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ABSTRACT: We compute the holonomic system of rank 6 for the radial
part of the matrix coefficients of class one and non-spherical principal series
representations of SL(3,R). We give explicit formulas of the coefficients of six
power series solutions, and express the matrix coefficients by linear combinations
of these power series. Among others, the c-functions of non-spherical principal
series are obtained.

1 Introduction

It is a classical result to have the matrix coefficient of the class one principal
series of a semisimple real Lie group as a linear combination of asymptotic power
series solutions [1]. But for non-spherical case, there seems to be few references.

In the rather recent literature, Masatoshi Iida [4] studied the systems of the
differential equations satisfied by the spherical functions of the principal series
representations of Sp(2,R) with 1-or 2-dimensional K-types, and found a new
integral formula for the radial part of the spherical functions . And Iida and
Takayuki Oda [3] investigated the differential equations satisfied by the leading
terms of these functions and determined the exact power series expansions of
the matrix coefficients of certain generalized principal series representations of
Sp(2,R) .

In this paper, we handle the case of the group SL(3,R). In this case, the
Dirac-Schmid equation together with the Casimir equation gives the holonomic
system of rank 6 on the split Cartan subgroup of SL(3,R) for the radial part
of the matrix coefficients of the non-spherical principal series belonging to the
minimal K-type of dimension three.

We takeK = SO(3,R) as a maximal compact subgroup ofG and (η, Vη), (τ, Vτ )
in K̂. We define the space of spherical functions by C∞

η,τ (K\G/K) := {φ : G→
Vη ⊗ Vτ |φ(kLgk

−1
R ) = η(kL) ⊗ τ(kR)φ(g), kL, kR ∈ K, g ∈ G} and studied the

case of η = τ = 1 (the trivial representation of K) or the case η = τ = τ2 (the
three dimensional tautological representation of K).
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In the former case, the representation is a class one principal series rep-
resentation. Let g be the Lie algebra of G and U(g) its universal enveloping
algebra. The spherical function associated to class one principal series is com-
pletely determined by the actions of the Capelli elements Cp2, Cp3, which are
the generators of the center of U(g) together with the regularity at the identity
of G.

Meanwhile, the case of non-spherical principal series which has three di-
mensional K-types, we constructed two kinds of equations: 1.The equations
obtained from the action of Casimir element of degree two 2.The equations
obtained from the action of gradient operator, i.e. the Dirac-Schmid operator.
We compute the eigenvalues of these operators and construct the equations by
combining these results. In both cases, we obtain six power series solutions
corresponding to the six characteristic roots.

The key point in this paper is as follows. We have three different non-
spherical principal series with the same infinitesimal characters Z(g) → C. We
cannot distinguish them only by the elements of Z(g). This is the reason we
need the Dirac-Schmid operator which has distinct eigenvalues for different non-
spherical principal series.

In the last section, we determine the exact power series expansions of matrix
coefficients of spherical and non-spherical principal series representations by
using the formula of hypergeometric functions. The coefficients appearing in the
linear combination of power series are called c-functions, and firstly evaluated
explicitly by G.Schiffmann [7] only for the case of spherical representations (cf.
also the book [8], chap 9 of G.Warner). However, this inductive argument does
not work for non-spherical case. This seems to be the reason why there are little
results for non-spherical case.

Our method is classical. We investigate a part of the monodromy data of our
holonomic system to have the unique solutions invariant under the fundamental
group of the regular part of the split Cartan subgroup in SL(3,R).

The author express his gratitude to Takayuki Oda for constant encourage-
ment among others for suggestions of the computation of the holonomic system
in this paper. He also thanks Tadashi Miyazaki and Masatoshi Iida for valuable
advice.

2 Preliminaries

2.1 Notation

Let G = SL(3,R) and fix K = SO(3,R) as a maximal compact subgroup of
G, and set g = Lie(G) = sl(3,R), k = Lie(K) = so(3). Put

A := {diag(a1, a2, a3) ∈ G|
3∏

i=1

ai = 1, ai ∈ R>0}

and set a = Lie(A).
The Cartan involution θ : G→ G is defined by g �→ (tg)−1 (g ∈ G), and its Lie
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algebra version is θ : g → g, X �→ −tX .
Then

K = Gθ = {g ∈ G| θ(g) = g}
and

k = gθ = {X ∈ g| θ(X) = X}.
Put

p = g−θ = {X ∈ g| θ(X) = −X}.
Then we have g = k ⊕ p, called the Cartan decomposition.
Let Ei,j (1 ≤ i, j ≤ 3) be the matrix unit with 1 at the (i, j)-th entry and 0 at
other entries. Put

Hi,j := Ei,i − Ej,j ∈ a (i �= j).

Put Xi,j = Ei,j + Ej,i (i �= j) ∈ p and Ki,j = Ei,j − Ej,i (i �= j) ∈ k.

2.2 The principal series representations

Let P0 be a minimal parabolic subgroup of G given by the upper triangular
matrices in G, and P0 = MAN be the Langlands decomposition of P0 with
M = K ∩ {diagonals inG}, and

N =

⎧⎨⎩
⎛⎝ 1 x1 x2

0 1 x3

0 0 1

⎞⎠ ∈ G|xi ∈ R, i = 1, 2, 3

⎫⎬⎭.

To define a principal series representation with respect to the minimal parabolic
subgroup P0 of G, we firstly fix a character σ of M and a linear form
ν ∈ a∗ ⊗R C = HomR(a,C) . We write ν(diag(t1, t2, t3)) = ν1t1 + ν2t2. Then
we can define a representation σ ⊗ aν of MA, and extend this to P0 by the
identification P0/N 
MA. Then we set

πσ,ν = C∞IndG
P0

(σ ⊗ aν+ρ ⊗ 1N ).

Here ρ is the half sum of positive roots of (g, a) given by aρ = a2
1a2, for a =

diag(a1, a2, a3) ∈ A.
The representation space is

C∞
(M,σ)(K) = {f ∈ C∞(K)|f(mk) = σ(m)f(k),m ∈M,k ∈ K}

and the action of G is defined by

(π(x)f)(k) = a(kx)ν+ρf(κ(kx)) (x ∈ G, k ∈ K).

Here, for g ∈ G, g = n(g)a(g)κ(g) (n(g) ∈ N, a(g) ∈ A, κ(g) ∈ K) is the
Iwasawa decomposition. Next, we difine characters σj (j = 0, 1, 2, 3) of M as
follows. The group M consisting of four elements is a finite abelian group of
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(2,2)-type, and its elements except for the unity are given by

m1 =

⎛⎝ 1 0 0
0 −1 0
0 0 −1

⎞⎠ ,m2 =

⎛⎝ −1 0 0
0 1 0
0 0 −1

⎞⎠ ,m3 =

⎛⎝ −1 0 0
0 −1 0
0 0 1

⎞⎠ .

