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Abstract

By means of C*°-connection we will prove a general second main theorem and
some special ones for holomorphic curves. The method gives a geometric proof of
H. Cartan’s second main theorem [1]. One finds another application of this method
in Y. Tiba [12].

1 Main Results.

In this paper we are going to prove a general second main theorem and some special ones
for holomorphic curves. We begin with the general one. One finds an application of this
method in Y. Tiba [12].

(a) Let M be a compact complex manifold of dimension n and let T(M) denote the
holomorphic tangent bundle over M. Let V be a C*° connection in T(M). Let U be
a domain of the complex plane C. For a holomorphic curve f : U — M we have the
derivative (1-jet lift) f'(z) € T(M)y(.), and then set inductively

fOE) = F(2), fPR) =V fF (), k=23....
We define the Wronskian of f with respect to V by
WV, f) =) Ao A () € Ky,

where K73, denotes the dual of the canonical bundle K, over M. Because of the lo-
cal nature it makes sense to say that W(V, f) is holomorphic or that log |W(V, f)] is
subharmonic.

We say that f is V-(resp. non)degenerate if and only if W(V, f) = 0 (resp. # 0).

Cf. §82&3 for more notation. The first result of this paper is as follows:

*Research supported in part by Grant-in-Aid for Scientific Research (S) 17104001.
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Theorem 1.1 Let f : C — M be a V-nondegenerate holomorphic curve and let D =
> Di be an effective reduced divisor only with simple normal crossings. Assume

(i) log|W(V, f)| is subharmonic;

(i) every D; is V-totally geodesic.

Then we have

(1.2) Ts(r, L(D)) + T¢(r, Kp) < Z Ny (7, f*D;) + Sy(r).

Here N, (r, f*D;) denotes the n-truncated counting function of f*D;, and Sy(r) a small
term in the Nevanlinna theory such as

St(r) = O(logr + log T¢(r)||

with T(r), the order function of f with respect an hermitian metric or an ample line
bundle over M.

Let V be the Fubini-Study metric connection on the n-dimensional complex projective
space P"(C). Then V-totally geodesic complex submanifolds of P™(C) are complex linear
subspaces. A holomorphic curve f : C — P"(C) is linearly degenerate if and only if
W (V, f) # 0; moreover, the Wronskian W (V, f) is holomorphic (see Theorem 4.1).

Corollary 1.3 Let f : C — P"(C) be a linearly nondegenerate holomorphic curve and
let 1 < n < 3. Then for q hyperplanes H; C P*(C), 1 < i < q, in general position we
have

(1.4) qTy(r,O(1)) + T;(r; Kpn(c)) < Z Nu(r, f*Di) + S¢(r),

where O(1) denote the hyperplane bundle over P"(C).

Note that (1.4) is Cartan’s Second Main Theorem ([1]), for Kpn(c) = O(—n—1). Thus,
this gives a geometric proof of Cartan’s Second Main Theorem.

(b) In §5 we deal with a holomorphic curve f : C — PY(C)?, considering P*(C)? as an
equivariant compactification of the semi-abelian variety G = C*2. This is a quite special
case, but interesting, while no much study has been done for it in the past.

Let E = PY(C)*\ G be the boundary divisor and let (z,%) be the affine coordinate
system of (G. Here we denote by V the flat connection with respect to the invariant vector
fields, xa%, ya% on G.

We will prove two Theorems 5.7 and 5.12 of Nevanlinna’s second main theorem type
for V-nondegenerate f with some additional condition and a divisor D on Pl(C)2 whose
irreducible components are all V-totally geodesic; for a more general case, see [12]. At

the end we will give some examples and problems.

Acknowledgment. The author would like to express his sincere gratitude to Professor
Jorg Winkelmann for interesting discussions on the present subject.
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2 Totally geodesic divisor and Lemma on logarithmic
derivative.

Let M be a complex n-dimensional manifold, and let V be a C*° connection in T(M);
i.e., for C* vector fields X,Y and a C* function o on M we have

(i) VxY is a C* vector field in T(M), and is linear in X and Y over C;
(11) VQXY = aVXY;
(i) Vy(aY) = X(a) Y +aVyY.

Let N be a locally closed complex submanifold of M. Take C'* sections X', Y in T(N),
and extend them to C'* sections, X,Y in T(M) over a neighborhood of N in M. Then
the restriction (VxY')|y is independent of the extensions X, Y, and so denoted by V x/Y”,
which is a section in T'(M)|y, but not in T(N) generally.

