8]. This completes the proof. O

In October 2011, we found in the internet arXiv (110.2338v1) with title:
A surface containing a line and a circle through each point is a quadric
by Fedor Nilov and Mikhail Skopenkov concerning surfaces including several circular
arcs. They found a surface which is not a cyclide, but includes 2 families of circles (see
Figure 3):
(2% +y? + 2%)? — dy?2? — 42 = 0.

Indeed, since we can rewrite this as

r=V1-2+V1-22

Y = Yo, Or 2 = zg becomes a circle.
Further they proved the following (Theorem 4.3):

Theorem 1.4. Let ® be a smooth closed surface in R3 homeomorphic to either a
sphere or a torus. If through each point of the surface one can draw at least 4 distinct
circles fully contained in the surface (and continuously depending on the point)
then the surface is a cyclide.

They extended Takeuchi’s idea on intersection numbers of fundamental groups and
used a classical theorem on the relationship between cospherical circles and cyclides.
So the proof relies on the global information of the surface. On the other hand their
counter example is not a closed surface, but a surface with singularities. At the same
time, they gave a conjecture (also see [7]):

Conjecture 2. 3 distinct continuous families of circles = cyclides

Our aim is to solve such conjectures or to find all the surface germs containing several
continuous families of circular arcs only by using elementary calculus and differential
equations. In particular we do not use any topological information of the surfaces;
closeness, genus e.t.c..

The plan of this paper is the following: In Section 2, we give the main results The-
orems 2.2, 2.3, 2.4, 2.6, 2.7, 2.10 with the necessary definition Definition 2.1. Section
3 is devoted to the study of fundamental properties concerning circles and surfaces in-
cluding the proofs of Theorems 2.2, 2.3, 2.4. Further, Section 4 is devoted to the study
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concerning our fifth order partial differential equations including the proofs of Theo-
rems 2.6, 2.7. In Section 5, we give some important propositions concerning general
cyclides and the proof of Theorem 2.10. Some of our proofs require heavy calculations,
and so for the readers to check the calculations we prepare three Mathematica source
files and their pdf versions “check-fifth1~3” in the following websites for download:
http://www.u-gakugei.ac.jp/~nobuko/manycircles.html
http://agusta.ms.u-tokyo.ac.jp/microlocal/manycircles.html

2. MAIN RESULTS

Definition 2.1. (The key polynomial Z(T)). Let z = f(z,y) be a C*-class function
defined in a neighborhood of (0,0) € R%. Put the Taylor coefficients of f at (x,y) as
follows:

a:= fo(z,y), b= fy(z,y),

co = fua(T,9)/2, 1= fuy(2,9), ca = fyy(2,9)/2,

do = fxxz(x7y)/3!’ dy = fmy(x,y)/m,

do := fuyy(2,9) /2!, d3 = fyyy(2,y)/3,

€0 = fovaa(T,Y)/4, €1 := foway(2,y)/3!, €2 = foeyy(z,y)/2!%,
€3 1= fayyy(2,y)/3l, €1 := fyyyy(z,y) /4L

We define some polynomials C(T'), D(T), E(T), R(T),S(T), K(T), W(T) and the key
polynomial Z(T') in T as follows:

O(T) :=co+ 1T + coT?,  D(T) :=do + diT + doT? 4 d3T?,

E(T):=e+ e T+ eaT? + esT? + e, T?,

R(T) := (b + 1)T? 4 2abT + a® + 1,

(T) := D(T)R(T) — 2(bT + a)C(T)?,

(T) =R ( )C(T) — R(T)C'(T),

(T) := bS(T) + C(T)K(T) = 2TC(T)? + (bD(T) — C'(T)C(T))R(T),

where C'(T') = BTC(T),R’(T) = OrR(T),...etc..
Z2(T)=Z(T;z,y)
K(T)*(R(T)E(T) - C(T)*) + R(T)K (T)D(T )( (T)R(T)
—3(*+ 1)TD(T)) + D(T)*R(T)[—ab(2K(T) + TK'(T))
—2(a® +1)(b* + 1)C(T) + ((a® 4+ 1)ca + (b” + 1)co) R(T))]
+2R(T)C(T)[(0T + a){D(T)K'(T)C(T) + D(T)K(T)C(T)

D(T)K(T)C(T)} = bD(T)C(T)K(T)]

+ 40( YHOT + a){((a® — 1)ez + (b + 1)co) (T + a)

S
K
w

- —aclR (T) + 2a(ca — ¢p) — bey }-
It is easy to verify that (the degree of Z(T) in T) < 10. Consider a C*-surface germ
M ={z = f(x,y)} at (0,0, £(0,0)). We call
P(t) .= Z(t;0,0)/(c0(0,0) — c2(0,0))
the characteristic polynomial of the surface germ M if
£(0,0) = f2(0,0) = £,(0,0) = fay(0,0) = 0, (2.1)

and

f22(0,0) — f,,y(0,0) # 0. (2.2)
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Indeed, we can always get such conditions (2.1) after some suitable translation and
rotation of R? for M. Further condition (2.2) means that the origin is not an umbilical
point of M under this expression of M. As we see in Proposition 3.6, we have a more
simplified form:

o

P(t) =(t2 + 1)D(){2t(> + 1)D'(t) — (5¢2 + 1)D(¢)}
440 — &) + DE®) — C1)), (2.3)

where Zj = ¢;(0,0),C(t) := C(t;0,0), etc.. There are 16 choices of such Euclidean
coordinate systems for a non-umbilical surface germ, and all the variations of the
characteristic polynomials are

P(t), P(—t), =t P(1/t), =t P(=1/t)
(see Remark 3.7). In this sense, the set {t € R ; P(t) = 0,¢ # 0} is meaningful, and it
plays a decisive role in our theory. Under the additional condition

do(0,0) = d1(0,0) = d2(0,0) = ds(0,0) =0,

we have P(t) = 4(¢o — ¢2)t2Q(t) with a polynomial Q(t) of degree 6, which we call the
reduced characteristic polynomial:

o

Q) == (2 + DE(t) — C(t)*. (2.4)

In Proposition 3.6, we will give some examples of characteristic polynomials which have
10 non-zero real distinct roots. On the other hand the characteristic polynomial of any
general cyclide germ have at most 6 non-zero real distinct roots (Proposition 5.2).

Then we have our main theorem:

Theorem 2.2. Let z = f(z,y) be a C*-function defined in Us, = {x? +y? < 53} (60 >
0) satisfying (2.1). Assume that the origin is not an umbilical point of M = {z =
f(@,y), (z,y) € Us,}, that is,

0(0,0) — 3(0,0) = 3 (£2x(0,0) = £, (0,0)) #0.

Then we have the following (i), (it), (#1).
(7,) Let tg, s € R. If
Mn{y =tox + soz} (2.5)
s a circular arc or a line segment in a neighborhood of the origin, then
Z(ty;0,0) = 0.
Further, if it is a circular arc, then C(t;0,0) # 0 and under an additional
condition ty # 0 we have
(t§ + 1) D(t0; 0,0)
2(c0(0,0) = ¢2(0,0))toC(t0; 0,0)"
If it is a line segment, then C(to;0,0) = D(tp;0,0) = E(t9;0,0) = 0.
(ii) Let t(x,y), s(x,y) be real-valued continuous functions defined in a neighborhood
of (0,0) such that, for some § >0 and any (x9,yo) € Us, the set

M N0 {y —yo = t(zo,y0)(x — x0) + s(x0,y0) (2 — f(20,%0))} (2.6)

coincides with a circle in a neighborhood of (xo,yo, f(xo,y0)). Assume that
t(0,0) # 0. Consider a continuous function

t(x,y) + fo(z,y)s(z,y)
1- fy(x,y)s(ac, y)
5

S0 =

T(x,y) = (2.7



defined in a neighborhood of (0,0). Then, T(x,y),s(x,y),t(x,y) satisfy the fol-
lowing equations:

Z(T(z,y);z,y) =0, (2.8)
s _ TK(T)C(T) — aS(T)

Moreover, if t(x,y), s(x,y) are constant on each circular arc (2.6), f is a C°-
function in Us, and Z'(t(0,0);0,0) # 0, then T(x,y) is a C*-function in a neigh-
borhood of the origin satisfying the following equation:

25(T)
xr T 9 1, T ) - . 21
(0, + T )21 w) = T (210)
(iii) Conwversely, let f(x,y) € C°(Us,), and let T(z,y) be a real-valued C*-function
defined in a neighborhood of (0,0) satisfying T(0,0) # 0, equations (2.8),(2.10).
Then, t(x,y), s(x,y) defined by (2.9) belong to CY(Us) for a small & > 0, and
satisfy that, for any (xo,y0) € Us, the set

M N {y —yo = t(zo, yo)(x — o) + s(x0, Y0)(z — f(z0,Y0))}
coincides with a circle in a neighborhood of (xo,yo, f (o, Y0)), and that t(z,y), s(z,y)

are constant on this circular arc.

We also get a similar characterization for ruled surfaces.
Theorem 2.3. Let 2 = f(z,y) be a C3-function defined in Us, = {z?+y* < 62} (6o >
0) satisfying (2.1). Then we have the following (7), (it).
(i) Let t(z,y), s(x,y) be real-valued C'-class functions defined in a neighborhood of
(0,0) such that, for some § > 0 and any (xo,yo) € Us, the set

M N {y —yo = t(xo, yo)(x — x0) + s(w0,y0)(z — f(20,%0))} (2.11)

coincides with a line in a neighborhood of (xo,vo, f(z0,%0)). Consider a C*-
function

T(x,y) = Y+ fo@:y)s(@,9)
defined in a neighborhood of (0,0). Then, line segment (2.11) is included in
{y —vo =T(z0,y0)(z — 20)}, (2.13)
and we have the following equations:
C(T(x,y);2,y) =0,
(ii) Conwversely, let f(z,y) € C3(Us,), and let T(x,y) be a real-valued C-function

defined in a neighborhood of (0,0) satisfying equations (2.14). Then, for some
4 >0 and any (xo,y0) € Us, the set

M N {y —yo = T(z0,y0)(z — x0)}
coincides with a line in a neighborhood of (xo,yo, f(xo,v0)), and that T(x,y) is
constant on this line segment.

(2.12)

(2.14)

As applications of Theorem 2.2, we have the following theorems:

Theorem 2.4. Let M C R? be a C*-surface germ at the origin of R3. Assume that the
origin is not an umbilical point of M. Then, the total number of circular arcs and line
segments (C M ) passing through the origin is less than or equal to 10. More precisely,
put
C :={C; C is a circle or a line in R3
6



such that (0,0,0) € CNUs C M for a § > 0},
where Us := {(x,y,2) € R? ;2% +y? + 22 < 62}. Then, we have #C < 10.

Remark 2.5. It should be noted that our result is independent of any global structure
of M; for example, free from closeness and genus of the surface. As we see in Proposition
3.6, there is a surface germ at the origin whose characteristic polynomial has 10 non-
zero real distinct roots. This means that Theorem 2.4 gives the best possible estimate
in the sense of the infinitesimal analysis because by Lemma 3.2 such a surface includes
infinitesimally 10 circles passing through the origin. Further we remark here that
Montaldi [5] has also gotten 10 as the upper limit of the number of circles for generic
surface germs by some categorical arguments. On the other hand, our result cover all
the non-umbilical surface germs.

Though equation (2.10)

_2s()
(Or + T(2,y)0,)T (2, y) = ()
looks like a first order PDE, this is a fifth-order PDE for f(x,y):

5

B\ 24N (T)
17027197 = 2.15
This is because T is an analytic function of V£, V2f, V3f V4f through Z(T) = 0.
Here N(T) is a polynomial in T of degree 14 defined by

2 5
N(T) := — K(T) | (8, + T0,)Z(T) — w > <5> TI93999 f
j=0
—28(T)Z'(T), (2.16)

where (0 + T0y)Z(T) := (0; + T0y)Z(T'; x,y) means a differentiation for each coeffi-
cient of Z(T'). Tt is easy to see that the degree of N(T') in T is at most 14. As we give
an explicit form of N(T') in Theorem 2.6, all the coefficients of N(T) are polynomials
of derivatives a,b, ¢, dy, e, of f(z,y) introduced in Definition 2.1.

Theorem 2.6. Let z = f(z,y) be a C°-class function defined in a neighborhood of
the origin satisfying (2.1). Assume that the origin is not an umbilical point of M :=
{z = f(z,y)}. Let P(t) be the characteristic polynomial at the origin. For an integer
£ (1 < ¢<10), we suppose that there exist £ non-zero real numbers {tk}izl satisfying
P(tx) =0, P'(ty) # 0 for each k =1,...,£, and that M includes £ continuous families
of circular arcs associated with {ty},_,. Let Ty(x,y) be the function T corresponding
to non-zero simple root ty; that is, T(0,0) =t (k =1,...,¢). Then f is a solution of
the following system of fifth-order partial differential equations:

Z(Tk(x7y)) = 07 Tk(0,0) = tka
5

o Jep-iag f(a ) — _ 2AN(Ti(z,y)
jgo (j)Tk(fC,y) ax 8yf( 7y) R(Tk(x, y))K(Tk(Ly))?’ (2'17)
(1<k<),

where N(T) defined at (2.16) is a polynomial in T of degree 14 with the following
explicit form:

N(T) =
— 5R(T)K(T)*E'(T)[R(T)D(T) — 2(bT + a)C(T)?]

+ D(T)*R(T)B,(T) + 2D(T)*D'(T)R(T)*By(T)
7



— D(T)*R T) [(3d3T + d2 (5R( ) — (0* +1)T?)
+ (i T + 3dO +1)] + Bs(T)
+2(bT 4 a)D ( )D’ T)R( ) ( )B4(T)
+10(bT 4 a)D(T)D"(T)R(T)*K (T)C(T)? 4+ D(T)Bs(T)
—4(bT + a)D’ (T)R(T)K(T)C( 22 [5(bT + a)C'(T) + 2bC(T)]
+ AT + a)C(T)* K (T [3d036 T) + dy B;(T) + doBs(T)
(

)
— 3dyT Bo(T )] +4C(T)* Byo(T).

Here, a,b, c.,dy, e, are the higher-order derivatives of f(x,y), and C(T),C'(T), D(T),
D/(T),D"(T),E(T),E'"(T),R(T),R(T), K(T), K'(T) are the polynomials in T (or their
derivatives in T) with coefficients in polynomials in a, b, c.,ds, e, which are introduced
in Definition 2.1. Further, B1(T), ..., B1o(T) are the polynomials in T, a,b, c. given by
the following:
Bi(T) := K(T){42(b* + 1)R(T) — 20(a® + b* + 1)}
— 4e3R(T){3abR(T) — 2(a® + b* + 1 — a®b*)T + 2ab(a® + 1)}
+2(b* + 1)er R(T){3R(T) + 4abT + 4a* + 4}
—4(b* + 1)R(T)R'(T)co,
By(T) == —(4(b* + 1)T + 5ab) K(T) — ((b* + 1)T? 4+ a® + 1) K'(T)
+4(a® + ) (0° + )C(T) — 2((a® + Deg + (b + 1)eo) R(T),
B3(T) == K(T)*{ — 4aR(T)C'(T) + 12(b*> + 1)(bT + a)TC(T)
+ 8ab(bT + a)C(T) + 12bR(T)C(T) + 2bR(T)(2¢o + &1 T) }
+ K(T)K'(T){4abT (bT + a)C(T) — 12(bT + a)R(T)C(T)
+bTR(T)(2¢o + e1T) + aTR(T)C'(T) }
T){ — 4a(b*> + 6)R(T)C(T)* — (18(b*> + 1)T(bT + a)
+ 16ab(bT + a) — 4b(a® + 1)) R(T)C(T)C'(T)
+8(a® + 1)(b* + 1)(bT + a)C(T)* — 8(bT + a) ((a® + 1)cz
+ (0% + 1)co) R(T)C(T) + 4abT (bey — 2ac2)R(T)C(T)
+4a(b* +1)(2co + 1 T)R(T)C(T) — 2aca(2¢co + 1 T)R(T)?
— 2bcoC'(T)R(T)? — 12(b* + 1)(bT + a)TR'(T)C(T)?
— 8ab(bT + a)R'(T)C(T)? — 4(bT + a)R(T)R'(T)C(T)C'(T)
+4bR(T)R/(T)C(T)? — 4(bT + a)R(T)*C'(T)?
—8c2(bT + a)R(T)*C(T) + 4bR(T)*C(T)C'(T) }
—2(bT + a)K'(T)C(T){2abT R (T)C(T) + 5R'(T)R(T)C(T)
+6R(T)*C"(T)} — 4(bT + a)K"(T)R(T)C(T)* (R(T) + abT)
—8(a® +1)(b* + 1)(bT + a) R (T)C(T)? + 8(bT + a)((a® + 1)c2
+ (0> 4+ 1)co) R(T)R' (T)C(T)?
—8(a* + 1)(0* + 1)(bT + a)R(T)C(T)*C'(T),
By(T) :=2(3(b? + 1)T + 5ab) K (T)C(T) + 5R(T)K (T)C'(T)
+2((0* + )T? + a® + 1) K'(T)C(T) — 8(a® + 1)(b* + 1)C(T)?
8