Since M is commutative, all the irreducible unitary representations of M is 1-
dimensional. For any σ ∈ M̂ , we have σ2 = 1. Therefore, the set M̂ consisting
of 4 characters {σj |j = 0, 1, 2, 3} , where each σj , except for the trivial character
σ0, is specified by the following table of values at the elements mi (i = 1, 2, 3).

m1 m2 m3

σ1 1 -1 -1
σ2 -1 1 -1
σ3 -1 -1 1

The correspondence of a character of M and the minimal K-type of πσ,ν is as
follows ([6]).

Proposition 2.1. 1) If σ is the trivial character of M , the representation πσ,ν

is spherical or class one. That is, it has a unique K-invariant vecter in Hσ,ν .
2)If σ is not trivial, the minimal K-type of the restriction πσ,ν |K to K is a
3-dimensional representation of K, which is isomorphic to the unique standard
one (τ2, V2). The multiplicity of this minimal K-type is one:

dimCHomK(τ2, Hσ,ν) = 1.

2.3 The definition of spherical functions

Let (π,Hπ) be the principal series representation of G = SL(3,R). We want to
study the matrix coefficient

Φw,v : G→ C, g �→ 〈w, π(g)v〉 (w ∈ H∗
π, v ∈ Hπ).

Let (τL, VL) be the K-type of H∗
π and (τR, VR) be the K-type of Hπ. And let

ι : τL � τR → π∗ �π be the K×K embedding. The bilinear form (w, v) �→ Φw,v

is the element of HomG×G(H∗
π ⊗ Hπ, C

∞(G)). We define a homomorphism
HomG×G(H∗

π ⊗Hπ, C
∞(G)) → HomK×K(VL ⊗ VR, C

∞(G)) by Φ �→ Φ ◦ ι. The
space HomK×K(VL ⊗ VR, C

∞(G)) is identified with a space
C∞

τ∗
L,τ∗

R
(K\G/K)

:= {F : G→ V ∗
L ⊗ V ∗

R |F (k1gk2) = (τ∗L � τ∗R)(k1, k
−1
2 )F (g), k1, k2 ∈ K, g ∈ G}

by the correspondence

〈Fφ(g), v1 ⊗ v2〉 = φ(v1 ⊗ v2)(g) (∀(v1, v2) ∈ VL × VR)

for φ ∈ HomK×K(VL ⊗ VR, C
∞(G)), Fφ ∈ C∞

τ∗
L,τ∗

R
(K\G/K). The element of

C∞
τ∗

L,τ∗
R
(K\G/K) is called a spherical function. Because of the Cartan double

coset decomposition G = KAK, spherical functions are determined by its re-
striction to A.
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3 The double coset Cartan decomposition

Because G has the double coset decomposition G = KAK, we consider the
decomposition of the standard elements in p with respect to the double coset
decomposition:

g = Ad(a−1)k ⊕ a ⊕ k.

Here a ∈ A is a regular element in A. For x ∈ R>0, put sh(x) = 1
2 (x − 1

x ),
ch(x) = 1

2 (x+ 1
x ). We have the following decomposition:

Lemma 3.1. We have

Xi,j = − 1
sh( ai

aj
)
Ad(a−1)Ki,j + 0 +

ch( ai

aj
)

sh( ai

aj
)
Ki,j ;

Hi,j = 0 +Hi,j + 0

with respect to the decomposition g = Ad(a−1)k ⊕ a ⊕ k.

4 The (g, K)-modules of principal series repre-

sentations

4.1 The Capelli elements

The center Z(g) of the universal enveloping algebra U(g) has two independent
generators, and they are obtained as Capelli elements because g = sl3 is of type
A2 (see [2]). For i = 1, 2, 3, we put

E
′
i,i = Ei,i − 1

3

(
3∑

k=1

Ek,k

)
.

The following proposition gives the explicit description of the independent gen-
erators of Z(g).

Proposition 4.1. The independent generators {Cp2, Cp3} of Z(g) are given as
follows:

Cp2 =(E
′
1,1 − 1)E

′
2,2 + E

′
2,2(E

′
3,3 + 1) + (E

′
1,1 − 1)(E

′
3,3 + 1)

− E2,3E3,2 − E1,3E3,1 − E1,2E2,1

Cp3 =(E
′
1,1 − 1)E

′
2,2(E

′
3,3 + 1) +E1,2E2,3E3,1 + E1,3E2,1E3,2

− (E
′
1,1 − 1)E2,3E3,2 − E1,3E

′
2,2E3,1 − E1,2E2,1(E

′
3,3 + 1).
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4.2 Reduction of Capelli elements

To compute the action of Capelli elements on class one spherical functions, we
may regard the above two elements as elements in Z(g) (modU(g) k), because
class one sperical functions are annihilated by the right action of k. After simple
computations, we have the following lemma.

Lemma 4.2. The Capelli elements Cp2,Cp3 satisfy the next congruences:

Cp2 ≡(E
′
1,1 − 1)E

′
2,2 + E

′
2,2(E

′
3,3 + 1) + (E

′
1,1 − 1)(E

′
3,3 + 1)

− E2
2,3 − E2

1,3 − E2
1,2 (modU(g)k),

Cp3 ≡(E
′
1,1 − 1)E

′
2,2(E

′
3,3 + 1) +E1,2E2,3E3,1 + E1,3E2,1E3,2

− E2
2,3(E

′
1,1 − 1) − E2

1,3E
′
2,2 − E2

1,2(E
′
3,3 + 1)

(modU(g)k).

4.3 Eigenvalues of Cp2, Cp3

In order to construct the partial differential equations satisfied by spherical
functions of class one case, we have to compute the eigenvalues of the actions of
the Capelli elements Cp2,Cp3. For the class one principal series, σ = σ0 is the
trivial character of M . Let f0 be the generator of the minimal K-type in Hσ0,ν

normalized such that f0|K ≡ 1. The actions of Cp2, Cp3 on f0 are computed
in [6], and the result is as follows:

Proposition 4.3. The Capelli elements Cp2,Cp3 act on f0 by scalar multiples,
and the eigenvalues are given as follows:

Cp2f0 = S2

(
1
3
(2ν1 − ν2),

1
3
(−ν1 + 2ν2),−1

3
(ν1 + ν2)

)
f0,

Cp3f0 = S3

(
1
3
(2ν1 − ν2),

1
3
(−ν1 + 2ν2),−1

3
(ν1 + ν2)

)
f0.

Here, S2(a, b, c) = ab+ bc+ ca, S3(a, b, c) = abc.

5 The partial differential equations satisfied by

class one spherical functions

5.1 Construction of the differential equations

We put

y1 = y1(a) := a1/a2, y2 = y2(a) := a2/a3

for a = diag(a1, a2, a3) ∈ A.
By the definition of the action of Lie algebra, we have the following formula.
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Lemma 5.1. For f(y1, y2) = f(a) ∈ C∞(A), we have

H1,2f =
(

2y1
∂

∂y1
− y2

∂

∂y2

)
f, H2,3f =

(
−y1 ∂

∂y1
+ 2y2

∂

∂y2

)
f.

Now we want to construct the partial differential equations of class one
spherical functions. We define differential operators ∂1, ∂2 by

∂i := yi
∂

∂yi
(i = 1, 2).

