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Abstract

In the previous preprint [14], We showed uniform estimates of distributions
of the sum of i.i.d. random variables with finite variance in the threshold case.
In this preprint, we show a uniform estimate without variance condition in the
threshold case.

1 Introduction

Let (2, F, P) be a probability space and X,,,n = 1,2,..., be independent identically
distributed random variables whose probability law is u. Let F : R — [0,1] and F :
R — [0,1] be given by F(x) = u((—o0,z]) and F(z) = p((z,00)), x € R. We assume
the following.

(A1) F(z) is a regularly varying function of index —a for some o > 2, as  — oo,i.e., if

we let

(A2) fi]oo |z[#F00p(dz) < oo for some &y € (0,1) and [, zp(dr) = 0.
(A3) The probability law p is absolutely continuous and has a density function p : R —

[0, 00) which is right continuous and has a finite total variation.

Let us define &, : R —- R,k =0,1,2,3 by

Do (x) exp(— dy, x € R,

vl



Py () =

and

dkfl
() = (—1)k_1dxk_1¢n(x), k=2,3.

Let t, = sup{t > 0; nffoo r?u(dz) > t*}. Then from (A1), (A2) we can see that

P(Z Xi > tns) = Po(s), n—oo, s> 1.
k=1
Let v, = ["_x?u(dzx) for n > 1. We also define H : N x R — R by

H(n,s) = do(s) + n/ F(t,(s — 2))®1(z)dz

[e.e]

<v;1/2n1/2q>1<s) /0 " uldr) + %2(“”)@;1 /0 ; l‘gu(da:)).

In this paper, we show the following theorem, which is corresponding to Theorem

2 in the previous preprint.

Theorem 1. Assume (Al) for a =2, (A2) and (A3). Then for any § € (0,1), there is
a C >0 such that

PO Xy >ty
sup | (Zk:l k s)

— 1| < CnF ()2, n>1. 1
S Hn, s) | < C(nk(tn)) (1)

In particular,

—1| =0, n — oo.

We also prove the following to obtain Theorem 1.

Theorem 2. Assume (Al) for a =2, (A2) and (A3). Then for any § € (0,1), there is
a C >0 such that

Theorem 2 is corresponding to Theorem 4 in [14]. Throughout this paper we assume

_ L(t,
(A1) for a = 2, (A2) and (A3). Then we see that t, = n"/2v)/* and nF(t,) = 1(} ) —

0,n — oo (see Equation (2)). See section 2 in [14] for the properties of regularly vz;lrying

functions needed in this paper.



2 Estimate for moments and characteristic functions

Let

and

_m(t):/toow(d;,;):/tooﬁ(x)da:+tﬁ(t), £>0,

ns(t) = F(1) — °F(t) +3/t12p(m)dm t>1.

and 7(t) is slowly varying.

Let t, = sup{t > 0;nma(t) > t*} and v, = na(t,) = f_loo 2?u(dr) — L(t,) + L(1) +
2 [I" 2 L(x)dx.

Note that t,, = n!/?ny(t,)"/? > n'/?n5(0) = 00, n — oo.

Let a, = nF(t,). Then for any t, > 0, we see that for t > tg,

1 t 1 L 1 L 1
—/ v L(x)dr = / (tz) dz > / (tz) dz — / dz = log t.
L(t) J, 1/t L(t) = 1/to L(t) = 1/tg #

Since g is arbitrary, we see that

tn
nlt( ) < C’an, (3)
n3(tn)
B < Cay,. (4)
for any n > 1.
Proof. Similarly to Proposition 8 in [14], we can prove Proposition 1. O



Proposition 2. There is ¢c; > 0 such that for any integer n,m with n > m and £ € R
with €] > a;?,

01772(7571’6‘_1)

- n —m/
ol plea ) < (14 2E2EL Dy

In particular, there is co > 0 such that for any integer n,m with n > m and & € R with

€] € (a5°, tn),
(1 6 m(ta )™ < (14 Z1e)) 1,
Proof. Let t > 2. We see that for £ € (=t~ t71),
| (E p(t
- / [ expligte =)o)l (D ()
< L://ﬁfw%@@—yDM@ﬂH@@M@ﬂemwﬂﬂw

2
< 1= B0 [ Pt @po)L o)y
Similarly we have for £ € R with [£| > 71,

é- 2
‘ ’ (z—y el Jel-1) (@) p(Y) L= g1 g1 (y ) ddy.
We can easily see that

/ / & — 1))y (@)p () Ly (W)dady — 2, £~ 0.