+4R(T)C(T)((a® + L)ea + ( b2 +1)co),

B5(T) :=9C(T)*K(T)* + K(T)*C(T)*{6R'(T ) +4R(T)C'(T)
+8b(bT + a)C(T )—8(bT+a "(T)}
—8(bT + a)*K(T)K'(T)C(T)* + K(T)C(T)*{ — 8(bT + a)(bcy
—2ac2)R(T)C(T) — 8b(bT + a)R(T)C'(T)C(T) + 8*R(T)C(T)?
— 4b(bT + a)R(T)C(T)C'(T) — 48(bT + a)*>C(T)((a® — 1)ca
+ (0% 4+ 1)co) + 24acy (bT + a)R'(T)C(T) — 48(bT + a)C(T) (2a(cs
—¢g) — bey) + 12(bT + a)*R(T)C'(T)? — 8b(bT + a) R (T)C(T)?
+8(bT + a)* R (T)C(T)C'(T) 4 16¢o(bT + a)*R(T)C(T)
—8b(bT + a)R(T)C(T)C'(T)}
+8(bT + a)*K'(T)C(T)*{ R (T)C(T) + 3R(T)C'(T) }
+8(bT + a)*R(T)C(T)*K"(T)
—16b(bT + a)R(T)C(T)*((a* — 1)ca + (b* + 1)co)
—32(bT + a)’R(T)C(T)*C'(T)((a® = 1)cz 4+ (b* 4+ 1)co)
+ 16a(bT + a) R(T)R' (T)e1 C(T)*C'(T) + 4abR(T) R (T) e, C(T)*
+8a(b* + 1)(bT + a)R(T)c1C(T)* — 8bR(T)C(T)*(2a(ca — o)
—bey) = 32(bT + a)R(T)C(T)*C'(T) (2a(c2 — o) — bey),

\/\/

Bs(T) := —(b* + 1)(bT +a) + 2a,

By(T) == —(b* + )T (bT + a) + aR'(T) + 2(aT + b),

Bs(T) := —(a® — 3)(bT + a) + aT R (T) — 4a — 4(bT + a)R(T),
By(T) := (a® — 1)(bT+a)+2a+4(bT+a)R(T)

Bio(T) := K(T)*{2bC(T) — 4(bT + )C’( )}

—2(0T +a)C(TK ( ) (T) + K(T){aR (T)c1C(T)
—4(bT + a)C(T)((a* — 1)ca + (b2 + 1)co) — 4a(ca — ¢o)C(T)
+ 2bc1C(T) — 2a(bT + a)?ca(2¢co + 1 T) — 2b(bT + a)?coC'(T)
+2ab(bT + a)c1C(T) + a(bT + a)?*c1C'(T)
+ %(bT +a)R'(T)e1(2¢co + a1 T) — 2(bT + a)(ca — ¢o)(2¢co + 1 T)
+ (bT + a)er C'(T) } + 8b(bT + a)?((a® — 1)ca + (B> + 1)co) O(T)?
+16(bT + a)*C(T)C'(T) ((a* — 1)cz2 + (b* + 1))
—8a(bT + a)?R/(T)e,C(T)C'(T) — 2ab(bT + a)R'(T)c1C(T)?
—4a(b® + 1)(bT + a)?*c, C(T) + 4b(bT + a)C(T)*(2a(cz — co)
—bey) 4+ 16(bT + a)*C(T)C'(T) (2a(cz — o) — bey).

Further the converse statement also holds in the sense of (iit) of Theorem 2.2.

Theorem 2.7. Let M : z = f(x,y) be a C°%-class surface germ at the origin satisfy-

ing condition (2.1), where 8 (0 < 0 < 1) is an exponent for Hélder continuity. Assume

that the origin is not an umbilical point of M. Let P(t) be its characteristic polynomial

at (0,0). Suppose that M contains two continuous families of circular arcs in the sense

of (i) of Theorem 2.2, where these families correspond to two distinct non-zero real

simple roots ti,ty of P(t) = 0, respectively. Then, f is an analytic function which
9



is uniquely determined only by the partial derivatives at (0,0) up to Sth-order. More
precisely, such surface-germs are classified by at most 21 real parameters.

Definition 2.8. A conformal transformation in R? is a finite composition of transla-
tions, rotations, and the inversions = = Ay/|y|? (A > 0) in R3. As a result, reflections
and dilations are conformal transformations. Two surface germs M, M’ at p € R3 are
said to be conformally equivalent to each other if there is a conformal transformation
F with F(p) = p such that F(M) = M’ as a surface germ.

Remark 2.9. A conformal transformation maps a sphere (or (a plane)U{oc}) onto
a sphere or (a plane)U{oco}: As a result, a circle (or (a line)U{oo}) onto a circle or
(a line)U{oo}. Hence the total number of circles and lines passing through a point
on a surface is preserved under a conformal transformation. Further it is well-known
that a general cyclide is transformed into another general cyclide by any conformal
transformation. N. Takeuchi [10] proved any general cyclide is conformally equivalent
to a cyclide of the following type:

3

afe? + a2+ 22?2 + Z’y”xf +e=0. (2.18)

1
Theorem 2.10. Let z = f(x,y) be a C®-class function defined in a neighborhood of
x =y = 0 satisfying conditions (2.1), (2.2). Let P(t) be the characteristic polynomial
at the origin for the surface germ M : z = f(x,y). Suppose that P(t) = 0 has 6
distinct non-zero real simple roots {t;}S_,, and that M includes 6 continuous families
of circular arcs corresponding to {tx}S_,. Then, f is analytic at x =y = 0, and f
is completely determined by the 11 Taylor expansion coefficients ¢y, ca, dy, e, at (0,0).
Furthermore, suppose the following additional conditions

dozd1:d2:d3:0 at(0,0)

with some generic conditions on cg, Ca, €y, €2, 4. Then we obtain that ey = e3 = 0 at
(0,0), and that the surface germ z = f(x,y) at x =y = 0 is a general cyclide. More
precisely, M is conformally equivalent to a germ at (0,0,x) of the following 6-circle
Blum cyclide:

(2 + 9y + 2%)? — 2a12% — 2a0y® — 2a32° + a3 = 0, (2.19)
where ay > ag > aq > 0, —ag > ay. Further this surface (2.19) has the same charac-
teristic roots {tx}o_,.

3. CIRCLES AND SURFACES —THE PROOFS OF THEOREMS 2.2, 2.3, 2.4—
Figrst of all, we prepare some elementary lemmas concerning a circle and a surface
in R”.

Lemma 3.1. Let C be a circle in R3. We assume that C C {y = tz+sz} and that C is
tangent to a plane {z = ax + by} at the origin, where a,b,t, s are real numbers. Then,
if 4(1 — bs) > a®s?, we have the following expression for any point (z,y(x), z(z)) € C
sufficiently close to the origin:

2(x) = Az + Aga? + Asa® + Agxt + O(ab),

where
a—+ bt
A=
YT bs?
o (t? + ast —bs + 1)
2T (2 2+ 1)(1 - bs)Pu
x {(a® +b?)s* 4+ 2(at — b)s + (b* + 1)t? + 2abt + a* + 1},

10



(t? + ast — bs + 1)%(as? +ts + bt + a)

A pr—
8 2(s2 + t2 4+ 1)2(1 — bs)o0v?
x {(a® 4+ bv*)s* + 2(at — b)s + (b* + 1)t* + 2abt + a* + 1},
2 _ 1 3
A= (t* +ast —bs+1)

8(s24+t2+1)3(1 — bs)"w3
x {(s? + 12+ 1)(1 — bs)? + 5(as® + ts + bt + a)?}
x {(a® + b*)s* + 2(at — b)s + (b* + 1)t* 4 2abt + a* + 1}.

Here, v is the z-coordinate of the center of C. In particular, we obtain the following

equations:

A 2(1 — bs)(as® +ts + bt + a) 12
2T (@2 +b2)s2 + 2(at — b)s+ (b2 + D)2+ 2abt + a2 +1° %

A 1—bs)2{(s®> + 12+ 1)(1 — bs)? + 5(as® + ts + bt + a)?}
4 =

{(a? + b2)s2 + 2(at — b)s + (b2 + 1)t2 + 2abt + a2 +1}2 %

Proof. (For the check of calculations, the readers can employ a Mathematica file “check-
fifth1” in our website written in Section 1.) The tangent line to C at the origin is
{y = tx + s(ax + by), z = ax + by}; that is,

t+as a4+ bt 2 eR
T s 1 —bs )" '

Therefore, putting (u,tu + sv,v) be a center of C, we have

t+ as a+ bt

1—bs vl “bs

Since t? + ast — bs +1 > 0 by (as)? — 4(1 — bs) < 0, we get
as? +ts+bt+a

2+ ast—bs+ 17

0.

u+ (tu + sv)

u =

From the equation of C' :
(x—u)®+ (y —tu — 5v)% + (2 — v)? = u® + (tu + sv)* +v°
and y = tx + sz, we get
0 =(s? +1)2% 4+ 2{tsx — s(tu + sv) — v}z
+ (14 t*)2? — 2{u + t(tu + sv)}a.

Putting k := s(tu + sv) + v = (s +t2 + 1)(1 — bs)(t> + ast — bs + 1)"1v # 0, we have

1
2(@) = s24+1

k\/l  2kts — 2(s* + D{u+ t(tu + sv)} + (s> +£2 + l)a:x>

(—tsac—f—k

k?

r(x)r  71(x)%2®  7(x)32®  5r(x)ta?t

O 5

ke skt T i i 0@
s2+1

—tsx + k (

Here
7(x) = C 4 Dz := 2kts — 2(s> + 1){u + t(tu + sv)} + (s> + t* + 1)z,

and so we have

2(as® +ts+bt+a)(s®>+t2+1)
C:= v.
t2+ast —bs+1
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Therefore for z(z) = A1z + Axx? + Azz® + Agat + O(2®),
_utt(tu+ sv) (a+bt)(s2+t2+1)v_a+bt

A= k :k(t2—|—ast—bs—|—1) 1—bs’
D Cc?
Az = (24 1) | BB 1)
(t? + ast — bs + 1){(s®> + 2 + 1)(1 — bs)? + (as?® + ts + bt + a)?}
- 2(s2+1)(s2+ 2+ 1)(1 —bs)3v ’
Ay = 2C'D . c3
8k3(s2+1)  16k5(s2 +1)
(t? + ast — bs + 1)%(as® +ts + bt + a)
T 22+ )(s2+ 2+ 1)2(1 — bs)or?
x {(s? + 12 +1)(1 — bs)* + (as® +ts + bt +a)?},
A D? 3C%D 5C4

TRP(2 D) | Lok(2 1 1) | 18K (21 1)
(t2 +ast —bs +1)3
8(s24+1)(s2 +t2+1)3(1 — bs)"v?
x {(s? + 1> +1)(1 — bs)* + 5(as® + ts + bt + a)*}
x {(s2 + 12+ 1)(1 — bs)® + (as® + ts + bt +a)?}.

Since

(82 + 12+ 1)(1 — bs)? + (as® +ts + bt +a)?

= (s> 4+ 1D){(a® + b*)s® + 2(at — b)s + (b* + 1)t> + 2abt + a® + 1}, (3.1)
we get our conclusions. O

Lemma 3.2. Let z = f(x,y) be a C*-function which has a Taylor expansion at (0,0):
2 3 o4 o
ax + by + Z cjx? Iyl 4 Z djx Iyl + Z ejzt Iyl + o((2? + y?)?).
3=0 3=0 3=0
Let M and H be surface germs at (0,0,0) such that
M={z= f(z,y)}, H={y=tx+ sz}

with some t,s € R. Assume that 4(1 — bs) > a%s®>. Then M N H has an expression in
a neighborhood of (0,0,0) such that M N H = {(x,y(z), 2(x)); x € (—¢,)} with

z2(x) = Ay + Aqa?® + Asz® + Aga + o(x4),
y(x) = (t + sA)x + sAsx? + sAzx® + sAux® + o(z?),

a+ bt t+as 2
A= ——o = = T T
T s 1—bs’ 2 1fbs(co_|_c1 +eal”).
1
A3 = 1_ bs (clsAg + do + (2028142 + dl)T + d2T2 + d3T3) )
1
Ay = (61$A3 + o2 A3 + dysAs + eg

1—10bs
+(2€28A3 + 2dysAs + 61)T + (3d38A2 + 62)T2 + €3T3 + 64T4) .
In particular, if M N H is a circular arc in a neighborhood of the origin, then As # 0
and we have the following equations:
2(1 —bs)(as® +ts + bt + a) 9

A 3.2
(a2 +b2)s2 + 2(at — b)s + (b2 + )2 + 2abt + a2 +1" % (32)
12

Az =



A, — (1 —bs)2{(s® +t2 + 1)(1 — bs)? + 5(as® + ts + bt + a)?}

1 {(a® + b2)s? + 2(at — b)s + (b% + 1)t2 + 2abt + a? 4+ 1}?
where the denominator (a? + b?)s? + 2(at — b)s + (b? + 1)t? + 2abt + a® + 1 is always
positive. Conwversely, if Ay # 0, and a,b,c;,d;,e; satisfy (3.2), (3.3), then M N H
coincides with a circle at the origin up to 4-th order in x.

A3, (3-3)

Proof. Since M N H = {(x,tx + sz,2) ; z= f(x,tx + sz)} and
2(x) = Ayx + Aga® + Azz® + Ayx* + o(z?),
we have
Az + Aga? + Asa® + Agxt + o(z?)
=azx + b(tx + s(A1x + Agz® + Asa® + A4x4)) + cox?
+erz(te + s(Ayz + Agx? + Azx®)) + co(te + s(Ayx + Agx® + Azx®))?
+doz® + diz?(tr + s(Ayx + Agz?)) + dox(te + s(Ayz + Agz?))?
+ds(tr + s(Ajxz + Ax?))® + ega* + era®(tr + s(A1x))
+ eax?(tx + s(A11))? + esa(tr + s(A12))® + eq(te + s(Arz))™.
By picking up the coefficients of  in both sides, we get A1 = a + b(t + sA;), therefore

bt t
:L,or t+sA; = +GSET
1—1bs

1—10bs
By picking up the coefficients of 22, we get
Ay =bsAy + co + 1 (t + sAr) + ot + 541)%.
Hence, Ay = (co + 1T + ¢2T?)/(1 — bs). By picking up the coefficients of 23, we get
Az = bsAz + c18A3 + 2¢o(t + sA1)sAzs + do + di(t + sAy)
+do(t + sA1)? + ds(t + sAp)3.

Ay

Therefore,

Az (ClSAQ +dgy + (QCQSAQ + dl)T + d2T2 + d3T3) .

1
1—0bs
By picking up the coefficients of 24, we get
A4 = bSA4 + Cl.SAg + CQ{SZAg + 2(t + SAl)SAg} + dlSAQ
+ 2d2<t + SAl)SAQ + 3d3(t + SA1)28A2 + e+ 61(75 + SAl)

+ 62(t + SA1)2 + 63(t + 5141)‘3 + 64(t + SA1)4.

1
1—bs
+(2028A3 + 2dosAg + 61)T + (3d38A2 + 62)T2 + 63T3 + 64T4) .

(ClsAg + CQSQAg + d1sAs + eg

Combining these results with Lemma 3.1, we have (3.2), (3.3). The positivity of the
denominator of (3.2) follows from the expression (3.1). Conversely, if (3.2) and (3.3)
hold, we set a circle
Ci=Hn{(z,y.2); (@ —u?+(y—tu—s0)*+ (2 —v)?
=u? + (tu+ sv)? + 0%}
with
B (t? + ast — bs + 1)

C2(s2 412+ 1)(1 — bs)3 A,
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x {(a® + b%)s* 4 2(at — b)s + (b + 1)t? + 2abt + a* + 1},
as®+ts+bt+a

T 2242+ 1)(1 — bs)3 A,

x {(a® + b%)s® 4 2(at — b)s + (b* + 1)t* + 2abt + a* + 1}.

Then, by Lemma 3.1 we obtain the same Taylor expansion A;x+ Asx? 4+ Asz3 4+ Azt +
o(z*) at = 0 for Z(z) satisfying (x, j(z), Z(x)) € C. Thus the proof is completed. [

Proposition 3.3. Let a,b, c.,dx, ey, s,t be the coefficients introduced in Lemma 3.2.
PutT = (t+as)/(1—bs), and let C(T), D(T), E(T), R(T), S(T), K(T),W(T), Z(T) be
the polynomials in T introduced in Definition 2.1, whose coefficients are polynomials in
a,b, Cy, dy, €. Assume that 4(1 — bs) > a?s%, C(T) # 0. Then, the system of equations
(3.2), (3.3) under W(T) # 0 is equivalent to the following system of equations:

Z(T) =0, s=8(T)/W(T). (3.4)

Further, the system of equations (3.2), (3.3) under W(T) = 0 is equivalent to the
following system:

W(T) = S(T) = 0,
(R(T)Q(bQE (T) — bC'(T)D(T) — bC(T)D'(T)

+C'(T)2C(T) + ¢2C(T)?) = C(T)* (1 + 572 + (a + bT)2))82
+(R(T)2( — 2bE(T) 4+ C'(T)D(T) + C(T)D'(T))

~8(a +bT)TC(T))s

+R(T)*E(T) — C(T)? (1 +5(a +bT)% + T2) - 0.

(3.5)

In both cases, we have Z(T') = 0.