By direct computations, we have the following two lemmas.

Lemma 5.2. For 1 ≤ i, j ≤ 3 such that i �= j, we have

[Ki,j ,Ad(a−1)Ki,j ] = −2sh(
ai

aj
)Hi,j .

Lemma 5.3. For i, j, k ∈ {1, 2, 3} such that i �= j, j �= k, k �= i, we have

[Ki,j ,Ad(a−1)Kj,k] =
sh( aj

ak
)

sh( ai

ak
)
Ad(a−1)Ki,k +

sh( ai

aj
)

sh( ai

ak
)
Ki,k,

[Ki,j ,Ad(a−1)Kk,i] =
sh( ai

ak
)

sh( aj

ak
)
Ad(a−1)Kj,k −

sh( ai

aj
)

sh( aj

ak
)
Kj,k.

By combining Lemma 5.1, Lemma 5.2, and Lemma 5.3, the actions of Cp2,
Cp3 in Lemma 4.2 on f0 are obtained by direct computations. The eigenval-
ues are obtained in Proposition 4.3. Thus we have the following differential
equations:

Theorem 5.4. Let F ∈ C∞(K\G/K) be a class one spherical function of G =
SL(3,R), its restriction to A; F |A = F (y1, y2) satisfies two partial differential
equations:

2(∂2
1 − ∂1∂2 + ∂2

2)F +
(
−y

2
2 + 1
y2
2 − 1

+
y2
1y

2
2 + 1

y2
1y

2
2 − 1

+ 2
y2
1 + 1
y2
1 − 1

)
∂1F

+
(

2
y2
2 + 1
y2
2 − 1

+
y2
1y

2
2 + 1

y2
1y

2
2 − 1

− y2
1 + 1
y2
1 − 1

)
∂2F

+
{
−2

3
(ν2

1 − ν1ν2 + ν2
2) + 2

}
F = 0,

(5.1)
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∂2
1∂2F − ∂1∂

2
2F +

(
−1 +

y2
2

y2
2 − 1

+
y2
1y

2
2

y2
1y

2
2 − 1

)
∂2
1F

+
(
− 2y2

2

y2
2 − 1

+
2y2

1

y2
1 − 1

)
∂1∂2F +

(
1 − y2

1

y2
1 − 1

− y2
1y

2
2

y2
1y

2
2 − 1

)
∂2
2F

+
(

1 − y2
1y

2
2

(y2
2 − 1)(y2

1y
2
2 − 1)

+
3y2

1y
2
2

(y2
1 − 1)(y2

2 − 1)
+

y2
1y

2
2

(y2
1 − 1)(y2

1y
2
2 − 1)

− y2
2

y2
2 − 1

− 2y2
1

y2
1 − 1

)
∂1F

+
(
−1 − y2

1y
2
2

(y2
2 − 1)(y2

1y
2
2 − 1)

− 3y2
1y

2
2

(y2
1 − 1)(y2

2 − 1)
+

y2
1y

2
2

(y2
1 − 1)(y2

1y
2
2 − 1)

+
2y2

2

y2
2 − 1

+
y2
1

y2
1 − 1

)
∂2F

+
1
27

(2ν1 − ν2)(2ν2 − ν1)(ν1 + ν2)F = 0.

(5.2)

5.2 Power series solution around y1, y2 = 0

For the class one spherical function F , we want to find its series expansion at
the origin y1 = 0, y2 = 0 by solving (5.1) and (5.2). Firstly, we put

F (y1, y2) =
∞∑

n,m=0

an,my
n+μ1
1 ym+μ2

2 (a0,0 �= 0). (5.3)

The first task is to compute the characteristic roots (μ1, μ2). By substituting
(5.3) for F into the equation (5.1) , and picking up the coefficient of yn+μ1

1 ym+μ2
2 ,

we have the next equation satisfied by {an,m}.
Proposition 5.5. The coefficients {an,m} satisfy the following recurrence re-
lation:

{2(n
′ − 4)2 − 2(n

′ − 4)(m
′ − 4) + 2(m

′ − 4)2

+ 2(n
′ − 4) + 2(m

′ − 4) + λ}an−4,m−4

+ {−2(n
′ − 4)2 + 2(n

′ − 4)(m
′ − 2) − 2(m

′ − 2)2

− 4(n
′ − 4) + 2(m

′ − 2) − λ}an−4,m−2

+ {−2(n
′ − 2)2 + 2(n

′ − 2)(m
′ − 4) − 2(m

′ − 4)2

+ 2(n
′ − 2) − 4(m

′ − 4) − λ}an−2,m−4

+ {2(n
′ − 2)2 − 2(n

′ − 2)m
′
+ 2m

′2 + 2(n
′ − 2) − 4m

′
+ λ}an−2,m

+ {2n′2 − 2n
′
(m

′ − 2) + 2(m
′ − 2)2 − 4n

′
+ 2(m

′ − 2) + λ}an,m−2

+ (−2n
′2 + 2n

′
m

′ − 2m
′2 + 2n

′
+ 2m

′ − λ)an,m = 0.

(5.4)
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Here,λ := − 2
3 (ν2

1 − ν1ν2 + ν2
2) + 2, n

′
:= n + μ1, m

′
= m + μ2, and ai,j = 0

(if i < 0 or j < 0).

Proposition 5.6. The characteristic roots take six values:

(μ1, μ2)

=
(

1
3
(2ν1 − ν2) + 1,−1

3
(2ν2 − ν1) + 1

)
,(

1
3
(2ν2 − ν1) + 1,−1

3
(2ν1 − ν2) + 1

)
,(

1
3
(2ν2 − ν1) + 1,

1
3
(ν1 + ν2) + 1

)
,(

−1
3
(ν1 + ν2) + 1,−1

3
(2ν2 − ν1) + 1

)
,(

1
3
(2ν1 − ν2) + 1,

1
3
(ν1 + ν2) + 1

)
,(

−1
3
(ν1 + ν2) + 1,−1

3
(2ν1 − ν2) + 1

)
.

(5.5)

Proof. Because ai,j = 0 (if i < 0 or j < 0), and a0,0 �= 0, by substituting
n = m = 0 in (5.4), we have

−2(μ2
1 − μ1μ2 + μ2

2 − μ1 − μ2) − λ = 0.

This equation is equivalent to

(μ1 − 1)2 − (μ1 − 1)(μ2 − 1) + (μ2 − 1)2 =
1
3
(ν2

1 − ν1ν2 + ν2
2 ). (5.6)

Next, by computing the recurrence equation given by equation (5.2), and sub-
stituting n = m = 0 in the coefficient of an,m, we have

μ2
1μ2 − μ1μ

2
2 − μ2

1 + μ2
2 + μ1 − μ2 = − 1

27
(2ν1 − ν2)(2ν2 − ν1)(ν1 + ν2).

This equation is equivalent to

{(μ1−1)− (μ2−1)}(μ1−1)(μ2−1) = − 1
27

(2ν1− ν2)(2ν2− ν1)(ν1 + ν2). (5.7)

By combining (5.6) and (5.7), we have the result.

