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1 Introduction

Bjork-Christernsen [3] considered the relationship between a family of forwardrate
curves parameterized by finite factors and a dynamical interest rate model free of arbi-
trage, and showed that there are some constraint conditions for a family of forwardrate
curves which comes from a dynamical interest rate model free of arbitrage.

Recently, copula models are widely used to describe a family of default time. But it
is not clear that such copula models are consistent with dynamical credit risk models. In
the present paper, we study the relationship between a family of copula functions param-
eterized by finite dimensional parameters and dynamical default time models. Although
we consider rather restricted dynamical default time models, we show that there are some
constraint conditions for a family of copula functions.

The setup in this paper is the following. Let (2, F, P) be a complete probability
space, W(t) = (W*(t))g=1...4, t = 0, be a d-dimensinal standard Wiener process, and
G = o{W(s), s € [0,t]} VN, where N = {B € F; P(B) = 0or 1}. Let N = 2,
7i: Q —[0,00),7=1,..., N, berandom variables, and let 7, = G,Vo{r;At,i =1,...,N}.
Let & : [0,00) X 2 — [0,00), 7 =1,..., N, be G-progressively measurable processes.

First, we assume the following conditions.

t;
(SC)  (J[ 1>y P(7i > tayi € I|F) = (] [ 1moiy) Elexp(— ) | / &i(s)ds)|G] a.s.
il il iel 't
forany I C {1,...,N} and t,t; € [0,00),i € I with ¢t < min;est;.
(PO) For any t = 0,
N
P((Y{m: > t})IG] > 0 a.s.
=1
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We also assume the following technical assumptions.

(A-1) For any T' > 0,
N T
3 / Ele(#)1dt < oo.
i=1 70

(A-2) For any i =1,..., N,

o b
/ &(t) =00 a.s. and / &(t) >0 a.s. for any a,b > 0 with b > a.
0 a

(A-3) Z/Ooo(l + 1) E[&(t)? eXp(—Q/Ot &i(s)ds)ldt < oo.

Let 0 : [0,00)xQ — RM be a G-Ito process, i.e., 0 is G-progressively measurable, 0(t,w)
is continuous in ¢ for all w € €, and there are R™-valued G-progressively measurable
processes M, k =1,...,d, and b satisfying

d T T
P(Z/O e () [2dt —|—/0 |b(t)|dt < c0) =1, for any T' > 0,
k=1

and
0)+Z/O nk(s)de(s)+/0 b(s)ds. (1)

Let © be an open subset in RM and K € C([0, 1]V x ©; [0, 1]). We assume the following,
moreover.
(A-4) P(O(t) € © for all t = 0) = 1, where © is the closure of © in RM.
(A-5) the support of probability law of 6(¢,w) under e *dt ® P(dw) contains a non-empty
open set in O, i.e., there is a non-empty open set Uy in © such that for any 6, € Uy and
e>0

/ P(6(t) — 6y < €) e”tdt > 0.
0
(CP) K(-,0) : [0,1]Y — [0, 1] is a copula function for any 6 € ©, and

[[1¢01e(0®)P(r > tiyi=1,...,N|F)
=1

N
H Lron lo(0() K (P(m1 > t1|Fy), ..., (P(Tn > tn|F2), 0(t)) a.s.
=1

for any t,tq,... tN > 0 with ¢ <min;—; _nt;.

,,,,,,,,,,,,,,,,,,, N,0(t),0, K) satisfy-
ing the above assumptions a dynamical default time copula model, and we call K the
associated family of copula functions to this model.

Definition 1 Let © be an open subset in R™. We say that K € C([0,1]Y x ©;0,1]) is
an admissible family of copula functions, if there is a dynamical default time copula model
and K is the associated family of copula functions to the model.



The purpose of the present paper is to show that there are some analytic constraint
conditions for an admissible family of copula functions. For example we will prove the
following.

Let N,M = 1, © be a non-vois open subset in RM. Let C(y)(0) denote the subset
of C([0,1]Y x ©;][0,1]) consisting of elements K such that K(-,6) : [0,1]¥ — [0,1] is a
copula function for any 6 € ©, and K| 1)~ xe is a C* function.

Let D,, be an increasing sequence of compact subsets in © such that |J° D, = ©.
Then we can regard C(y)(©) as a Polish space with a metric function dis given by

diS(Kl, KQ)

= 22—71 N Sup{|K1(x,9) - K2(£79)|; x € [07 1]Na NS DTL}
n=1

. aa1+..‘aN+M (KI _ K2) N
+> A D S“p{’axﬁlaxﬁvwaeffvﬂaeggw (z,0); = € [1/4n.1—1/4n]", 0 € D,,}).

n=1 at,...,aN+ =0

Our main result is the following.

Theorem 2 Let N = 3, M = 1, and © be a no-void open subset in RM. Then the subset
of Cvy(©) whose elements are admissible families of copula functions is a set of the first
category in Baire’s sense.

We also show that a family of Gumbel copula functions of 3 variables is not admissible
by relying on numerical computation in Section 7.

2 Preliminary results

Let £ : [0,00) x Q — [0, 00) be a G-progressively measurable satisfying the following three
conditionsT

(B-1) / E[¢(t)Y]dt < oo for any T > 0.

0
(B-2) [;°&(t)dt = o< a.s., and f: £(t)dt > 0 a.s. for any b > a = 0.
t

o)

(B-3) E[/ (1+ t)2§(t)zexp(—2/ &(r)dr)dt] < oco.
0 0
For each s = 0, let {M(¢,s);t = 0} is a continuous martingale given by

M(t,5) = Elexp(— / )Gl 20,

Proposition 3 There is f : [0,00) x [0,00) x Q — (0, 00) satisfying the following.
(1) For any t,s =0,

f(t,s) = Elexp(— /t: E(r)dr)|Gi] = exp(/O S{(T)dr)M(t,s) a.s.

(2) For anyw €  f(-,*%:w):[0,00) x [0,00) = [0,00) is continuous.
(3) If s3> s1 > t, then f(t,s1) > f(t,s2) >0, w € Q.
(4) For anyt =0

ft;t) =1, liTm f(t;s) =0.



Proof. Note that for 0 < s; < sy

E[ sup |M(t,s1) — M(t,s5)|"] L 4E[|M(s1,51) — M(sq,52)["]

te€(0,00)

< 4E] / E(r)dr]Y] < A(sy — 51)%( /S2E[§<r>ﬂdr>.

S1
So by Kolmogorov’s continuity theorem and the assumption (B-1), we see that there is

a M 0,00) x [0,00) X Q — [0,00) such that M(-,*,w) — [0,00) is continuous and
P(M(t,s) = M(t,s)) =1,t,s 2 0. Let

tAs
fit) =ew( [ €manies)  tszo
0
Then f(t, s) is continuous in (¢,s). Let 0 < s; < so. Then

f(t,sl) — f(t S3) = exp / E(r)dr)( (t s1) — M(t,SQ)), t €0, s].