Definition 2.1 A locally closed complex submanifold N of M is said to be V-totally
geodesic if Vx/Y' is valued in T(N) for all C* sections X', Y" in T(N).

Let f : C — M be a holomorphic curve. Then W (V, f)(z) is valued in the dual
K3 4(» of the canonical bundle Ky at f(z). We take a C*° volume form €2 on M. Then
(W (V, f)(2)]*- Q2(f(2)) is a non-negative C* function in z € C.

Let D =), D; be a divisor on M with irreducible components D;. Let o; be a section
of the line bundle L(D;) determined by D; such that the divisor (¢;) coincides D;, and
introduce a hermitian metric || - || in every L(D;). We set

WV, ) -Qf(2))
[Lllo(feni*

As usual, we set log™ £(2) = logmax{1,£(2)}.
The following is a version of Nevanlinna’s lemma on logarithmic derivative (cf. [3], [8]):

(2.2) £(z) =

Lemma 2.3 Let M be a complex algebraic manifold and let D =), D; be a divisor with
irreducible components D;. Assume that

(i) D has only simple normal crossings;
(ii) every D; is V-totally geodesic.

Then we have

(2.4 /| ) log* £() 2 — 5(r).



Proof. Let M = U,U, be a finite affine covering with rational functions z?,1 < i <
n = dim M over M such that

(i) xi,1 <4 < n, are holomorphic on U,, and give rise to coordinates in a neighborhood
of every point of U,;

(ii) Uy N D = {z} -2k = 0}.

«

Let V,, € U, be relatively compact open subsets such that M = UV,. Let 1y, be the
characteristic function of the set V,. Set fi(z) = 2/ (f(2)),1 < j < n. Let I';;; be the
Christofell symbols of V with respect to (z¢,). Since D; are V-totally geodesic, there are
C* functions A, and B, on U, such that

(2.5) ho(xk, oo ah at)y=Ar gt Bh gt 1 < h <k,

aij o2 aij aij Lo

Therefore there is a constant C,, > 0 such that

26) [Pl (o) = 100D A7) + Bl () D
S 1V( ( )) (‘Aau( ( >>’+’Ba1]( ( ))’)

SCOM 1§h§ka

Here we understand “§ = 0”, when 1y, (f(z)) = 0 and f!(z) = 0, provided that f(z) € Us;
we extend the above function for all z € C, as zero, when f(2) ¢ U,. We set

P06 =106 ()
a/ f(z)

where Einstein’s convention is used for summation.
There is a C* function a,, on U, such that

f(gl)l L (gl)k'a o f(g)n 2
91 o fc(yQ)ka o O([2)n
(2.7) £(2) = |det | fO1 oo fPRa L g 1a5(f (Z)Z :
: . : ' : |12 | fha|
O([Tl)l . féﬂ)ka . fc(“n)n
f(§11>1 . & f(l)ka+1 o (1)n 2
@ fa® @ «
1 A ket O
Ja oo a
(3)1 (3)ka n
= || EE a0 ag (f(2)).
. : (n:”m ) : : n )
S R gk gl




Note that 1y, (f(2)) - fi(2),1 < i < n, and 1y, (f(2)) - aa(f(2)) are bounded functions.
Therefore we have by (2.7)

Dk,
(2.8) log" £(2) =0 (Z ( Z 1y, (f(2)) - log™ o (2)

k
a  \1<k<kq,1<I<n fa(2)

+ > Ly (f(2) - log* | £k (2 >I>)+0<1>,

1<k,l<n

where the estimate “O(x)” is uniform in z € C (it is used in the same sense from now
on). We first compute fc(f)k: For instance, we have

log™ [ f{VF| = log™ | f¥'| = log™ | f5)].

For 1 < k <k, we have

k
s
fk

log = log™

1A
For [ = 2 we have
fE* = fE T o - A

Since 1y, o f - L', © f are bounded, we have

n 2
Ty, o f - [fPF =1y, 0 f-O [ |f5] + (Dﬁ;'\) ,
=1

Ly, o f-log" [f*| =1y, 0 f-O <log+ TARIE I Ifé(”l) +0(1).
i=1

(Em)).