Proof. (For the check of calculations, the readers can employ a mathematica file “check-
fifth1” in our website written in Section 1.) First, we rewrite Ay, Az, A4 in Lemma 3.2
as follows:

c(T)
Az = 1—bs’
o D)+ 5C'(1) Ay (1= bs)D(T) + 5C(T)C(T)
8 1—bs B (1 — bs)2 ’
A - E(T) + sC'(T)As + sD'(T) Ay + sco A3
‘T 1—1bs
(1= bs)E(T) + sC'(T)D(T) + sC(T)D'(T)
= (1 —bs)?
s2C'(T)2C(T) + s%cC(T)?
(1—10s)3

Hence, the equation (3.2) is equivalent to the following:
(1 —bs)D(T) + sC'(T)C(T)

_ 2(1 — bs)(as® +ts + bt + a)C(T)?
(a2 +b2)s2 +2(at — b)s + (b2 + 1)t2 + 2abt + a2 + 1"

Since t = (1 — bs)T — as, we can rewrite the right side as

2(a+ (b+s)T)C(T)?
R(T) '
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Hence, (3.2) is equivalent to
(1 =bs)D(T)R(T) + sC'(T)C(T)R(T) — 2(a + (b+ s)T)C(T)* = 0,
that is, S(T") — sW(T) = 0. Therefore, if W(T) # 0,
D(T)R(T) — 2(bT + a)C(T)? S(T)

s = =

2TC(T)? — R(T)C'(T)C(T) + bR(T)D(T) W(T)
On the other hand, as for the coefficient of the right side of (3.3) we have

(1 —bs)2{(s® +t2 +1)(1 — bs)? + 5(as® + ts + bt + a)?}
{(a® + b2)s? 4 2(at — b)s + (b% + 1)t2 + 2abt + a? 4+ 1}?

= (1 +s*+5(a+ (b+ S)T)2 + (as — (1— bs)T)2>/R(T)2.

Hence the equation (3.3) is equivalent to
(1 —bs)’E(T) + s(1 —bs)(C"(T)D(T) + C(T)D'(T))
s*(C'(T)*C(T) + c2C(T)?)
(1 +s?2+5(a+ (b+ s)T)2 + (as — (1 — l>,s)T)2)(J(T)3
; R(T)?
Since R(T) = (b + 1)T? + 2abT + a® + 1 > 0, this is equivalent to the following:
R(T) (( —bs)?B(T) + s(1 = bs)(C'(T)D(T) + C(T)D'(T))
+ 82(C(T)2C(T) + e;C(T 2))
(as

(1+s +5(a+ (b+5)T)* + (as — (1 —bs) ))C(T)3:0. (3.6)

Multiply (3.6) by W(T)? and replace sW (T) by S(T). Then we obtain the following
equation for 7"

R(T)* ((W(T) = bS(T))*E(T) + S(T)(W(T) — bS(T))(C"(T)D(T)
+C(T)D'(T)) + S(T)*(C'(T)C(T) + :C(T)?))

— (WD) + (1) + 5(aW (T) + (BW(T) + S(T))T)"

+ (aS(T) = (W(T) = bS(T)T)*) C(T) = 0. (3.7)

Using equalities W(T) = bS(T)+C(T)K(T),S(T) = D(T)R(T) —2(bT +a)C(T)?* and
the expressions of R(T), K(T), K'(T),C(T),C'(T) by T, we get

( the left side of (3.7)) = R(T)C(T)?Z(T).

Thus we obtain that the system (3.2), (3.3) is equivalent to (3.4) under W(T') # 0.
Further, if W(T') = 0, the system of (3.2) and (3.3) is equivalent to the system S(T") =
W(T) = 0 and (3.6). In particular we have Z(T') = 0. Further, (3.6) is a quadratic
equation in s as in (3.5). This completes the proof. d

Lemma 3.4. Let f(z,y) be a C*-class function defined in a neighborhood of the origin

of R?, and T be a real variable independent from x,1y. We denote by a,b, c.,dy, e, the

higher-order derivatives of f(x,y) defined in Definition 2.1. Further C(T),C'(T), D(T),

D'(T),E(T),E(T), R(T),R(T),K(T),K'(T),S(T),W(T), Z(T) are the polynomials

in T with coefficients in these derivatives, which are introduced in Definition 2.1. For

any polynomial G(T) = go(x,y) +g1(z,y)T +---+gn(z,y)TN in T with coefficients in
15



C'-class functions defined in a neighborhood of the origin of R?, we define a polynomial
Lr|G(T)] in T by

N
Ly[G(T)] ==Y T (0, + T0y)g;(x.y)- (3.8)
j=0
Then we have the following equalities:
Lr[D(T)] = 4E(T),
Lp[D(T)] = 3E"(T),
Lr[C(T)]  =3D(T),
Lr[C/(T)] = 2D(T),
Lr[R(T)]  =4(bT +a)C(T),
Lr|al =2¢o+ T,
L[t — C'(1),
Lr[bT +a] =2C(T), (3.9)
Lr[R/(T)] =4bC(T)+2(bT + a)C'(T),
Lr[K(T)] = 3R/(T)D(T) - 2R(T)D'(T)
+2C(T)(2bC’( )— (0T 4+ a)C'( T)),
Lr[K'(T)] =6(b*+1)D(T) — 2(ds + 3Td3)R(T)
+4(bey — 2ac2)C(T),
Lt [Co] = 3do + d1T,
Ly(cq) = 2dy + 2d>T,
LT [CQ] = d2 + 3d3T

Moreover, if T = T(x,y) is a C'-class function defined in a neighborhood of the origin
of R? satisfying equation (2.10):

(0 +T(2,y)0,)T (z,y) =

with W(T(x,y)) # 0, K(T(x,y)) # 0, then we have

0.+ Ty (i) = 22

W(T(r,y)) ~ KOWD2 |, (3.10)

Proof. (For the check of calculations, the readers can employ a mathematica file “check-
fifth1” in our website written in Section 1.) We have the following direct calculations:

3
Ly[D(T)] = > T9(0pd; + Ty d;)
j=0
= (4eg + Tey) + T(3ey + 2Tes) + T?(2ey + 3Te3) + T2 (e3 + 4Tey)
=4E(T),
3 .
Ly[D'(T)] = > TV (0xd; + T0yd,)
j=1
= (3ey 4 2Tey) + 2T (2e5 + 3Te3) + 3T?(e3 + 4Tey) = 3E'(T),

2
Lr[C(T)) = T/(0xc; + Tdyc))
j=0
= (3do + Tdy) + T(2dy + 2Tdy) + T?(dy + 3Td3) = 3D(T),
LT[C/(T)] = (8$Cl + Taycl) + 2T(87-02 + TayCQ)
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= (2dy + 2Tdy) + 2T(dy + 3Tds) = 2D'(T),

LT[a] foz + T fzy =2c0 + 1T,
LT [b] = fxy + Tfyy =C =+ 2T62 C,(T),
Lp[R(T)] = 2b6T%Lp[b] + 2T (bL[a] + aL[b]) + 2aL]a]

= (20T + 2aT)(cy + 2T¢z) + 2(bT + a)(2¢o + Tey)
=4(bT + a)C(T),
LrbT +a] = T(ey + 2¢2T) + 2¢ + e, T = 20(T),
Lr[R/(T)] = 2T2bLr[b] 4+ 2bLr|a] + 2aLr[b]
=2(2bT + a)C"(T) + 2b(c1 T + 2¢o) = 4bC(T) + 2(bT + a)C'(T),
Ly [K(T)] = Lr[R(T)C(T) - C'(T)R(T)]
= (4bC(T) + 2(bT + a)C'(T))C(T) + R (T)3D(T) — 2D'(T)R(T)
— C'(T)A(bT + a)C(T)
=3R/(T)D(T) — 2R(T)D'(T) + 2C(T)(2bC(T) — (bT + a)C'(T)),
Lr[K'(T)] = Lr[2(b* + 1)C(T) — 2¢2R(T))]
= 4bC"(T)C(T) 4+ 2(b*> + 1) - 3D(T) — 2(dy + 3Td3)R(T)
— 8co(bT + a)C(T)
= 6(b*> + 1)D(T) — 2R(T)(dy + 3Tds3) + 4(bc; — 2acy)C(T),
Ly[co] = Opco + TOyco = 3do + di T,
Lylei] = 0gc1 + TOyc1 = 2dy + 2doT,
Lrlco] = Ogca + TOycoy = do + 3d3T.
Note that

00+ T)2,) (i)

Y
_ W)L [S(T)] = S(T) Lo [W(T)]
W(T)? T=T(z,y)

(W(T)S"(T) = S(T)W'(T)) - (9= + T(2,)9y) T (x, y)
W(T)?

+

T=T(z,y)
Hence, to show (3.10), we have only to prove that
X(T) := K(T)(W/(T)Lr[S(T)] — S(T) Lz [W (D))
+25(T)(W(T)S'(T) — S(T)W'(T)) — 4C(T)Z(T) =0

as a polynomial in T'. Since

W(T) = bS(T) + C(T)K(T), S(T) = D(T)R(T) — 2(bT + a)C(T)?,
we have the following:

S'(T) = D'(T)R(T) + D(T)R(T) — 2bC(T)? — 4(bT + a)C(T)C'(T),

W'(T) =bS(T) + C'(T)K(T) + C(T)K'(T).
Further,
Lr[S(T)] = R(T)Lr[D(T)] + D(T)Lr[R(T)] - 2Lr[bT + a]C(T)?

— 40T + a)C(T)Lr[C(T)],
(T

Lp[W(T)] = S(T)Lr[b] + bLr[S(T)] + K(T)Lr[C(T)]
17



+ C(T) Lr[K(T)].
Therefore we conclude X (T') = 0. This completes the proof. g

The proof of Theorem 2.2.
(i) Let to, so € R. Assume that

M N {y =tox + soz}

is a circular arc or a line segment in a neighborhood of the origin. Since M is tangent
to z = 0 at the origin, we can apply Lemma 3.2 to M N {y = tox + soz}. Therefore,
if M N{y = tox+ spz} is a line segment, then we have Ay = A3 = A4 = 0. Hence
Z(t0;0,0) = 0 since T' = t9,C(T) = D(T) = E(T) = 0 at v = y = 0. Further, if
M N {y = tox + spz} is a circular arc, we have Ay # 0. Hence C(T) = ¢y + cot3 # 0
at x = y = 0. Therefore we can apply Proposition 3.3, and get Z(¢9;0,0) = 0. When
to # 0, noting that

W(T)|s=y=0 = [2TC(T)? + (bD(T) — C'(T)C(T)) R(T)]s=y=0
= (Qt()(CO + Cgt%) — 262t0(t(2) + 1)) (C() + Cgt%)
= 2(60 — Cg)to(CQ + Cgt?)) # 0,

(t +1)D(t0;0,0)

2((20 — Cg)to(CO + Cgtg) ’
(ii) Let t(z,y), s(x,y) be real-valued continuous functions defined in a neighborhood of
(0,0) such that, for some § > 0 and any (zg,yo) € Us, the set

M N {y —yo = t(zo,y0)(x — 20) + $(x0,Y0)(z — f(20,0))}
coincides with a circle in a neighborhood of (xg, yo, f(20,¥0)). Assume that ¢(0,0) # 0
and that Z’(t(0,0);0,0) # 0. Since f is a C*-function with f,(0,0) = £,(0,0) =
f2y4(0,0) = 0, we may assume 4(1 — f, (0,0)s(z0,%0)) > fu(20,%0)*s(20,y0)* for any
(z0,y0) € Us. Further, setting a continuous function
t(z,y) + fo(z,y)s(z,y)
1- fy(‘r7 y)S(SE, y)
we have W (T')|y=y=0 = 2(co — c2)t(0,0)(co+c2t(0,0)?) # 0. Hence we may also assume
that W (T (x0,90); Zo,y0) # 0 for any (z¢,yo) € Us. Therefore we can apply Lemma
3.2 and Proposition 3.3 to f*(x,y) := f(xo + 2,90 +v) — f(z0,y0) at x = y = 0.
Indeed, since f*(0,0) = 0,a = f(0,0) = fi(z0,%0),b = f;(0,0) = fy(z0,v0),c0 =
(1/2) :r(ovo) = (1/2)frl(x07y0)a ...ete., f* satisfies 4(1 - bs(x()ay())) > a25(l’o,y0)27
W(T) # 0 with
T = (t(x0,y0) + as(zo,y0))/(1 — bs(zo,y0)) = T(x0, yo)-

Hence we have

we have sg = [S(T)/W(T)]|z=y=0 =

T(xvy) =

S(T(z,y);2,y)

Z(T(@o,90)3 70, y0) = 0, 5(x0, Y0) = 7= 5=

T=20,Y=Yo

The other equation concerning t(zg,y0) at (2.9) follows directly from s(zg,yo) =
(SIW)z=ao,y=yo and T'(zo,y0) = (t(xo,y0) + as(zo,y0))/(1 — bs(xo, yo)). Moreover, we
assume that t(z,y), s(x,y) are constant on each circular arc (2.6), f is a C5-function in
Us, and that Z'(¢(0,0);0,0) # 0. Then T(z,y) is a C'-function in a neighborhood of
the origin by the implicit function theorem which is applied to a C''-function Z(T'; x,y)
of T, x,y with 07 Z(t(0,0);0,0) # 0. In particular, t(z,y), s(z,y) are also C'-functions
because we have the expressions (2.9). The (z,y)-component of a tangent vector to

{z = f(z,9)} N {y — yo = t(x0, y0)(x — o) + 5(0,y0) (2 — f(w0,Y0) }
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at (2o, Yo, 20) is given by
(1 = s(zo,50) fy(zo, y0), t(z0, o) + s(z0, Y0) [ (0, y0))-
Hence we obtain two equations from our assumptions:
(0 + T(2,9)0y)t(z,y) =0, (9x + T(x,y)0y)s(x,y) = 0.
Therefore
(1 —bs)s(0y +T0y)a + (t + as)s(0y + TOy)b

(1 —10s)?
(1 =bs)(2co +Tcy) + (t+as)(ci +2Tcy) 8200 +Tecy +TC(T)
(1 —10s)? 1—bs
2C(T) 25(T)

=Sy =@ ~ By

(iii) Conversely, let f(z,y) € C°(Us,), and let T(z,y) be a real-valued C'-function
defined in a neighborhood of (0,0) satisfying 7(0,0) # 0 and equations (2.8),(2.10).
Let t(z,y), s(x,y) be functions defined by (2.9) which are belonging to C!(Us) for a
small 6 > 0. Then by Lemma 3.4 we have

(00 + T(2,1)3,)5(e,5) = (0 + T, 5)3,) (

_40(T)Z(T)
B K(T)W(T)2 T=T(z,y)

S(T(z,y)) )
W(T(x,y))

=0.

Further we have
(00 + T, )0, )1z, 9) = (B + T, )0,) (1 — bs)T — as)
=(1-0s)(2S(T)/K(T)) — sT(0y + T0y)b — s(0 +T9y)a
~25(T)C(T) — S(T)T (1 + 2T ca) — S(T)(2¢o + Ter)
W(T)
Take any point (zg, %) close to the origin, and consider an integral curve y = ¢(x)

passing through (zo,yo) for the vector field 0, + T'(z,y)0,; that is, p(x) is a solution
to the following initial value problem for an ordinary differential equation:

é%Q:T@Ww» #(0) = yo-

=0.

Indeed, since T'(z,y) is of C'-class, such a solution uniquely exists. By the arguments
above, we know that functions t(z, p(x)), s(z, ¢(x)) are constant; that is, t(z, ¢(x)) =
t(xo,v0), s(xz, o(x)) = s(xo,yo). Put

C = {(z, p(2), f(z, () ; @ € (z0 — €,20 + &)}
for a sufficiently small € > 0. Then C' is equivalent to the following C’ as a curve germ
at (zo,Yo, (2o, Y0)):

C" = M N {y —yo = t(xo,y0) (= — 20) + s(20,y0)(z — f(x0,%0))}-

Indeed, since
L (pla) — tro,0) — s(z0, 0) 2 ()
=T(z,(z))

— s(0,%0)
=T (z, ()



we have C' C C’. Hence C' = (' as curve-germs at (xg, %o, f(20,%0)). Therefore, for
any point (z1,y1, f(z1,y1)) € C, C is expressed as

M0{y —y1 = t(xy,y1) (@ —21) + s(z1,y1)(z — fl@1, 1))}

in a small neighborhood of (x1,y1, f(21,y1)). Since Z(T(z1,y1);x1,41) = 0, s(x1,91) =
S(T(z1,y1); 21, y1)/W(T(21,v1); 1,¥1), by Proposition 3.3 and Lemma 3.2 we con-
clude that C coincides with a circle up to 4th-order at (x1,y1, f(x1,y1)). Note that C
is a plane-curve (C' C {y —yo = t(z0, yo)(x — z0) + s(x0, y0)(z — f(x0,%0))}). Therefore
we conclude that C is a circular arc by the next lemma (Lemma 3.5) concerning a
characterization of a circle. Since t(x,y), s(x,y) are constant on C, this completes the
proof of Theorem 2.2 except for the proof of Lemma 3.5.

Lemma 3.5. Let g(x) be a real valued C3-function on an interval (a, 3) C R. Suppose
the following condition for C = {(z,g(z)) € R?*; x € (a, 3)}: For any x¢ € (o, 3), C
coincides with a circle up to Srd-order in x — xo as curve germs at (xo,g(xo)). Then
C is a circular arc.