By the assumption (B-2), we have

M(s1,81) — (51, 85) = exp(— /0 £(r)dr)E[1 — exp(— / £(r)dr)[Ga] > 0 a.s.

Let 7o = inf{t > 0; M(t,s,) — M(t,ss) = 0} A s;. Then we see that

M(r,81) — M(7,85) = E[M(s1,51) — M(s1, 52)|G,] > 0, a.s.

So we see that ) .
inf (M(t,s1) — M(t,s2)) >0 a.s.

te(0,s1]

So we see that } )
inf (f(t,s1) — f(t,s2)) >0 a.s.
t€[0,s1]
for any s;,s2 € Q with s5 > s; = 0. So there is an ; € F with P(Q;) = 1 such that
f(t s1,w) > f(t S9,w) for any w € Qy, 1,82 € Q with s > s; > 0 and ¢ € [0, s1). Since
f(t,s) is continuous in (t,s), we see that f(t,s) is non-increasing in s. So we see that
f(t, s1,w) > f(t,sq,w) for any w € Qy, t, 1,55 € |0, 00) with so > s; > t. Similarly we
can show that there is an Qy € F with P(€y) = 1 such that f(¢,s,w) > 0 for any w € Qy,
t,s € [0,00).
We see that

Ellim f(t,s)] < lim E[f(t,5)] = lim Blexp(— / £(r)dr] = 0.

§—00 5§—00 §—00

Since limg_ o j‘i(t,s,w) exists for w € €y, we see that lim,_,. f(t, s,w) = 0 a.s. Also, it
is easy to see f(t,t) = 1 a.s. Therefore we can take a good version f of f satisfying the
assertion. I



Proposition 4 There exist 6y : [0,00] x [0,00) X Q@ — R, k = 1,...,d, satisfying the
following.

(1) 6x(t,-,w) : [0,00] = R, k =1,...,d, is continuous for any t € [0,00) and w € Q.
Moreover, 6i(t,s,w) =0,t 2 s, and lims_,, 61 (t,s,w) =0 for any t € [0,00) and w € .
(2) 61(-,s) : [0,00) x Q@ = R, k=1,..., N, is G-progressively measurable for any s = 0
and

d t
M(t,s) = M(0,s) + Z/ 6(r, s)dWHk(r), t=0, a.s.
— Jo
for any s > 0.

Proof. For each s 2 0, let N(¢;s),t € [0,00) be a continuous martingale given by

N(t; 5) = E[E(s) exp(— / " £(r)dr) (G-

By Ito’s representation theorem, we see that for any s = 0 there exist G-progressively
measurable processes c¢i(+,s) : [0,00) x 2 = R, k=1,...,d, such that

N(t;s) = N(0;s) + Z/t cr(r,8)dW*(r), t=0.

Since the map from [0, 00) to L?(2, F, P) coresponding s to N;(s) is measurable, we may
assume that ¢ : [0,00) x [0,00) x  — R is measurable. Note that

N(0;5)* + Z /000 Elcy(r, s)?|dr

= lim E[N(t;s)?] < E[£(s)? exp(—2 /Os E(r)dr)).

t—o0

Therefore by the assumption (B-3), we see that

E[/ (1+ 5)%cx(r, 8)*drds] < oo, k=1,...,d.
[0,00) x[0,00)

Let us define & : [0,00) X [0,00) x @ - R, k=1,..., N, by

othervvlse

— [P ep(t,u)du, if (1 ¢ u)2d
(m(t;S):{ofOCk(’u) s AE [l o) (14 w)?er(t,u)*ds < oo,

Then we see that 64(-,s) : [0,00) x © — R, is G-progressively measurable for any s = 0
and (¢, -) : [0,00) — R is continuous. Also, by stochastic Fubini’s theorem, we have

—/Os No(U)du+k2:/Ot5k(7“7 s)dW*(r)
/ No(u du—Z/ / i (r, u)du)dVH(r)



_ /0 Ny (w)du = Elexp(— /O Eu)du) — 1G] = M(t:s) -1 as.

So we see that .
t
M(t;s) = M(0,s) + Z/ G (r, 8)dAW*(r).
k=10

Note that for 0 < s1 < s9 < 00, we have

Ga(t 51) — Galt s) 2 < ( / " e ()| du)?

S1

[e.e]

< / " (1 4 u)2du)( / (1 4 u)ex(t, u)du) < / (14 u)2ep(t, u)du.

S1 S1 S1
So we have

E[/[Om) dt( sup |Gu(t, 1) — Ga(t, 52)[)]

81,52>8

A

E[/ (1 4 u)?cp(r, w)*drdu] — 0, s — 00.
[0,00) X [s,00)
Therefore we see that

sup |Gx(t, s1) — Gr(t, s2)|> — 0, s — 00 dt ® P(dw) — a.e.(t,w).

81,52>8

This implies that 7x(t, s) converges as s — oo for dt ® P(dw) — a.e.(t,w).
Also, we see by (B-2) that

E[/Ooo(li_m Fo(t, $)2)df] < lim E[/Ooook(t $)2dt] < lim Elexp(— / £, (u)du)] =

§—00 §—00 §—00

Thus we see that &, (t,s) — 0, s — oo for dt ® P(dw) — a.e.(t,w).
Let 6, k= 1,...,d, be given by

~ oy ookt s), if ax(t,s) =0, as s — o0,
on(t; s) = { 0, otherwise ,

Then we have our assertion. I
By Ito’s formula, we have

f(t;s) = f(0,s) / E(r)f(rs;s dr+/ exp / £(u)du)éy(r, s)dWF(r), t=>0,

for any s = 0. So we have the following as a corollary to Proposition 4.

Corollary 5 There exist 6y : [0,00] X [0,00) x Q@ = R, k=1,...,d, such that

(1) ox(t,-,w) : [0,00] = R, k =1,...,d, is continuous for any t € [0,00) and w € Q.
Moreover, 61(t,s,w) =0, t = s, and limg_,, (¢, s,w) = 0 for any t € [0,00) and w € Q.
(2) Gix(-ys8) : [0,00) x Q2 = R, k=1,...,N, is G-progressively measurable for any s = 0
and

tAs d t
ft:5) = 10.5)+ [ efris)dr+ Y [ aulno)an o), 120, as
0 1 0

for any s > 0.



By Proposition 3, we have the following immediately.
Proposition 6 Let T :[0,00) x (0,1] x Q — [0, 00] be given by
T(t,x) =1inf{s = t; f(t,s) <z}, z € (0,1].

ThenT(t,-,w) : (0,1] — [0,00) is continuous and strictly decreasing and lim, o T'(t, z,w) =
oo for anyt =2 0 and w € .

