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THE LIE ALGEBRA OF ROOTED PLANAR TREES

TOMOHIKO ISHIDA AND NARIYA KAWAZUMI

ABSTRACT. We study a natural Lie algebra structure on the free vector space
generated by all rooted planar trees as the associated Lie algebra of the non-
symmetric operad (non-X operad, preoperad) of rooted planar trees. We de-
termine whether the Lie algebra and some related Lie algebras are finitely
generated or not, and prove that a natural surjection called the augmentation
homomorphism onto the Lie algebra of polynomial vector fields on the line has
no splitting preserving the units.

1. INTRODUCTION

The Lie algebra of polynomial vector fields on the line, Wy = Q[z]-L, and its
Lie subalgebras Ly = 2Q[z] 4 and L; = 2*Q[z] - have been studied in the context
of Gel'fand-Fuks theory. In particular, Goncharova [2] computed the cohomology
group H*(L;) completely. Based on her monumental work, various studies includ-
ing [1] [12] and [14] have been developed. See also [3], [4] and [5]. On the other
hand, Kuno and the second author [6] discovered a Lie algebra structure on the free
Q-vector space generated by the set of all linear chord diagrams, £C, and a surjec-
tive homomorphism & : LC — Lg. The Lie algebra LC is purely combinatorial and
comes from the derivation Lie algebra of the tensor algebra of a symplectic vector
space. So it seems to have no relation with Gel’fand-Fuks theory.

The link between the linear chord diagrams and the vector fields on the line is the
notion of a nonsymmetric operad, or equivalently a non-Y operad or a preoperad.
Kapranov and Manin [7] introduced a Lie algebra A(P) associated to a nonsymmet-
ric operad of Q-vector spaces P. To understand the homomorphism «, we introduce
the augmentation homomorphism of the Lie algebra induced from a nonsymmetric
operad of sets. We denote P = QC, if P((m)), m > 0, is the free Q-vector space of
C((m)) for a nonsymmetric operad of sets C. The augmentation maps QC((m)) — Q
induce a natural homomorphism of Lie algebras e : A(QC) — Wy, which we call the
augmentation homomorphism. The Lie algebra LC is regarded as the Lie algebra
induced from an operad of sets, and the homomorphism & : LC — Lg is derived
from the augmentation homomorphism.

In this paper we study two fundamental problems for some nonsymmetric operad
of sets C;

(i) Is the Lie algebra A(QC) finitely generated?
(ii) Does the augmentation homomorphism have a splitting preserving the units
1€C((1)) and 2L € Ly?
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2 TOMOHIKO ISHIDA AND NARIYA KAWAZUMI

As typical examples of nonsymmetric operads of sets, we have the nonsymmetric
operad of rooted planar trees Tree and its nonsymmetric suboperad of binary planar
trees Tree,. We prove both of the questions for both of the nonsymmetric operads
have negative answers (Theorems 5.1, 6.5 and 7.1). In order to prove Theorem
7.1, we introduce the nonsymmetric operad of partitions Par and its nonsymmetric
suboperad Par, of binary partitions. The answers of (i) and (ii) for Par and that
of (ii) for Par, are negative (Theorems 6.4 and 7.1), while that of (i) for Par, is
affirmative (Theorem 6.1). Here it should be remarked Loday and Ronco [9] have
already studied algebraic structures on binary rooted planar trees in a different way
from ours. The answer of the question (i) for the Lie algebra LC is negative [6],
while that of (ii) is still open.

In this paper we work over the rationals @@, but all the results hold true over
any field of characteristic zero. An operad without assuming the symmetric group
action has various names; a non-X operad [11], a preoperad [8], an asymmetric
operad, and a nonsymmetric operad [10]. For details, see [8]. As will be shown in
this paper, the notion of an operad without assuming the symmetric group action
is quite fundamental. In this paper we adopt a nonsymmetric operad following [10].

Acknowledgments. The authors wish to express their gratitude to Yusuke Kuno
for valuable discussions, and to Jean-Louis Loday for careful comments to the first
version of this paper. The second-named author also thanks Ralph Kaufmann and
Robert Penner for helpful advices. The first-named author is supported by JSPS
Research Fellowships for Young Scientists (23-1352). The second-named author is
partially supported by the Grant-in-Aid for Scientific Research (A) (No0.20244003)
from the Japan Society for Promotion of Sciences.