Proof. We fix a zg € (a,3). Let C' = {(x,h(z)) € R?; |x — 29| < &} with a small
€ > 0 be the circular arc which coincides with C' up to 3rd-order in = — zg at x = x.
Let (m,n) € R2, R > 0 be the center and the radius of C’, respectively. Therefore for
some o = £1, we have

1/2
hzo + 1) —HU\/m{l_ w}

N - Sy Pt _0(2(x0—m)t+t2)
= oV R = (o )y 2¢/R? — (zg — m)?

a(2(xg — m)t + t2)? _ 0(2(xo —m)t + t2)3

SR = (g —m)® 16\R = (5 —m)2

Hence we get the following:

/ _ U(‘TO —m)
Y/ 2 ey
"(pn) = o B U(xO — m)2
9" (o) R? = (29 — m)? RZ — (zo - m)23
oR?
o R2—(x0—m)23’
" 30(«7;0 - m) 30(%0 — m)3
g"(x0) = — T — =
VR = (@g—m)2’  J/RE=(zg - m)?
30(xg —m)R* 39" (zo)R?

R (59 = m)25 (R2 — (zg — m)2)2’

Thus we obtain a differential equation for g(x):

mo oy 39'(x)g" (x)?
g"(z) = W

9"(@) . _ [39@)g"(z)
/g//(x) dx*/ g’(m)2+1 d ’

g"(z) = Co(g'(x)? + 1)*/2
20
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with some constant Cy. Further

9" () 9'(x)
Cox +Cy = / — ——dr = ————
T @ g@?+1
with another constant C;. Finally we have
Coz + C 1 — (Cox + C1)?

_ do+Cy=—
10 = | Ao T Co

Thus we get an equation of a circle:
(9(z) = Co)* + (z+ C1Cy ') = G2

+ Cs.

O

The proof of Theorem 2.3. Let z = f(z,y) be a C3-function defined in Us, =
{z% +y? < 82} (6o > 0) satisfying (2.1).

(i) Let t(z,y),s(z,y), T(z,y) be the real-valued C'-class functions introduced in the
statement of Theorem 2.3. Since f is a C3-function with f,(0,0) = f,(0,0) = f,,(0,0) =

0, we may assume

41— fy(wo,y0)s(x0,0)) > fo(w0, yo)?s(z0,y0)”
for any (xo,y0) € Us. Hence we can apply Lemma 3.2 to f*(z,y) := f(zo + x,y0 +
y) — f(xo,y0) at x = y = 0. Therefore we have
co+aT+ceT?  C(T(x0,y0); o, Yo)

0 = A = — ,
? 1 — bs(xo,y0) 1 — fy(zo,y0)s(zo,y0)

and the inclusion

(2.11) C {y — yo = T(z0,%0)(z — z0)}
because t(xg, o) + $(xo0,y0)A1 = T(x0,yo). Further, since T'(z,y) is constant on line
segment (2.11), we obtain

(02 + T(20,90)9y)T (x,y) =0 at (zo,%0)-

Thus we obtain equations (2.14).

(ii) Conversely, let T'(x,y) be a real-valued C'-function defined in a neighborhood
of (0,0) satisfying equations (2.14). Take any point (xg,yo) close to the origin, and
consider an integral curve y = () passing through (zo,yo) for the vector field 9, +
T(x,y)0y; that is, ¢(z) is a solution to the following initial value problem for an
ordinary differential equation:

do(x
) ra (e, plao) =
T
Indeed, since T'(z,y) is of C''-class, such a solution uniquely exists. Then, because
dT (z, p(x
% =Tu(z, () + LPI<$)TZ/($7 o) = (To + TTy)y:Lp(z) =0,

we have T'(z, p(z)) = T(x0,y0) and o(x) = yo + T'(z0, yo)(x — o). Therefore we get

O Fao(@) = L (1. p()) + 1, (. 0T (0,10)
=2C(T(z0, yo); 2, () = 2C(T(, y); 7, Y) ly=p(a) = 0-
Hence,
L:=Mn{y—yo="T(xo,y0)(x — z0)}
= {(z, 90 + T(x0,v0)(x — x0), f(z,0(x))}

is a line segment, and T'(z,y) is constant on this line segment. Thus the proof of
Theorem 2.3 is completed.
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Before going to the proof of Theorem 2.4, we prepare some basic results on charac-
teristic polynomials and exceptional circles.

Proposition 3.6. Let z = f(z,y) be a C*-class function defined in a neighborhood of
(0,0) € R2. We assume conditions (2.1), (2.2) for f(x,y) at the origin. Then we have
the following results (i) ~ (iv) on the characteristic polynomial P(t) for the surface
germ M = {z = f(x,y)} at the origin :

(i) P(t) has the following expressions:
P(t) = Z(,0,0)/(co — c2)
= (> 4+ 1)D(t){2t(t* + 1)D'(t) — (5t> + 1)D(t)}
+4(co — )t { (> + 1)E(t) — O(t)*}
= —dg + (—4ci(co — c2) — 6dg + di + 2dodz + 4(co — c2)eg )t
+ (= 8dody + 4dyds + 4dods + 4(co — c2)er )t
+ (= 12¢3(co — c2)ea — 5dg — 2d7 — 4dods + 3d5 + 6d1d3
+4(co — c2)en + 4(co — c2)e2)t*
+ ( — 8dody + 8dads + 4(co — ca)er + 4(co — 02)63)t5
+ (= 12¢o(co — e2)c3 — 3d; — 6dods + 2d3 + 4dyds + 5dj
+4(co — ca)ea + 4(co — C2)€4)t6
+ (= 4dydy — 4dods + 8dads + 4(co — c2)es)t”
+ (= 4(co — c2)c3 — d5 — 2dyds + 6d3 + 4(co — c2)eq)t® + d5t™.
where ¢; 1= ¢;(0,0),C(t) :== C(t;0,0), ete..
(it) Conversely, a real polynomial P(t) = Z;io ajtj 18 a characteristic polynomial of

some non-umbilical surface germ z = f(x,y) satisfying (2.1), (2.2) if and only if
P(t) satisfies the following conditions:

a1 = a9 =0, a5 = ag + ar,
ap <0, ayp 2 0, (3.11)
ag — az +ag —ag +ag —ayg > 0.
(791) P(t) is not identically zero, and so #{t € R; P(t) = 0} < 10. When as = a7 =0
(and so all the odd-degree coefficients vanish), we have #{t € R;P(t) = 0,t #
0} <6.

(iv) There are some examples of characteristic polynomials for non-umbilical surface
germs which have 10 non-zero real distinct roots.

Proof. (For the check of calculations, the readers can employ a mathematica file “check-
fifth1” in our website written in Section 1.)

(7) Since a =b = c¢; =0, we have
R(t)=1+1t* C(t) = co+ cat?,
K(t) = 2t(co + cat?) — 2cot (> + 1) = 2(co — o)t
Therefore,
Z(t;0,0)

= 4(60 — 62)t2((t2 + 1)E( ) C(] + 02t2 3)
Co — C2

+2t(t* + 1)D(¢)((t* + 1)D'(t) — 3tD(t))

+

(t* + 1)D(t)*( — 2(co + c2t®) + (c2 + o) (t* + 1))

22
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(i)

(iid)

(iv)

= 4(co — c2)t?((* + 1) E(t) — (co + c2t?)?)
+2t(t* + 1)D(¢t)((t* + 1)D'(t) — 3tD(2))
+ (#* = 1)(#* + 1)D(t)?
=4(co — e2)t?((* + 1) E(t) — (co + c2t?)?)
+ (2 +1)D(t) (2t(t* + 1)D'(t) — (5¢> + 1)D(2)).

Thus we obtain expression (2.3) of P(¢). Further by a Mathematica program we
get the explicit form of P(t) in the statement.

From the simplified expression of P(t) = Z;io a;t! we obtain

5 4
D (=DFag, + V=1Y (~DFagkr = P(V=1) = 4(co — c2)* > 0.
k=0 k=0
Since a; = ag = 0,a9 < 0,a19 > 0 by the explicit form of P(t), we get conditions
(3.11). Conversely, assume that real numbers ay, ..., a9 satisfy (3.11). Put ¢o =
((CLQ —ag + a4 —ag + ag — alo)/4)1/4 > 0,c0 =0,dyp = \/—7a0,d1 =dy =0,d3 =
y/@1o- Then, by using the explicit form of P(t) we can determine eq, e1, €2, €3, €4 in
turn so that the j-th degree coefficient of P(t) coincides with a; for j = 2, 3,4, 5, 6.
Therefore, since ay = as — az and ag = 4(co — c2)* — (ag — az + as — ag — ap), we
get P(t) = Z;io a;jt7. Thus, the characterization by conditions (3.11) is proved.
The first statement is a direct consequence of (3.11). Suppose that az = a7 =0
(and so all the odd degree coefficients vanish). Put Q(z) := ag + azz + a42? +
a2 + agz* + a192°. Note that a;p > 0,Q(0) < 0,Q(—1) > 0. We have only to
consider the following 4 cases; i) a1p > 0,Q(0) < 0, ii) a1 > 0,Q(0) = 0, iii)
a1p = 0,Q(0) < 0, iv) a1p = Q(0) = 0. In case i), since Q(—o0) = —00, Q(—1) >
0,Q(0) < 0, we have #{z € R; z < 0,Q(z) = 0} > 2. Therefore the equation
P(t) = Q(t?) = 0 has at least 4 non-real roots. Hence #{t € R; P(t) = 0,t #
0} < 6. In case ii), we have #{z € R; 2z < 0,Q(z) = 0} > 1 and Q(0) = 0.
Therefore we conclude that #{z € R; z > 0,Q(z) = 0} < 3. Hence #{t €
R; P(t) = 0,t # 0} < 6. In case iii),we have Q(—1) > 0 > Q(0). Therefore,
#{z € R; 2z < 0,Q(z) = 0} > 1. Hence, #{t € R; P(t) = 0,t # 0} < 6
because P(t) = Q(t?) and degree,(Q(z)) < 4. In case iv), we have P(t) =
t2(ay + ast? + agt* + agt’). Therefore our statement is clear. This completes the
proof of (7i).
Thanks to (i), we have only to find a real polynomial P(t) satisfying (3.11) with
ap < 0,a10 = 1 such that P(t) has 10 non-zero real roots x1, ..., Tz, y1, Y2, y3. Put

S1:=Y1+ Y2+ Y3, S2:=Y1Y2 +Y2Y3 + YY1, 83 = Y1Y2Ys,

and
9; = Z Ty " Tk
1<k <ka<--<k;<T

for j =1,...,7. Therefore ag, ..., a9 are written as follows:

ag = 8397,

ar = —(s297 + $396),

a2 = 5197 + S296 + 5395,

ar = (—=1)*(g1o—k + $199— + S2gs—k + S397—k) (3 <k < 6),

a7 = —(g3 + 5192 + 291 + s3),

ag = g2 + s191 + S2,

ag = —(g1 + s1).
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Consequently by the three equations 0 = a; = ag = a5 — a3 — a7 we get
s1=—g1, s2=96G2(9)/G1(9), s3=—97Ga(9)/G1(9),
where
G1(9) = 9196 — 9396 + 9596 — g7 + G297 — gagr,
G2(9) == 9192 — 95 — 9194 + 95 + 9196 — 7-

Hence the two inequalities ag < 0,a9 — a2 + a4 — ag + ag — 1 > 0 are written as
follows:

— 97G2(9)/G1(g) <0,
~ (9196 — 97)((91 — 95 + 95 — 97)* + (1 — g2 + 91 — 6)*) /G (9) > 0.
Therefore conditions (3.11) are all satisfied if
G1(9)G2(g9) >0, Gi(g)Gs(g) >0
with Gs(g) := g7 — g196. On the other hand, y;,ys,y3 are the roots of

$1\3 S
0=y3—slyz+82y—83=(y—§l) —3p(y—§1)+q

with p = (s — 352)/9, q¢ = (95182 — 253 — 27s3)/27. Hence y1, y2,ys are all real,
and distinct from each other if 4p® — ¢% > 0; that is,

—G2(9)Gal9)/(27G1(9)*) > 0,

where

Ga(9) == —gi9208 + 4919398 + 919396 — 89192939¢ + 97929398
+ 49398 — 919396 + 919495 — 897929494 + 891939498 — 93939498
+ 4979398 — 939598 + 891929598 — 93929598 — 8939596
+ 297939598 — 891949596 + 91949590 + 49598 — 19398 — 9196
+ 8979295 — 8919396 + 959396 — 8939496 + 8919596 — 939596
+ 49796 + 4979597 — 1793929597 — 93959897 + 1791939897
— 891939897 + 1997 92939697 — 1891959697 + 497959897
+ 1793 949897 + 29392049697 — 1993 93919897 — 93939697
— 1743959597 + 891959597 — 199192959597 + 3691939595 97
— 89793959697 + 1997 94959897 — 1891939597 + 497939597
— 16979397 — 891929497 — 91929497 + 8939897 + 1797 939497
+ 891949097 + 93919597 — 8959597 — 1793959097 — 8919497
— 8919697 + 4597929692 + 891929697 — 1893939692 — 4591939697
+ 897939697 — 99192939697 — 89192939695 + 27959697
— 4597949697 — 891949697 + 369792949697 + 99193949697
+ 89793949697 — 1897939697 + 4591959697 — 895959697
+ 99192959697 + 89392959697 — 5493959697 — 99194959695
— 89794959697 + 27939697 + 62919597 — 1797929597
— 4591939397 + 1797949397 + 4591959597 + 49597 + 49797
3 2 3

— 27919295 — 8939295 + 27919595 + 4939595 + 279395 — 27929395

+ 27919493 + 8939497 — 5491929495 — 85929495 + 27939495
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+27919397 + 4979197 — 279597 + 27929597 — 27949597
— 72919697 + 4591929697 + 27939697 — 4591949697 — 27959697
+ 2797 — 279297 + 279497
Consequently, we have only to find some real numbers x1, ..., z7 such that

G1(9)Ga2(g) >0, Gi(g9)G3(g) >0, Gu(g) <0

Indeed, we can find such examples z;’s by using “FindInstance” command in
Mathematica program, though we must input at least the four values x1, ..., x4
by trial and errors (otherwise, the procedure never stopped for the seven values).
In this way, we found that

Al :1, x2:—2,x3:2, 3;‘4:3, 1‘5:4, .1352—10, 377:1/10

satisfy G1(g) > 0, Ga(g) > 0, Gs(g) > 0, G4(g) < 0. Thus we obtain the
corresponding values of ag, ..., a1¢:

o 382464 0 2505121816 3062378874
7 76090197 Tt TP 15225475 0 0T 3045095
L _ 20627935751 5493568311 14502009729
T 15225475 0 T T 6090190 ° ¢ 60901900
1831189437 4181509819
ar = —(———, ag = ——(——, a9:07 alO:]-a
6090190 60901900
which satisfy as — (as+a7) =0, ag —ag+ a4 —ag+ag —1 > 0. Further the roots
of Zj —00; X7 =0 are

~10, -2, 1/10, 1, 2, 3, 4, —0.0519793, 0.13882, 1.81316,

where the last three numbers are the approximation values.
O

Remark 3.7. As we stated in Definition 2.1, there are 16 choices of Euclidean coor-
dinate systems for a non-umbilical surface germ z = f(x,y) satisfying conditions (2.1),
(2.2). Let (z,y,z) be such a coordinate system. Then 2’ = o1,y = o2y,2’ = 032
or ¥’ = o1y,y = o091,z = o3z for any o1, 09,03 € {£1} are also such a system. To
get all the variations of P(¢) for a non-umbilical surface germ, it is sufficient to see the
change of P(t) under 4 fundamental transformations; (z,y, z) — (—=z,v, 2), (z,y, z) —
(z, -y, 2),(x,y,2) — (x,y,—2), and (z,y, 2 ) (y,z,z). Under x — —z, we have
Ct) — C(),D(t) — —D(=t),D'(t) — ( t),E(t) — E(—t). Hence, P(t) —
P(—t). Under y — —y, we have C(t) — C(t),D(t) — D(-t),D'(t) — —D'(—t),
E(t) — E(—t). Hence, P(t) — P(—t). Under z — —z, clearly P(t) — P(t). Under
(x,y) — (y,z), we have C(t) — t2C(1/t), D(t) — t3D(1/t), D'(t) = d1+2dat+3d5t* —
dy + 2d1t + 3dot? = 3t>D(1/t) — tD'(1/t), E(t) — t*E(1/t). Therefore,

P(t) — (£ + 1)*D(1/t) (2t(t* + 1)(3t>D(1/t) — tD'(1/t))
— (582 + 1)ED(1/t)) + 4(c2 — co)t? ((£* + L)' E(1/t) — t°C(1/t)?)
—t0P(1/t).
Thus, all the variations of P(t) are { P(+t), —t°P(+1/t)}. In this sense, P(t) is essen-
tially unique for a non-umbilical surface germ.