Now let X : [0,00) x [0,00) x (0,1] x © — (0, 1] be given by
X(t,s;z) = f(tVs,T(s,x)), t,s 20, z € (0,1].

Then we see that lim,_,o X (¢, s, z,w) = 0. So by defining X (¢, s,0) = 0, we can define X :
[0,00) x [0,00) x [0,1] x 2 — [0, 1] such that X (-, *, **,w) : [0,00) x [0, 00) x [0,1] — [0, 1]
is continuous for any w € Q, X(¢,s,-,w) : [0,1] — [0, 1] is continuous and non-decreasing,
and

ftvs,r)=X(ts, f(s,r)), r=2s=20,t20.

Then we see that X (¢,t,z) =z, and fort =2 s =2r =0,
X(t,s,X(s,r,x)) = f(t,T(s, f(s,T(r,x))) = f(t,T(r,x)Vs)= f(t,T(r,z)) = X(t,r, x).

Let Y(t,s) = inf{z € [0,1]; X (¢,s,2) = 1}. Then we see that T'(s,z) = tiff x =2 Y (¢, s),
and that Y(¢, s) is Gs-measurable.

3 A remark on support

Let (2, F, P) be a probability measure, © be a non-empty open set in RM and M be a
Polish space. Also, let & : [0,00) x Q — [0,00), 8 : [0,00) x Q — ©, and Y : [0, 00) X  —
M, be measurable processes. Remind that © is the closure of © in R™. We assume that
0(-,w) — © is continuous for all w € Q) and that P(fabﬁ(t)dt > 0) =1 for any a,b = 0
with a < b.

Let Q = [0,00) x Q. Let 1 be a probability measure on [0, 00), given by v(dt) = e 'dt,
and v be a probability measure on (Q, B([0,00)) x F) given by v = 1y ® P. Then &, (resp.
0, Y) can be regarded as a [0,00) (resp. ©, My)-valued random variable defined in a
probability space (€2, B([0,00)) x F,v).

Let u be a probability law of (£,Y,60) and ug be a probability law of § unde v. Then
w and py be probability measures on [0,00) x Mg x © and © respectively. Let I and I'y
be the support of probability measures p and py respectively. Then I' and I’y are closed
subsets of [0, 00) x Mg x © and O respectively. Let 7 : [0, 00) x My x © — O ne a natural
projection and let I'y = 7((0, 00) x My x ©).

Then we have the following.

Proposition 7 The closure of 'y contains I'y N ©.



Proof. Let ® : Q — [0,00) x My x © be given by ®(t,w) = (£(t,w), Y (t,w),0(t,w)). Let
A =& 1(T"). Then we have

where A, = {t € [0,00); (t,w) € A}. Let
B={weQ; (A, =1, / E(t,w)dt > 0 for any r.r’ € Q with r <’ }.

Then we see that P(B) = 1. Let A" = AN ([0,00) x B). Then we see that v(A") = 1. Let
0y € 'y N O. Then for any n = 1,

V({(tw) € A (00t w) — O] < %}) >0

Therefore there is a (t,,w,) € A’ such that |0(t,,w,) — 6y] < 1/2n. For any m = 1, we
see that ft"H/m (t,wn)dt > 0, and so there is a s, € (tn,t, +1/m) N A,, such that
&(Spm,wn) > 0. Since 6(t,w,) is continuous in ¢, we see that there is a m(n) = 1 such
that |0(s,mn);wn) — 0(tn, wn)| < 1/2n. Now let & = £(Snmn),Wn); On = 0(Snm(n)s wn),
and y, = Y (Sp,m(n), wn). Then we see that (§,,yn,0,) € I', & > 0, and |6, — 6| < 1/n.
Since O is open, 6,, € O for sufficiently large n. So we have our assertion. 1

4 Fundamental Relations

,,,,,, ~,0(t),0, K) be a dynamical default time
copula model as in Introduction. We also assume that K |(O71)N><@ is C2. We think about
conditions which K must satisfy.

By Proposition 3, we see that there are f; : [0,00) X [0,00) x 2 — (0,00),7 =1
such that

N

g e ey 3

fi(t,s) = Elexp(— /S &(r)dr)|Gy  a.s. t,s 20,

fi(t, % :w) : [0,00) x [0,w), are continuous for any w € Q, fi(t,s1,w) > fi(t, sa,w) > 0 for
Sg > 81>t wel) and

ft;t,w) =1, liTmf(t;s,w)zo, t>0, we

Also by Corollary 5, we see that there are &, : [0,00] X [0,00) x Q2 = R, k=1,...,d,

1=1,..., N, satisfying the following.

(1) &;, ( w):[0,00] = R, k=1,...,d, is continuous for any ¢ € [0, 00) and w € .

(2) zk(t,s,w) =0,t=s, and hms_>OO Uzk(t,s,w) =0 for any t € [0,00) and w € .

(3) oik(-,s) : [0,00) x - R, k=1,..., N, is G-progressively measurable for any s = 0.
(4) For any s > 0

fi(t,s) = f:(0,s) —I—/0 Sgi(r)fi(r,s)dr+2/o Gin(r,s)dW*"(r).



Let T; : [0,00) x (0,1) x Q — (0,00), 3 =1,..., N, be given by
T;(t,xz) = inf{s = ¢, fi(t, s) < z}, z € [0,1).
Then by Proposition 6 we see that T;(¢,-,w) : (0,1) — (0, 00) is continuous and strictly
decreasing, lim, o 7;(t, z,w) = oo and lim,4 T;(t, z,w) = 0 for any ¢ = 0 and w € Q. Let
oik:[0,00) x (0,1) xQ—=R,i=1,...,N, k=1,...,d, be given by
oik(t,x) = Gix(t, T;(t, x)) t=0, z€(0,1).

Then we see that
lim o; = lim o; =0.
;?01 oik(t,x) =0, grll oik(t,z) =0
So we can extend this o; 5, as a function o; , : [0, 00) x [0, 1] x Q2 — R, for which o, (¢, -, w) :
[0,1] — R is continuous for any ¢ 2 0, w € €2, and 0;4(¢,0) = 0, 4(¢,1) = 0.
Let v be a probability measure on (0,00) x Q given by v(dt,dw) = e 'dtP(dw). By
the assumption (SC), we see that
Lirsafitss) = s P(1 > 8| F) as. s2t, i=1,...,N,

and

N N t
H ]-{Ti>t} exp(— Z/ gi(r>dT)P(Tl > 81,...,TN > 8n|-7:t)
i=1 i=1 v 0

= Hl{n>t}E exp(— / &(r)dr)|Gy] a.s.

~ Si]. So by the assumption (CP) we have

=1l,..

H1{Ti>t}1@(e(t))exp(—z /O &(r)dr)K(fi(t; s1), ..., f(t;sn), 0(t))

~1rate@®)Elep(- Y [ 60l as

~ Si]. Therefore by the assuption (PO), we have

=1l,...