2. THE LIE ALGEBRA ASSOCIATED TO A NONSYMMETRIC OPERAD

We begin by recalling the definition of a nonsymmetric operad or a non-% operad
or a preoperad of Q-vector spaces.

Definition 2.1. A sequence of Q-vector spaces P = {P((m))}m>o0 is a nonsym-
metric operad of Q-vector spaces, if it admits an element 1 € P((1)) called the unit
and Q-linear maps called the composition maps

k
=17 :P((k) @ P((1) @ - @ P((x) = P((D_Js)s k=>1,j5>0,

which satisfy the following two conditions.
(1) (Associativity) For any ¢ € P((k)), ds € P((Js)), 1 < s < k, and e; €
P((ir), 1 <t < j =Y ¢ js, we have
TR @ ®dr)®e1®-- ®ej) =1(c® L@@ fr),

where fy = v(ds ® €j,1oqjo 141 @ @ €y 4rpjs_ 144, )-
(2) (Unit) We have (1 ® d) = d and y(c ® 1%¥) = ¢ for any d € P((j)) and
ce P((k)), k>1.
As usual, we denote
cogds =(c®12Vod, @19¢=))y e P(k+j, - 1)), 1<s<k

A nonsymmetric operad of sets C is defined in a similar way. For any ¢ €
C((k)), ds € C((js)), 1 < s <k, we denote the composition by v(c;dy,...,ds) €
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C ((Zle js)). Then we denote by QC the nonsymmetric operad of Q-vector spaces
defined by

(@QC)((m)) :=Q(C((m))),
the free Q-vector space generated by the set C((m)), m > 0.
For any Q-vector space V, the endomorphism operad £y is defined by

Ey(m) := Hom(V®™ V)

with the obvious unit and composition maps. The augmentation maps of the
free Q-vector space QC((m)), € : QC((m)) — Q = Hom(Q®™,Q) = &y(m),
erc((m)) apT — ZIGC((m)) az, define a homomorphism of nonsymmetric oper-
ads of Q-vector spaces

€:QC — &y,

which we call the augmentation homomorphism.

Kapranov and Manin [7] define two Lie algebras associated to an operad of Q-
vector spaces. One requires the symmetric group action, but the other denoted
by

A(P) = @ P((m))
m=0

can be defined for any nonsymmetric operad of Q-vector spaces, P. See also [10]
5.3.16 and 5.8.17. The Lie bracket [c,d], ¢ € P((k)), d € P((j)), is defined by

J k
e, d] ::Zdotc—ZcosdE’P((k—l—j—l)).
t=1 s=1

Here it should be remarked our sign convention is different from that in [7], in order

to make the bijection A(Ep) S W= Qz]L stated below an isomorphism of Lie
algebras.
To check the Jacobi identity of A(P), we write simply

e(d) = Z d oy c.
Then the map
d: A(P) — End(A(P)), ¢ (0c:d+ c(d))

is injective since d.(1) = c. One computes 0f..q = [d¢,d4] € End(A(P)). A(P)
inherits the Jacobi identity from the Lie algebra End(A(P)) by the injection 6.
Here we remark the Lie algebra A(P) has a finer structure, a pre-Lie algebra. For
details, see [7] 1.7 and [10] 5.8.17.

For a finite dimensional Q-vector space V', we have a natural isomorphism of Lie
algebras onto the derivation Lie algebra of T'(V*)

(2.1) A(v) = Der(T(V")),

where T(V*) = @,7_(V*)®™ is the tensor algebra of the dual space V* =
Hom(V, Q). In order to describe the isomorphism (2.1) explicitly for the case V = Q,
we denote the element corresponding to 1 € Q = Hom(Q®™, Q) by 1,, € Ey(m),
m > 0. Then we have

[]-m, ]-n] = (n - m)1m+n71~
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This means the map given by
d
1 € A(E m— e W,
€ A(Eg) = 2™ €Wy

is an isomorphism onto the Lie algebra of polynomial vector fields on the line,
Wy = Q[x]%, For the rest of this paper we identify A(Ep) = Wi through this
isomorphism.