The following lemma is concerning circles contained in the tangent plane of the
surface; for example, M is a torus defined by M := {(y/22 + 2 — R)? + 2% = r?} and
circles Cx = {z = +r,2%2 + y?> = R?} for 0 < r < R.
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Lemma 3.8. Let f(x,y) be a C*-function defined in a neighborhood of the origin
satisfying conditions (2.1), (2.2). Let
3 4
o o 4
fl@y) = cor® +eay® + > dja® Iy +3 ejat Iy +o(Va2 +y?)
j=0 §=0
be the Taylor expansion of f at the origin. Set a surface germ M = {z = f(x,y)}
at the origin, and the tangent plane H = {z = 0} of M at the origin. Suppose that
M N H includes a circular arc C = {z = 0,y = az + B(x? +y?), 22 + y? < §2} for some
a, 3,0 € R with 8 # 0,0 > 0. Then we have
co + ca0? =0,
2ca3(1 + a?) + D(a) = 0, (3.12)
c2(1 4 a?)(1+5a2)32 + (1 + o?)BD (o) + E(a) = 0.
In particular we have P(a) = 0. Further, if a # 0, then (3 is uniquely determined by
a and D(a) # 0,¢2 # 0. If a = 0, then we have dy = ¢y = c23? + d18+ e9 = 0 and
ca #0. Here, D(t), D'(t), E(t), P(t) are the polynomials introduced in Definition 2.1.

Proof. (For the check of calculations, the readers can employ a mathematica file “check-
fifth1” in our website written in Section 1.) We solve y = ax + 8(z2 +y?) with respect
to y in a neighborhood of the origin as follows:

y(z) = % {1 —/1- 4(aﬁ+ﬁ2m)x}

=azr + (B +a?B)2* + (2a8° + 2°5%) 23
+ (8% + 6023% + 52133z + o(z?).

Hence we have
0= f(z,y(x))

= coz? + cof{a + (B4 2Bz + (208 + 20 32) 2} 22 + doa®
+di{a+ (B+a?B)x}a® + do{a + (B + ?B)x}a®
+ds{a+ (B +a?p)z}3a3
+ (eo + e1a + e20? + e3a® + eqat)x? + o(x?)

= (co + c20?)2* + (2c208(1 + ) + D(a)) z*
+ (e2(1 4 a®) (1 +50%)8% + (1 + a*)BD’ (@) + E())z”* + o(z?).

Therefore by picking up the coefficients of 27 in both sides for j = 2,3,4 we obtain
(3.12). Multiplying the third equation of (3.12) by 4a2(1 + a?)co, we get

0 =(1+50%)(2c30(1 + a*)8)* + 2a(1 + o) D' (@) (2c20(1 + a?)3)
+ 40 (co 4 co0®)E(a)
=(1+5a%)D(a)? - 2a(1 + &*)D(a) D' (a) — 4(cy — c2)a* E(a)
=~ P(a)/(1+0a?).

Hence we have P(«) = 0. Further, the other statements directly follow from (3.12)
and ¢g — co # 0. Thus the proof is completed. a

The proof of Theorem 2.4. After a suitable rotation, we can write M = {z =
f(x,y)} with a C*-function f(z,y) defined in a neighborhood of the origin of R? sat-
isfying conditions (2.1) and (2.2). Put

C :={C; Cis a circle or a line in R?
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such that (0,0,0) € CNUs C M for a § > 0},

where Us = {(v,y,2) € R® ;22 + y? + 22 < 62}. We choose a tangent vector
(uc,ve,0) € R*\ 0 to C for each C € C. Further we choose a non-zero vector
(rc,yo, 2c) € R? satisfying
{zcx+ycy+2¢2=0}DC

for each circle C' € C. In particular, xcuc + ycve = 0. Note that C is decomposed
into a direct sum U?:l Cj:

C1 :={C € C;Cis a circle with ¢ # 0,yc # 0},

Co :={C € C;C'is a circle with ¢ = 0, y¢o # 0},

Cs := {C € C;Cis a circle with ¢ # 0,yc = 0},

Cy:={C € C;Cis a circle with ¢ = yo = 0, ucve # 0},

Cs :={C € C;C'is a circle with ¢ = yo = vo = 0},

Cs :={C € C;C'is a circle with ¢ = yo = uc = 0},

Cr :={C € C;Cis a line with ucve # 0},

Cs :={C € C;C'is a line with vc = 0},

Co :={C € C;Cis a line with uc = 0}.

Let P(t) be the characteristic polynomial for the non-umbilical surface germ M at the
origin. Then, we can define a mapping

®:C>Cr—uvc/uc € K:={teR; P(t)=0}U{oo},

where we define ®(C) := oo if ug = 0. Indeed, for a circle C € C; UCy we obtain
O(C) = —z¢/yc € K by (i) of Theorem 2.2, and for a circle C € C4 U C5 we obtain
®(C) = ve/uc € K by Lemma 3.8. Further, for a line C € C, ®(C) = vo/uc € K by
(i) of Theorem 2.2 because C C M N {y = ®(C)z}. We give the proofs corresponding
to the values of dy,ds, cg, co, €g,e4. Before going to each case, we note the following

facts (a)~(f):
(a) If C2UC5 UCg # 0, then dyg = 0 because 0 € K and so 0 = P(0) = —d3? by
Proposition 3.6. In the same way (after exchanging the roles of z and y), we have
ds =0if C3UCsUCy # 0.
(b) By (i) of Theorem 2.2 we know that
P:C—- K, ¢:Cr— K
are injective, respectively, and that
B(C1) C Ky = {t € R; P(t) = 0,C() £0,1 £ 0},
D(C;) CKy:={teR; P(t)=C(t) =D(t) = E(t) =0,t # 0}.
(¢) By Lemma 3.8, we know that
b:Cy - K
is injective, and that
D(Cy) CKs:={teR; P(t)=C(t)=0,D(t) #0,t #0}.
(d) If Cy # 0, then ¢y # 0 and #(Cs) < 2. Indeed, let C be a circle belonging to Cs.
Then, by (i) of Theorem 2.2, ¢g = C(0;0,0) # 0, and such a C is locally written

as C = M N {y = sz} with some s € R in a neighborhood of the origin. Therefore
by (3.5) of Proposition 3.3 we have

2 2
c2(cy — c)s® + codys +eg —cg =0
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because tc =T = a =b = c¢; = 0 in our case. Since ¢y # 0,co — c2 # 0, we have
#(Co) < 2. In the same way (after changing the roles of z and y) we have that, if
Cg # @7 then Co # 0 and #(Cg) < 2.

(e) If C5 # 0, then by Lemma 3.8 we know that ¢g = 0,c2 # 0 and #(C5) < #{0 €
R; 282 +dif +ey = 0,8 # 0}. In the same way (after changing the roles
of  and y) we have that, if Cg # 0, then we know that ¢ = 0,¢9 # 0 and
#(Co) < #{B €R; coff® +daf+e4 =0, # 0}.

(f) If Cg # 0, then by (i) of Theorem 2.2 we have that ¢y = dy = ep = 0, and that
#(Cs) = 1. Indeed #(Cs) = 1 because C € Cs is just the line {y = z = 0}. In the
same way (after changing the roles of x and y) we have that, if Cg # ), then we
have that co = ds = e4 = 0, and that #(Co) = 1.

Hereafter we enter the case-wise proofs (i)~(xii).

(i) (dods #0). By (a), we have C2 UC3 UC5 UCg UCs UCy = 0. Further, by (b) and
(c) we have

3
#(CLUCIUCr) <> #(K;) = #(K1 UKy U K3) < 10
j=1

because K1 UKy UKy C {t € R; P(t) = 0,t # 0} and K, Ko, K3 are mutually
disjoint from each other. Hence #(C) < 10.

(i) (dp =0,d3 # 0,co # 0). By (a), we have C3 UCs UCy = ). Further, by (b) and (c)
we have an injection ® : C; UC4UC; — K1 UK3UKj3. Since dy = 0, by Proposition
3.6 we know that P(t) has the form P(t) = t2Q(t) with some polynomial Q(t) of
degree at most 8. Therefore,

#(CL1UCLUCr) < #(K1 UKy UK3) <#{t€R; Q(t) =0} <8

Since ¢g # 0, we have C5 UCs = 0 by (e) and (f). By (d) we have #(C2) < 2.
Hence we have #(C) < 8 +2 = 10.

(iii) (do = 0,ds # 0,¢0 = 0,e9 # 0). By the same argument as in (ii), we have
C3UCgUCy = B and #(C; UC4UC7) < 8. Since ¢g = 0,eg # 0, we have CoUCg = ()
by (d) and (f). On the other hand, by (e) we have #(C5) < 2. Hence we have
#(C) < 8+2=10.

(iv) (do =0,ds # 0,co = eg = 0). By the same argument as in (ii), we have C3 U Cg U
Co = () and #(C1UC,UC7) < 8. Since ¢y = 0, we have C3 = () by (d). On the other
hand #(Cs) < 1 by (f). Further #(C5) < #{8 € R; 20° + dif +eo = 0,0 #
0} <1 by (e) because ¢ # 0,e9 = 0. Hence we have #(C) <8+ 141 =10.

(v) (do # 0,d3 = 0,c2 # 0). By the same argument as in (ii) (after exchanging the
roles of z and y) we have #(C) < 10.

(vi) (dp #0,d3 = 0,c2 = 0,e4 # 0). By the same argument as in (iii) (after exchanging
the roles of z and y) we have #(C) < 10.

(vii) (do # 0,d3 = 0,¢5 = e4 = 0). By the same argument as in (iv) (after exchanging
the roles of z and y) we have #(C) < 10.

(viil) (do = ds = 0,coca # 0). By (b) and (¢) we have an injection ® : C; UC4 UCr —
K1 UKy U K3. Since dg = d3 = 0, by Proposition 3.6 we know that P(¢) has the
form P(t) = t2Q(t) with some polynomial Q(t) of degree at most 6. Therefore,

A(CLUCLUC) < #(K UK, UKy) < #{t € R; Q(t) =0} <6

because K1 UKy U K3 C {t € R; P(t) = 0,t # 0} and K1, Ko, K3 are mutually
disjoint from each other. Since cocy # 0, we have C5 UCs U Cg UCy = 0 by
(e) and (f). Further, by (d) we have #(C2) < 2,#(C5) < 2. Hence we have
#(C) <6+2+2=10.
(ix) (dp =d3 =0,c0 =0,c2 # 0,e9 # 0). By the same argument as in (viii) we have
#(C1 UC4UC7) < 6. Since ¢ = 0, caeq # 0, we have Co UCg UCg UCy = 0 by (d),
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(e) and (f). On the other hand #(C3) < 2,#(C5) < 2 by (d) and (e). Thus we
have #(C) <6 + 2+ 2 = 10.

(x) (do =d3 =0,c0 =0,c3 #0,e9 = 0). By the same argument as in (viii) we have
#(C; UC4UCy) < 6. Since ¢g = 0,c2 # 0,e9 = 0, we have Co UCg UCy = 0 by
(d), (e) and (f). On the other hand #(C3) < 2,#(C5) = {B € R; 28> + d18 +
eo = 0,8 # 0} <1 by (d), (e) and eg = 0. Since #(Cs) < 1 by (f), we have
#(C) <6+2+1+1=10.

(xi) (dg = d3 = 0,¢c0 # 0,c0 = 0,e4 # 0). By the same argument as in (ix) (after
exchanging the roles of z and y) we have #(C) < 10.

(xii) (dop = d3 = 0,¢9 # 0,c2 = 0,e4 = 0). By the same argument as in (x) (after
exchanging the roles of z and y) we have #(C) < 10.

There are no cases with ¢y = ¢a = 0 because ¢y — ¢ # 0. Thus the proof of Theorem

2.4 is completed.

4. THE SYSTEM OF FIFTH ORDER PDE’S
—THE PROOFS OF THEOREMS 2.6 AND 2.7—

The proof of Theorem 2.6. (For the check of calculations, the readers can employ
a mathematica file “check-fifth1” in our website written in Section 1.) To prove the
former part of the statement, we have only to prove the equivalency between the fifth-
order equation for f:

5
AV 24N(T)
TIHs—I§I — .
2 () rorseisen = pirizr
and the first order equation for T":
_ 25(1)
(02 + T(2,y)0,)T (z,y) = w(T)

under conditions
Z(T(x,y);x,y) = 0, T(0,0) # 0, Z'(T(0,0);0,0) # 0.
In fact, applying (9, + T'(x,y)0y) to Z(T(x,y);z,y) = 0, by the definition (2.16) of
N(T) we get
0= Z/(T(‘T7 y); Z, y) ) ((a$ + T('T7 y)(?y))T(:v, y)
+ (6$ + Tay)Z(T7 Zz, y)|T:T(z,y)

25(T(z,y))
K(T'(z,y))

2T (e, y):2.y) ((am T, )0,)T ()

_ K(T)*R(T) 9\ i 45— 4
= RT(,) ( NI+ =5 Z<j>T O 0] ) s
2500,

+ Z'(T(z,y);z,y) ((&p +1(w,y)0y))T(,y) = K(T(z,y))

Therefore, since K (7'(0,0);0,0) = 2(c(0,0) — ¢2(0,0))T(0,0) # 0, we get the equiva-
lency of two equations. In order to get the explicit form of N(T'), from the definition
of N(T'), we have

=Z'(T(x,y);2,y) + (0 + TOY) Z(T; 2,Y) | 7=1(2,9)

5
=0

N() = - K@) 0.+ Tozm) - F I S (%) Tjai‘jaif)
=0
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—28(T)Z'(T)
=~ K(T) (Lr[2(T)] = K(T)*R(T)Lr[E(T))) - 28(T)Z(T).
Hence we have only to show that
N(T)+ K(T) (Lr[Z(T)] — K(T)*R(T)Ly[E(T)]) + 25(T)Z'(T) = 0,

where N(T) is the polynomial given in the statement of this theorem. We can check this
equality by using a Mathematica program. Indeed, since Lp[+] satisfies the Leibnitz
rule
Lr[F(T)G(T)] = Lr[F(T)]G(T) + F(T) Lr[G(T)],

we can calculate L1 [Z(T)] as a derivative in a fictional variable w; that is, after replacing
a,b,RT,RT1,CT,DT,DT1,ET,... by alu], blu], RT[u], CT[u], DT'[u], DT1[u], ET'[u],

.. in the expression of ZT', we take the derivative of ZT in u. Here RT, RT1,CT, DT,
DT1,ET, ZT, ... are the notations for R(T'), R'(T),C(T), D(T),D'(T),E(T), Z(T), ...
in the mathematica program, respectively. Then, in the expression of the deriva-
tive of ZT in u, we replace a'[u],a[u],b'[u],b[u], RT'[u], RT'[u], CT'[u], CT[u],... by
Lrla],a, L7[b],b, Lv[R(T)], RT, Lr[C(T)],CT, ..., respectively. Further, we can calcu-
late Z/(T') in a similar way. At the last step of the proof, we use the explicit forms of
R(T), R(T), R"(T),C(T),C'(T),C"(T), K(T), K'(T), K"(T), D(T), D'(T), D"(T) s
polynomials in 7. In the expression of N(T'), it is clear that the first term
—5R(T)K(T)?E'(T)[R(T)D(T) — 2(bT + a)C(T)?] is independent from other terms.
Further this term has degree 14 in T. Hence the degree in T of N(T) is 14. This
completes the proof.

The proof of Theorem 2.7. By Theorem 2.6 we have the following system of
differential equations for f(z,y):

Z(Tk(l',y)) =0, Tk(070) = ty,

5

o 550 gy = — 24N Tk(2,y))
j;) (j)Tk(x,y) %0 @Y) = B VK Tz g) P (4.1)
(k=1,2).

First, we claim that this system is an analytic elliptic system of fifth-order equations
for f. To do so, we note that the k-th differential equation is an analytic quasi-linear
equation with the fifth order principal symbol

(f + Tk(l‘, ?J)Tl)5,
where &, 7 are the symbols for 9, d,, respectively. Indeed, Tj(x,y) is an analytic func-
tion of V f, V2 f, V3 f, V4 f through the equation Z(Ty(z,y); x,y) = 0 with Z(T}(0,0);0,0) =
0,7'(T%(0,0);0,0) # 0. Further, under T3 (0,0) # 75(0,0) we find that system (4.1) is
elliptic because

{(&n) € R (§+Ta(w,y)n)° = (€ + Ta(w,y)n)” = 0} = {(0,0)}

in a neighborhood of = y = 0. Therefore, by the well-known regularity theory for non-
linear elliptic equations we have the analyticity of f(z,y) at the origin. For example,
we can apply the regularity theorem due to C. B. Morrey Jr. [6] to the following single
(but complex-valued) quasi-linear elliptic equation for f:

5

3 @Tl(x y)85=i0) +\/_Z( )T2 85909 | f(zy)

=0

_ 24N(T1 ($7 y)) — 24N(T2 ($7 y))
~ R(Ti(a,y) KT (0,9)° HR(TQ(Ivy))K(Tz(I,y))S’
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where each Tj(z,y) is written as 7,(Vf, V2f, V3f, V4f) with some analytic func-
tion 7, of Vf, V2f, V3f, VAf satisfying Z(mi;2,y) = 0. In order to show the fi-
nite dimensionality of the solution space, we introduce some differential operators
Lye(03,0y; f) (k=0,1,....¢, £=9,10,...) of order ¢ as follows:
5
Lk@(a:m ay; f) = (aw + tlay)€_5_k(a$ + t28y>k Z (])Tl (1‘7 y)jaf:_JaZ

3=0
for 0 <k <{¢-—5, and

Lie(0z, 0y ) 1= (0 + 110y) 77 (0 + 120,)F~ 52()1“2 (z,y)9;770)

7=0
for £—4 < k < {. Here we note that the principal symbol of Lj¢(05,0y; f) at z =y =0
is
(& +tan) F(E + tam)*. (4.2)
Then the solution f to (4.1) satisfies the following system of ¢ 4+ 1 quasilinear analytic

differential equations of order ¢:
Lkl(azv 8@/7 f)f =

s 24N(T1(l',y))
(0 +118y) 7270y + t20,)" <R(T1(x, y))K(T1<x,y))3)

ka(arvay; f)f =

) - 24N (Tz(,y))
(O + 010, (0 + 120)* ™ (R(Tz(gc,y))K(Tg(m,y))?’)