1o(0(t)) exp(— / &)V K (fults 1), . F(t 5w, 0(1))

a3 [ e s

for ¢ € [0, minl-:l ,,,,, N Si]. B
Now let us take a non-empty open set U in RM such that U C © and fix it for a while.
For T = 0, let 7¥ : Q — [0, 00) be given by

8 =inf{t > T; 0(t) U} A (T +1).



Then by the assumption (CP), we see that for any s1,...,sy =2 T
1y (0(T)) exp(— Z/ &(r)dr)K(fi(tNT, 1)y, INEAT; SN), 0(ENT)), t € [T, T+1],
— Jo

.....

Note that 0( ) is an Ito process satlsfymg Equatlon (1). Therefore, applying Ito’s

formula and comparing finite total variation process, we have for any s;,...,sy = T
N
Ly (0(T) 1z (rr A min s;){— O &GW)K(filt;s1), ..., fn(tsn),0(t))
""" i=1
al oK
+Zfi(t)fi(t;3i)%(f1(t; $1);---, [t sn), 0(t))
i=1 !
M
0K
"‘ij( )80 (fi(t;s1)s -, fn(ts sn), 0(2))
7j=1
1 L & P2K
+2 L= 1;0-116 t S; O"L/k(t Sit )8 axl (fl(t Sl) e 7fN(t7 SN),G(t))

M d 2 g

DI AOLAC é?e g it T 5x).010)

j.j'=1 k=1

N M d K

+ Z Z Z Gik(t; 8)m(t) 7.0, (fi(t;s1), ..., [t sn), 0(t)} =0 (2)
i=1 j=1 k=1 v

for v —a.e.(t,w) € (T, T+ 1) x Q.

Note that the left hand side of Equation (2) is right continuous in sg,...,Sy. So we
see that there is an BY € B((T,T + 1)) x F such that v(((T, T +1) x Q) \ B¥) =0 and
Equation (2) holds for all (t,w) € BY and sy,...,sy € [T, 00).

Also, substituting s; = T;(t,z;), i« = 1,..., N, to Equation (2), we see that for all
(t,w) € BY

1y (0(T) ey (77 )] ZQ K(z,..an, 0(1))

N
oK
+Z&(t)xi%(m,...,m, +Zb7 aeﬁ K e 01))
i=1 ?

N

1 d K
+2“, 1;%/!@ (t; x:) o0 1 (t; xl)axzaxz (x1,...,zNn,0(t))
M d
1 02K
3 3 S OO0

10



+ Z Z > cun(tiz)m(t )Sxiej (€1, .., 2N, 0(t)} =0 (3)

0,1,...,M} x{1,...,M}; 7 < j'}. We define linear operators
<, S0, i=1,...,N,j=0,1,...,M,and S\, (j,5) € Jo, from

62

.@F 1<i<¢ <N
(Sn )( 70) axlaxl (ZB 9) = 1< = 9
(SOF)(@,6) = e (@,6),  i=1...,N
20 z, - (31‘1) x =1, ) )
1) _ OF 3 o
(Sij F)(z,0) 9,00, (z,0), i=1,...,N, j=1,..., M,
2
O F = il 1<;<47/<N
(S]]’ )( 59) 86189]/ (x79)7 =7=7 = )
oF

for any F € C%((0,1)" x ©).

Also, let us define al(f/) :0,00) x [0,1] x [0,1] x Q - R, 4,i' =1,...,N, i <7, CLS) :
0,00) x [0,1] x @ 5 R,i=1,...,N,j=0,1,..., M, and a}) : [0,00) x [0,1] x 2 — R,
(7,4") € Ja, by the following.

txwmz Zazktmzasztxz) 1§Z<Z,§N,

Lt x;) = Zazktz’l i=1,...,N,

tacz: Kt i)n;e(t), i=1,...,N, j=1,..., M,

‘M&

IS

= n]’k j?j/:]-a"'aMa Wlthj<j/7

1 .
_§an,k(t)2, j=1,..., M,
and
0 :
ag)(t) =by(t), j=1,...,M.
Then we have for all (t,w) € BY

N

Lo (O(T)) 1z (77) 1) &(t) (=

=1

N 0))

%
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N

Y @l (e ) (ST )@ 000) + 30D ai (b2 (S K)(w,61))

1<i<i’<N i=1

+ .Z d) (S K) (@, 0)} =0,  @,...,zx € (0,1). (4)

Now let U,, n = 1,2, ..., be non-empty open sets in R™ such that the closure of U,
is contained in © for each n, and (J -, U, = ©. Since 0(t) is continuous in ¢, we see that

{(t,w) € (0,00) x Q; O(t,w) € O}
= |J U{tw) e (T, T+1) xQ; 6(T,w) € Uy, t < 75" (w)}.

So let

U (BY" n{(t,w) € (T, T +1) x Q; O(T,w) € Uy, t <77 (w)})

Qo

and By = By U{(t,w) € (0,00) x Q; 0(t,w) ¢ ©}. Then we see that v(B;) = 1. Also, we
see that for all (¢,w) € By

1<i<i’<N i=1 j=0

t 2 a®)(SWK)(z,00)} =0,  z1,...,25 € (0,1). (5)

(4,9")€J2

Let Cy be the set of continuous functions a : [0, 1] x [0,1] — R with a(0,z) = a(1, z)
=a(l,z) = a(z,1) =0, z € [0,1], and C; be the set of continuous functions a : [0,1] - R
with a(0) = a(1) = 0. Then we see that agf,)(t,-,*) eC’1=<i<4d <N, ag;) e Ct,
i=1,...,N,j=0,1,...,M, for v — a.e. (t,w).

Also, let M = (Co)NIV=D/2 5 () )NO+M) x Rz, Then M is a Poilish space. Let Y (¢,w)
= ((a@,) (t, % W) )1<icir<n, (CLS)(L W) )im1,. Nyj=0,1,....M> ( 5]2 (t,w))(jj)e)- Then we see that

Y(t,w) € M for v —a.e. (t,w). Therefore under the probability measure v on [0, 00) x €2,
(&t w))iz1,. N, Y (t,w),0(t,w)) is a [0,00)Y x M x ©-valued ranndom variable. Let I’
be the support of the probability law of this random variable.

Then we have the following.

Proposition 8 If ((&)ic1,..x (@0 )i<iciens (@0 )ity Njm01ntts (@50)537) Gireds 0) be-

longs to I, and 0 € ©,then

N

Y &leig(2,6) - K(z,6))

i=1 i

12



N d

+ > a (wi,00) (ST K) (2, 0) ZZ (i) (5, ) (@, 6)
1<i<i’<SN =t =0

+ 0 3 ASYK),0) =0, for all x = (@1, ax) € (0,1)
(7,3")€J2

and

N d
Z dl(f,)(xi, Ty)2izi + Z Z dz%)(:vi)zf

1<i<i’ <N i=1 j=0
+ZZ% i)ziy; + Z J]/yjyj 20
=1 j=1 (4,3")€ T2

forallx = (x1,...,zn5) € (0,1)Y and 21,..., 25,91, --,yn € R.