Hence we see that there is a ¢; > 0 such that for any n > 2 and ¢ € R with
€] > a7°,

‘90<tr:1£7:u(tn>)’ S (1 - |€’2)71/4.

It is easy to check that (1+z/8)? > 1+x for any 8 > 1 and x > 0. Therefore if n > m,

we have

Cln2(tn|§|_l)|€’2)1/2 < (1 + Cln2(tn|§|_l)
nuy, - nuy,

_ n/m _
(1+ 01772(tn|§| 1)|§|2) > 14 01772(tn|§| 1)|§|2.

nuy, muy,
Since 7(t) is slowly varying, we see that for ¢ € R with t,, > [£] > a?,

(e mltale] ) e
v w1y = MR

Therefore we have our assertion. O




3 Asymptotic expansion of characteristic functions

Remind that ¢, = n/?vy/* and a, = nF(t,) = v L(t,).

In this section, we prove the following Lemma.

Lemma 1. Let

Ruol€) = expl)e(n 26 ut)” — (1 nlpln™ e u(t,)) ~ 1) +

Ru®) = exp(yoln e ult))" ~ 1,
Ruol€) = expl)e(n 26 ut)) " — 1
Then there is a C' > 0 such that
[Rno(6)] < Cay™I¢]
and
| R 1 ()] + | Rna(€)] < Cay~ €],
for any n > 8 and &£ € R with |£] < a°.

As a corollary to Lemma 1, we have the following.

Corollary 1. Let

~ 6—i5§ 2 )
Fo(n,s) = plta)"((tn5.50)) — @o(s) — o / | <n(90(n_1/2€;u(tn))—1)+€—> e€12ge,

27 1€

Rl,k(”? S) = M(tN)*(n_k)((tnsv OO)) - <D0(5)7 k=01,

and

2

o(n V2 u(t,))t — e T | d.

~ 1
R2<n7 S) = %/R

Then there is a C' > 0 such that for any n > 1 and s € R, we have
|Ro(n, s)| < Ca2~%
and

|[Rio(n, )| + | Rio(n, )| + | Re(n, s)| < Ca, =



Proof. From Proposition 7 in [14], we see that

R()(TL,S)

1 —1is€ ) , 2
A (9”(”_1/2@““71””—6‘3—(n(w(n*/%;wn))—1>+%)e—2) e

1 e*isg~

- —£/
= 3 Jo g M@

By Lemma 1, there is a Cy > 0 such that

R, ~
L< s | |’§0\(§)‘d5 < Goa ™

It is easy to see that
_ to I ()] I€] €7
nlo(n=2¢: u(t, 1| < Zn [iTn + = , e R.
e T T TN OV (= I M
From the above inequality and Proposition 6 in [14] and 2, we see that for any m > 2/4,

there is a C'; > 0 such that for any n > 4m

2 £2
(o028 it )" + [npln 26 () — 1) +1+ e < Culel™, For le] € (a5, vi%a;°)
and
2 2 —-—m
2 (e + oo ) ~ 1)+ 14 e <0 (D)

for |¢| > va/*a;%. Hence we have

- - n_ -2 - £\ e
[ e e ey = e = (e ) 1)+ )
§>an
U:L/Qaﬁé 00 ’fl —m—1
< 204 €7 Lol 2de + 20, = dé¢
ar’ ! AN
— ﬁanﬂw < 4_01612-
m m
Therefore we have Equation (7).
We also see that
- 1 —is§ 2
Rustns) = o [ S (e gty - % ) dg
1 e g 2
= 57 | gt %
Ry(n,s) = — / | R (€)]e™/2de.
Similarly to Equation (7), we have Equation (8). O
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We make some preparations to prove Lemma 1.

Let

Ro(n.€) = olt7€. 1)) — (1= 5.

First we prove the following.