Ly, o f-log" |[fP*F| =1y, 0f O (10g+ [fA@] 4+ log* |fZ;(”I) +0(1).

i=1

For 1 < k < k, we have by (2.6)

kn
L

féQ)k

of Ty

1Va0f'0

Up to here it is easy to obtain the estimate. For [ = 3, fc(f’)k first involves the partial

koo
derivatives of I'y; ;. :

f fk”/ + Flgzzlzg f ' f(ill,fiy + Fl;zzlzg f : foizllfgf”
k

arazz ) i2/ £1 k % 2)i
+ont o f LS + T o f - SR



and

Doivia © - Ja f32% = Doy o f - fR " 4 Tasyiy 0 - J2 - Tiliy o f - f2 1

It follows that

Ly, o f-log" [f{* =1y, 0f-O <1og+ 7O+ log* (i)

i=1

£ log? |f§”|> +0(1)
i=1

For 1 <k <k, we estimate 1y, o f - ‘f(g)k
f(g3)k
(2.9) 1y, o f- Iz
fkl” onlzg f 7 7 Flgzzlzz f 7 %
< 1Va (0] f ( fk —+ fC]i fall/fof/ fk f 1/f 2!
Note that 1y, o f - ‘”}—}ff‘ are bounded. We compute the fourth term in the right hand
side of (2.9): For i3 # k we have
1 argl % (2 (] (2
]-Va f 82;2 f f1/f2/f3/
aAE’L 1 8B§Z 7 fk
=1y, 0f- ‘(—3 oo f+ —8 woof- fk) fa ffa
aAlgé’L K] a fé’b 7
S]-Vaof' (‘@—é?of +‘ a 1;2 f‘) f21/f12/f13/|
n 3
=1ly0f-0 (Z |fZ;’|> .
i=1
For 73 = k we obtain
ork o
of |7 a““,;” I
fk/
AL 1
) fk/
—wero () [
i=1 o



Therefore we get
3)k
f( )
7

1y, o f -log"

<ly,of-0O (log+

k(3) n
+ ) log" | £
=1
+> log* |f;<1>|) +0(1).
=1

In this way we have

(2.10) 1va0f-10g+|f§l)k|:()< > 1va0f'10g+|fi(j)|>+0(1), 1<k<n,

1<i<n,1<5<1
& J&
1y, o f -log™ i = Z 1y, o f - log" f’“
o 1<5<1

+ Z 1y, o f-log" |f;<”|) +0(1), 1<k<k,.

I Y

Notice that for 7 > 1

i)
(2.11) Ly, o f -log" |/ <1y, 0 f - log* f;i Ja
i)
=1y, 0f-log" ;fl + O(1).

Combining (2.8), (2.10) and (2.11) with Nevanlinna’s lemma on logarithmic derivative
(cf., e.g., [8]), we deduce that

dQ B . fclf(l)(Z) d_@
/z| log™ £(2) O(al;<n/ 1y, (f(2)) - log ) | 2m +0(1)
(z) db
= +0(1)
o( 5 Lo )
= S¢(r).

Q.E.D.

3 Proof of Theorem 1.1.

We first note that the current

dd*log W (V, f)| = =00 log | W(V. /)
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is well defined and a positive measure on C. For the sake of notational simplicity we write
c1(D) for the curvature form of the hermitian line bundle L(D) defining the Chern class.
It follows that

(3.1) ddlog & = f*ei(D) + frer(Ky) = Y f*Di+ dd°log|W(V, f)[.

Let Z =Y, A, - 2, be a divisor on C with distinct z, € C. We set the k-truncated
divisor of Z with k < oo by

(2 = Zmin{u, k} -z,
Calculating the multiplicity at f(z) € > D;, we see that

=Y [ Di+ddlog|W(V, /)P = = (f*Di)n,

as currents. It follows from this and (3.1) that

(32) ddlog& > f*ci(D) + frei(Ky) = > (f*Di)n.
We denote the order functions T(r, L(D)) (resp. T¢(r, Kp)) of f with respect to ¢1(D)
(resp. c1(Knm)); e.g., ]
s t .
1ne0) = [ [ raw)

1 U Sz«

Using the counting function N, (r, f*D;) truncated to level n defined by
* " dt *
R R T
1 lz|<t
we have by Jensen’s formula
(3.3) Ty (r, L(D)) + Ty (r, Kn)
1 g 1 de

< N, (r, [*D;) + = 1 — == 1 —.