(L—4<E<Y).
Recalling (4.2), for any £ > 9 we can find all the derivatives

(0p +t10,)%(0: +120,) 7 £(0,0) (0< k<)
from (020; f(0,0); p+q < £ —1). Therefore, since t; # t2, we can find inductively all
the derivatives of f at the origin only from (959] f(0,0); p + ¢ < 8). Hence we know
the finite dimensionality of the solution space f. Further, by more precise arguments,
we know that (0207 f(0,0);p + g < 8) are determined only by A and B, where

A= (0707£(0,0); p+q < 4),
= (82 + t10y)P (85 + 120,)7£(0,0); p,g <4, 5<p+q<8).

Indeed, since (4.3) hold for (¢,k) = (5,0),(5,5) (that is, the original equations), we
can find

(0 +110y)F (0, +20,)°F £(0,0) (0 <k <5)
from the values A and B (see Figure 4). Therefore we get the values

Cs := (020, f(0,0); 0<p+q<5).

Then, since (4.3) hold for (¢, k) = (6,0), (6,1), (6,5), (6,6), we can find
(0 +110y)" (0, +20,)° ¥ £(0,0) (0 <k <6)

from the values A, B, C5. Repeating this argument up to ¢ = 8, we can determine
finally
9205 f(0,0) (0<p+q<38)
only by A and B. Since f(0,0) = f,(0,0) = f,(0,0) = fz,(0,0) = 0, and t1,ts are
functions of A, we know that the solution space f is classified by (15 — 4) + 10 = 21
real parameters.
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FIGURE 4. The lattice of (p, q).

5. GENERAL CYCLIDES AND THE PROOF OF THEOREM 2.10
Before giving a proof of Theorem 2.10, we introduce some results on general cyclides.

Proposition 5.1. Let z = f(z,y) be a C*-function defined in a neighborhood of the
origin satisfying conditions (2.1), (2.2). Assume that M = {z = f(x,y)} coincides
with a general cyclide as a surface germ at the origin. Then we have

2dody — dide — dods —2dads + didg + dods
= B €3 =

Co — C2 3 Co — C2

at (0,0). Here cs,d, e, are the derivatives of f(x,y) introduced in Definition 2.1.
Conversely, if f satisfies conditions (5.1), then there is a unique germ of a general
cyclide M’ such that the local defining function z = g(x,y) of M’ coincides with z =
f(z,y) up to the fourth-order derivatives at (0,0).

(5.1)

€1

Proof. (For the check of calculations, the readers can employ a mathematica file “check-
fifth2” in our website written in Section 1.) Since the expression (1.1) is invariant under
translations and rotations, we can assume under (2.1) that z = f(x,y) is equivalent to
the following:

z = y112° + y22y® + 13327 + 273122 + 273292
+2(2% + 92 + 2%)(Brz + Bay + B32) + a(x? +y? + 22)?, (5.2)

where 11, Y22, Y33, V31, V32, 01, B2, 03, & are some 9 constants. We write the Taylor
expansion of f(z,y) at (0,0) as follows:

f(z,y) = cox® + coy® + dox® + dyz?y + dowy® + d3y®
+eort + erx’y + eax?y® + ezry’ + eay + o((2? +¢%)?).
Therefore we have
cox? 4 coy? + dox® 4+ dyz?y + doxy® + dsy®
+ 60:104 + elx?’y + egm2y2 + egxy3 + e4y4
= 71122 + Y2297 + Y33(c07® + c2y?)? + 29312(cox® + coy® + doz®
+ dy2*y + doxy® + dzy®) + 2930y (cox? + coy® + dox® + dizPy

+ doxy?® + d3y3)
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+2(2” + y? + (cox® + 2y°)?) (Brx + Boy + Bs(cor” + c2y?))
+ a2+ 4 + (cor® + cay®)?)’ + o((2 + y*)?).
Hence by comparing the coefficients in both sides we obtain the following equations:
Co =711, C2 = Y22,
do = 2y310c0 + 201,  di = 273200 + 232,
dg = 23100 + 201, d3 = 273202 + 20,
eo = Y33¢ + 2y31do + 2B3¢0 +
e1 = 2y31dy + 2732do,
ea = 27933¢0C2 + 27v31da + 2v32d1 + 203(co + ¢2) + 2a,
e3 = 2731d3 + 27732da,
es = Y335 + 2323 + 203¢2 + .

Therefore we get

_ do=de g coda = cado
731—2(60_02), 1= 2(00—02)’
_ imds g cods —cody
732_2(00702)’ 27 2(60702) ’

and equations (5.1). Conversely, under (5.1) we put 031, 82,731, V32 as above, and

Y11 = Co, 722 = C2,
(CO — 62)(60 —es + 64) — (d() — d2)2 + (d1 — d3)2

Y33 =

(co —¢2)? ’
By = (co + c2)ea — 2caeq — 2cpeq  2c2d3 + (co + c2)(d3 — d?) — 2cod?
2(00 — 02)2 2(00 - 02)3
(3co + c2)dids — (co + 3c2)doda
2(co — 2)3 ’
_ C3eg — cocaes + cfes  coca(di — d3) — c3dg + cjd3
(co — c2)? (co — c2)?
n (Co + CQ)(-Codldg + Czdodg) .

(co —c2)?
Then (5.2) is the unique cyclide which coincides with M up to the fourth order in (z,y)
atzx =y =0. ]

Proposition 5.2. We inherit the notation M, f(x,y) with the assumptions from Propo-
sition 5.1. Then the characteristic polynomial P(t) at the origin for M has the following
form:

P(t) = —d3 + (—4cy + 4cdcy — 6d% + d? + 2dgdy + 4cpeg — deaeg)t?
+ (= 12¢fes + 12¢5c3 — 5dg — 2d} — 4dods + 3d5 + 6d1ds — deaeg
— desen +4eg(eg + €2))t! + (= 12¢3c3 — 3dT — 6dods + 2d3
+ 4dyds + 5d3 — degey — degey + deo(3c3 4 en + 64))t6
+ (—4cocs + 4cy — di — 2dyds + 6d3 + degeq — degey)t® + dit10,
where ¢y, Ca,dx, e, mean their values at © = y = 0. In particular, we have #{t €
R; P(t) =0,t # 0} <6.
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Proof. (For the check of calculations, the readers can employ a mathematica file “check-
fifth2” in our website written in Section 1.) This form is directly obtained from the
explicit one in Proposition 3.6 and conditions (5.1). Further, since all the odd degree
terms of P(t) vanish, we have #{t € R; P(t) = 0,t # 0} < 6 by Proposition 3.6. [

Example 5.3. Let M be a six-circle Blum cyclide
(22 + 9% + 2%)? — 2a2? — 2by? — 2¢2® + d* =0, (5.3)

such that a,b,c,d are real numbers satisfying a > ¢ > d > 0, b < —d. Then the

characteristic polynomial at (0,0, 02V ¢+ 01V 2 — d?) with o1 = +1,05 = %1 is given
by

(a—b)(b—c)(d—0b)(d+ b)t2
4(c? — d?)2(c+ 014)?

2 a—c 2 a—d o a+d
X<t c—b)(t d—b)(t —b—d)'

Indeed, since 22 satisfies

P(t) =

P2=c—a2? -y’ + o1/ —d?+2(a—c)a?+2(b— c)y?

in a neighborhood of (0, 0), we have

Z:O'Q\/C*ZL'Z — 24 o1/ —d?+2(a—c)a?+2(b— c)y?
(a—c)x® + (b—c)y?

202(6—1'2—y2+01€<1+

72
a— c)x? —c)y?)? 1/2
_ (( ) 2—;4(1) )y ) +O((.’E2 +y2)2)>) /

—_c— 2 _ e 2
202m(1+(a C 01():17 +(b C Ulf)y

o1l(c+ o1¥)
a — c¢)x2 — )y?)?
_ (( 20)163(4c’ib0’1€))y ) +O((f£2 +y2)2))

—c— 2 o 2
:Uzm(1+(a c—o1l)z® + (b—c—o1l)y

1/2

201£(C+01£)
_ ((a=c)z® + (b - )y?)?
40103(c + 014)
a—Cc—0q .’ﬂz —C— 01 2)? 2 212
- sge)%ci(able)z WL ot ).

where ¢ = +/¢? —d?. Therefore f(z,y) := z(z,y) — o2v/c+ 1€ satisfies conditions
(2.1), (2.2), and so we have the following Taylor coefficients at the origin:

o — 0'2(01(0—6) —E) ) — Jg(Ul(b—C)—Ae)
’ 2/crol 20\/c+ o1l
201(a —¢)*(c+ o1f) + l(a — ¢ — 01()?
863\/ct ol
201(a—c)(b—c)(c+ 01€) + L(a — c— 01£)(b— c — 01¥)
AT ol
201(b—c)*(c+ o1l) + £(b — ¢ — 010)?
803\ /c+oil
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and all the other coefficients up to the fourth order vanish at the origin. Hence the
characteristic polynomial at (0,0, 09V ¢+ o1V c? — d?) is

P(t) = 4(co — ¢3)t2 ((t2 1) (eo + eat® + est?) — (co + 02t2)3)

_@=h)b-9d=b)[d+b) ,
42— 2)2(c+ 010)2

s a—c 2 a—d o a+d
X<t c—b><t d—b)(t —b—d)'

In particular we have the 6 non-zero real roots for P(t) = 0. (For the check of calcula-
tions, the readers can employ a mathematica file “check-fifth2” in our website written
in Section 1.)

In K-T [4] (also see Blumcircles-parameter.pdf, Blumcircles-parameter.nb in our
website written in Section 1), we obtained the concrete expressions of the six continuous
families of circles on some Blum 6-circle cyclides with the explicit forms of T (z,y) (j =
1,...,6), which are given as follows:

Proposition 5.4. Let M be the siz-circle Blum cyclide given at (5.3). Then for each
non-zero real root of P(t) = 0, we have a continuous family of circles in a neighborhood

of (0,0,09V ¢+ o1V c? — d?) with 01,09 = £1. In fact, we have the siz non-zero real

T001S:
la—c a—d a+d
+4/—, =+ + .
c—b’ \/d—b7 \/—b—d
(i) For the characteristic roots £+/(a — ¢)/(c —b),

with v1 = /(a — ¢)(c — b)(c — d2) we have

tl,:l:(xvy) = Tl,:l:(‘rvy)7 Sl,:l:(xay) = 07
and
Tl,:i:(x7y) =
—2(a —¢)(c = b)zy Fviy/c® — d? +2(a — c)2? 4+ 2(b — ¢)y?
(b—c)(c® — d? +2(a — c)a?) '

(ii) For the characteristic roots £+/(a — d)/(d —b),
with vy = \/2(a — d)(d — b)(c — d) we have

tQ,:I:(xay) =

{2(b — ¢)(a— d)ayz F or09vs( — by? — 22
+ @yt + 22+ 20) a0 - o+ 2+
+22) = 2(a — 0)2?) F oroavamy(a? + P + 2% — b)},
S2,4(,y) =
{(c — d)y((b— d)(d+2° + y* + 22) + 2(a — b)z?)
+ oroavprz(z? + 1 + 22 — c)}/{(d —0)2((d— c)(d+ 22 +y?
+22) = 2(a — 0)2?) F oroavamy(a® + 12 + 2% — b)}.

Further Ty.+(z,y) = Pa.y(2,9)/Qa(x, y) with

P2,:|: (Iv y) =
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xy{ — (¢* = d*)(3ab — 2ac — 2bc — (a + b — 4c)d — d°)

+2(a —¢)( — 2ab+ ac + 2bc + (a — 3¢)d + d°)2?
+2(b—¢)(— 2ab+ 2ac + be + (b — 3c)d + d*)y?

+ o1/ —d2 +2(a—c)z2 +2(b — c)y? (2c¢*(a + b) — 3abe

+ (ab + ac + be — 4c?)d
—(a+b—c)d®+d®+2(a—c)(b—d)z? +2(b— c)(a — d)yz)}

+ 0’1’1}2\/0— 22 —y2 + o1/ —d?+2(a— c)x? + 2(b — c)y?
{01 Ve —d2 +2(a—c)x? +2(b— c)y? (= d*+ (a—c)2®

+(b—1c)y 2) +e(c® —d®+2(a—c)z® +2(b— c)y2)},

(z
— (b d)(c d)*(2c +d)(c+d)
(b d)(d — ¢)(6ac — 7¢* + 4(a — ¢)d + d*)z*
—¢)(b—d)(c—d)Bc+ d)y* —2(a —¢)(b—d)(2a — 3¢ + d)x*
—¢)( = 2ab + ac + 2bc + (a — 3¢)d + d*)2*y*
— o1/ —d?+2(a—c)2? +2(b — c)y?
x {(b—d)(c—d)(2c— d)(c+d)
+ (b—d)(4ac — 5¢® — 2(a — c)d + d*)z* + (b — ¢)(b — d)(c — d)y*
—2(a—¢)(b—d)z* —2(b—c)(a — d)z*y*}.
(iii) For the characteristic roots =v/(a +d)/(—d —b),

setting vz = \/2(a + d)(—b — d)(c + d) we have a similar expression to (ii) (only
replace d in (ii) by —d). We omit the detailed forms of T5 1 (x, y).

Lemma 5.5. Let Q(t) = Y j_, qxt® be a polynomial in t of degree n(> 0) with coeffi-
cients qo, ..., qn € C (gn # 0). Suppose that Q(t) = 0 has n separate roots ty, ..., t, € C.
Let A(t) be a polynomial in t with complex coefficients, and si,...,8m be m(> 0) dif-
ferent complex numbers such that {sp;p = 1,....,m} N{t;;j =1,..,n} = 0. Then the
solution (go, ..., gn—1) € C" to the system

n—1
A(t .
S0 o= | = den) (54)
k=0 p=1 Pl =,
is given by
gk = ap + Z BpVk,p (5.5)
p=1
for k=0,...,n—1. Here (3, is the residue of A(t)/([]/—,(t —sp)) at t = s, given by
A(s
ﬂp = ( P)

Hr;ﬁp(sp - 87') ’

and ay’s are the coefficients of the remainder Z:;é apt® of the division B(t)/Q(t) for
the polynomial




Further, the coefficient i, at (5.5) is given by

n—k—1

Vepi=— Y q5+k+l(sp)e/Q(5p)a
=0

which satisfies

t —sp Z’ykp

foranyj=1,...,n

Proof. For any p (1 <p <m) and any j (1 < j < n) we have
1L Q) —Qsp) _ 1

= = R(t;;8p)
tj—sp (tj —5p)Qsp)  Qsp) 7777
with R(t;8) == — S 1020 (0™ qorras9)F, and so
n—k—1

Tep =~ Z (JE+k+1(5p)é/Q(5p)~
=0

Further we have the following unique expression:

A(t) B n—la . m 6])
H;nzl(tfsp) - U(t)Q(t)_F;) Kkt +1)2::1t_8p

with some polynomial U(t) and some «y, ..., t—1, 51, .., Bm € C. Indeed we have

By =Alsp) [ [ T =) ]+

r#p

-1 . . s
and so Y ;_, ayth is the remainder of the division

At) By
<m -2 ﬂ) Jaw.

p= p=1 3 = 5p
n—1
= k+_§£:ﬁ% (jE:Wkp )
k=0 p=1
n—1
= Z( j (Oék + Zﬁp’yk,p>
-0 p=1

k
Thus we have a solution (go, ..., gn—1) to (5.4) given by

m
gk = o + Z/Bp%,p-

p=1

The uniqueness follows from

det ((t, t) k=1, ):H(tj—tk)yéo.

i>k
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The proof of Theorem 2.10. By Theorem 2.6 we have the following system of 6
differential equations for f(z,y):

Z(Tk(x’y)) =0, Tk(0,0) = t,

5 ar=r _ AUN(T(ayy)
St (5o 0en) = s gicneay 69

(1<k<6).