Proposition 3. There is a constant C > 0 such that for any n > 1, and £ € R with
€] <z’

[nRo(n,€)| < Cay ¢
and
nlo(n & u(tn)) =1 < Ca, ).
In particular
sup{[nRo(n, E)[; €] < a,°} =0, n— oo (9)
Proof. Similarly to Proposition 9 in [14], we can prove Proposition 3. ]
Let
Rik(n,€) = (n— k)log (t,'&; u(tn)) — n(p(n™2& ultn)) = 1), k=0,1.
Proposition 4. There is a C > 0 , such that for any £ € R with || < a;?°,
|Ru(n,€)| < On~a, g
In particular
sup{ [ Rue(n, )5 ]€] < %} 50, 0 oo, (10)
Proof. Similarly to Proposition 10 in [14], we can prove Proposition 4. H
Let us prove Lemma 1. Note that for £k = 0,1
log (e /*p(n™/2¢; ()" *) = nRo(n, €) + Rix(n, ).
We see that
e 2p(n™1 26 pultn)" ™ = exp(nRo(n, &) + Rix(n, €)).

7



Hence we see that

Rao(€) = ¢/%p(n 2 u(ta))" — (1 + nRo(n, €))
= exp(nRo(n,€)) — (1 +nRo(n,£)) + exp(nRo(n, ) (exp(R1o(n, €)) — 1)

From Equation (9), we see that there is a C' > 0 such that

|Rn0(€)] < C (InRo(n,&)|* + |Rio(n, €)]) -

Therefore we have Equation (5) from Proposition 3 and 4. Proof of Equation (6) is

similar to Equation (5).

4 Proof of Theorem 2

Note that

n

P(ZXZ > t,s) = Zlk(n,s),

k=0

where
Li(n,s) = PO Xi>tns, Y lxsy=k),  k=01,...,n
=1 =1

Then we have

Ii(n,s) = <Z)P(ZXl > tps, Xy > tyi=1,... kX; <ty j=k+1,...,n),

I=1
for k=0,1,...,n.

Let Foo(z) = P(X1 > t,, X1 <t,) = (1 — F(t,))u(t,)((t; 'z, 00)) and F,(z) =
P(X; > t,x, X3 > t,). Note that F,, o(z) + F,1(z) = F(t,z).

We show estimations on Iy(n, s) and I;(n, s). Since the proofs of the estimates are

same as Proposition 11, 12 in [14], we omit the proofs.

Proposition 5. There is a C > 0 such that

To(n, s) — (1 — n)®o(s) — %@z(s) _ n/RFn,o@s — )Py (2)da]

IN

Cafl_w, n>1s>1.



Proposition 6. There is a C' > 0 such that

|I1(n,s) — n/ Epi(s — 2)®(x)dz| < Ca®™, n>1s>1.
R

Now, let us prove Theorem 2.

From Proposition 5 and 6, we see that there is a C' > 0 such that

|Io(n,s) + I1(n,s) — (1 —n)Py(s) — %Cbg(s) - n/ F(ty(s —2))®(x)dx|

R

Note that

and

n / (s — 1))y (2)dr = nt / F(y) (s — ;' y)dy.

—0o0

Let R(s,y) = ®1(s —y) — P1(s) — Pa(s)y, for s > 0 and y < 0, then we see that
there is a C; > 0 such that

[R(s,y)| < Culy[".

Hence we have
0o 2 0
ol [ Flls = o)ia)de = S tets) [ @
s k=1 —00

0
= mtﬁll/ R(s,t,'y) F(y)dy|

IN

0
oy (1)~ (19002 / Y () dy

—00

S Cfn*(;o/Q’
where C' = Cny(0)~(1F%)/2 f?oo y 0 F(y)dy < oo.

9



Since

and
0 1 0 tn 1 tn
/ yF(y)dy = 5/ y*u(dy) = n2(2 )—5/ y*u(dy),
e o 0
we see that
1 _ 0 Dy(s _ tn
3009 —nt20a(s) [ ory = 2 [ yutay).
—00 0

Therefore we have

(1 —n)Po(s) + %Q)Q(s) + n/RF’(tn(s — )Py (z)dz — H(n, s)|
< COn~%/2,

We also see that

; In(n,s) < ; % (Z B ;) F(t)F(1 = F(t,)) " < @F(m? = 2.