Next, we put

F (y1, y2) = sh(y1)−
1
2 sh(y2)−

1
2 sh(y1y2)−

1
2G(y1, y2) (0 < y1, y2 << 1)

and compute the power series of G at the origin y1 = y2 = 0. We put

G(y1, y2) =
∞∑

n,m=0

ãn,my
n+μ̃1
1 ym+μ̃2

2 (ã0,0 �= 0). (5.8)
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Proposition 5.7. The characteristic roots take six values:

(μ̃1, μ̃2)

=
(

1
3
(2ν1 − ν2),−1

3
(2ν2 − ν1)

)
,

(
1
3
(2ν2 − ν1),−1

3
(2ν1 − ν2)

)
,(

1
3
(2ν2 − ν1),

1
3
(ν1 + ν2)

)
,

(
−1

3
(ν1 + ν2),−1

3
(2ν2 − ν1)

)
,(

1
3
(2ν1 − ν2),

1
3
(ν1 + ν2)

)
,

(
−1

3
(ν1 + ν2),−1

3
(2ν1 − ν2)

)
.

(5.9)

Proof. We have

sh(y1)
1
2 sh(y2)

1
2 sh(y1y2)

1
2 = y−1

1 y−1
2 (1 +O(y1, y2))

when 0 < y1, y2 << 1. By combining this with Proposition 5.6, we have the
result.

By substituting (5.8) into (5.1) , we have the following differential equation:

Proposition 5.8. For the class one spherical function F , the function

G(y1, y2) = sh(y1)
1
2 sh(y2)

1
2 sh(y1y2)

1
2F (y1, y2) (0 < y1, y2 << 1)

satisfies

2
(
∂2
1 − ∂1∂2 + ∂2

2

)
G+

(
λ

′
+

1
2sh(y1)2

+
1

2sh(y2)2
+

1
2sh(y1y2)2

)
G = 0.

(5.10)
Here, λ

′
= − 2

3 (ν2
1 − ν1ν2 + ν2

2 ).

When 0 < y < 1, we have

1
2sh(y)2

= 2
∞∑

k=1

ky2k.

Hence the equation becomes

2
(
∂2
1 − ∂1∂2 + ∂2

2

)
G+

(
λ

′
+ 2

∞∑
k=1

ky2k
1 + 2

∞∑
k=1

ky2k
2 + 2

∞∑
k=1

ky2k
1 y2k

2

)
G = 0.

(5.11)
By substituting (5.8) into (5.11), and picking up the coefficient of yn+μ̃1

1 ym+μ̃2
2 ,

we have the recurrence relation of {ãn,m}:
Proposition 5.9. The coefficients {ãn,m} satisfy

(2n
′2 − 2n

′
m

′
+ 2m

′2 + λ
′
)ãn,m

+ 2
∞∑

k=1

kãn−2k,m + 2
∞∑

k=1

kãn,m−2k + 2
∞∑

k=1

kãn−2k,m−2k = 0.
(5.12)

Here, n
′
= n+ μ̃1, m

′
= m+ μ̃2.

10



Note that because ãi,j = 0 if i < 0 or j < 0, the summations above are all
finite sum. By substituting n = m = 0, we have

2μ̃2
1 − 2μ̃1μ̃2 + 2μ̃2

2 + λ
′
= 0.

Hence we have

2n
′2 − 2n

′
m

′
+ 2m

′2 + λ
′

= 2{n2 − nm+m2 + (2μ̃1 − μ̃2)n+ (2μ̃2 − μ̃1)m}.
By substituting this into (5.12), we have

{n2 − nm+m2 + (2μ̃1 − μ̃2)n+ (2μ̃2 − μ̃1)m}ãn,m

+
∞∑

k=1

kãn−2k,m +
∞∑

k=1

kãn,m−2k +
∞∑

k=1

kãn−2k,m−2k = 0.
(5.13)

From this equation, easily we have

ãn,m = 0 (ifn orm is odd).

We put

p(n,m) = n2 − nm+m2 + (2μ̃1 − μ̃2)n+ (2μ̃2 − μ̃1)m.

The following theorem is one of the main theorems of this paper, which gives
the explicit expression of ã2n,2m.

Theorem 5.10. Suppose that ã0,0 = 1 and p(n,m) �= 0 if (n,m) �= (0, 0).
Let Pn,m be the family of all sets {p(2nk, 2mk), · · · , p(2n0, 2m0)} such that

nk = n,mk = m,n0 = m0 = 0

and
(ni+1,mi+1) = (ni + li,mi) or (ni,mi + li) or (ni + li,mi + li)

(∃li ∈ Z>0), (i = 0, · · · , k − 1).

(Here, k depends on each set ).
For {p(2nk, 2mk), · · · , p(2n0, 2m0)} ∈ Pn,m and 0 ≤ i ≤ k−1, we define di ∈ Z
by di = −li. And we put

C(n1,···nk;m1,···mk) =
k−1∏
i=0

di. (5.14)

Then we have

ã2n,2m =
∑

{p(2nk,2mk),··· ,p(2n0,2m0)}∈Pn,m

C(n1,···nk;m1,···mk)

p(2nk, 2mk) · · · p(2n1, 2m1)
. (5.15)

for (n,m) �= (0, 0).

11



Proof. We prove this statement by induction with respect to m. First, we
consider the case m = 0. Suppose that for 0 ≤ N ≤ n,

ã2N,0 =
∑

{p(2nk,0),··· ,p(2n0,0)}∈PN,0

C(n1,···nk;0,···0)
p(2nk, 0) · · · p(2n1, 0)

. (5.16)

Now, {ãn,0} satisfies

p(2n, 0)ã2n,0 +
n∑

l=1

lã2n−2l,0 = 0.

Thus we have

ã2n+2,0 = − 1
p(2n+ 2, 0)

n+1∑
l=1

lã2n+2−2l,0

= − 1
p(2n+ 2, 0)

·
n+1∑
l=1

l
∑

{p(2nk,0),··· ,p(2n0,0)}∈P2n+2−2l,0

C(n1,···nk;0,···0)
p(2nk, 0) · · · p(2n1, 0)

.

For {p(2nk, 0), · · · , p(2n0, 0)} ∈ P2n+2−2l, the coefficient of

1/p(2n+ 2, 0)p(2nk, 0) · · · p(2n1, 0)

is −lC(n1,···nk;0,···0) = −l∏k−1
i=0 di, and by definition, −l = dk.

Thus, in this case, the coefficient is just as (5.14). Hence (5.15) holds when
m = 0.
Next, suppose that (5.15) holds when 0 ≤ M ≤ m. Let ι be the translation of
parameters μ̃1 �→ μ̃2, μ̃2 �→ μ̃1. Then

ã0,2m+2 = ι(ã2m+2,0)

= ι

⎛⎝ ∑
P2m+2,0

C(m1,··· ,mk;0,··· ,0)
p(2mk, 0) · · · p(2m1, 0)

⎞⎠
=

∑
P0,2m+2

C(0,··· ,0;m1,··· ,mk)

p(0, 2mk) · · · p(0, 2m1)
.