Since
det (7;(0,0)% 54,k = 1,...,6) = [[ (t; — tx) #0,
>k
the coefficient matrix (Tj(z,y)*~';j,k = 1,...,6) is invertible in a neighborhood of
x =y = 0. Therefore we can rewrite (5.6) as follows:

Z(Tj"l‘l (xvy)) = 0) Tj+1(0, O) = tj-‘rla
037105 f(w,y) = G5 (Vf, V2, V3 [, VA T, o, T), (5.7)
(0<j<5),

where G, (j = 0,...,5) are analytic functions of Vf,V2f,V3f, V4 f 11, ..., Ts. In par-
ticular, we know that f is a C'®-class function in a neighborhood of the origin. Hence f
satisfies all the assumptions in Theorem 2.7, and so we obtain the analyticity of f(z,y)
at £ = y = 0. On the other hand, it is easy to see that all the Taylor coefficients at
the origin of f(x,y) are determined successively by the Taylor coefficients ¢, 2, dx, e
at the origin. Thus the proof of the former part of Theorem 2.10 is completed. Now
we suppose the additional conditions
dy=dy=dy=d3=0
at (0,0). Since a =b=1¢; =dyp =dy =ds = ds =0 at (0,0), by the explicit forms
of N(T), B1o(T') in Theorem 2.6 we get N(T;0,0) = 0. Hence by equations (5.6) we
obtain
857795 £(0,0)=0 (0<j<5).

To get some necessary conditions on the values ¢, c2, €, ..., €4 at the origin for a solution
f(z,y), we find sixth-order derivatives of f at the origin by using the differential equa-
tions (5.6). Precisely speaking, we find the following coefficients g;, h; (7 =0,1,...,5)

05197 f (x,

(5%)(']'1/) = g;jz + hjy + O(2® + y?)
as z,y — 0. Since all the fifth order derivatives of f vanish at the origin, concerning
a, b, c,,dy, e, we have

a= fz(x,y) = f22(0,0) + f2,(0,0)y = 2¢5z,
)=

b= fy(xay fwy(ovo)x + fyy(070)y = 2c3y,
Co = fzm(Iay)/Q = CS + (fmxz(oao)x + fat:vy(070)y)/2 = 637
c1 = fmy(%?J) =c+ fzzy(oao)x + fa:yy(070)y =0,

2 = fyy(2,9)/2 = 5 + (fayy(0,0)2 + fyyy(0,0)y)/2 = c3,

do = foza(2,9)/6 = (foz02(0,0)2 + fozay(0,0)y)/6 = degz + €1y,
di = foay(2,9)/2 = (foway(0,0)T + frayy(0,0)y)/2 = 3ejz + 2e3y,
d2 = fayy(€,9)/2 = (foayy(0,0)T + fayyy(0,0)y)/2 = 2e32 + 3ezy,
d3 = fyyy(,9)/6 = (fayyy(0,0)x + fyyyy(0,0)y)/6 = e3z + dejy,
€0 = fuzaa(T,9)/24 = €5 + (frzze(0,0)T + frraay(0,0)y)/24 = eg,

€1 = f"czry(zv y)/G = eT + (fTTITy(Ov O)I + fTTryy(Ov O)y)/G = 6;»
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€2 = foayy (T, 9)/4 = €5 + (fowayy(0,0)T + faayyy(0,0)y) /4 = €3,
€3 = fuyyy(2,9)/6 = €3 + (frayyy(0,0)T + fryyyy (0,0)y)/6 = ;
= fyyyy (@, 9) /24 = €} + (fayyyy(0,0) + fyyyyy(0,0)y) /24 =€
Here, ¢}, e} mean their values at the origin, and “A = 07 means “A = O(2? + y?)

as ¢,y — 07. Concerning T'(z,y), noting K(T) = 2T(c}y + c5T?) — 2¢5T(T?* + 1) =
2T (¢ — ¢3), we have

4
=4(cj — C;)2T2<(T2 +1) Z e;Tj — (e3T? + 08)3).
=0

<.

Therefore, since Z'(T') # 0, we obtain
Ti(z,y)=t; (=1,...,6).

From now on, c,,e, mean their values at + = y = 0. By Theorem 2.6 we have the
following: (For the check of calculations, the readers can employ a mathematica file
“check-fifth2” in our website written in Section 1.)

N(T) =
- 5R( VK(T)?E'(T)[R(T)D(T) — 2(bT + a)C(T)?]
D(T)Bs(T) +4C(T)*Bio(T)
= —5R( VE(T)?E'(T)[R(T)D(T) — 2(bT + a)C(T)?]
+ D(T)(9C(T)*K(T)* + K(T)*C(T)*(6R'(T)C(T) + AR(T)C'(T)))
+40(T)* [K(T)2{2bC(T) — 4(bT + a)C'(T)}
—2(bT + a)C(T)K(T)K'(T) + K(T){ — 4(bT + a)C(T)( — 2 + co)
— da(cs — ¢o)C(T) — 2(bT + a)(cz — co)(ZCo)}}
= —20T%(T? + 1)(co — c2)?E (T)[(T? + 1)D(T)
—2(bT + a)(co + caT?)?] + 4T (co — ¢2)*D(T)(co + c2T?)?
x (18T (co — c2) + 12T (co + c2T?) + 8coT(T? + 1))
+4(co + o T2)* [4T2(co — )2(2b(co + e»T2) — 8e; T(WT + a))
— 8T (co — ¢2)*(bT + a)(co + caT?) + 2T (co — c2)*(—4bT (co + c2T?)
+ 4o (VT + a))}
= —20T2(T? +1)(co — c2)?E'(T)[(T?* + 1)D(T)
—2(bT + a)(co + c2T?)?] 4+ 40T3(co — ¢2)?D(T)(co + c2T%)?
x (3co + e2(2T% — 1)) — 160T%ca(co — ¢2)*(co + c2T?)*(bT + a)
= 20(co — ¢2)? [TQ{ — (T2 +1)2E/(T) + 2TC(T)?(2C(T) + co — C2)}
x ((4B(T) (7))
4 AT?CO(T)? {(T2 +1)E/(T) — 4sTCO(T)? }(CQTy + cox)}
= 20(co — ¢2)*T?* (A1 (T)z + A2(T)y),
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where we used D(T) = (4E(T) — TE'(T))a + E'(T)y, bT + a = 2(cxTy + cox), and
AL(T) = { — (T2 +1)2E/(T) + 2TC(T)? (2C(T) + co — 02)}
x (4E(T) — TE'(T)) + 4COC(T)2{(T2 +1)E/(T) - 4c2TC(T)2},
Ao(T) = E’(T){ — (T2 + 1)2E/(T) + 2TC(T)*(2C(T) + co — 02)}
+ 4c2TC(T)2{(T2 +1)E(T) — 4c2TC(T)2}.

Since we have the equations

° N(t)) N(t))

kZ:O(tj)k(gkx ) = SRR~ 10(eo — e2)P (& 1 1)

for j =1,2,...,6, we get the following equations for g;, h;:

5 . 5 |
> (1) e = g A(t;) S0 = 5 Asty)

k=0 co — C2)tj(t§ +1)’ Pt co — CQ)tj(t? +1)

for j = 1,2,...,6. On the other hand, since {¢;} are the non-zero real roots of the
characteristic polynomial P(t), we have Q(¢;) =0 for j =1,...,6 with

6
Q)= gt/ :=(* + 1)E(t) - C(¢)®
=0

= (eq — D)5 + est® + (eq + 2 — 3coca)t! + (e3 +e1)t?
+ (e2 +eg — 30(2)62)t2 + et +eg — cg.

Therefore we can find (go, ..., g5), (ho, ..., hs) by using Lemma 5.5 and some Mathemat-
ica program for n = 6,m = 3,51 = 0,82 = i(= v/—1), 83 = —1,

3 2
qo=-¢€o—Cy q1=¢€1, QG2=ex+ey—3cc,

2 3
gz =e3+e1, qs=eg+ex—3coC3, G5 =e€3, (g=e4— Cy,

and A(t) = A1(t)/(2(co — ¢2)), or Aa(t)/(2(co — c2)), respectively. As for vk ,, we have

5—k q Og
l+k+1
Ve,1 = — Y *Qk+1/q07
2 q0)

5—k . . 5
B Qoirs1i’ Qi1 + Qr2i 4 -+ qei® "
V2 = — Z p = - )
— Q) G —q2+q1— g6+ (@1 — g3+ gs)i
5—k . . 5o
Yoy = — Z ey (=) _ o _Ok+1 — Qegot - go(—1)>""
’ — Q=) G —q2+q1—q — (@1 — g3+ gs)i

for k=0,1,...,5.

Case A(t) = A1(t)/(2(co — c2))-

5, = A1(0) _ A(0)
YT 2(co —ea)(—)(i)  2(co—c2)’
B, = A1(4) _ A1(4)
2(60 — CQ)(i)(Qi) 4(00 — 62)’
By = Aq(—1) _ Aq(—1) .
2(60 — 62)(71)(721) 4(60 — 02)



We can calculate ay (kK = 0,...,5), by Mathematica’s polynomial remainder program
for

Consequently we have

go = g + B1y0,1 + B2v0,2 + B370,3
1

~ 2(co — c2)(cf —ea)

[c%(%e% + e — 12egez) + epes — 24cicaeq(cy — eq)

— 246(2)64 — e2ey + 12egpezeq + cg(l2c§’eQ — eg — 12eq¢e4)

g1 = a1+ By + Bovie + B3z
_ 1 [
2(co — c2)(c3 — €4)

— QGCgCQel(cg —eq) + 140863(c§’ —eyq) — 42epereq + 8ereqey + 14606364} ,

ele§ + 205’(216061 — dejey — Teges)

g2 = ao + Bry2,1 + Boye,2 + B33
1 2 2 2 (.3 2
- — 32 —e4) — 19
3o — c2) (B —en) [6063 + eges cocsen(cy — eq) ereq

— 24egeqey + 8edeq + 8erezes + 16¢h(ch — eq)eq + 16egel + c3(19¢3

+ 24epey — 8e3 — 8ejes — 16egey) + 0362(80362 — 36% — 86264):|,

g3 = a3 + P13 + Boys2 + B373,3
! 248 20 (c3 2 3
= — 36 — 12 _
2o — 2)(c — eq) {6163 t+e3 coczer(cy — eq) + 12c5ezes(cy — eq)

— 22e1e9e4 — 16egeszey + 14eqe3e4 + 86162 + 20%(116162 + 8egez — Teses

- 46164)},

g1 = as+ Pryan + Bovaz + B37a3
1
= _86 _4 5 1624 _42 —162 2
2(co — c2)(c3 — eq) [ Coeg — 4cgcyes + 16¢gcaey eseq 2eye?

— 2e4(8ere3 — 36% + degeyq) + 05(465 + 16eje3 — 56% + 16egeq — 12e5e4)

+ coca(—3e3 + degey) + ea(ed + 1263)},

gs = a5 + Bivs,1 + Bavs,2 + B37s,3

1 [ 6 5 3 2
= — 10c5e1 — 2cpcoes + e3 + 2cpcseses — degesey
2(co — c2)(c3 — ea) : e

— 10e1e3 + 6egel + c3(4eses + 20eieq — 66364)} .

Case A(t) = A2(t)/(2(co — ¢2)).

3, = A5(0) _ A0)
P 2(c0 — ) (=)(i)  2(co — c2)’
By = Az (i) _ Az (4)
2(00 — Cg)(i)(Zi) 4(60 — 62),
5, = As(—1) _ As(—1) .
2(00 — 02)(71)(721) 4(00 — CQ)
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We can calculate ay (k = 0,...,5), by Mathematica’s polynomial remainder program
for

As(t) B B2 Bs

2(co —co)t(t2+1) t  t—i t+1i

Consequently we have

hO =g + 61’)/071 —+ 6270,2 + 537073
1 5 ) , .
~ 2(co — ca)(c} — €q) {2000261 — 2¢pezeper — € + degerey + 10cpes
_ 7

+ e2(—6e; + 10e3) + c5(6ege; — dejes — 20eqes)

hi = a1+ Bivi,1 + Boyie + Bsvis
1 [ 4 2 2 2 5 2
= — 16¢yc5eq + 16¢cqcsel; + 4cjcoes — ees
2(00_02)(08_60) 02 2%0 0 1

+ cZea(3et — deges) + eo(—6e2 + de3 + 16e1e3) + 8chey + eZ(—12es + 8ey)

+ 63(56% + 12egeq — 46% — 16e1e3 — 166064)],
ha = ag + Biy2,1 + Bay2,2 + B372,3
_ -1

2(co — e2)(cf — €o)

+ e2es + 2ep(4eg — 1leg)es + 2epeq (Tea — 8ey) — 2¢5(Tereq + 4eges

[12036%61 — 1200036061 + e? — 36080263 + 366(2)026063

- 116263 - 86164)]7

hs = as + B17v3,1 + B2y3,2 + B373,3
1
= 20— ) (@ — o) [160%63 — 8cjcaes — etey — 8eges + coca(3e? + Sepes)
0

— 8eperes + 19606% + 320(5)6264 — 3263026064 — 166(2)64 — 6%64 + 24egeqey

+ cg(—16c§eo +8¢2 + 8ejez — 196% + 16epeq — 246264)],
ha = oq + B1va,1 + Boya2 + Bayas
_ -1

2(co — c2)(c§ — €o)
+ ldegereq — 42ege3eyq + 268(76%61 —4degesz — Tereyq + 216364)} ,

hs = as + B1v5,1 + B2v5,2 + B37s5,3
1

~ 2(co — c2)(c} — eo)

— eey — 12epe9ey + 24epes — cp(e — 12egeq + 246421)}.

[ — 140“;’6061 — 26638%63 + 2600636063 + efeg + 8epeses

[cg(e% + 12(—cp 4 e)e2) + epes + 24coca(cy — eg)ea

Since g; — 08907 £(0,0)/ (N5 — )by = OI0IFLF(0,0)/(G1(5 — )Y), we have 5
compatibility conditions:

Ji:=5ho—g1 =0, fo:=2h1—g2=0, fs:=ha—g3=0,

fo:=h3 —294=0, [f5:=hs—"5g5=0.
We put f# = 2(co — c2)(cj — €0)(c3 — ea) f;. Then we obtain the following expressions:

fi = =5(c3 — ea)el +36(c — e0)(c3 — ea)es — (cf — eo)eres
+ 12(08 — 60)(30%02 — ey — eg)(cg —eq)eq,

fa= (cg — eo)(30302 —eg — eg)eg - 24(c8 - 60)(03 —eq)eres
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—(9¢3 — 6ciey — Teg + 2e5)(c3 — eq)e?,
f5 = —(ct —eo)ei — (c3 —ea)e] — (c3 — ea)efes — (c) — eo)ere]
+ 8(cp — eo)(c3 — e4)(3coch — ea — e4)er

+ 8(08 — eo)(cg — 64)(36(2)62 —eg — eg)es,

fi= —24(08 — eo)(c‘;3 —eq)ere3 + (cg — eo)(6coc% — 90% — 2e9 + 764)6%
+ (cg - 64)(36003 —eg — 64)6f,
fi= —5(03 — eo)eg — (c‘;’ — 64)6%63 + 36(03 — eo)(cg — 64)261

+12(cp — eg)(c3 — e4)(3cocs — ea — e4)es.
In particular we have
0=f;—fi=1(cs—e0)(3cica — bcocs +9cs — eg + e — Tey)es
— (€3 — e4)(9¢3 — 6c2co + 3coch — Teg + ex — e4)el.

Hence if (c§ — eg)(3ciea — 6coc3 + 9¢3 — eq + ea — Tey) # 0, we get e3 = tey with

. i\/(cg’ —eq)(9¢3 — 6ckea + 3cpc3 — Teg + e2 — ey)

(c3 —e0)(3c3ca — 6coc3 + 9¢3 — eg + e2 — Tey)’
and so from f5 = 0 we have
(8~ c0)Bces — 0 — e2) —24(cf — eo)(c} — ea)t
—(9¢3 — 62y — Teg + 2eq) (5 — 64))6% =0.
Therefore we conclude that, if e; = e3 = 0 does not hold, then ey = cg or eg =
3ctea — 6cocd + 9¢3 + ex — Teq or (a quadratic equation in eg):
0= (15c0c§ — 2163 — Bea + 16e4)2e3 - 2( — 378c2c] + 5¢
— 153¢oc5 (665 + ez) + 18¢5(57¢h + Tea) — 3coca (3¢5 (20eq — 67ey)
+ ex(10ey — 4ley)) + 224ey4 — 4ledey + 80eqe? + 9caca(30cy — 1265 + 67ey)
+ ¢3(—224 + 5le2 + 27cy(13eg — 46e4) — 201egey) — 3caca (e — 4legey
+ 80€2) + 3¢5 (10e2 — 67eqey + 112eﬁ))e0 + 324chch 4 36¢5e3 + €5
+9¢§(216¢5 + 12¢5(5ea — 19e4) + (2e2 — Teq)?) — 108¢hc3(12¢5
+ 2ey — Tey) + 64egeq — 10e3e, — 64e3 4 25e3er + 4ch(—16en
+ 3e3 4 16e4 — 15e3ey) — 6coca(e3 4 ¢3(32 + 6e3) — 32e4 — Hedey)
— 18¢5c2(7265 + 263 + 6¢3(3ea — 17ey) — 1Tegeq + 35e2) + 9caca (365
— Te3 + 24egey + 255 — 12¢3(3ea + Heq)) + 6c5(90ches + 2¢5 + 96e4
— 17e3ey + 3502 + 3¢5 (—32 + 93 — 39eae4)) — 3caca(T2c5es
+ c3(—128 + 21e3 — 120ege4) + 2(e3 + 64ey — 10e3eq + 25eqe3)).