SENesP) g [ sy - [ ese)y,
By Lemma 2.3 we see that

Ty(r, L(D)) + Ty(r, Knr) < Z N, (r, f*D;) + S(r).

This finishes the proof.



4 (Geometric proof of Cartan’s second main theorem

The purpose of this section is to give a geometric proof of H. Cartan’s second main
theorem ([1]), whose key is the following. We let V denote the connection induced by the
Fubini-Study metric form w on P™(C) in this section.

Theorem 4.1 Let f: U — P"(C) be a holomorphic curve from a domain U C C.

(i) The holomorphic curve f is V-degenerate if and only if f is linearly degenerate; i.e.,
the image f(U) is contained in a hyperplane.

(ii) The Wronskian W (V, f)(z) is holomorphic in z € U.

Remark. So far by our knowledge, the above (ii) was first proved by Siu [11] in the
case of n = 2. Since there is no reference providing a proof for general n, we give a proof
making use of the potential of the Kéhler form w. The statement (i) should be known,
but since we do not know a reference and its proof consists a part of the proof of (ii), we
here give a self-contained proof.

Proof. (i) We take a point 2y € U and set wg = f(z) € P*(C). We may assume
that zo = 0. Let (w',...,w™) be the normalized affine coordinate of P"(C) such that
wo = (0,...,0) and

w=ddlog (14 Jwl?), [l = Ju
j=1
We set
0 = 0
az = a3 az - 5
0z 0z
f(2) = (1), ["(2))-

Setting ¢(w) = log (1 + ||w||?) and w = g;75=dw’ A dw’ we have
gij = ai5j¢(w)a

where 9; = 0/0w’ and 9; = 9/0w’. Then the Christoffel symbol I'¥; of the connection V
is given by

T = (Bigyp) - 9" = 0igsi - g™ (=T},
Vo,0; = Tl50k,

where (¢'*) denotes the inverse matrix of (g,;) with g;;g'* = 6% (Kronecker). For the later
use we give that

(4.2) g™ = —g" - Ongi; - 7",
g™ = —g" - Ongi; - ¢*.



Note the power series expansion of the potential ¢(w) about the origin 0:
o0 lll
R i
(4.3) o(w) = Z — Zw (T
- M :
o %
From this power series expansion we see that

(1) the partial differentiation of ¢ evaluated at 0,

(4.4) By, -+ 03, 0j, -+ - 9;,0(0)

can be non-zero only when the partial differentiations 0; and 5j appear ezxactly in
pairs in the partial differentiation;

(ii) n particular, the values of odd order differentiations of ¢(w) are all zero at w = 0.

(iil) of we rewrite (4.4) as

(4.5) (0, 0)" -+ (93,05, )"76(0),
where iy, ..., are distinct, then the values of (4.5) are the same for all choices of
indices iy, . .. ,1,, because of the symmetry in variables w', ... w";

We will use only the above property (i) (and (ii)). Hence we see that

@gﬂ—(O) = 8iaj51¢(0) =0,
I'’(0) = 0.

We write f)(2) = fWF(2)0y, locally about 0. Note that f9*(z) are not holomorphic
for j > 2:
(4.6) fOF =2 v o.fr-0.f7-T),, o f,
f(g)k - azf(Q)k + azf“ : azf(Q)i2 ’ Fi’iig © f
=03 fF +302f" - 0.f* Tk, of
+ 0. f 0. 0. T of Tk, of

+ azfil . azf’iQ . azfa . 8arl,€ o f

1112

Therefore we see that

(4.7) f(j)k _ azf(j—l)k i 8Zf“ _f(j—l)z‘z .rﬁh of

= OLf* + PO f" . 0 " Oy 0a Ty 0 ),
(1<h<n 0<v<j—2),
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where P7% is a polynomial such that every term involves some of 0, - - - 8%1“?”2 of. It
follows from (4.4) and (4.2) that 9y, - - - 9,,', (0) = 0. Therefore,

oy~ 4112

ij(ath(0)7 s 78g_1fh(0)7 8011 -0 Fh (O)) - O,

Qy = 1119

so that
FOH0) = 9L (0).
It follows that W(V, f)(0) = det(8 f*(0)). Therefore W(V, f) = 0 if and only if the
standard Wronskian of f det(d? f*) = 0, and hence if and only if f is linearly degenerate.
(i) If W(V, f) =0, it is trivially holomorphic. We assume that W(V, f) # 0. Then by
making use of the notation in (i) we may assume that W (V, £)(0) = det(d7 f¥(0)) # 0.
By a unitary transformation of (w') we may also assume that the matrix (8; f k(O))

1<j.k,<n
is of lower triangle:

(4.8) 0Lf*0) =0, j <k, 0If*(0) = cx,
where ¢ € C* = C\ {0} are non-zero constants.