Let 'y be the support of 6(¢,w) under v. Let 7 : [0,00)Y x M x © — © be the natural
projection, and let Ty = m(I'N((0,00) x [0,00)¥ =1 x M x ©)). Then Proposition 7 implies
that the closure of I'y contains I'y N ©.

Then we have the following from the previous Proposition.

Lemma 9 Let N 22, M =1, © be an open set in RM | and K € C([0,1]Y x ©;[0,1]).
Assume that K is an admissible family of copula functions and that K|~ e is c2.
Then there is a subset A of © such that the closure of A contains non-void open set in
O, and for any 0 € A, there are & >0, & 20,1 =2,..., N, &gi,) €C,1Zi<i? <N,
a; €Ci=1,...,N,j=0,1,...,M, and &) € R, (j,j') € Jo, such that

N

> eai(+,0) — K(w,0)

=1

N d
+ ) a2 (s, 1) (SPK) (z, 0) +ZZ&§;>(:@)(5§;>K)($,9)

1<i<i’ <N i=1 j=0
~(0)/ (0
+ Z ag-j?(S](-j,)K)(x,H) =0, for allz = (z1,...,2x5) € (0,1)V
(j7j/)6J2

and

N d
Z ELS/)(%, Ty)2izy + Z Z dl%)(xi)zf

1<i<i?' SN i=1 j=0

for allz = (xq,...,2N) € (0,1) andzl,...,zN,yl,...,yMER.

13



5 Verification

Let N,M = 1, and © be an open set in RM. Let n = 1, and Z = (2it)i=1.. Nh=1..n €
(0, 1)V,
For k = (ky,...,kn) €{1,...,n}", and 7 € (0,1)"", let Z;(Z;k) = zip,, i = 1,..., N, and
Z(Zyk) = (Z1hy, - - - 2Nky) € (0, 1)V,

Let K € C([0,1]" x ©;]0,1]) be an admissible family of copula functions, and assume
that K|g1)vxe is C?. Now let A be a subset in © as in Lemma 9 Then for any 6 € A,

there are &, ¢ =1,..., N, dg,), 15i<id <N, ag),i: 1,...,N,7=0,1,..., M, and
(0)

a0, (J,J') € J2, be as in Lemma 9. Then we have

+ 30 aZER), Ze(5 R)) (ST KN Z(58),0+ Y S af (Zi(Z k) (S K)(Z(Z k), 0)

1<i<i’ SN i

That is

)
—
Ny
—~
Y
e
N—r
>
N—

~(2 2
+ Z Z az(i’)(zip7Zilq)(spvkid%ki/(si(i’

p,q=11<i<i’SN

+ aO(SOK)Z(Zk),0) =0, ke{l,...,n}". (6)

Let
CP ={@¢) e{L,2,.... N i<i} x{1,2,...,n}’

and

CW ={1,2,...,N} x{0,1,...,M} x {1,2,...,n}.

For any G € C2((0,1)N x ©), n = 1, and k € {1,...,n}", we define continuous
functions defined in (0, 1) x©, (M{"'G)(-,k),i = 1,..., N, (M{DG)(-, k), (i,7',p, q) €

' (MG (R, (,5,p) € O, (MPOG) (-, k), (j, 7)) € Ja, by

ijp




(M5 VG (Z. 0 F) = 6,4, (S G)(Z(%:K),0),  (i.5.p) € O,

jp

)
(MSOG)(z,0,k) = (SOG)Z(2:k),0), (. 5) € I,

Ji
for any z € (0,1)"" and 6 € ©.
Let Cp = cPuchy Jo, and C, = {1,..., N} UCyo. Note that the cardinal #(Chpy)
of Cpy is equal to n2N(N — 1)/2+nN(M—i— 1)+ M (M +3)/2, and #(C,,) = N + #(Cho)-
For any G € C?((0,1)Y x ©), n 2 1, and v € C, we define a continuous function
(MG, : (0,1 x © — Rl by

(W™ @),(2,0)

(MG)PGY 2,0, k)i 7= (5,7, p,q) € CF,

(MGVG)(Z,0, Ky yv if7 = (i) € CF,
) MO0 K ey g =00 €,

(MG (20,8 peqy oy ify=i€{l,... N}

For any G € C%((0,1)Y x ©),n =2 1, Z € (0,1)™" and § € O, let V,,(G, 7,0) (resp.

(resp. {(M™G )4(2,0); v € Cno}). Also, let N,y (G, Z,0) be a vector space in RY given
by

N(n)(Ga 57 0) = {(Ub s 7UN) € RN; Z ,UZ(M(H)G)Z(’Z 9) S VnO(Ga 57 0)}
i=1
Then we have N,)(K,Z,0) N [0,00)" # {0}, for any § € A.
Therefore we have the following.

Lemma 10 Let N = 2, M = 1, and © be an open subset of RM Let K € C([0, 1]V
©;[0,1]). Assume that K is an admissible family of copula functions, and that K| 1)~ e
is C%. Then there is a subset A of © such that the closure of A contains non-void open

set in ©, and for any 0 € A and 7 € (0,1)"Y, N, (K, Z,0) N [0,00)Y = {0}.
As a corollary we have the following.

Corollary 11 Let N =22, M = 1, and © be an open subset of RM. Let K € C([0, 1]V
©;[0,1]). Assume that K is an admissible family of copula functions, and that K|~ xe
is C%. Then for anyn = 1 and Z € (0,1)"Y, there is a non-void open subset U of © such
that

dimV,, (K, 2,0) < #(C,,) — 1, fel.
Proof. Since dimV/, (K Z,0) < n, the assertion is obvious in the case that n" < #(C,,) —

1. So assume that n™¥ = #(C, )
Let A be a subset in © as in Lemma 10. It is easy to see that for any 6 € A

dimV,, (K, Z,0) = dimV,o(K, 2,0) + N — dimN,,) (G, 2,0) = #(C,,) —

15



Let H be the set of injections from C,, to {1,...,n}" and let

p(0) = 3 det((M™M@)., (2,0, 7))y accn)’s 0 € ©.
heH

Then we see ¢(f) = 0 for § € A. Since ¢ : § — R is continuous, we see that ¢(6) = 0 for
0 € A. So we see that

dimV,(K,2,0) < #(C,) -1, 6 A

This implies our assertion. 1

6 Proof of Theorem 2

Nowlet N 2 2, M = 1 and n = 1. We say that h : cPuch - {1,...,n}" is a matching
map, if h is injective and satisfying the following.

h((i7i/7p7 Q))l =D, h<<i7i/7p7 Q))z’ =dq for any (Z'?i,?p; Q) € 07(12)7
and

h((i,5,p)); =p for any (i,5,p) € CV.