Thus, for any nonsymmetric operad of sets C, the augmentation homomorphism
€ : QC — &g induces a natural homomorphism of Lie algebras

et A(QC) — A(Eg) = W,

which we call also the augmentation homomorphism. If C((m)) # 0 for each m > 0,
it is surjective. It is natural to ask whether it does split or not. The answer to this
question should describe the complexity of the given nonsymmetric operad C.

As usual, we denote L := xkﬂ(@[x]% for any k > —1, which is a Lie subalgebra
of W3. Similarly we denote

A(P):= €D P((m)),

m=k-+1

which is also a Lie subalgebra of A(P). The augmentation homomorphism induces
a homomorphism of Lie algebras

[SEN Ak (QC) — Lk
for each k > —1.

We denote by ey = eg” € A(P) the unit 1 € P((1)) regarded as an element of the
Lie algebra A(P). When P = &g, we have ey = x% € W;. For any m > 0, the
subspace P((m)) C A(P) is exactly the (m — 1)-eigenspace of the adjoint action of
the unit, adeg. Hence, for any nonsymmetric operads of Q-vector spaces P and P/,
if a homomorphism of Lie algebras ¢ : A(P) — A(P’), which is not necessarily the
induced homomorphism of a homomorphism of nonsymmetric operads, preserves
the units p(eo”) = eo”’, then we have ¢(P((m))) € P'((m)) for any m > 0.

In view of the action of eg we find out the center Z(A(P)) satisfies

(2.2) Z(A(P)) € Z(Ao(P)) € Z(P((1)))-

Here we regard P((1)) as a Lie subalgebra of A(P). The standard chain complex
C.(A(P)) of the Lie algebra A, (P), k > —1, is decomposed into the eigenspaces of
the adjoint action adeg. The l-eigenspace of adeg, C.(Ax(P))() is a subcomplex of
C(Ar(P)). We denote

H.(Ax(P)) @y 1= Ha(Co(Ar(P)) 1))-

Clearly we have
H.(Ar(P)) = D He(Aw(P)) )
1=k

The formula adeg = d o (egA) + (egA) o d on the standard chain complex implies
H.(Ar(P)) = H.(A(P)) o)

for K = —1 or 0. In particular, if a nonsymmetric operad of sets C satisfies the con-

dition 4C((0)) = #C((1)) = #C((2)) = 1, then we have C,(A(QC))(0) = C\(W1)(0) =



THE LIE ALGEBRA OF ROOTED PLANAR TREES 5

C.(512(Q)) 0y, so that

if ¥ =
(2.3) H.(A(QC)) = H.(W1) = H.(s12(Q)) = {? =03
, otherwise.
Similarly, if §C((1)) = 1, then
0, otherwise.

We conclude this section by a comment on the Lie algebra of linear chord di-
agrams, L£C, introduced by Kuno and the second author [6]. We denote the free
Q-vector space generated by the set of linear chord diagrams of m chords, m > 1,
by led(2m — 1), while we define lcd(2m) = 0. The j-th amalgamation of two lin-
ear chord diagrams C and C’, C *; C’, defined in [6], gives a composition map on
led = {led(n) }n>0. In a similar way to [6], we can prove lcd is an anticyclic operad.
The Lie algebra LC is exactly A(lcd). What we have stated in this section is a
straight-forward generalization of some of observations in [6]. As a nonsymmetric
operad, we have lcd = Qlcd, where Icd is the operad of sets consisting of all linear
chord diagrams. The homomorphism k : £LC — Lg in [6] is the composite of the
augmentation homomorphism and the homomorphism

d d d d
xQ[aﬂ% — Ly = x@[m]%, x2”+1£ — 2w"+1£.
For an anticyclic operad P, we denote by A™(P) the cyclic invariants in A(P). One
can prove AT (P) is a Lie subalgebra of A(P). If P = lcd, the Lie algebra AT (P) is
exactly the Lie algebra of (circular) chord diagrams C introduced in [6].