This completes the proof of Theorem 2.

5 Proof of Theorem 1

Recall that ¢, = sup{t > 0;nny(t) > t*} v, = n2(t,) and a, = %n”) Let vy, (t) = nao(tnt)
for t > 0.
Let
Fio) = [ Pltals =)o),
-1

A(n,s) = nFu(s) — v, *n!2d,(s) /000 zp(dr) — %@2(3) /0 ' 2 p(dr),

= nBy(s) — v 12B, (s) /O " F)dn — v Dy(s) ( /0 " P () — L(;")) |
Hin,s) = ®o(s)+ A(n,s),

and
Hy(n, s) = ®g(s) + nF(t,s).
Similarly to Lemma 2 in [14], we can prove the following.

10



Lemma 2.

H
sup ‘M—l‘%o, n — 00.
selloo) | Ho(n, s)

We also prove the following.

Lemma 3. For any >0 and § € (0,1), there is a C > 0 such that we have

sup |P<X:ZZ1 X > tns) 1| < Cal=°.
s>a,§6 H(n, 8) — n

We make some preparations to prove Lemma 3. Similarly to Proposition 26 in [7],

we can prove the following.

Proposition 7. (1) For any t,s > 0, and n > 2,

Z 3
Xkl{Xk<tn1/2} > Sn2> < eXp( E[X 1{X1<tn1/2}] )
k=2

(2) For any s,t >0, e € (0,1) witht < (1 —¢)s,

ZXk > sn% —nP(X; + ZXkl{ngml/z} > sn%,ZXkl{ngml/z} < 5sn%)|
k=2 k=2

_ 3 s - 3 €S
< 2n(n — 1)F(tn?)? +eXP( S EIX T x, <onriy) — )+”F(t”2)exp( B X T x <tmzy]) —

2t

—).

Proof. We prove this proposition briefly. We see that

P<Z Xilpx,cimiy > sn'/?) < eXP(—g)E[eXp(m Z Xilix,<in/zy)]
k=2 k=2

S 1 n
< exp(—g)E[exp(lel{Xlgmuz})]

It is easy to see that e® <1+ z + 2%(1 V e®) for any x € R. So we have

1 1 1
E[exp(m—l/QXll{Xlgtnl/Q})] s I+ on — 5 EXi L x, <imir2y] +a, E[X Lix,<imi/zy] exp(1)

1 3
< 1- tn 1/2E[X11{X1>tn1/2}]+t E[X 1{X1<tn1/2}]

3
< I+ %E[Xfl{xlgmlﬂ}]-

11



Since log(1 + ) < z for > 0, we see that

1 3
(n— 1)logE[exp( 12 Xll{X1<tn1/2})] < E[X 1{X1<tn1/2}]
Hence we have the assertion (1).

Note that

PO Xy >sn'?) =) "I,
k=1 m=0
where
:P(ZXk >sn1/2,21{xk>m1/2}:m), m=0,1,...,n.
= k=1
Then we have

-[m - (n)P<ZXk > S?’Ll/QyXi > tnl/Qai = 17""m7 X] S tn1/27j :m+1""7n)7
m

k=1
for m =0,1,...,n. We can easily see that
n 1)

S I < %F(mm)?. (11)

m=2
From (1), we have

3 S
Iy < eXp( E[X 1{X1<tn1/2}] ) (12)

Let A = {X| > tn'/?}, Ay = {X}, <tn'/?k=2,3,...,n},

By = A{X1+ Y Xilx,<mirzy > sn'/?} and By = {37, Xilx, <nirzy < esn'/?}.
Note that By N By C Aj, since t < (1 — g)s. So we see that

|P(B1N AN Ay) — P(By N Bs)

P(BiNBsN A NAy) + P(BiNByN AN A3)

< P(A))P(B3)+ P(A;)P(A3). (13)

IN

Note that

P(AS) < 37 P(Xp > tn'/2) = (n— 1)F(tn'/?).
k=2

Also, by the assertion (1) we have

c 3 €s
P(B ) < eXp( E[X 1{X1<tn1/2}] 2t)
Since I} = nP(B; N Ay N Az), we have the assertion (2) from Equations (11), (12) and
(13). This completes the proof. O