Thus (5.15) holds for ã0,2m+2.
Next we suppose that (5.15) holds for ã0,2m+2, ã2,2m+2, · · · , ã2n,2m+2. Since
ãn,m satisfies

p(2n+ 2, 2m+ 2)ã2n+2,2m+2 +
n+1∑
l=1

lã2n+2−2l,2m+2 +
m+1∑
l=1

lã2n+2,2m+2−2l

12



+
min{n+1,m+1}∑

l=1

lã2n+2−2l,2m+2−2l = 0,

we have

ã2n+2,2m+2 = − 1
p(2n+ 2, 2m+ 2)

(
n+1∑
l=1

lã2n+2−2l,2m+2 +
m+1∑
l=1

lã2n+2,2m+2−2l

+
min{n+1,m+1}∑

l=1

lã2n+2−2l,2m+2−2l

⎞⎠ .

Here, by assumption,

ã2n+2−2l,2m+2 =
∑

Pn+1−l,m+1

C(n1,··· ,nk;m1,··· ,mk)

p(nk,mk) · · · p(n1,m1)
.

For {p(nk,mk), · · · p(n0,m0)} ∈ Pn+1−l,m+1, we have {p(2n+ 2, 2m+ 2),
p(nk,mk), · · · p(n0,m0)} ∈ Pn+1,m+1, and the coefficient of 1/p(2n + 2, 2m +
2)p(nk,mk) · · · p(n1,m1) is −l∏k−1

i=0 di, and by definition, −l = dk. So the
coefficient is just as (5.14). Similarly, the coefficients of the terms appearing the
rest two summations are just as (5.14).
Each expansion of ã2n+2−2l1,2m+2, ã2n+2,2m+2−2l2 , ã2n+2−2l3,2m+2−2l4 (l1, · · · ,
l4 ∈ N) has p(2n+2−2l1, 2m+2), p(2n+2, 2m+2−2l2), p(2n+2−2l3, 2m+2−
2l4) respectively, and each of them doesn’t appear in the expansions of the rest
two kinds of ãn,m. So there is no term which appears more than two times in the
summation above. The fact that all of the elements in Pn+1,m+1 appear follows
from the assumption of induction and the summation. Hence ã2n+2,2m+2 is just
as (5.15). Thus the induction is completed and we have proved the theorem.

6 The case of the 3-dimensional tautological
representation

Let τ2 : K = SO(3) ↪→ GL(3,R) be the tautological representation. Then we
say that

{s1 = t(1, 0, 0), s2 = t(0, 1, 0), s3 = t(0, 0, 1)}
is the natural basis of this representation τ2. We consider a spherical function
Ψ ∈ C∞

τ2,τ2
(K\G/K). Ψ can be written in terms of the basis {si|i = 1, 2, 3}:

Ψ(g) =
3∑

i=1

3∑
j=1

dij(g)sL
i ⊗ sR

j .

Lemma 6.1. For a ∈ A, we have dij(a) = 0 if i �= j.
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Proof. A subgroup M of G is defined by

M = ZK(A) = {k ∈ K|ak = ka (∀a ∈ A)}
= {diag(ε1, ε2, ε3)|εi ∈ {±1}, ε1ε2ε3 = 1}.

Then for m ∈M , a ∈ A, we have

τL(m)Ψ(a) = Ψ(ma) = Ψ(am) = τR(m−1)Ψ(a).

Therefore, for example, for m3 = diag(−1,−1, 1) ∈M , we have
τ2(m3) ⊗ Ψ(a) = 1 ⊗ τ2(m−1

3 )Ψ(a). So we have⎛⎝ −1
−1

1

⎞⎠ (dij(a)) = (dij(a))

⎛⎝ −1
−1

1

⎞⎠ .

From this, we have d13(a) = d31(a) = d23(a) = d32(a) = 0. Similarly, the
actions of the other elements of M show that dij(a) = 0 if i �= j.

6.1 The action of Casimir operator

We use the same coordinate y1 = a1
a2
, y2 = a2

a3
(a = diag(a1, a2, a3) ∈ A) as in

the class one case. The Casimir operator C of SL(3,R) is decomposed into two
parts with respect to the Cartan decomposition g = k ⊕ p:

C = C(p) + C(k).

Here,

C(p) =
2
3
(H2

1,2 +H1,2H2,3 +H2
2,3) +

1
2

∑
i<j

X2
i,j ,

C(k) = −1
2

∑
i<j

K2
i,j .

First, we consider the action of C(p).

(
The action of

2
3
(H2

1,2 +H1,2H2,3 +H2
2,3)

)
=

2
3
{(2∂1 − ∂2)2 + (2∂1 − ∂2)(−∂1 + 2∂2) + (−∂1 + 2∂2)2}

= 2(∂2
1 − ∂1∂2 + ∂2

2).

Next,

X2
i,j =

{
− 1
sh( ai

aj
)
Ad(a−1)Ki,j +

ch( ai

aj
)

sh( ai

aj
)
Ki,j

}2

14



=
1

sh( ai

aj
)2

(Ad(a−1)Ki,j)2 − 2
ch( ai

aj
)

sh( ai

aj
)2

Ad(a−1)Ki,j ·Ki,j

+
ch( ai

aj
)2

sh( ai

aj
)2
K2

i,j −
ch( ai

aj
)

sh( ai

aj
)2

[Ki,j,Ad(a−1)Ki,j ].

A direct computation shows that the above bracket product is given as follows:

Lemma 6.2. For i �= j, we have
[Ki,j,Ad(a−1)Ki,j ] = −2sh( ai

aj
)Hi,j.

Therefore, we have

1
2

∑
i<j

X2
i,j =

1
2

1
sh(y1)2

(Ad(a−1)K1,2)2 − ch(y1)
sh(y1)2

Ad(a−1)K1,2 ·K1,2

+
1
2
ch(y1)2

sh(y1)2
K2

1,2 +
ch(y1)
sh(y1)

H1,2

+
1
2

1
sh(y1y2)2

(Ad(a−1)K1,3)2 − ch(y1y2)
sh(y1y2)2

Ad(a−1)K1,3 ·K1,3

+
1
2
ch(y1y2)2

sh(y1y2)2
K2

1,3 +
ch(y1y2)
sh(y1y2)

H1,3

+
1
2

1
sh(y2)2

(Ad(a−1)K2,3)2 − ch(y2)
sh(y2)2

Ad(a−1)K2,3 ·K2,3

+
1
2
ch(y2)2

sh(y2)2
K2

2,3 +
ch(y2)
sh(y2)

H2,3.

The actions of (Ad(a−1)Ki,j)2, (Ad(a−1)Ki,j)Ki,j , K2
i,j on Ψ(g) =

∑
i

∑
j

di,j(g)sL
i ⊗ sR

j are given by

(Ad(a−1)Ki,j)2Ψ(a) = −dii(a)sLR
ii − djj(a)sLR

jj ,

(Ad(a−1)Ki,j)Ki,jΨ(a) = djj(a)sLR
ii + dii(a)sLR

jj ,

K2
i,jΨ(a) = −dii(a)sLR

ii − djj(a)sLR
jj

on A. Here, we put sLR
ij := sL

i ⊗ sR
j .