In other words, for generic cg, co, €9, €2,e4 we have e; = e3 = 0. On the other hand,
under ¢; = d, = e; = e3 = 0 we can apply Proposition 5.1. Hence there exists a
unique germ M’ of a general cyclide at the origin with the same data a, b, c,, dy, e, at
the origin. Since the characteristic polynomial of M’ at the origin coincides with P(t),
it has the six distinct non-zero characteristic roots t1, ..., t¢ with C(¢;;0,0) # 0 (Vj).
Indeed C(t;;0,0) # 0 follows from the assumptions on M at (0,0) and (i) of Theorem
2.2. Therefore by Lemma 5.6 we know that M’ includes 6 continuous families of circular
arcs corresponding to characteristic roots t1, ..., tg, and it is conformally equivalent to a
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general cyclide of type (2.18). Hence by the former part of Theorem 2.10 we conclude
that M’ coincides with our surface germ z = f(x,y). This completes the proof except
for the proof of Lemma 5.6, which is given independently of Theorem 2.10.

Lemma 5.6. Let M = {z = f(z,y)} be a C*-class surface germ at (0,0,0) with the
following Taylor expansion at (0,0):

f(w» y) = COQC2 + 02?/2 + 60334 + €2$2y2 + €4y4 + 0((552 + yg)Q)a
where cg, 2, €q, €2, €4 are real coefficients with co — co # 0. We suppose that M is a
general cyclide as a germ at the origin, and that the characteristic polynomial P(t) at

(0,0) of M has 6 distinct non-zero real roots ti,...,ts with C(t;;0,0) # 0 (Vj). Then
M 1is defined by the following equation in a neighborhood of the origin:

0=—2+4cox? + coy® + w22 +28z(2% +y* + 2?)
(co — c2)?
+ afx? +y? + 222, (5.8)
where
oo cleq — cocaen + ciey 5= (co + ¢ca)ea — 2caeg — 2¢pe4
. (co — c2)? ’ ’ 2(ep — ¢2)?

Further by some conformal transformation ®, M is transformed into a germ at T =
(0,0, %) of the following 6-circle Blum cyclide:

(@2 + % + 2%)? — 2a12% — 2a0y® — 2032 + a2 =0, (5.9)
where a1 > ag > a4 > 0, —ag > a4. In particular this surface (5.9) has the same
characteristic roots {tx}S_, at T, and for every j = 1,...,6 the continuous family of

circular arcs corresponding to t; is transformed by ®~1 into the continuous family of
circular arcs on M corresponding to t;.

Remark 5.7. As we mentioned at Remark 2.9, Takeuchi [10] proved that a general
cyclide can be transformed into (2.18) by a conformal transformation. The arguments
there are geometrically very interesting, but they are not germ-fixing arguments. In-
deed, it is not so easy to construct a similar conformal transformation fixing the refer-
ence point.

Proof. (For the check of calculations, the readers can employ a mathematica file “check-
fifth3” in our website written in Section 1.) By Proposition 5.1 and its proof we get
(58) Since a = b = c1 = do = dl = d2 = d3 = €1 = €3 = 0 at the origin, the
characteristic polynomial P(¢) has the form P(t) = 4(co — co)t? H(t?), where
H(R) := (eg — 3> + (eq + 2 — 3coc3)h? + (ex + e — 3cica)h + eg — cp.
Then, by the assumption, the equation H(h) = 0 has 3 distinct positive solutions
h = hi,hs, hs with hy > hy > hz > 0. Therefore
(e4 — 3)h3 + (es + ea — 3cocd)h® + (ez + e — 3ciea)h +eg — 3
= (ea = &3)(h = h1)(h — ha)(h — h3),
and so we can write eq, ea, eq4 by cg, 2, b1, ha, hs as follows:
1
(1 + hl)(l + hg)(l + hg)
+ Cghlhg, + C%hgh:} + 30(2)62h1h2h3 — 3COC§h1h2h3 + Cghlhghg,},
-1
(1 + hl)(l + hz)(l + hg)

- 36362]12 - 36003}11}12 + Cghlhg + Cghg - 30302h3 - 3CoC§h1h3
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€y = {68 + Cghl + Cghg —|— Cghlhg + Cghg

3 2 3 2 3
ey = {co — 3cpca + cght — 3cgeahy + cphe



+ Bhihy — 3cohahs + Shahs — 3cocihihahs + cghlhghg},
1
(1+ h1) (1 + ha)(1 + hs)

+ Cghth + Cgh?, + Cgh1h3 + Cgh2h3 + Cgh1h2h3}.

€4 = {cg — 30(2)62 + 30003 + cghl + cghz

On the other hand we consider the surface N with real parameters a, b, k1, ko, k3, d, €:
N: 0=a+bz+kiz? + koy? + k32?
+dz (2 + 7+ 2%) +e(a? + 7+ 22
We construct ® as a composition of 3 conformal transformations; a translation in z-

direction, an inversion with center at the origin, and another translation in z-direction:

3] P ¥
® = (I)S © (132 © CDI : ($7 Y, Z) — (l‘l, y/a zl) = (J?H, yllv ZN) = (w///’y///’ z///).

Then after the translation ®; : x = o',y = v/, 2 = 2/ +t, we have a similar surface
N; = ®1(N) with parameters o', b, k], kS, k%, d', e, where
a =a+bt+kst? +dt> +ett, b =0b+ 2kst + 3dt* + det?,
ky = ki +dt +2et®, kb = ko +dt +2et?, kb = ks + 3dt + 6et?
d=d+4et, € =e.

Further, after the inversion:
1 /!

/ € / Yy
r = y = ,
(x//>2 + (y//)2 + (Z”)2 Y (x//)z + (y//>2 + (Z”)2
, Z//
- (.13”)2 + (y//)Q + (z//)Q’
we have a similar surface No = ®o(N;) with parameters a”,b", kY, k5, k5, d" e

A" =¢, V=d, K=k, K=k, k=K 4=t =d

" where

Again after a translation z”/ = 2, y" =y, 2" = 2" + s, we have a similar surface

N3 = ®(Ny) with parameters a’’, 0" kY’ k5’ k5, d" e, where
a/// _ a// 4 b”S + k‘é’SQ 4 d”83 T e”s4, b/// _ b// + ngs + Sd//SQ + 46”83,
k/l// — k/ll + d”s + 26"52, kg/ _ klgl + d”s + 26//82, k;/g” _ klgl + 3d//5 + 66//82,
d/// _ d// + 46”8 e/// _ 6//
= s = .

We suppose that the last surface is a Blum cyclide, then we get the equations b =
d"” = 0. That is,

0=d +2khs +3b's*> +4d's®, 0=V +4ds.
Further they are written by using the original parameters as follows (under a = 0):
0 = d + 4det + 25(kz + 3dt + 6et?) + 35%(b + 2kt + 3dt? + det®)
+ 453 (bt + k3t? + dt® + et?),
0 = b+ 2kst + 3dt> + 4et® + 4s(bt + kst® + dt® + et?).
Hence we have the following equivalent conditions:
0 = d + det + 2s(ks + 3dt + 6et?) + 25%(b + 2kst + 3dt* + 4det?),
0 = b+ 2kst + 3dt* + det® + 4s(bt + kat® + dt> + et?).
Since the second equation above is solvable with respect to s:

b+ 2kst + 3dt? + 4et?

4(bt + k3t? + dt® + et?)’
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we finally obtain an equation for ¢:
0 =b> + 20%kst + 5b2dt? + 20b%et® + (—5bd? 4 20bkse)t?
+ (—2ksd? + 8kie — 4bde)t® + (—d® + 4ksde — 8be*)t°. (5.10)
In our case, the parameters for the original surface N = M are given by the following:
€ —e2+eyq
(co—c2)?
co + c2)ea — 2caeq — 2cpey - c%eo — cpcaea + 0364

(co —c2)? (co—c2)?

a=0,b=-1, ki =co, ko =c3, k3 =

L

Therefore equation (5.10) for ¢ is written by using co, ¢a, h1, ha, hs as follows:

0= (1 1 + ha + ha + hiha + hohs + hahy + hyhohs

—2(co + coh1 + coha + cohg + cahiha + cahihs + cohahs + cahihohs)t
+ (cg — c%hl + c3h2 + cghg + 2¢cocahy + c3hiho 4 c2hihs + 2cocahohs
— Bhahs + Bhihahs)?) x (14 ha o+ b+ by + ha + hoh + b
+ hihohs — 2(co + coha + coh1 + cohs + cahihe + cahohs + cohihs

+ cahihohs)t + (c3 — cAha + c2hy + c2ha + 2cocaha + cihihg + c3hohs
+ 2cocahihy — Ehihs + c§h1h2h3)t2) X (1 4+ ho + ha + hohs

+ hohs + h1hg + hihohs — 2(co + cahs + coht + coha + cohihs

+ cohahs + cohihg + cahihahg)t + (c2 — c2hs + cahy + c2hy

+ 2cocahs + Ehihs + Ehohs + 2cocahihs — hihs + c§h1h2h3)t2).

Easily to see, the first and the second factors are some permutations of the third factor
in hy, ha, hy. The two roots corresponding to the third factor are given by

ty = ((co + cah3) (1 + h1)(1 + ho)
+ (Co — Cg)\/(l + hl)(l + hg)(hl — h3)(h2 — hg))/

((1 —+ h1 + hg — hs)cg + 2(h1h2 + h3)C(]CQ

+ (h1h3 + hohg — hihg + h1h2h3)03> . (511)

Since hy > ho > hg > 0, we know that the roots for the other two factors are not real.
Therefore if the denominator of (5.11) does not vanish, we have two real solutions ¢4
as above. Putting

k= \/(1 + hl)(l + hg)(hl — hg)(hz — hg) (> 0), w = Co/CQ,

we get the following expressions for t4 by using cs, w, hy, ho, hs, k:
te =<(w +ha)(L 4 ha)(1+ ho) £ (w — 1)k)/

(cz((l + hy + ho — h3)w? + 2(h1hy + ha)w + hihs + hohg — hihy + h1h2h3)).

By using t = t, we find s as follows:

b 2kt + 3dt + det®
4(bt + k3t? + dt3 + ett)

= {(CO — 62)2 - 2(60 — eg + 64)t + 3(20260 — Cp€ga — C2€9 + 20064)t2
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—4(c3eq — cocaen + 0(2)64)t3}/{4t( —(co — c2)* + (eo — ez + eq)t
— (2¢0e0 — coeg — coeg + 26064)t2 + (0360 — cpCaea + 0364)t3)}
= —{62( — hihg 4 hihg + hohs + hihohs 4 2(hihy + hg)w
+ (14 hi +ho — h3)w2)k}/{2(1 + h1)(1+ ho)(hy — hs)(ha — hs)(w — 1)}.
Thus we can find (e”)~1, kY, kY’ kY a’. First, we get
1/e" =1/e" =1/a' =1/(bt + kst* + dt® + et?)

B —co(u + vk)
 (w—=1)3(h1 — h2)?(h1 — h3)(h2 — h3)(1 + hs)

X<w+ hihg + hs + k >4
1+hi+hy—hs/) "’

where
w = hy + 2hT + B} + hg — 2h1hg — h3hg + 2h3hy + 2h3 — hyh3
— 4h3h3 + h3 + 2hihl — 2hs + hihg + 2hihs — hihs + hahs
+ h2hohs 4 2h3hs + hih3hs — hihs — 4h3 — hyh3 + 2h3h3
— hoh3 — 2hyhoh3 + 20303 — 203 — hyh3 — hohl,
v =2 — 2h? 4 4hyhg — 2h3 + 4hs + 2h3.

We prove here that v + vk > 0 under h; > ho > hg > 0. In fact putting positive
numbers p := hy — ho, q := ho — h3, 7 := h3, we get

u+vk=p*(1+2¢+7)+p(1+7r)*(1+2¢+7)
+2p° (1 +q+q* +2r +qr+1?
~Vap+(U+q+r) (1 +p+q+r))
+200 4+ g+ +ar+Vap + )L+ g +r) (1 +p+q+7))

>p2(p(1+2q+r)+2(1+q+q2+2r+qr+r2)

—2\/q(p+Q)(1+q+r)(1+p+q+r)) > 0.

This is because concerning the last term we have

(p(1+2q+r)+2(1+q+q2+2r+qr+r2))2
—4glp+ )1 +q+r)(L+p+qg+r)
=4+ 4p + p* 4 8¢ + 8pq + 8¢% + 161 + 12pr + 2p*r + 24qr
+ 16pgr + 16¢%r + 24r% + 12pr? + p*r? + 24qr? + 8pqr?
+8¢%r% + 167> + 4pr® + 8¢r® + 4r* > 0.
Further, about k4, k5’ k7', a""" we have the following:
kY = kY +3d"s + 6€"s* = kjy + 3b's + 6a’s?
= (k3 + 3dt + 6et?) + 3(b + 2kt + 3dt? + 4et®)s
+ 6(bt + k3t® + dt® + et*)s?
_ ca(hn + o + 2hhy — 2hg — hihg — hohg)(w — 1)
2(1 + h1)(1 4 h2)(1 + hs) ’

ké” _ k/Q/ +d”5+26"52 — k; + b'SJr 20,/82
A7




= ko + dt + 2et® + (b + 2kt + 3dt> + det®)s
+ 2(bt + kst? + dt® + et*)s?
24 h+h)(w—1)
2(1+h1)(1+he)
U=k +d"s +2"s* =k} +b's+2d's*
= k1 + dt + 2et® + (b + 2kst + 3dt* + det?)s
+ 2(bt + kst + dt? + et?)s>
co(h1 + ho + 2h1ho)(w — 1)
2(14 hy)(1+ he) ’
d" =a" + s+ kY2 +d'sP Fe st = +ds+ kys? +bs® 4 dst
= e+ (d + 4et)s + (ks + 3dt + 6¢t)s>
+ (b + 2kst + 3dt? + det®)s® 4 (bt + kst® 4 dt® + et?)s?
B —c3(u + vk)
16(1 + h1)2(1 + ho)?(hy — h3)(ha — h3)(1 4+ h3)(w — 1)

X<w+ hihg + hs + k >4
14+hi+hy—hs/)

Therefore the transformed surface M’ = ®(M) is written as
(2 + % + 2%)% — 2427 — 2By® — 2C2* + D* =0,
where
A=K (2e")

4
k1 + ha + 2haha)(u -+ vk) (w -+ fapzthath )
- 4(’(1} — 1)2(h1 — h2)2(h1 — h3)(h2 - h3)(1 + hl)(l + hg)(l + h3)’

B = _k/2///(2e///)

4
) B2+ + ha) k) (o atattt )

_4(w — 1)2(]11 — hg)z(hl - hg)(hg - h3)(1 + hl)(l + hg)(l + h3),
C = —ké”/(2€m)
o C%(hl + hg + 2h1h2 — 2h3 — hlhg — hghg)(u + U:Z{})
- 4(’(1} - 1)2(h1 - h2)2(h1 — h3)(h2 — h3)(1 + hl)(l + hg)(l + h3)2

h h 4
x<w+ 1he + 3—|—/€> 7

1+hy+hy—h3
D = /a////el//
4
B c3(u + vk) (w + 71}2:1215;_*:3)
- 4(’(1} — 1)2(h1 — hg)(h1 - h3)(h2 - hg)(l + hl)(l + hg)(l + hg)

Since A >0,D > 0,A > C and

C-D_ _ 2l+m)a—hy)
A it hat2hih)(1+hy)
—-B—-D 2(1+h
(14 ho) >0,

A - hi + ho + 2hqhs
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we have A > C > D > 0,—B > D. Hence M’ satisfies Blum’s six circle conditions:
A>C>D>0,D> B,B# —D. Further, ®((0,0,0)) = (0,0, —s — t~1) =: 7 because

(0,0,0) — (0,0, —t) — (0,0, —1/t) — (0,0, —s —t~1).

Therefore the surface germ M at the origin is transformed into a six-circle Blum cyclide
M’ at 7 by a conformal transformation ®. On the other hand by Example 5.3 and
Proposition 5.4 we have the six characteristic roots at 7 € M’

[A—-C [A—D | A+D
+ C-B’ * D-B’ = -B-D

and the corresponding continuous families of circles. Since
A-C A-D n A+D
c-B ' D-B " —-B-D

we have the same characteristic roots £v/hs, £1/he, £+/h1 for M’ at T with those for
M at the origin, that is, ¢1,...,ts. Further the continuous family of circular arcs on
M’ corresponding to ¢; is transformed by ®~! into a continuous family of circular arcs
on M corresponding to t;. Indeed, the conformal image of a circular arc is a circular
arc or a line segment. Let C; be the circle on M’ passing through 7 = (0,0, —s — t=1)
corresponding to the root t;. Then the tangent vector to C; at 7 is given by (1,t;,0).
Since

:hl,

CI)(.T?,:U,Z) = @3(@2(.’1,‘,:%,2 - t))

T Y z—t
_ —s
24y + (-2 2+ 2+ (2 —6)2 22 +y2 + (2 —1)?

_(* 2 Y 2y 1 2 2
_(tz—i—O(r),tQ—i—O(r)7 s— 2 t2+0(r)),

where r = /22 + y2 + 22, the tangent vector to the curve ®~!(C;) at the origin is
the same vector (1,¢;,0). Therefore ®~1(C;) cannot be a line-segment because of the
assumption C(t;;0,0) # 0. Hence the conformal image of the continuous family of
circular arcs on M’ corresponding to ¢; is transformed under ®~! into a continuous
family of circular arcs on M corresponding to ¢;. This completes the proof. O
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