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ON INDEPENDENT RIGID CLASSES IN H*(WU,)
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ABSTRACT. We introduce a family of rigid, linearly independent classes
of H*(WUy,). The family is different from the one studied by Hurder in
[7], and some of the classes are decomposed into products of elements of
H*(WU,). We will show the independence by examining of a complexifica-
tion of Baker’s example in [2].

INTRODUCTION

One of classical questions in the study of secondary characteristic classes
of foliations is that to determine the kernel and the image of the character-
istic homomorphism. For example, if there are linearly dependent classes,
then the relations belong to the kernel. If transversely holomorphic foliations
are studied, these questions concern the mappings H*(WU,) — H*(BI) or
H*(W;) — H *(B—F;C). Some of related results are as follows. It is shown by
Baum and Bott that all classes in H?**'(WU,) and H**'(W{) admit con-
tinuous deformations [3]. These classes are said to be variable classes, which
are also studied by Hurder [5]. On the other hand, classes rigid under deform-
ations are called rigid classes. Hurder studied such classes in H* (W;C) and gave
a family of linearly independent classes [7]. In this paper, we give a family of
rigid classes in H*(WU,) which is linearly independent and is different from
Hurder’s one as elements of H *(W;C). Some of these classes are shown to be
products of a variable class and a rigid class. We will show the independence
by studying a complexification of Baker’s example [2] which will be constructed
by using SL(k + n;C). The example is classical if k = n = 1. Also, if k = 1,
then the non-triviality of the Godbillon-Vey class is shown in [1]. The case
where k = 2 and n = 3 is studied in [4] by means of more direct calculations
of differential forms.
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1. PRELIMINARIES

Throughout the paper, the Lie algebra of a Lie group is denoted by the
corresponding fraktur letter. For example, g denotes the Lie algebra of G. If g
is a complex Lie algebra, then the Lie algebra g viewed as a real Lie algebra is
denoted by ggr. The coefficients of cohomology groups are chosen in C unless
otherwise mentioned.

First we introduce secondary characteristic classes.

Definition 1.1. Let Clvy, . .., v,] be the polynomial ring generated by vy, . . ., v,
where the degree of v; is set to be 25. We denote by I, the ideal generated by
monomials of degree greater than 2¢, and set C,[vy, ..., v, = Cluy, ..., v,]/1,.
We also define C,[v1,...,7,| by replacing v; by v;. We set

WU, = A, ) ® Cylor, ..., v] @ Cylon, ..., 5],
W, = /\[u1, oty @ Cyluy, . vy,
WS = Alur, .o ug, i, 1] @ Cylor, .., vg] @ Cyl0y, ..., D).

These algebras are equipped with derivatives such that du; = v; — v;, du; = v;
and dv; = dv; = 0. The degree of u;, u; and u; are set to be 2i — 1. We define
Wq by replacing u; and v; by @; and v; in W,. Then, Wg =W, A Wq.

Since H*(WY) is isomorphic to H*(W,) ® H*(W,), there is a natural inclu-
sion from H*(W,) to H*(W{). There is also a natural mapping from H*(WU,)
to H* (W;C) which maps u; to u; —u;, v; to v; and U; to v;, respectively. Indeed,
this mapping corresponds to the natural mapping from BT q(c to BFqC, which
is a part of the homotopy fibration BI'S — BF(;C — BGL(¢; C) and also is the
classifying map of the I’ ;C—structure of BI (;C, namely, the map which forgets

the triviality of the complex normal bundle.
The following result is classical.

Theorem 1.2. Let BF;C be the classifying space of transversely holomorphic
foliations of complex codimension q, and let B—F;C the classifying space of trans-
versely holomorphic foliations of complex codimension q with trivialized com-
plex normal bundles. Then, there is a well-defined homomorphism H*(WU,) —
H*(BIY) and H*(WE) — H*(BIY).