Therefore, we have

C(p)Ψ(a)

= 2(∂2
1 − ∂1∂2 + ∂2

2)Ψ(a)

+
(

2
ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

− ch(y2)
sh(y2)

)
∂1Ψ(a)
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+
(
− ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

+ 2
ch(y2)
sh(y2)

)
∂2Ψ(a)

− 1
2

1
sh(y1)2

{d11(a)sLR
11 + d22(a)sLR

22 } − 1
2

1
sh(y1y2)2

{d11(a)sLR
11 + d33(a)sLR

33 }

− 1
2

1
sh(y2)2

{d22(a)sLR
22 + d33(a)sLR

33 }

+
ch(y1)
sh(y1)2

{d22(a)sLR
11 + d11(a)sLR

22 } +
ch(y1y2)
sh(y1y2)2

{d33(a)sLR
11 + d11(a)sLR

33 }

+
ch(y2)
sh(y2)2

{d33(a)sLR
22 + d22(a)sLR

33 }

− 1
2
ch(y1)2

sh(y1)2
{d11(a)sLR

11 + d22(a)sLR
22 } − 1

2
ch(y1y2)2

sh(y1y2)2
{d11(a)sLR

11 + d33(a)sLR
33 }

− 1
2
ch(y2)2

sh(y2)2
{d22(a)sLR

22 + d33(a)sLR
33 }.

Next, the action of C(k) = − 1
2

∑
i<j K

2
i,j is given as follows:

( The action of C(k))

=
1
2
{d11(a)sLR

11 + d22(a)sLR
22 } +

1
2
{d22(a)sLR

22 + d33(a)sLR
33 }

+
1
2
{d11(a)sLR

11 + d33(a)sLR
33 }.

Therefore,

(CΨ)(a)

= 2(∂2
1 − ∂1∂2 + ∂2

2)Ψ(a)

+
(

2
ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

− ch(y2)
sh(y2)

)
∂1Ψ(a)

+
(
− ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

+ 2
ch(y2)
sh(y2)

)
∂2Ψ(a)

− 1
sh(y1)2

{d11(a)sLR
11 + d22(a)sLR

22 } − 1
sh(y1y2)2

{d11(a)sLR
11 + d33(a)sLR

33 }

− 1
sh(y2)2

{d22(a)sLR
22 + d33(a)sLR

33 }

+
ch(y1)
sh(y1)2

{d22(a)sLR
11 + d11(a)sLR

22 } +
ch(y1y2)
sh(y1y2)2

{d33(a)sLR
11 + d11(a)sLR

33 }

+
ch(y2)
sh(y2)2

{d33(a)sLR
22 + d22(a)sLR

33 }.
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The next step is to compute the eigenvalue λ of the Casimir operator C. We
compute the action on f ∈ Hσi,ν such that f(e) = 1. First,

(
The action of

2
3
(H2

1,2 +H1,2H2,3 +H2
2,3)

)
=

2
3
{(ν1 − ν2 + 1)2 + (ν1 − ν2 + 1)(ν2 + 1) + (ν2 + 1)2}

=
2
3
(ν2

1 − ν1ν2 + ν2
2 + 3ν1 + 3).

Next,

1
2

∑
i<j

X2
i,j −

1
2

∑
i<J

K2
i,j =

1
2

∑
i<j

(Ei,j + Ej,i)2 − 1
2

∑
i<J

(Ei,j − Ej,i)2

=
∑
i<j

(Ei,jEj,i + Ej,iEi,j).

Since Xf(e) = 0 for X ∈ n, the action of Ei,jEj,i is 0. On the other hand, since

[Ei,j , Ej,i] = Hi,j ,

we have
Ej,iEi,j = Ei,jEj,i −Hi,j .

Thus

(The action of
1
2

∑
i<j

X2
i,j −

1
2

∑
i<J

K2
i,j)

= (The action of −
∑
i<j

Hi,j)

= (The action of − 2H1,3) = −2(ν1 + 2).

Therefore, we have

λ =
2
3
(ν2

1 − ν1ν2 + ν2
2 + 3ν1 + 3) − 2(ν1 + 2)

=
2
3
(ν2

1 − ν1ν2 + ν2
2 ) − 2.

For Ψ(g) =
∑3

i=1

∑3
j=1 dij(g)sL

i ⊗ sR
j ∈ C∞

τ2,τ2
(K\G/K), we put

d11(a) = F (a) = F (y1, y2),
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d22(a) = G(a) = G(y1, y2),

d33(a) = H(a) = H(y1, y2).

Then, by compairing the coefficients of sLR
ii in both sides of the equation CΨ =

λΨ, we have the following three equations:

Theorem 6.3. F ,G,H satisfy the relations:

2(∂2
1 − ∂1∂2 + ∂2

2)F (y1, y2)

+
(

2
ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

− ch(y2)
sh(y2)

)
∂1F (y1, y2)

+
(
− ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

+ 2
ch(y2)
sh(y2)

)
∂2F (y1, y2)

−
(

1
sh(y1)2

+
1

sh(y1y2)2

)
F (y1, y2)

+
ch(y1)
sh(y1)2

G(y1, y2) +
ch(y1y2)
sh(y1y2)2

H(y1, y2)

= λF (y1, y2),

(6.1)

2(∂2
1 − ∂1∂2 + ∂2

2)G(y1, y2)

+
(

2
ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

− ch(y2)
sh(y2)

)
∂1G(y1, y2)

+
(
− ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

+ 2
ch(y2)
sh(y2)

)
∂2G(y1, y2)

−
(

1
sh(y1)2

+
1

sh(y2)2

)
G(y1, y2)

+
ch(y1)
sh(y1)2

F (y1, y2) +
ch(y2)
sh(y2)2

H(y1, y2)

= λG(y1, y2),

(6.2)

2(∂2
1 − ∂1∂2 + ∂2

2)H(y1, y2)

+
(

2
ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

− ch(y2)
sh(y2)

)
∂1H(y1, y2)

+
(
− ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

+ 2
ch(y2)
sh(y2)

)
∂2H(y1, y2)

−
(

1
sh(y2)2

+
1

sh(y1y2)2

)
H(y1, y2)

+
ch(y1y2)
sh(y1y2)2

F (y1, y2) +
ch(y2)
sh(y2)2

G(y1, y2)

= λH(y1, y2).

(6.3)

Here, λ = 2
3 (ν2

1 − ν1ν2 + ν2
2 ) − 2.
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6.2 The gradient operator

For the spherical function Ψ(g) ∈ C∞
τ2,τ2

(K\G/K), we define the right gradient
operator ∇R as follows:

Definition 6.4. For the orthonormal basis {Xi}5
i=1 of p, the right gradient

operator ∇R is defined by

∇RΨ(g) :=
5∑

i=1

RXiΨ ⊗X∗
i .