12



We apply for Proposition 7 with o 23, vn'*t. Then we have

un(t) s

- ) (14)

t2v, t

P> Xpl(x, <ty > stn) < 2exp(
k=2

and

IPO) Xy > sty) —nP(X1+ ) Xplix,<ony > tay > Xelix,<t,y < €tns)|

_ 3ne(tat) s _ 6me(tnt) es
< 2n(n— 1)F(t,t)? — Y4 2nF(tyt — ). 15
< 20— D) +expl) 05 =)+ 2w ep(p! = 0. (19)

Since 12(t) is slowly varying, we see that there is a C' > 0 such that ny(t,t)/n2(t,) < Ct

for t > 1. So we have

’P(Z X > Stn) — nP(X1 + ZXkl{XkStnt} > Sty, ZXkl{XkStnt} < Etns)’

_ 3C
< 2n(n = DF(tat)? + exp(= — f)
_ 3C
20 (tt) exp(=- - %). (16)

Also we prove the following for the proof of Lemma 3.

Proposition 8. For any v, §, ¢ € (0,1) and B > 0, there is a C > 0 such that

|P(X1 4> Xilix,<orty > stay > Xilix, <o,y < estn)

k=2 k=2
- / Fltn(s — )0y (2)da]
< CF((1 —e)nt?s)al=*, for s>a,”.

Proof. We can prove Proposition 8 similarly to Proposition 20 in [14]. ]

13



Now let us prove Lemma 3. Since

H(n,s)— n/es F(t,(s — 2))®1(z)dz

—00

= Py(s) — n/S F(t,(s — 2))®1(z)dz

s

o0 @ tn
+u, 201 2d (s) / zp(dz) + vt 22(8) / 22 p(dz)
0 0

By(s) (™
= ols) o (1 = ) a(s) + o A [T
(1—¢)tns

(1—€)tns
L2l /0 F(2)(®1(5 — £12) — By (s) — 1=Leby(s))d2)
CL((1 = )tas)

-, th(s) — v PL((1 = €)tp5)@o(s)
= D(s) — v, 20!y (1 = e)tas) @i (s) + ”51@22(8) /(: )t 2*p(d)

(1—€)tns
—vglﬂnlﬂ(/o F(2)(®1(s —t,'2) — ®1(s) — t,, 1 2Py(s))d2)

(1 —e)st,) L((1 — &)st,) (1 —€)st,) L((1 — &)st,)
(1 —&)sma(tn) m2((1 — €)stn) m(ta) (1 —¢)stn)

it is easy to see that there is a C'y > 0 such that for s > 1

@1(8) — @2(8),

|H(n,s) — n/ES F(tn(s — 2))®1(z)dr| < C15°®,(es).

—00

Combining Equation (13) and Proposition 8, we see that there is a Cy, Cy > 0 such that

P(Y X > st) —n / Flt, (s — )01 (x)dz]
k=1 —o0
= 3Cy s _ 3C;  es
2
< 2”(” - 1)F(S’ytn) + eXp(S—7 - S_7> + nF(s“’tn) exp(? — g)

+CynF((1 — &)t,s)al™.
Hence we see that there is a C' > 0 such that

sup (nF(tns))_1|P(Z Xy > st,) — H(n,s)| < Cal™.
k=1

s>a;*8

Therefore by Lamma 2, we have our assertion.

Now let us prove Theorem 1. From Theorem 2, we see that there is a C; > 0 such
that

|P(Z X > st,) — H(n,s)| < Cra®™%?, s> 1.
k=1

14



Note that for any € > 0, there is a Cy > 0 such that nF(t,s) > Cy's%a, >

Cy Lant? for s < an”’®. Hence by Lemma 2, we see that there is a C5 > 0 such that
H(n,s)™" < Cy(nF(tns)) ™" < CoCya,' ", s < a;

So we have

P iy Xk > stn)
H(n,s)

sup | — 1| < C1CyC5al™.

s<a; 8/

From this inequality and Lemma 3, we have Equation (1). The latter assertion is

obvious from Equation (1) and Lemma 2.
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