The above homomorphisms are called the characteristic homomorphisms.
Let M be a manifold and F a transversely holomorphic foliation of M, of
complex codimension g. Then, the classifying map induces a homomorphism
from H*(WU,) to H*(M). If the complex normal bundle of F is trivial, then

by fixing the homotopy type of a trivialization, we obtain a homomorphism
from H*(W{) to H*(M).
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If smooth (real) foliations with trivialized normal bundles are considered,
then we can choose R as coefficients. We denote by Wﬂ(f the algebra W, but
the coefficients are chosen in R. In order to distinguish WEIR from W,, we denote
u; by h; and v; by ¢; when we consider elements of WEIR. Then, the charac-
teristic homomorphism is defined as a mapping from H* (Wﬂs) to H*(BI;R),
where Bl denotes the classifying space of foliations of real codimension ¢
with trivialized normal bundles. Elements of H*(WU,), H*(W;), H*(W,)
and H *(Wg{) or their image under the characteristic homomorphisms which
involve u;, u;, @; or h; are called secondary characteristic classes.

There is a natural mapping, say p, from WU,y to WU, such that if i < ¢
then p(u;) = w;, p(v;)) = v, p(v;) = v; and if i = g + 1 then p(u;) = 0,
p(v;) = 0 and p(v;) = 0, respectively. The mapping p induces a homomorphism
ps: H*(WUy41) = H*(WU,). The classes of H*(WU,) in the image of p, is
are called rigid classes. Indeed, it is known that rigid classes are rigid under
deformations of foliations. Similar homomorphisms from W,y; to W,, from
Wey, to WS and from Wi, | — W are also defined. The classes in the image
are also called rigid classes and are rigid under deformations. On the other
hand, a classes w € H*(WU,) is said to be variable if w varies continuously
with respect to a family of foliations.

Let G be a Lie group. Let H and K be Lie subgroups of G such that H D K.
We assume that G/H admits a complex structure invariant under the left G-
action. We also assume that there are an Adg-invariant splitting of g — g/b
and an Adg-invariant Hermitian metric on g/h. We assume in addition that
there is a discrete subgroup I' of G such that M = Mg = I'\G/K is a
closed manifold. We denote by Fx the transversely holomorphic foliation of
M induced by the left cosets of H. Note that if K C K’ C H then there is a
natural projection, say m, from Mg to Mg and that Fx = 7*Fk.

If My and F are as above, then the characteristic homomorphism x: H*(WU,) —
H*(Mf) is well-studied. We state some results without proofs (see [1] and ref-
erences therein).

Theorem 1.3. Suppose that K is connected. If we denote by ¢: H*(gr,t) —
H*(My) the natural mapping, then there is a natural mapping xr: H*(WU,) —
H*(gg,t) such that x = ¢ o xx holds.

Theorem 1.4. Let G be a complex semisimple group. Let K be a compact
connected subgroup and H a complez, closed, connected subgroup of G. Let gq
be a compact real form of g and Gy be the compact real form of G with Lie
algebra go. Then, there is an isomorphism between H*(ggr,t) and H*(Gy) ®
H*(Gy/K).
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Theorem 1.4 is shown by constructing an isomorphism of Lie algebras x: g&®
g — gr ® C and a diffeomorphism 7: Gy x (Go/K) — (Go x Go)/K. We set
fx =710 (k)7 : C*(gr, &) — Q*(Go x (Gy/K)), where C*(gr, ) denotes the
set of cochains on gg relative to € with coefficients in C, and Q(Gy x (Go/K))
denotes the set of C-valued differential forms on Gy x (Go/K), respectively.
Then, fx induces an isomorphism fx.: H*(gr,€) — H*(go) ® H*(go, £).

Let 6 be the Bott connection as in [1, Lemma 3.1.11] or the unitary connec-
tion as in [1, Lemma 3.1.13], which is a gl(g/h)-valued 1-form on G x GL(g/h).
Let 6 be the complex conjugate of 6 with respect to gy, namely, 6° is a
gl(g/b)-valued 1-form on G x GL(g/h) defined as follows. First let 0|4)qq1(5/5) =
a + v/—17 be the decomposition of 0]gomgi(g/y) into real and imaginary parts,
namely, the both o and 3 are R-valued. Then, we set ¢ = o — /—13. By
[1, Lemma 3.2.6] and [1, Proposition 3.2.7], we have the following.

Proposition 1.5. Let 0 and 0° be as above. If we denote by p; the projection
from g & g to g as the i-th factor, then fx6 = pi0 + p30 and fr0 = p56°.