Here, X∗
i is the dual basis of Xi with respect to the inner product (X,Y ) ∈

p × p → Tr(XY ) ∈ C.

If we take {H1,2, H2,3, X1,2, X2,3, X1,3} as a basis of p, the dual basis is
{ 1

3 (2H1,2 +H2,3), 1
3 (H1,2 + 2H2,3), 1

2X1,2,
1
2X2,3,

1
2X1,3}. Therefore,

∇RΨ(g) =
1
3
RH1,2Ψ ⊗ (2H1,2 +H2,3) +

1
3
RH2,3Ψ ⊗ (H1,2 + 2H2,3)

+
1
2

∑
i<j

RXi,j Ψ ⊗Xi,j .

Claim 1. We define {wi|0 ≤ i ≤ 4} ⊂ pC = p ⊗R C by

w0 := −2(H2,3 −
√−1X2,3)

w4 := −2(H2,3 +
√−1X2,3)

w2 :=
2
3
(2H1,2 +H2,3)

w1 := X1,3 +
√−1X1,2

w3 := −X1,3 +
√−1X1,2.

Then {wi|0 ≤ i ≤ 4} becomes the basis of pC.

With this basis, the gradient operator ∇R is written as

∇RΨ =
1
16
Rw4Ψ ⊗ w0 +

1
16
Rw0Ψ ⊗ w4 − 1

4
Rw3Ψ ⊗ w1

− 1
4
Rw1Ψ ⊗ w3 +

3
8
Rw2Ψ ⊗ w2

=
1
4

(
1
4
Rw4Ψ ⊗ w0 +

1
4
Rw0Ψ ⊗ w4 −Rw3Ψ ⊗ w1

−Rw1Ψ ⊗ w3 +
3
2
Rw2Ψ ⊗ w2

)
.
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K acts on pC by adjoint action. We denote this representation by (τ4,W4). By
the Clebsh-Gordan theorem, τ2 ⊗ τ4 has the irreducible decomposition

τ2 ⊗ τ4 ∼= τ2 ⊕ τ4 ⊕ τ6.

In this decomposition, the projector of K-modules

pr2 : τ2 ⊗ τ4 → τ2

is described as in the following table:

Table 1: Table of pr2(sj ⊗ wk)
w0 w1 w2 w3 w4

s1 0 − 1
4
(s3 +

√−1s2) − 1
3
s1

1
4
(s3 −

√−1s2) 0

s2
1
2
(s2 −√−1s3) −

√−1
4

s1
1
6
s2 −

√−1
4

s1
1
2
(s2 +

√−1s3)

s3 - 1
2
(s3 +

√−1s2) − 1
4
s1

1
6
s3

1
4
s1

1
2
(−s3 +

√−1s2)

∇RΨ is a τ2 ⊗ (τ2 ⊗ pC)-valued function. Then, by mapping sL
i ⊗ sR

j ⊗ wk

to sL
i ⊗ sR

j wk (here, sR
j wk := pr2(sR

j ⊗ wk)) , we have a K-homomorphism

˜pr2(∇R) : C∞
τ2,τ2

(K\G/K) → C∞
τ2,τ2

(K\G/K).

Since minimal K-type τ2 is multiplicity one, ˜pr2(∇R) is a map of constant
multiple.
We compute 4 ˜pr2(∇RΨ)(a) for Ψ(g) =

∑
i

∑
j dij(g)sL

i ⊗ sR
j , a ∈ A.

1)

1
4

˜pr2(Rw4Ψ ⊗ w0) =
1
4

˜pr2(R−2(H2,3+
√−1X2,3)Ψ ⊗ w0)

= −1
2

˜pr2(RH2,3Ψ ⊗ w0) −
√−1

2
˜pr2(RX2,3Ψ ⊗ w0)

First,

− 1
2

˜pr2(RH2,3Ψ ⊗ w0)

= −1
2
(−∂1 + 2∂2)

3∑
i=1

dii(a)sL
i ⊗ sR

i w0

= −1
2
(−∂1 + 2∂2)d22(a)sL

2 ⊗ 1
2
(sR

2 −√−1sR
3 )

− 1
2
(−∂1 + 2∂2)d33(a)sL

3 ⊗−1
2
(sR

3 +
√−1sR

2 )

= −1
4
(−∂1 + 2∂2)d22(a)sLR

22 +
√−1

4
(−∂1 + 2∂2)d22(a)sLR

23

20



+
√−1

4
(−∂1 + 2∂2)d33(a)sLR

32 +
1
4
(−∂1 + 2∂2)d33(a)sLR

33 .

Next, since

X2,3 = − 1
sh(y2)

Ad(a−1)K2,3 +
ch(y2)
sh(y2)

K2,3,

we have

−
√−1

2
˜pr2(RX2,3Ψ ⊗ w0)

= −
√−1

2
˜pr2

(
− 1
sh(y2)

RAd(a−1)K2,3Ψ ⊗ w0 +
ch(y2)
sh(y2)

RK2,3Ψ ⊗ w0

)
= −

√−1
2sh(y2)

d22(a)sL
3 ⊗ 1

2
(sR

2 −√−1sR
3 )

+
√−1

2sh(y2)
d33(a)sL

2 ⊗−1
2
(sR

3 +
√−1sR

2 )

−
√−1ch(y2)

2sh(y2)
d22(a)sL

2 ⊗−1
2
(sR

3 +
√−1sR

2 )

+
√−1ch(y2)

2sh(y2)
d33(a)sL

3 ⊗ 1
2
(sR

2 −√−1sR
3 )

=
(

1
4sh(y2)

d33(a) − ch(y2)
4sh(y2)

d22(a)
)
sLR
22

+
(
−

√−1
4sh(y2)

d33(a) +
√−1ch(y2)

4sh(y2)
d22(a)

)
sLR
23

+
(
−

√−1
4sh(y2)

d22(a) +
√−1ch(y2)

4sh(y2)
d33(a)

)
sLR
32

+
(
− 1

4sh(y2)
d22(a) +

ch(y2)
4sh(y2)

d33(a)
)
sLR
33 .

Therefore, we have

1
4

˜pr2(Rw4Ψ ⊗ w0)

= −1
4
(−∂1 + 2∂2)d22(a)sLR

22 +
√−1

4
(−∂1 + 2∂2)d22(a)sLR

23

+
√−1

4
(−∂1 + 2∂2)d33(a)sLR

32 +
1
4
(−∂1 + 2∂2)d33(a)sLR

33

+
(

1
4sh(y2)

d33(a) − ch(y2)
4sh(y2)

d22(a)
)
sLR
22

+
(
−

√−1
4sh(y2)

d33(a) +
√−1ch(y2)

4sh(y2)
d22(a)

)
sLR
23

21



+
(
−

√−1
4sh(y2)

d22(a) +
√−1ch(y2)

4sh(y2)
d33(a)

)
sLR
32

+
(
− 1

4sh(y2)
d22(a) +

ch(y2)
4sh(y2)

d33(a)
)
sLR
33 .