3. THE NONSYMMETRIC OPERAD OF ROOTED PLANAR TREES

We recall the definition of the nonsymmetric operad of rooted planar trees, Tree,
following Markl, Shnider and Stasheff [11] I.1.5. Let Tree((m)) be the set of planar
trees with 1 root at the bottom and m leaves at the top, regarded as labeled from
left to right; 1 through m. For S € Tree((m)), T' € Tree((n)) and 1 < i < m,
S o; T is defined to be the tree obtained by grafting the root of T' to the i-th leaf
of S. This operation makes the sequence Tree := {Tree((m))},,>1 a nonsymmetric
operad of sets, which we call the nonsymmetric operad of rooted planar trees. It is
known Tree is a free nonsymmetric operad. See [10] 5.8.6 and [11] II.1.9.

For n > 2, we denote by Tree,, ((m)) the subset of Tree((m)) consisting of trees all
of whose vertices are of valency < n + 1. The sequence Tree, := {Tree,((m))}m>1
is a nonsymmetric suboperad of Tree. We call it the nonsymmetric operad of n-ary
rooted planar trees. As is known, each element of the set Tree((m)) corresponds to
a meaningful way of inserting one set of parentheses into the word 12---m, that
is, a cell of the Stasheff associahedron K,, [13]. For example, Tree((1)) = {1},
Tree((2)) = {(12)}, and Tree((3)) = {((12)3), (1(23)), (123)}. The set Tree,((m))
corresponds exactly to the vertices of the associahedron K,,,. From (2.4) we have

H,(A(QTree)) = H.(A(QTree,)) = H.(Lo).

Now we introduce an enhancement of the nonsymmetric operad Tree. To do this,
we consider the i-th face 9;c of ¢ € Tree((m)) for m > 2 and 1 < i < m, defined by
erasing the i-th leaf of ¢. For example, 0;((12)3) = 9;(1(23)) = (12), 9;((1(23))4) =
((12)3) for 1 < ¢ < 3, and 04((1(23))4) = (1(23)). Let Tree™ ((0)) be a singleton,
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whose unique element we denote by V. We define Tree™ ((m)) := Tree((m)) for
m > 1,011 :=V, and co; V := 9;c for ¢ € Tree((m)), m > 1l and 1 < i < m.
Then Tree™ := {Tree” ((m)) }m>0 forms a nonsymmetric operad of sets. For n > 2,

the sequence Tree,, := {Tree, ((m))}m>0, given by Tree, ((0)) = Tree™ ((0)) and
Tree, ((m)) = Tree,((m)) for m > 1, is a nonsymmetric suboperad of Tree™. From
(2.3) we have

H,(A(QTree™)) = H.(A(QTree,, ) = H.(Wy).
Clearly we have 0;0;c¢ = 0;-10;c if i < j. Hence the linear map

9:=_0;:QTree ((m)) — QTree ((m — 1))
i=1
satisfies 90 = 0, so that QTree™ ((x)) = {QTree™ ((m)),d}m>0 is a chain complex,
and QTree, ((x)) = {QTree,, ((m)), 0} m>0 a subcomplex. Consider the tree (12) €
Tree; ((2)). Then we have 0((12) o3 ¢) = ¢ — (12) og Jc for any ¢ € Tree™ ((m)),
m > 0. This implies the vanishing of the homology groups

H..(QTree™ ((+))) = H.(QTree; (+))) = 0.

4. THE NONSYMMETRIC OPERAD OF PARTITIONS

In this section we introduce the nonsymmetric operad of partitions, Par.

Let Q[z;;¢ > 1] be the rational polynomial ring in infinitely many indeterminates
{z;}i>1. A monomial Hf\;l ;% with N > 2, a; > 1 (1 <Vi < N), corresponds to
the nontrivial order-preserving partition of the set {1,2,...,m} withm=>".", a;
given by

N -1 i1 i1
{1,2,...,m} = H{Zaj —|—1,Za]— —|—27...,Zaj +a;}.
j=1 j=1

i=1 j=1

For m > 2, we define

N
Par((m)) := {Hmi‘“;N >2,a; >1(1 <Vi < N), and Zai = m},

i=1
which is regarded as the set of nontrivial order-preserving partitions of the set
{1,2,...,m}. The composition map is defined by