We prove
(4.9) d.f9*0)=0, j<k<n.

Let k > j. Then it follows from (4.7) that

5zf(])k = ij(atha s )8g_1fhaaa1 e aa,,rﬁiz © f7
0.0n, -+ 00, T, o f)

Qy = 4119

— ij(ath7 . ,agflffz 8041 s aoz,,r?lig © f7
azfﬂ ' 568011 U aaurilliQ © f)7

where Pi* is a polynomial naturally derived from P7* by differentiations. Therefore we
see that

(410) ng(])k(o) = ij(ath(()), cee 78;'71fh<0)7 8041 U aaur’?liz (0)7
azfﬂ(()) ’ 5ﬁ8a1 e 8aurzh1i2 (O))

One infers from this, (4.2), (4.4), and (4.8) that the remaining terms in (4.10) are only
those involving

AL f2(0) - 9. f1(0) - OiT% (0), iy <1< j—1(<k). (Cf. (46).)

lio

Since 01T, (0) = 91010;,0,$(0) = 0 for iy # k, we have proved (4.9).
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We finally see that

C1 0 0
n Cji—1 0
oWV, )0) =Y | 0 0 =0
= Cit1
0
* ¥ Cp

Q.E.D.

Remark. Let B = {||z[| < 1} be the unit ball of C" with the Bergman metric (h;;) on
B. Then we have

=1
(4.11) ¥ =log(l — ||lz|*) = Z ;||:v||2”,

v=1

Let Vg be the connection induced from the Bergman metric on B. Because of the type

of the power expansions (4.3) and (4.11), we have

Corollary 4.12 The Wronskian W (Vg, f) is holomorphic for a holomorphic curve f :
U — B.

: : 2
5 Holomorphic curves into P!(C)".
In this section we set

G = C*27

which is a two-dimensional semi-abelian variety. We consider Pl(C)2 as an equivariant
compactification of G. We fix an affine coordinate system (z,y) € G C PY(C)*. Then
there are invariant vector fields on G,

XZIQ, Yzyg,
x dy

which form a frame of the holomorphic tangent bundle T(G). In this section, we denote
by V the flat connection with respect to the frame {X, Y} of T(G); i.e.,

VxY =VyX =0.

Then V is a meromorphic connection with logarithmic poles along the boundary divisor
0G = E, which has only simple normal crossings.

12



We set locally
u = logz, v =logy.

A locally closed complex submanifold N of G is V-totally geodesic if and only if N is
an open subset of an affine linear subspace {(u,v) € C* A + pv = ¢} with constants
A, i, and c¢; in particular, N is an open subset of a translate of an analytic 1-parameter
subgroup of G.

Let D C G be an algebraic reduced divisor, and denote by the same D the closure in
PI(C)Q. We are going to deal with the Nevanlinna theory for an algebraically nondegen-
erate holomorphic curve f : C — P1(C) and D + E; in particular, we are interested in
the problem of the possible second main theorem.

If f(C)NE =0, then we have f : C — G. In this case we know the following theorem
by [9] and [10].

Theorem 5.1 Assume that f : C — G 1is algebraically nondegenerate, and let D be an
algebraic reduced divisor on G. Then there an equivariant compactification G of G such
that

A A

Ts(r, L(D)) < Ni(r, f*D) + eT3(r, L(D))le, Ve >0,
where f: f:C— G and D is the closure of DNG in G.

As the second main theorem for f : C — G, Theorem 5.1 is the best possible result.
Therefore in the sequel we will be mainly interested in the case where f(C) N E # (. We
set

f(z) = (F(2),G(2))
with respect to the coordinate system (z,y), where F(z) and G(z) are meromorphic
functions in C. It follows that
E &
F}\I/‘ !/ C? /
(F) (%)

(5.2) W(V, f) =

or Oy 1)

Proposition 5.3 If [ is V-degenerate and f(C)NE # 0, then f(C) is contained in the
closure of a translate of a 1-dimensional algebraic subgroup of G.