Proposition 12 Let N = 3. Assume that there is a matching map hy : cPucl -
{1,...,n}, and that #(C,) S nM. Let 0 < ¢y < co < ... < ¢in < 1,7 =1,..., N,
¢= (cit)i=1.. Nk=1,..n € (0,1)"V and 6y € RM. Then there is a K € C(N)(RM) such that
dimV,, (K, ¢, 6y) = #(C,).

Proof. From the assumption, there is an injective map h : C,, — {1,...,n}" such that
the restriction of h to C'2 U C is equal to hg. Note that Z(¢ k), k € {1,...,n}", are
distinct points. Let

co = min{|Z(¢:k) — Z(@&K)|; kK € {1,...,n}", k # K},
g1 =min{¢;y; i=1,..., N}, Amin{l —¢;,; 1 =1,..., N},

and € = gy A ;1. Let ¢y € C°(RY) and ¢, € C°(RM) such that po(z) = 1, |z| < /3,

p0(2) = 0, 2] > 26/3, and p4(6) = 1, 6] < 1.

Let F: RY x RM x C, — R be given by the following.
F(2,0,(0,7)) = ¢o(x — Z(&h((0,1)))(6; — 60))p1(6 — 60), G =1,..., M,
. 1 S :
F(x,6,(j,)) = 5o(@ = Z(& (5, 7)) (05 = 00;)°¢1(0 = 0)s  j =1, M,

F(z,0,(j,5) = polz — Z(@h((G, 1)) (0; — 60;) (65 — o)1 (6 — o), 1<j<j <M,
F(z,0,(i,i,p,q))

— — —

= wo(z — Z(& h((i,7',p, ) (x: — Z(¢ h((i, 7', p, q))i) (we — Z (& A3, p, 0)) i),
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(i,,p,q) € C,
. 1 =, . =, . .
F(z,0,(i,0,p)) = 5900(1’ — Z(& h((i,0,p)))(z; — Z(c: h((3,0,p)):)*, (i,0,p) € CY,

F(x,0,(i,4,p))
= go(a—Z(G h((i, §,p)))(x:i—Z(& h((i, 4, 4)):) (0;—00;)p1(0—00), (i, 4,p) € CV,j = 1.

Then we see that (M F(-,u)),(,00)ne) = Ovas 7> @ € Ch, and that (M™F (-, u)), (¢, 60); =
0,7€Cp ke{l,...,n}N, with k # h(v). Now let Fy € C°(RY x RM) be given by

= Z F('?*aﬂY)

¥€Cn
Then we see that derivatives of I of any order are bounded functions defined in RY x R
det((M ¢ " E)4 (G, 00, h(a))yacc,) = 1,
and Fy(zy,...,zn,0) =0, if z; <e/3 or x; > 1— (¢/3) for somei=1,...,N.

Let
ONF,

0x,...0xN

Fo(iﬂve):/ / folyr, - yn,0)dys ... dyn
0 0

Let ¢ = sup{|fo(z,0)|; (z,0) € RY x RM} < 0o, and let

fO(xae) = (5679)

Then we have

Gs<x79):/ / (1+SfO(yla"'7yN70))dy1~-'dyN
0 0

:.I'l"'ZCN+8F0($1,...,$N.(9)

forse R,z €[0,1]", # € RM. Then

p(s) = det((M™Gy), (@ 60)na))racc,)

is a polynomial in s and
lim s~ #(C)p(s) = 1.

§—00

Therefore there is a § with 0 < § < 1/(2¢ + 1) such that

det((M™G5), (€, 60)n(@))raccn) # 0.

Note that 14 5h(y1,...,yn,0) > 1/(2c+1). So it is easy to see that Gz(--- ,0) is a copula
function for all § € RM.
This shows our assertion. 1

Proposition 13 Let N =3, M 2 1 and n = 1. Suppose that n = M + 3, and n = 1 or
5 mod 6. Then there is a matching map h : cPuclh - {1,...,n}¥V.

17



Proof. First we prove the following.
Claim. Let p,q,r = 1,...,n. If p # g and r = 2¢ — p mod n, then r # p,q, p #
2r — g mod n, and ¢ # 2p — r mod n.

Actually if r = p, we have 2p = 2¢ mod n, which implies p = ¢. If r = ¢, we have
g = p mod n. which implies p = ¢. If p = 2r — ¢ mod n, then 3p = 3¢ mod n, which
implies p = ¢. If ¢ = 2p — r mod n, then 3¢ = 3p mod n, which implies p = ¢q. Therefore
we have our Claim.

Let us define h: C2 U — {1,...,n}" by the following.

h|C§L2) is given by the following. For p,q =1,...,n, with p # ¢

h(1,2,p,q) = (p,q,7), h(1,3,¢,p) = (¢,7,p) h(2,3,p,q9) = (1,p,q),

where r =1,...,n, withr =2¢g—pmod n. Forp=1,...,n,

h(1,2,p,p) = (p,p,7), h(1,3,p,p) = (p,7,p) h(2,3,p,p) = (,p,p),

where r =1,...,n, with r = p — 1 mod n.
h|C(1) is given by the following. For p=1,...,n,and j =0,1,..., M,

h(1,j,p) = (p,7,7), h24,p) = (r,p,7) h(3,4,p) = (r,7,p),

where r =1,...,n, with r =p+ j + 2 mod n.
By the above Claim, we can easily check h is a matching map. 1

Proposition 14 Let N =2 4, M 2 1 and n = 1. Suppose that n = M + 2. Then there is
a matching map h: CS2 U CY — {1,... n}V.

Proof. First take a map R : {i,...,n}?> — {1,...,n} such that R(p,q) # p,q and
R(p,p) = p+ 1 mod n. Since n = 3, we can take such a map. Now let us define h :
cPuct? - {1,...,n}" by the following.

hi,i'sp,a) = (ki k), (67,p,9) € G, where b = p, ks = ¢, k, = R(p,q),
r # 4,4 h(i,5,p) = (k1,...,kn), (4,4,p) € C’T(Ll), where k; = p, k, = 1,...,n, with
k., =p+j+ 1 mod n.

Since p 4+ 2 # p mod n, we can easily check h is a matching map. 1

Now let us prove Theorem 2.
Let N =2 3, M = 1, and © is a non-empty open set in R. By Propositions 13 and
14, there are n = 1 and an injective map h : C,, — {1,...,n}" for which h’c(z)uc(l) is a

matching map. Fix such an n and let us take ¢ € R™¥™ such that 0 < ¢;; < ¢jo < ... <
cn<l,i=1,...,N,i=1,...,N. Let D(f), 0 € ©, be a set given by

D) = {K € Cix)(0©); dimV,,(K,E,0) = #(C,)}.