N Ny N N
a;. a a o b;
v [Les T o [Tt ) o= L™,
i=1 k=1 k=1 i=1

where
ar1+-+a;—1+a;

Ny
bi = E E ik
j=a1+-~+a;j_1+1 \k=1
In other words, we define

N N,

Ng X
H xiai oy H xkask = xlal_1+zk:1 Ask H :L‘iaz
i=1 k=1

i#l
ifai+---4+a14+1<s<a;+---+a_1+a;. Itis easy to check this composition
satisfies the axiom of associativity. But there does not exist a unit in the polynomial
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ring Q[z;;4 > 1]. In fact, (Hfil xi"“f?) 0; X1 = vazl z;%, but x1 oq (Hil xi‘“) =
x12%, So we define Par((1)) to be a singleton, whose unique element we denote
by 1, and

N N N
(H xiai> ojl1=10; (H mﬁ") = Hacl‘“
i=1 i=1 i=1

Then Par := {Par((m)) }.,>1 forms a nonsymmetric operad of sets, which we call the
nonsymmetric operad of partitions. For n > 2, we denote Par,((1)) := Par((1)) =

{1} and
Par,,((m)) := Par((m)) N Qlz1, z2,. .., 2]

for m > 2. Then Par,, := {Par,((m))}m>1 is a nonsymmetric suboperad of Par. We
call it the nonsymmetric operad of n-ary partitions.

The reason why we introduce the nonsymmetric operad Par is to simplify the
Lie algebra A(QTree) by using the following homomorphism v : Tree — Par.

Let ¢ be a rooted planar tree in Par((m)), m > 2. Look at the nearest vertex
to the root. Each edge except the one attached to the root has the set of leaves
sitting above itself. Hence the tree ¢ gives a nontrivial order-preserving partition of
the set of leaves {1,2,...,m}, which we denote by v(c) € Par((m)). For example,
v((1(23))4) = 21329, v((12)(34)) = 212222, Further we define v(1) := 1 € Par((1)).
Then the maps v : Tree((m)) — Par((m)), m > 1, form a homomorphism of
nonsymmetric operads

v : Tree — Par

from the definition of the composition maps in Par. Clearly it induces a homomor-
phism of nonsymmetric operads

v : Tree, — Par,

for each n > 2.

To compute the Lie bracket on A;(QPar), we regard the polynomial ring Q[x;; 4 >
1] as an Lo-module by the diagonal action. More precisely, & (x)% € Ly acts on
f(ZL’l,I'Q, .. ) € Q[CE“Z Z 1} by

(66042 ) (Farvzn.) = S el flar.ae )

Then it is easy to prove the following.
Lemma 4.1. For ¢,d € A1(QPar) C Q[z;;¢ > 1] we have
[c,d] = (c)(d) — &(d)(c) € A1(QPar) C Q[z;5i > 1].
As a corollary, we obtain

Corollary 4.2. The kernel of the augmentation homomorphism e : A(QPar) =
Ao(QPar) — Ag(Eg) = Lo is abelian.

The Lie bracket on A; (QPar) extends to the Laurent polynomial ring in infinitely
many indeterminates Q[z;*!;4 > 1], and makes it a Lie algebra.



8 TOMOHIKO ISHIDA AND NARIYA KAWAZUMI

5. THE LIE ALGEBRA A(QTree; ) IS NOT FINITELY GENERATED
In this section, we prove the following theorem.
Theorem 5.1. The Lie algebra A(QTree; ) is not finitely generated.

As a preliminary of the proof of Theorem 5.1, we show Lemma 5.2 and Lemma
5.4.

Lemma 5.2. For any m > 2,

Hi(A1(QTreey)) (m) # 0.
Proof. The cardinality of Tree,((m + 1)) is the m-th Catalan number

clm)= L (ijj)

and it coincides with the dimension of C1(AiTreey),). Let ¢/(m) denote the di-
mension of the second chain complex CQ(Almz)(m).
We prove that ¢/(m) < ¢(m) for any m > 1. Since ¢/(m) can be computed from
the equation
k
> e(We(m+1-1) (if m =2k + 1)

=1

¢(m) =

= k-1
c(R)\ e _
ZEZI cDe(m+1-1)+ ( 5 ) (if m = 2k)

we have the inequality

1 m
/

d(m) < 5 ;c(l)c(m +1-1).