Proof.  Suppose that W(V, f) = 0. Then there is a non-trivial linear relation with
A\ p e Ce
F'(2) G'(z)

4 = .
(5.4) A tHGm =0 2€C

If one of A and g is zero, the conclusion is immediate. Thus we assume that Ap # 0.
Since f(C)N E # 0, there is a point a € C with f(a) € E. Then F(a) = 0, or oo, or
G(a) = 0, or co. Assume that F'(a) = 0; the other cases are dealt similarly. Then there

13



are an integer m and a non-vanishing holomorphic function F in a neighborhood of a such
that F(z) = (z — a)™F(z), locally. It follows from (5.4) that

Am N G'(z)
—a "V G(z)

is holomorphic about a. Therefore (g((zz)) must have a pole at a. Hence there are a non-

(5.5)

zero integer n and a non-vanishing holomorphic function G in a neighborhood of a with
G(z) = (z —a)"G(z). We infer from (5.5) that

Am n
_|_#

z—a zZ—a
is holomorphic about a, so that

Am + pn = 0.
Combining this with (5.4), we have

F(z)"G(2)"=¢, z€C,

where ¢ € C* is a constant. Thus f(C) is contained in the closure of a translate of the
algebraic subgroup {z™y" = 1} of G. Q.E.D.

Let D = > D; be a divisor on G with only simple normal crossings, where D; are the
irreducible components. We assume that every D; is V-totally geodesic. We deal with
the value distribution of f for D + E in two ways.

(a) Here we use an equivariant blow-up of the compactification P1(C)” of G. By [10]
(or directly in this case) we have the following:

Lemma 5.6 Let the notation be as above. Then there is an equivariant blow-up 7 : G —
Pl(C)2 such that D + E has only simple normal crossings, where D is the closure of D
in G and E = G\ G. Moreover, if the stabilizer {a € G;a+ D = D} of D is finite, then
D is ample on G.

Let f: C — PY(C)? be a holomorphic curve such that f(C) ¢ E. Then there is a
lifting f : C — G with G in Lemma 5.6 such that f = mo f. Let £ = Zj Ej be the

irreducible decomposition, and denote by {Pk} all the crossing points of Ej’s.

Theorem 5.7 Let f : C — G, D, E and {P}} be as above. Assume that f is V-
nondegenerate. Then we have



Since Kp = —F and
S-S N S
we have the following, formulated closer to the fundamental conjecture for holomorphic
curves ([6], §2 and [7]).

Corollary 5.8 Let the notation be as in Theorem 5.7. Then
(5.9) T(r,L(D)) + 2T;(r, K¢,) ZNQ )+ Sy (r).

Remark. (i) The coefficient “2” in (5.9) should be “1” by the fundamental conjecture.

(ii) By Proposition 5.3 for f to be V-nondegenerate it suffices to assume that f is
algebraically nondegenerate and f(C) N E # ().

For the proof of Theorem 5.7 we take a holomorphic section & € H(G, L(D)) and
# € H%G, E) such that the divisors (§) = D and (7) = E. We introduce a hermitian
metric ||6] (resp. ||7]|) in L(D) (resp. L(E)). We take a C volume form Q on G. Then
we set

2 WYL D)2 Q(f(2))
(5.10) &= BUOIE FEEIE

Lemma 5.11 Let € be as above (5.10). Then

de
[ et eerg =550

N

Proof.  Note that the singularities of é (z) are those coming from the intersections of
fand D+ E. Locally on G with local coordinate Z,y such that E is written by z = 0,
by g = 0 or by 2y = 0, those singularities are given by

=2(f(2) L 5(f(2)) £0(f() £9(f(2))
a:gf(z ) 5(f(2)) HEO)
4 (L)) a4 (EIE))7 2o g (guuen))
iz \"a(f) ) dz \ () s(f(=) =z \ 9 G)
or by
£5(£(2) La(f(2)

5(f(=)) 9(f(2)
556(f() a4 (%i(f(z))) ’
5(f(2)) dz \ 2(f(2))
where ¢ is the local expression of 6. Therefore, from Nevanlinna’s Lemma on logarithmic
derivative we deduce the required estimate (cf. the proof of Lemma 2.3). Q.E.D.

Proof of Theorem 5.7. By a careful computation of pole orders in é we have the following
current inequality on C:

ddlog{ > frei(D) = > (f*Di)a—=2) (f'E)i+ > (fPr
i i k
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By making use of Jensen’s formula and Lemma 5.10 we complete the proof of the present
theorem.