Then by Propositions 12, we see that D(f) # for all € ©. Let H be the set of injections
from C, to {1,...,n}". Let ¢ : C(x)(©) — R be given by

(P(K> = Z det((M(n)K)% (57 0, h<’72)))71,7260n>2'
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Then we see that ¢ : C(v)(©) — R is continuous and D(0) = {K € Cn)(0O); ¢(K) > 0}.
So we see that D(f) is an open subset C(x)(©).

Let G € D(0). For any K € C(n)(©) and s € [0,1], (1 — s)K + sGo € Cn)(0©). Also,
¢((1—s)K +sG) is a polynomial in s, and so is not equal to 0 except finite s’s. Therefore
there is a {s;}32; C [0,1] such that s, | 0, £ — 0o, and (1 — s¢)K + s¢)G) € D(0), £ = 1.
This observation shows that D(6) is dense in C(x)(©) for all § € ©.

Now let {6,,}°_; be a dense set in ©, and let

D= ﬁ D(6,).

m=1

Then by Corollary 11, we see that any element of D is not admissible family of copula
functions. This proves Theorem 2.

7 Remarks

Let N 23, M 21, and © be an open set in R?. Let K € C(x)(0). Assume that n = N.
Let
A®)
:{(1727P7Q>7 p,q= 177”}U{(17lap7Q)1 i/:37"'7N7 p=1...,n, q:277n}
U{(i,7,p,q); 25i<i <N, pg=2,...,n} C CP,

—

Kiipg = (1,...,1,0,1,...,1,4,1,...,1).

(2

Then we have the following.

Proposition 15 Let 6y € O, and assume that

?K

N . -/
» V0 ) ) ) = = .
5 (x,600) >0 ze(0,1)Y, 1Si<i' <N
;0T

Then for anyn = N, and Z € (0,1)3",

N(N -1 N —-1)(N -2
dimV,o(K, ¢, 0) = #(A®) = %ﬂ NN —2) + )2( )
Proof. Remind that
n — - 82K
(MZ(Z,]Z((IQ)K)<Z7 00; k) = 5p’ki6q’ki’m(zlkl7 e ,ZNkA” 60), p, q = ]_, - ,n.

—

So for (i,,p,q), (7,5, 7,€) € A®, we see that (M) K)(Z,00, kjjrre) = 0 if i > j, or if
(n)(2)

)
¢t =7 and ¢ > j, and that <Mii’pq
Cii'pg- S0 We see that {(M MK )4(Z,00); v € A1 is linearly independent. So we have our
assertion. |

' pq
K)(Z, 60, kiirre) = 0pr0q,4Ciirpg, for some positive numbers
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From now on we think of a special case. We assume that K is a family of Archimedian
copula functions, i.e., there are smooth functions ¢ : (0,1) x © — (0,00) and p : (0,00) X
© — (0,1) such that

K(z,...,an,0) = p(>_o(zx,0),0),  x1,...,2x €(0,1), 6 €O,

k=1

Then p(-, ) must be the inverse function of ¢(-,0).
Then we have the following.

Proposition 16 Let

mOZMnQ—i—N(M—i—S—N)n—(

N-1)2M +4—N) M(M +3)
5 + .

2 2

Then we have the following.

(1) dimV,0(K, Z,0) < mg. and dimV,,(K, Z,0) < mg + 1 for any Z € (0,1)"™ and 0 € ©.
(2) Assume that © is connected and that ¢ : (0,1) x © — (0,00) is real analytic. If there
exists a Oy € © such that dimV,, (K, Z,0y) = mo + 1, then K is not an admissible family
of copula functions.

Since the proof is rather long, we will give it in the next section.

Now let us think of a family of Gumbel copula functions. Let N = 3, M = 1, and
© = (0,1). Let K € C(3((0,1)) be given by

3
K('Tlu I2,T3, 0) = exp(_(Z(_ log 'Ti)e)l/e)? Z1,T2,%3 € (07 1)7 S (07 1)

i=1
Then letting p(x,0) = (—logz)?, p(y,0) = exp(—y’), we see that

3
K(x1,29,23,0) = p(—ZgD(xi,H))a x1,x9,23 € (0,1), 0 € (0,1).

i=1

Let n = 5. Then we have my = 89. So by Proposition 16 we see that if there exist
o € (0,1) and Z = (2i)i=123p=1....5 € (0,1)'* such that dimV,,(K, z, 6y) = 90, we see that
K is not admissible family of copula functions.

By using numerical computation, we check that dimV,, (K, 2, 6y) = 90 for (z1,. .., zi5)
= (0.55,0.65,0.75,0.85,0.95), i = 1,2,3, and 6y = 0.4 or 0.6. Actuary, we compute the

dimension of the vector subspace in R{:2345 spanned by eg,)pq(Z, 00), (i,4',p,q) € A,

68-;(5, 0o), (i,5,p) € AW, 6522(5, 0o), (j,7') € J2, and eo(Z,6p) given in the next section
by applying Householder transformation for the associated matrix, and we are convinced
that it is 90. As we show in the next section, the dimension of this vector subspace is the

same as dimV,,(K, 2, 6).
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8 Proof of Proposition 16

For 7€ (0,1, 0 € © and k € {1,...,n}?, let

3
O(2,0,k) =Y olzin,.0),
i=1
@ (2.0.8) = b0, LL(D(Z0,8),0), (0,7 c®
ezi’pq(z7 ) )_ Pk qki/a—yg( ( » U )7 )7 (Zalap7Q>E n
Wizpn iz n i - 1)
eiOp(z707 k) = 6sza_y(q)(zvevk)70)7 (2707p) € Cn )
Wz 7 PP oz i » M >
eijp('z?e?k) = 5pk189jay(q)(2797k)59) <Z7]7p) S Cn y J = 17
2
(0) bv 7 8 p bug %
ejj'('z?H? k) - aejaejl( (Z707k>70>7 (]7] ) € J27 J = 17
L, Op 5
o) (2.0, ) = 5o (B(Z,0.8),6). (0.9) €
and B B
eo(7,0,k) = —p(®(Z,0,k),0).
Let eflpq(z 0), (i,7,p,q) € c c?, Ulp(z 0), (i,j,p) € eV, egg?(f’, 0), (j,7') € Jo, and
eo(Z,0) be elements of R’ glven by el(l (2, 0) = (e Eflq(iﬁ, E))EG{L...JL}?’ etc.

Let A® be the subset of CLV given by
AW
:{(17j7p); j :071""’M7 p: 1""7”}
U{(i,j,p); i=2,...,N, j=0,1,... .M, p=2,...,n},
and A®?) be the subset of C\? glven in the prev1ous section.
(800200 (i.7,p) € A0} and {£(E,0) () € Ja}. Since A+ 4(40) + #(h)

= Mg, we see that dim Uo(Z,0) < my.
First, we prove the following.