By the well-known recurrence equation

c(m) =Y c(De(m—1),
1=0
we have
1 m+1 1
/ —
cd(m)+c(m) < B ; cDe(m+1-1)= §c(m +1).

Since the ratio of consecutive Catalan numbers is described as
c(m+1) 22m+1)

c(m) m+ 2

)

we obtain finally

d(m) < Z;;c(m) < ¢(m).

Therefore, H(A1(QTreey))(,) does not vanish for any m > 1. O

Corollary 5.3. The Lie subalgebra A1(QTree,) of A(QTree; ) is not finitely gen-
erated.

To prove Theorem 5.1, we define b, to be the Lie subalgebra of A(QTree; )
generated by (Ji_, Tree,((4))-
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Lemma 5.4. The vector subspace QTree; ((0)) ® QTree; ((1)) ® b is a Lie subal-
gebra of A(QTree; ).

Proof. Tt is obvious that the subspace QTree; ((0))®QTree, ((1)) is a Lie subalgebra
of A(QTree}). Hence it is sufficient to prove that the inclusions

(ad1)(bm), (adV)(bm) C QTree; ((1)) & bim

hold.

Now we consider an arbitrary Lie algebra g. For any n elements uy,us, ..., u, of
g and a binary tree ¢ which belongs to Tree,((n)), we define f.(u1,us,...,u,) to be
an element of g obtained from wuy,us, ..., u, by the Lie bracket following the paren-
theses corresponding to c. For example, f1)(u1) = w1, f12)(34)) (U1, ua, uz, us) =
[[u1, usa], [us, ug]]. By the Jacobi’s identity, the equation

(5.1)  (adv)fe(ur,ug,...,up) = Z felur,ug, ... uim1, (@dv)ug, Wiy, - .., Up)
i=1

holds for any v € g.
Under these settings, the Lie algebra b, is the vector subspace spanned by the
set

{fc(U1,U2, e 7un)7n 2 ].,C S EQ((n))auz S M2((]'L))72 S .71 S m}

Hence the assertion holds if we prove that f.(uy,us, ..., ui—1, (adv)u;, wit1, ..., uy,)
is in QTree,((1)) @ by, for any w;’s and v =1 and V.

Since (adl)(u) = ju for any u € Tree,((j)), the claim holds true for v = 1.

In the case n = 1, f.(u1) = u; and (adV)(uq) is in QTree,((j1 — 1)). In the case
n > 2, if j; > 3, then (adV)(u;) is in QTree,((j; —1)). If 4, = 2, then u; = (12) and
(adV)((12)) =2-1 and
felur,uz, oo uimr, (adV)(12), wig1,s - oo un) = 2fc(ur, ug,y oo uim1, L Ui, - - Un)

= Cfaic(ul,UQ, ey Ui—1, qu, e ,un)

for some integer C. Here 0;c is the i-th face of ¢ defined in §3. The claim holds
true also for v = V. (]
Proof of Theorem 5.1. Assume that A(QTree; ) is finitely generated. Then there
exists a sufficiently large m > 2 so that A(QTree, ) is generated by @@L, QTree, ((4))-
In other words, A(QTree; ) has the decomposition

A(QTree; ) = QTree,((0)) & QTreey((1)) & by

In particular, if [ > m, the inclusion

bm N QTreey((1)) C [A1(QTree; ), A1(QTree; )]

holds. This implies that Hy(A;(QTree,));—1) = 0 and it contradicts Lemma 5.2.
This concludes the proof of Theorem 5.1. ([l