(b) The advantage of Theorem 5.7 is that it is applicable for an arbitrary algebraically
non-degenerate f : C — PY(C)* with f(C) N E # 0 (cf. Proposition 5.3). On the
other hand it is not so easy to compute the order function T%(r, L(D)). The blow-up G

was used to get a kind of the general position condition with respect D and f . In the
present subsection we are going to deal with the problem imposing such a condition for
f:C— Pl(C)2 relative to D, without using a blow-up.

Let E = P(C)*\ G be the boundary divisor of G, which has four components E;
(1 < j < 4) with only simple normal crossings at four points,

P; =(0,0), Py = (0,00), P3 = (00,0), Py = (00, 00).

Let O(m,n) denote the line bundle of degree m in the first factor of P1(C)* and of
degree n in the second factor of P1(C)>. Then every E; has bidegree (1,0) or (0,1).
Let 0 € HY(PY(C)?,O(m,n)) such that the divisor D = (o) is reduced and has no
common component with £. We introduce the natural metric ||o||. Let D = > . D; be
the irreducible decomposition of D.

Theorem 5.12 Let D = . D; be as above, and let f = (F,G) : C — PL(C)* be a
V-nondegenerate holomorphic curve. We assume the following conditions for D and f:

(i) DN G has only simple normal crossings.

(ii) Every D; (strictly speaking, D; N G) is V-totally geodesic.

(iii) There is a neighborhood V of {Py}i_, such that f(C)NV = 0.
Then

(5.13) Ty(r,0(m,n)) < Z No(r, f*D;) +2 Z Ny (7, f*E;) 4 S;(r).

Corollary 5.14 Under the same conditions as in Theorem 5.12 we have, in particular,

Ty(r,O(m — 4,n — 4)) < Z Nay(r, f*D;) + Sy(r).

Let Q2 be the volume form associated with the product of the Fubini-Study Kéhler form
on P}(C):
(2) da A dz A dy A dy
L+ [2]2)* (1 + [y[?)”

Let 7 € HY(PL(C)? 0(2,2)) such that (7) = E, and set

WY, DR Q)
ToGFEIE- [rF DI

(5.15) £(2)

16



Lemma 5.16 Let £(2) be as above in (5.15). Then we have

/| ) log* £(2) 22 = 5,(1).

o

Proof.  Notice that D N E = {P;}j_,. Let F be the set of intersection points of the
irreducible components of D N G. Setting

Vi={6<|o|<d '} x{d<|z]<d !}

with 0 < 0 < 1, we take and fix a small ¢ so that

(5.17) Fcw, f(C)ynD c V.

In a neighborhood U(C V}) of every point of F';, D N U is defined by
™yt =¢;, i=1,2, |A]#£0,

my Mo

ny N

We first estimate £(z), provided f(z) € U. It follows from (5.15) that with a positive
C* function b on U

where m;,n; € Z, ¢; € C* and A =

2

! !
61y e =| T g b/ (z)
(F) (Gl [FmGm —apP - [FrGrm — P
2
2 m1%+n1%’ m2%+n2%’
= [|A]| i G/ P Gy
(miF +mE)  (maf +n2F)
b(f(2))
|Fm1Gn1 — Cl|2 . |Fm2Gn2 — CQ|2
(leG’"l)’ (Fm2Gn2)/ 2
_ Fm1iGri Fm2Gn2
= [|A]| ? (FmiGry” (Frigmy \2  (Fme2gney” (Fmagn2y\ 2
FmiGgrr < FmiGn ) Fm2Gr2 < Fm2Gne >
) b(2)
‘leGTn _ 01’2 . ‘Fmang _ C2|2
(leGnlfcl)l
_9 iGnl —
= ||A|| (F'mlGnl_cl)N . (lecnlc)l/ . (F'mlGnl_cl)l
FM1G™M —¢; FmiGnl Fr1G M —¢;
(Fm2G™2 —cp)’ 2
Fm2Gna —
(FmQanch)N B (FmQGngcil . (FmQanch)/
Fm2Gn2 —cq Fm2Gn2 Fm2Gn2 —cy