Proposition 17 (1) e;;, pq(z 0) € Uy(Z,0) for all (i,i',p,q) € o
(2) e m)(z 0) € Uy(Z,0) for all (i,7,p) € i,

Proof. Let

n

EZ0) =) €l (2,0) €Uy(Z,0), p=1,...,n,

and
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Then we see that
e (7,0) =l (2,0) - Y el (2,0) € Up(7,0), i=3,....N, p=1,...,n.

q=2

So we see that eg) (2,0) e Up(Z,0),i=2,...,N, pg=1,...,n

Prq
Also, we see taht

e (7.0) = eX(Z,0) = > ell) (2,0) € Ug(Z,0), i=2,...,N, ¢=2,....n,
p=2
and so .
e (2,0) = e (2,0) = el (2,0) € Uy(Z,0), i=2,...,N.
q=2
These show that the assetion (1).
Let .
SV(2,0) = el (2,0) € Up(2,0), j=0,...,M.
p=1
Then we see that
el (7,0) = eM(2,0) = Y el)(2,0) € Up(7,0), j=0,....M
p=2
This proves the assertion (2).
Now note that
MO (2 9 7y - OF O @ (297 2
(Myg,e K)(2,0,k) %(le’6)81;(2“1’e)e”/pq(z’g’m’ (i,7,p,q) € C?),
MW 2 g 1y - O W e 7o 0P 225 o 7 o)
(Migy " K)(Z,0, k) = = (2ip, O)eiop (7,0, k) + (5 (2ip, 0))°€3, (2,0, K)), - (1,0,p) € G,
n — T &P — 7
(M) VE)(Z, 0, ) = == (i, O)ep (2.6, F)
8g0 _ aﬁp 2)/ = > 02Q0 1) /> o .o 1 .
+%<Zip7 9)((1: 8—(9]< 195 9)61(1 (Z, 19, k)))+8(9]8$ (lev 0)67,0[)(27 07 k)7 (Z,],p) € 07(1 )7 J 2 1a
N n 8@
(Mg VKN (2,0,8) = D 55 (zins Deiny (7.6, K) + €5 (2.6, F), (0,4) € T,
i=1 p=1
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N n
Lo, Op o T
) 59 G 0)elih, (2,0, k) + 80j,<zz-p,e>e§;;<z 0,k)

=1 p=1

( S50 D >
+2239 57, (zips 0)eSon(Z, 0, k) + e550(Z, 0, k).

i=1 p=1

Therefore from the assumption, we see that
Vno(K, 5, 9) C Uo(g, 9)

So we have the first assertion of Proposition 16 (1).
We remark that if

9
ox

0

(Zip, 9) > O, W

(Zipa 9) 7é 0’

foranyi=1,...,Nand p=1,...,n, then
Uo(g, 9) = Vno(K, Z, 0)

Now note that

n)I — e - e 8(p 1), & -
(M K)(Z,0,k) = eo(Z,0,k) + Y 2ip (i 0)e) (2,0, k).

So we have (M™K);(Z,0) — eo(Z,0) € Vi(K,Z,0), i € I This implies that the second
assertion of Proposition 16 (1).

Now let us prove the assertion (2) of Proposition 16. Suppose that K is an admissible
family of copula functions. Then by Lemma 9, we see that there is a subset A of © such
that the closure of A contains a non-void open subset of © and for any § € A there are
& 20,7 =1,...,N, such that >, ;& > 0 and Ziezfi<M(n)K)i(Z 0) € Voo(K, Z,0).
Then we see that eg(Z,0) € V,o(K, Z,6). This implies that V,,(K, Z,6) C Uy(Z,0).

Then by the assertion (1), we see that dimV,,(K, Z,0) < my, 6 € A. Let H; (resp. Hs)
be the set of injective maps from {1,...,mo} to C,, (resp. {1,...,n}".) Now let

= 3 3 det((MM K )y ) (2,0 ho(0))r,mo ) 0 € ©.

h1€H1 hao€H3

Then we see that f(0) =0, § € A. From the assumption, we see that f : © — R is real
analytic. So we see that f(6) =0, 0 € AN ©. Since AN O contains a non-void open set
and O is connected, we see that f = 0 on O. In particular, f(fp) = 0. But this implies
that dimV,, (K, 2, 6y) < mo — 1. This contradicts to the assumption. Therefore K is not
admissible.

This completes the proof of Proposition 16.
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9 Examples of dynamical default time copula models

Let (9, F, P) be a complete probability space, W(t) = (W¥(t))j=1..a, t = 0, be a d-
dimensinal standard Wiener process. Let N = 2, and Zl,...,ZN be a mdependent
identically distributed random variables whose distributions are uniform distribution on
(0,1). We assume that o{Zy,...,Zy} and o{W (t),t = 0} are independent. Let M = 1.
Let 0, : RM — RM k =0,1,...,d, be Lipschitz continuous functions and h; : RM —
(0,00),i=1,..., N, be continuous functions.

Let Y be the unique solution to the following stochastic differential equation on RM.

dY(tv y) = Z Uk(tv Y(t’ y))de(t) + OO(tv Y(t’ y))dt,

Y(0,y) =y € RM™.
Let 1o € RM. We also assume that

0

and the support of the distribution of Y'(¢,y0) under e™* ® P(dw) contains non-empty
open set.

Now let us define random times 74,..., 7y by
t
— inf{t > 0; exp(—/ h(Y (s,50))ds) < Zi},  i=1,...,N.
0
Then we see that
(H Lrsy)P(1i > 1y, 1 € I|F)
icl
= ([t Blesa= 3 [ hlY G000 1,0
el el
for t,ty,....ty 2 0 with ¢ < min{t;; ¢ € I} (c.f. [1],[2],[4]). Let
H(s1,...,8n,y) = Elexp(— Z/ Y (r,y)dr)] $1,...,s8n 20, y € RM™,

and

Hi(s,y) = E[exp(—/ hi(Y (r,y)dr)]. i=1,...,N, s=>0, yc R™.
0

Then H;(-,y) : [0,00) — (0,1], i = 1,..., N, is strictly decreasing surjective function. So
the inverse functions H; '(-,y) : (0,1] — [0,00), i = 1,..., N, exist. Let K : [0,1]"
RM — [0,1] be given by

{ HHY(y) (), Hy (5 y),y), ifzy,...,2x € (0,1],

K($1;---,5UN7?/): 0, ifoneof z1,...,2zny =0.
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Then we have

N
(] trsn) P > ti, i = 1,..., N|F)
i=1

N
= (H 1{Ti>t})K(P(Tl > tl‘Ft), c ,P(TN > ty, Y(t, yo)) a.s.
=1

for any t 2 0, and t1,...,ty € [t,00).
So we see that K is an admissible family of copula functions.
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