6. THE LIE ALGEBRA A(QPar,) IS FINITELY GENERATED
In this section, we prove the following theorem.

Theorem 6.1. The Lie algebra A1(QPar,) is generated by w129, x2x9, v123, and
aixo + x123
1 2 $1$2.
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Proof. It should be remarked dim Cy(A(QPary))(,,—1) = dim QPary((m)) = m — 1.
It is obvious that z1 2, ¥229 and 2123 are not in the derived ideal [A;(QPar,), A1 (QPar,)].
Next we compute brackets which take values in QPar,((4)). We obtain
[120, 2220] = 2320 + 2202 — 2123,
[x129, 173 = —x320 + X375 + 1175,
Hence x3z9 + 2123 is not in the derived ideal.
On the other hand, if m > 5, any elements of QPar,((m — 1)) can be obtained
by repetition of Lie brackets. In fact, if m = 5, then
T120, Toky) = 22 a0 4+ 2h2: — 3125,

4 3,2 2.3 4
—xiTo + 22725 + 2zi15 — 1125,

[mlxg,xla; |=
4 2.3 4
(129, 1123] = —xtas + 22xd + 22127,
4 2 2 4
[x1xe, 1123] = —2x]wy + 225 — Tiwd + 20173,

and thus the boundary map
01,5 C2(A(Pary)) ) — C1(A(Pary)) 4

can be represented by the matrix

2 1 0 -1
-1 2 2 -1
A5*—1012
-2 1 1 2

Hence det As # 0. Further if m > 6, then

(2120, 2 F 12k = —2™ g + (m— k — D)2l Fah 4 ka TR b2 g gt
(for any 2 < k <m — 3),
(2120, 2125 %] = —2 ey + 2ial 2 4 (m - 3)zyah Tt

- 1 2 1
3 = =22 tag + 232l — 2222 4+ (m — 3)a T,

2 m
[zix2, T12h

[ 2 2, . m— 4] _23317; 1x2+2x411x;n 4+(m—5)xfa:;” 2

xll'Q, 331562

and thus a matrix representation A,, of the boundary map
Oym: Cz(A(@z))(m—l) - Cl(A(ﬂz))(m—l)
has the (m — 1) x (m — 1) submatrix

-1 m-—3 2 —1
~1 m—4 3 O ~1
A = | -1 3 m-—4 -1
" -1 0 2 m-3 -1
~1 1 m-3
-2 0 0 0 1 -1 m-3
2 0 0 2 0 m-5 0



THE LIE ALGEBRA OF ROOTED PLANAR TREES 11

Hence
-1 3 m-—4 0 -1
1 -1 0 2 m—-3 —1
det A! = 6(—1)m(m—3)!~det -1 0 0 1 m—3
-2 0 1 -1 m-3
-2 2 0 m—>5 0
1
= é(fl)m“(m =3)-m(m—1)2m —7)
# 0.
Consequently, the boundary map 91 ., is surjective if m > 5 and this concludes the
proof of Theorem 6.1. (|

Corollary 6.2.
H1(A1(QPar,); Q) = Q*.

Corollary 6.3. The Lie algebra A(QPar,) is generated by 1, x122, 2222, 2123, and
xixs + x123
122 T1Ts.

In contrast, the following proposition holds.
Proposition 6.4. The Lie algebra A(QPar) is not finitely generated.

Proof. Assume that A(QPar) is finitely generated. Then there exists a sufficiently
large m > 2 so that A(QPar) is generated by @;nzo QPar((j)). However, the Lie
subalgebra A(QPar,,) of A(QPar) contains @Tzo QPar((y)) although it doesn’t gen-
erate A(QPar). Thus we have a contradiction. O

Since v: Tree — Par induces a surjective homomorphism of Lie algebras, we
directly have the first half of the following corollary. The rest is proved by an
argument similar to the proof of Theorem 5.1.

Corollary 6.5. The Lie algebra A(QTree) is not finitely generated. Furthermore,
neither the Lie algebra A(QTree™) is.

7. THE AUGMENTATION HOMOMORPHISM ON A(QTree) HAS NO SPLITTING

Let € and €1 denote the augmentation homomorphism from A(QPar) and A(QTree)
to Ly, respectively. In this section, we prove the following theorem.

Theorem 7.1. The augmentation homomorphism 1: A(QTree) — Lo has no split-
ting preserving the units.