2. INDEPENDENT CLASSES OF H*(WU,)

We study the following example, which is a complexification of Baker’s ex-
ample [2, Example 1(a)] (see also [4] for the case where n = 3 and k = 2). If
n =k =1, then it is an example of Roussarie [6].

Example 2.1. Let G = SL(k + n;C), wheren >k >0orn=%k =1, H =
{(aij) € Gla;; =01if i > k and j <k}, K = S(U(k) x U(n)) and T' = T+ !
the maximal torus in G realized as diagonal matrices. Then, the left cosets of
H induce transversely holomorphic foliations of complex codimension kn on
I'\G/T and I'\G/K, where I' is a discrete subgroup of G such that I'\G/K
is a closed manifold.

We have a complexification of [2, Theorem 5.3] as follows. If I = {iy,..., 4}
;- If I = & then we set
uy = 1 and regard i; = +00. We define h; in a similar way.

then we set uy = wu;, - - - u;,. We denote u;y also by u;,

.....

Theorem 2.2. Let I = {iy,...,4;} and suppose that k < iy < --- < iy < n.
The classes of the form i, kﬂw’f”@’f” are non-trivial and linearly independent
in H*(I'\SL(k+n;C)/T). These classes are rigid classes, namely, rigid under

deformations of foliations if k =1 and i, > 2.

Proof. We retain the above notations. We denote by Fj;; the element of
gl(k+n; C) such that the (4, j)-entry is 1 and the others are 0. Let {w;;} be the
dual basis of { E;; } for gl(k+n; C). We define a splitting o: g/h — g by setting
o([Ey]) = Eij, where j < k <. ff weset w = "(Wkt1,15- -, Whtnds - -« s Wkt 1k - -

o) wk+n,k) )
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Wrk+1,k+1 " WEk+1 k+n
then kerw = . We set 6y = : : iy = By @1, =
Wk4nk+1  ° " Wkink+n
On c On k-times
L | for1<i i<k andO=6,B--- Db — > wli;. Then,
o. -0, 1<i,j<k
we have dw = —0 Aw. As in [1, Example 3.3.6], 0% = Tt induces a unitary

connection with respect to the Hermitian metric given by ([A], [B]) — tr(*AB).
Hence we can compute complex secondary classes as follows. We denote by
v;(0) the i-th Chern form calculated by using a connection §. The Chern-
Simons form calculated by the i-th Chern polynomial and connections 6, 6
is denoted by A, (61,62). Let Go = SU(k 4+ n) and fx as above. Then, by
Proposition 1.5, frvi(0) = vi(pi6 + pi6) and fxv;(0) = fxvi(0) = v;(p30°).
Similarly, fxu;(6,0%) = A., (pi0 + pi0, pi6™ + pi0*) — A, (ps0°, p50¥c). We now
set X;; = Eyj — Eji, Yy = V=1(Ei; + Ej;) and K, = /—1(Ey1; — Ejg). Let
Bij, vij and ay be their duals. If 7 # j, then w;; = B;; + \/—_1%3». We have
(p50)kx = V—1(—au + ax) and (p30°);; = p5Bi; — v/ —1p5yij, where k > 1 and
© # j. On the other hand, we have

v1(0) = \/_ (k Z wijj — nZwﬂ> = k:—f—n Zdwﬂ

j=k+1
(k+n)v—1 Z
1<i<k
15j<n

As Bji = —B;; and ;i = 7;j, we have

val( ) <k+n Z 5z]+n/\ﬁ)/1]+n

1<i<k
1<j<n

k

Hence fx,(0)%" = —|—n) /\1<Z<k (Bij+n A Vij+n). The right hand side
s 1<j<n

is equal to C'voly, where C' is a non-zero real number and voly denotes the

volume form of N = SU(k + n)/S(U(k) x U(n)). On the other hand, p;f
(resp. piA*) is the complexification of the real Bott connection (resp. metric
connection with respect to the metric obtained by restriction to the real part)
for the foliations modelled on SL(k+n; R) with leaves {gHRr } gest (k4n;r), Where
Hr = HNSL(k + n;R). Let xxr be the characteristic mapping from Wﬂf to
H*(sl(k + n;R); R) obtained in the same way as in Theorem 1.3 (see [2] for
details). We regard xxr as a mapping from Wi @ C to H*(Gp) by complex-
ification and denote it again by yxr. Then fr.xx(w) = Cxgr(wr) ® voly,
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where w = Uy __xU;,. V"0, wr = hy ghi, O € W]R and C' is the con-