X ETmEmR| GRS (2))-
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Since |F(2)]*! and |G(z)|*! are uniformly bounded from above by §~!, provided f(z) € V4,

we have by (5.18)
(Fm1 G™ — Cl)/ (szGng — Cz),
5.19 <P :
(5.19) (2 < (‘ | |
(leGnl - Cl)” (szan - CQ)N
FmGm — ¢ Fm2(Gn2 — ¢ ’
provided f(z) € U, where Pi(---) is a polynomial with positive coefficients. Hence, we
may assume that (5.19) holds, provided f(z) € V.
In a neighborhood U’ of a point of DN (V;\ V), there is only one irreducible component
of DNU’, to say, given by
xMy™ =c, my #0.
Then we have
1 (leGnl 701)/ Q/ 2
Fm1G" —¢; —2m
€)= || men e Tty ey Gy < IFTUAE)
1 F1Gn F1GM —¢; G

FM1Grl—cy

provided f(z) € U’. Therefore we see that (5.19) holds for f(z) € V.

Set
Vo={0<|a| <o} x {6 <yl <o HU{d <z <67} x {0 <[y| <0}

U{o™" <ol <o} x {0 <yl <07 Fu{d <ol <07} x {07 < Jy < oo}

It follows from the condition that
f(C) c ViU

Note that there exists a positive constant c3 such that
o] > c3 on Va.

Suppose that f(z) € V2. Then we obtain

)| (F) (&I ToGEDIP
1 & g
~all(F) (@)

We see by this that there is a polynomial Ps(-- ) with positive coefficients satisfying
F'| |G G"
<P|(|=|, = —1 .
SR )

F//
F

I )

(5.20)
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Set P = P, + P». We see by (5.19) and (5.20) that

(le am _ Cl)/ (szGm _ C2)/ F’ G’
21 <P Fl'la
(5 ) f(Z) ~ (’ Fmin _ 1 ) Fma2(Gne — o ’ F ) G )
i —ay'| |G| |F] &
FmiGm — ¢ | FmeGrz — Co E G

for all z € C. Applying Nevanlinna’s lemma on logarithmic derivatives, we infer that

do
1
/|Z _ log TE() g
. (leGnl — Cl)/ (Fm2Gn2 — CQ)/
=0 (m (r, PG e +mr, PG — ¢
F’ G’
"F e

r(Fm%wl W', [ EC )
’ leGnl—Cl ’ Fmanz_C2

+m)(n%)+m< %))

= S¢(r

+m

Q.E.D.

Example 1. Let f(z) = (F(z),G(z)) be defined by

e“+1

F(z) = ¢, G(z):ez_l.

It is easy to check that f is V-nondegenerate, and to see that the image f(C) is contained
by a curve C' C PX(C)? defined by

(x—1)(y—1)=2.

Since C'N {Pj}§:1 = (), f satisfies the conditions of Theorem 5.12, although f is alge-
braically degenerate.

Example 2. Here we give an example of an algebraically nondegenerate f : C — Pl(C)2
for Theorem 5.12. By Fatou’s example ([2]) there is an injective holomorphic map & :
C? — C? with non-empty exterior open subset U (C C?) of the image ®(C?). By
making use of Picard’s theorem (or Casorati-Weierstrass’ theorem) we take four points,
(a;,b;) € U (i,j = 1,2) such that

ay # az, by # b,
{a}xC)£0 (1=1,2),
PHCx L) A0 (j=1,2)
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Let a; € @ '({a;} x C) (i = 1,2) and 3; € 1(C x {b;} (j = 1,2). By making use
of the affine coordinate (z,y) of C2 C P!(C)* we consider the following biholomorphic

transform of Pl(C)2:
(T —a Y- by
sl = (22020,

Set U = 1o ® : C2 — PY(C)?. Then points P; (1 < j < 4) are exterior points of the
image ¥(C?). Let g : C — C? be a holomorphic curve such that the image g(C) is
contained by no analytic proper subset of C?, and that ¢ passes through all four points
a;, 3 (i,j =1,2). Set f =Vog:C — Pl(C)Q. Then f is algebraically nondegenerate
and f(C) N E # (. By Proposition 5.3 f is V-nondegenerate, too.

Problems. (i) It is an interesting problem to find more examples for Theorem 1.1.

(ii) It is naturally interesting to extend the results of §5 to the higher dimensional case
and the case of general semi-abelian varieties.

(iii) Is it possible to decrease “2” to “1” in the inequalities obtained by Theorems 5.7
and 5.12.
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