In the proof of Theorem 7.1, the nonsymmetric operad Par plays an important
role. We denote by v : A(QTree) — A(QPar) the homomorphism of Lie algebras
induced by v : Tree — Par. Then we have e; = cov : A(QTree) — A(QPar) — Ly.
Hence it suffices to prove that e: A(QPar) — Lo has no splitting preserving the
units. If such a splitting would exist, it must map Qz™-L to QPar((m)) for each
m > 2. In fact, both of them are the (m — 1)-eigenspaces of adeg®® and ade,@Par,
respectively.

Let ¢: Par — Par be the involution defined by

ay a2 a, o .QGp , On—1 al
vxftes? ooxpr) = aitwy" T Lt
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Then it is obvious that ¢ induces an automorphism of the Lie algebra A;(QPar). If
we denote by A;(QPar)* the (#1)-eigenspace of the involution

A1(QPar)™ = {u € A1 (QPar)™; o(u) = £u},

then A;(QPar)™ is a Lie subalgebra and [A;(QPar)™, A;(QPar)~] C A;(QPar)~.
Since the kernel of the augmentation homomorphism e includes A;(QPar)™, we
have [A1(QPar)~, A1(QPar)~] = 0. Hence A;(QPar) is the semi-direct product of
Ay(QPar)* and A, (QPar)~

(7.1) A1(QPar) = Ay (QPar) ™ x Ay (QPar)*.

Since £(A1(QPar)™) = 0, we have a factorization
€ |a, (Pan= €2 P : A1(QPar) 2 A1(QPar)* = Ly,

where p is the second projection in (7.1) and &5 is the restriction of the augmentation
homomorphism to A;(QPar)*. Therefore, in order to establish Theorem 7.1, it
suffices to prove the following proposition.

Proposition 7.2. The augmentation homomorphism eo: A1 (QPar)™ — Ly has no
splitting which maps Qz™-L to QPar((m)) for each m > 2.

Proof. We assume that there exists a splitting s which maps sz% to QPar((m))
for each m > 2. We denote
_ i d
e, =T % el
for ¢ > 1. Recall that L, is generated by e; and es. In fact, e, is obtained from e
and eg by
1
(n—2)!
for n > 3. Therefore the splitting s is uniquely determined by its values of e; and
eo. Since Ay (QPar)*™ N QPar((2)) is generated by z1xo and Aj(QPar)™ N QPar((3))
by 2229 + 123 and 212923, the value u; of e; by s must be 2125 and ug of e; must
have the form

(ade1)"~*(e2),

€Ep =

Uy = %(xfzg +x122) + (1 — t)z 2073
If we define u,, by
1
(n—2)!
for n > 3, then the equation u,, = s(e,) must hold also for n > 3. In particular,
us must coincide with [ug, us] since e5 = [ez, e3]. To prove that us # [ug,us], we
compute us, ug, and us explicitly. Then we obtain

(aduy)" 2 (ug)

Up =

t
uz = [z172, 5(37%:102 +2123) + (1 — )21 2023]

= taz%x% —(1- t)(l'?afg + :Clxg’) +(1- t)xlxgxg +(1- t)((E%l‘zLL’g + mlxgxg),
Uy = 5[11352,“3]

—143t —4 43t
= T et 1t + T ety 4 )

+ (1 = t){x1a5zs + vivex? + (232323 + v12523) + (232023 + 212073) },
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and

1

Us = *[3311527“4]

6

7

(2t — 3)adad + (215 — 6) (z1z3 + xizy) + (2t — 3)(z}ze + 2123)
1-1¢

+ ?{(xlxgxg + 2ixdxs) + 3rywyws + 3wiwsal 4+ 2wty + xixied)

+ (232022 4 232013 + 3(a3xdxs + x2323) 4+ 3(xtaexs + x12003) ).

On the other hand,

t
[ug, us] = [5(33%3:2 +x122) + (1 — t)x 2073, us]

5
—2(1 - t)z“;’:cg + 575(1 - t)(IiLQSQ + x%x%) + (t2 +t - 3)(x“i’x2 + xlxg)

+ (1 = ) {12523 + (222023 + 232023) + (232323 + 212527)

+ (x‘;’achg + xlaﬁ%mg) + (l';lxgxg + xlxgxg)}.

Thus we have us # [uz, us], which contradicts s is a homomorphism of Lie algebras.
This completes the proof. O

10.

11.
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13.

14.
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