stant as above. If K is replaced by 7', then there is a natural projection
m: I'\G/T — I''G/K and Fr = n*Fk. If we denote by 7* the natural map-
ping from H*(sl(k+n;C)g, £) to H*(sl(k+n; C)g, t) by abuse of notations, then
x1(w) = 7 (xx (w)) by the naturality. If we denote by 7’ the projection from
Go/T to Go/ K, then fr.oxrom* = (id®@7n"*)o fr.oxk. It is well-known that 7'
is injective on the subalgebra generated by the Chern classes so that yr(w) is
also non-trivial. Therefore, the first part follows from Baker’s theorem [2, The-
orem 5.3]. Finally, the cochain @ (vf" o=t 4 vbrghn 4 ofn=lphntly ig
mapped to the cocycle u; . kuﬂ)’f”vl under p: WU, — WU,, and is closed
if k =1 and 4y > 2. Hence u; kuwf"v’f” represents a rigid class if £ = 1
and i1 > 2. O

We can also show the following by an essentially the same argument as above,
using [8, Theorem 5.37] (see also [2, Theorem 5.9]) instead of [2, Theorem 5.3].

Theorem 2.3. Let k = 1 in Ezample 2.1 and I = {iy,...,3}, and let
q(v1,...,v,) and r(0q,...,0,) be monomials of degree 2i and 2n, respectively.
Then, we have the following.

1) We fix r(vy,...,v,) and denote it by 7. Then, the classes of the form
Up—iv1rq(V1, .., 0)T, n—i+ 1 < ip < -+ < 4 < n, are linearly
independent in H*(I'\SL(n 4+ 1;C)/T). These classes are multiplies of
the classes wyu oo} in H*(I'\SL(n + 1;C)/T).

2) The classes of the form urq(vy,...,v,)7r(01,...,0y), wheren —i+1 <
iy < -+ <1 <n, are trivial in H*(I'\SL(n + 1;C)/T).

Note that the classes in 2) are rigid ones. Some of the classes in 1) are also
rigid. Suppose that g(vy,...,v,) is of the form v;¢'(vy, ..., v,), where n —i +
1+j <iy <--- <. Suppose also that 7 is of the form vyr'(vy,...,v,), where
k+1 < iy. In the both cases, we regard i; = +00 and the conditions are satis-
fiedif I = @. If we set w = W;urq (v1, - . ., Vn) Upeig1 T+ Up—is1Urq(vy, - . ., V)T +

UpUrVp—i+1q(V1, ..o, 0p)7 (01, . .., Uy), then w determines an element of H*(WU,,41)

which is mapped to @, ;1 1uq(vy,...,v,)7. The condition seems artificial
but classes of the form w uv7o} satisfy it if ¢4 > 2. We also remark that
V=117 represents the Godbillon-Vey class.

We continue to study Example 2.1 with £ = 1 and n = ¢q. We assume that
1<ip<--- <4 <q. Ifl >1then we also assume that i; +iy > g+ 1. We set

— 7 () g-15 74
Sq—u1(vl+vl U1+"'+U1)

o ) m 17 . q—Jj=i—1-
0= Niyooivg = Uiy, V] + § Uy iy imyeni V1 7V Vi,

1<5<q
1<m<l
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We have {,n = U4, v{0]. The class £, is the imaginary part of the Bott class
and is a variable class. On the other hand, 7 is a rigid class if i; + iy > ¢ + 2.
We do not know if n is a variable class if 7y + 72 = ¢ + 2. The cocycle 7 is

closed as follows. We have
I

l
dn = Z(_Um_lﬁil,...,fn}..,z'zvllz(“im — Ui, ) + Z(_Um_l%l,...,a,...,il (vf = o1)v,,
_ m=1

E a -~ II5IE (0 — ©
+ ul,il,...,in,...,im ..... ilvl U1 /Uzm(vln vln)
1<j<q
m,n

_ m 1~ — m 1~ L q5.
o Z Zl: s /lelvlm + Z /le "7im7"'77"lvlvlm

E U q—J—J—l—. T
:t 1111 ﬂny 774m7 7ZZU1 Ul Ulm(vl" Uz")
1<j<q
m,n

in WU 41 because 77 > 1. If [ = 1, then the last term does not appear so that

dn=0in WU 4. If I > 1, then we have (¢—j)+i,+ (j — 1) +4p > i1 +iz+q.

Hence, 7 is closed in WU 44 if 43 + 42 > ¢+ 2 and in WU, if 43 + 49 > ¢+ 1.
By applying Theorem 2.2 with £ = 1 and n = ¢, we deduce the following.

Corollary 2.4. The product of & with 1, .4, where 1 < i3 < --- <4 < g¢q
and either L =1 orl > 1 and iy +is > q + 1, are non-trivial in H*(I'\SL(q +
1;C)/T;C). The family of classes {&4,Miy....i,.q} 1S linearly independent. The
class &, is variable. The classes 1;, i q with | =1 or iy +1i3 > q+ 2 are rigid.

Proof. By taking the product with ¢,, the family {n; i}, where 1 < k <
q, 1<ip<---<i;,<q,l>1and i +iy > q+1, is mapped to a family which
consists of linearly independent classes by Theorem 2.2. Hence {&;, 7. 4}
consists of linearly independent classes. 0

Remark 2.5. Let k = 2 and n = 3 in Example 2.1, and & and 7,6 as above.
Then &g g = Urupv80%, which is non-trivial by Theorem 2.2. Therefore & and
72,6 are non-trivial. On the other hand, if we set u = w1 Us (v90] +070%), then ,u is
closed and pv, = uluwlvl. Hence p and vy are also non-trivial. Actually vl is
a generator of H'2(SU(5)/S(U(2) x U(3))). On the other hand, by examining
the degree of generators of H*(SU(5)) ® H*(SU(5)/S(U(2) x U(3))), we see
that the Godbillon-Vey class @009 is trivial. We have u;v%0¢ = &v?. Hence,

unlike the above cases, a product of non-trivial classes yields a trivial class.

Let ¢ = 2¢'—2 with ¢ > 1. Let Z be a subset of H*(W,) C H*(W{) defined
by X = {Ug’izw.’isvgl71’2 <lg < e <y < Q} U {uq/ﬂ-%_,iqu/yq’ <lg < -0 <
is < q}. The family Z is a set of rigid secondary classes studied by Hurder in
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[7]. Indeed, Z consists of linearly independent secondary classes. The families
in Theorems 2.2 and 2.3 differ from Z. At present we know only the following
classes o and 3, as elements of WU, which belongs to the subspace of H*(W{)
spanned by Z and Z. Let ag = tp(v] '+ +07 1) and By = Ty (vy + Uy).
Note that ap = f5. These classes are rigid classes also in H*(WU,). We have
the following.

Corollary 2.6. «y is non-trivial in H'(I'\SL(3;C)/T;C). If ¢ > 2, then ay
and By are linearly independent in H*~'(I'\SL(q + 1;C)/T;C).

Proof. Let v = ﬂlvglfl + U(vd 2 4+ - + 8075, Then, v is closed and
Yo = Uy ligvd . This class is non-trivial in H4q+4(F\SL(q +1; (C)/T C)
by Theorem 2.3. On the other hand we have oy Bq/ = Uty (v] 0y + g0l ).

Let 6 = ay (027 207 2 4o 4 21}%‘7 ). If ¢ > 2, then day = 0 because
(q’—2—i—2q —2)+2(q —1) = 5¢' —6 > 2q = 4¢' —4. On the other hand, 63, =
Uty (v} 20 g+ vf/_zvq/qu ~?). By Theorem 2.3, there is a non-zero real
number C' such that ﬂluq/qu —2pd oy = ﬁlﬂq/v?_%q/qu = Chihydd @ ¢l

Hence 63, is non-trivial. |

Remark 2.7. If ¢’ > 3, then oy Byvy—3 = ﬂgﬂq/vq/_qu/@glfl, which is non-trivial
in H*(I"\SL(¢ + 1;C)/T;C) by Theorem 2.3.
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