2) Similarly, we have

1
4

˜pr2(Rw0Ψ ⊗ w4)

= −1
4
(−∂1 + 2∂2)d22(a)sLR

22 −
√−1

4
(−∂1 + 2∂2)d22(a)sLR

23

−
√−1

4
(−∂1 + 2∂2)d33(a)sLR

32 +
1
4
(−∂1 + 2∂2)d33(a)sLR

33

+
(

1
4sh(y2)

d33(a) − ch(y2)
4sh(y2)

d22(a)
)
sLR
22

+
( √−1

4sh(y2)
d33(a) −

√−1ch(y2)
4sh(y2)

d22(a)
)
sLR
23

+
( √−1

4sh(y2)
d22(a) −

√−1ch(y2)
4sh(y2)

d33(a)
)
sLR
32

+
(
− 1

4sh(y2)
d22(a) +

ch(y2)
4sh(y2)

d33(a)
)
sLR
33 .

3)

− ˜pr2(Rw3Ψ ⊗ w1)

= ˜pr2(RX1,3Ψ ⊗ w1) −
√−1 ˜pr2(RX1,2 ⊗ w1).

First,

˜pr2(RX1,3Ψ ⊗ w1)

= − 1
sh(y1y2)

RAd(a−1)K1,3

(
3∑

i=1

dii(a)sL
i ⊗ sR

i

)
w1

+
ch(y1y2)
sh(y1y2)

RK1,3

(
3∑

i=1

dii(a)sL
i ⊗ sR

i

)
w1

= − 1
sh(y1y2)

(−d11(a)sL
3 ⊗ sR

1 w1 + d33(a)sL
1 ⊗ sR

3 w1)

− ch(y1y2)
sh(y1y2)

(−d11(a)sL
1 ⊗ sR

3 w1 + d33(a)sL
3 ⊗ sR

1 w1)

22



=
1

sh(y1y2)
d11(a)sL

3 ⊗−1
4
(sR

3 +
√−1sR

2 )

− 1
sh(y1y2)

d33(a)sL
1 ⊗−1

4
sR
1

+
ch(y1y2)
sh(y1y2)

d11(a)sL
1 ⊗−1

4
sR
1

− ch(y1y2)
sh(y1y2)

d33(a)sL
3 ⊗−1

4
(sR

3 +
√−1sR

2 )

=
(

1
4sh(y1y2)

d33(a) − ch(y1y2)
4sh(y1y2)

d11(a)
)
sLR
11

+
(
−

√−1
4sh(y1y2)

d11(a) +
√−1ch(y1y2)

4sh(y1y2)
d33(a)

)
sLR
32

+
(
− 1

4sh(y1y2)
d11(a) +

ch(y1y2)
4sh(y1y2)

d33(a)
)
sLR
33 .

Next,

−√−1 ˜pr2(RX1,2Ψ ⊗ w1)

=
√−1
sh(y1)

RAd(a−1)K1,2

(
3∑

i=1

dii(a)sL
i ⊗ sR

i

)
w1

−
√−1ch(y1)
sh(y1)

RK1,2

(
3∑

i=1

dii(a)sL
i ⊗ sR

i

)
w1

=
√−1
sh(y1)

(−d11(a)sL
2 ⊗ sR

1 w1 + d22(a)sL
1 ⊗ sR

2 w1)

+
√−1ch(y1)
sh(y1)

(−d11(a)sL
1 ⊗ sR

2 w1 + d22(a)sL
2 ⊗ sR

1 w1)

= −
√−1
sh(y1)

d11(a)sL
2 ⊗−1

4
(sR

3 +
√−1sR

2 )

+
√−1
sh(y1)

d22(a)sL
1 ⊗−

√−1
4

sR
1

−
√−1ch(y1)
sh(y1)

d11(a)sL
1 ⊗−

√−1
4

sR
1

+
√−1ch(y1)
sh(y1)

d22(a)sL
2 ⊗−1

4
(sR

3 +
√−1sR

2 )

=
(

1
4sh(y1)

d22(a) − ch(y1)
4sh(y1)

d11(a)
)
sLR
11

+
( √−1

4sh(y1)
d11(a) −

√−1ch(y1)
4sh(y1)

d22(a)
)
sLR
23

23



+
(
− 1

4sh(y1)
d11(a) +

ch(y1)
4sh(y1)

d22(a)
)
sLR
22 .

Therefore, we have

− ˜pr2(Rw3Ψ ⊗ w1)

=
(

1
4sh(y1)

d22(a) +
1

4sh(y1y2)
d33(a)

− ch(y1y2)
4sh(y1y2)

d11(a) − ch(y1)
4sh(y1)

d11(a)
)
sLR
11

+
( √−1

4sh(y1)
d11(a) −

√−1ch(y1)
4sh(y1)

d22(a)
)
sLR
23

+
(
−

√−1
4sh(y1y2)

d11(a) +
√−1ch(y1y2)

4sh(y1y2)
d33(a)

)
sLR
32

+
(
− 1

4sh(y1)
d11(a) +

ch(y1)
4sh(y1)

d22(a)
)
sLR
22

+
(
− 1

4sh(y1y2)
d11(a) +

ch(y1y2)
4sh(y1y2)

d33(a)
)
sLR
33 .

4) Similarly, we have

− ˜pr2(Rw1Ψ ⊗ w3)

=
(

1
4sh(y1y2)

d33(a) − ch(y1y2)
4sh(y1y2)

d11(a)

+
1

4sh(y1)
d22(a) − ch(y1)

4sh(y1)
d11(a)

)
sLR
11

+
(
−

√−1
4sh(y1)

d11(a) +
√−1ch(y1)

4sh(y1)
d22(a)

)
sLR
23

+
( √−1

4sh(y1y2)
d11(a) −

√−1ch(y1y2)
4sh(y1y2)

d33(a)
)
sLR
32

+
(
− 1

4sh(y1)
d11(a) +

ch(y1)
4sh(y1)

d22(a)
)
sLR
22

+
(
− 1

4sh(y1y2)
d11(a) +

ch(y1y2)
4sh(y1y2)

d33(a)
)
sLR
33 .

5)Finally,

3
2

˜pr2(Rw2Ψ ⊗ w2)
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=
3
2

˜pr2(R 2
3 (2H1,2+H2,3)Ψ ⊗ w2)

= R2H1,2+H2,3

(
3∑

i=1

dii(a)sL
i ⊗ sR

i

)
w2

= −∂1d11(a)sLR
11 +

1
2
∂1d22(a)sLR

22 +
1
2
∂1d33(a)sLR

33 .

By summing these results, we have

4p̃r2(∇RΨ)(a)

=
{
−
(
∂1 +

ch(y1)
2sh(y1)

+
ch(y1y2)
2sh(y1y2)

)
d11(a)

+
1

2sh(y1)
d22(a) +

1
2sh(y1y2)

d33(a)
}
sLR
11

+
{
− 1

2sh(y1)
d11(a) +

(
∂1 − ∂2 +

ch(y1)
2sh(y1)

− ch(y2)
2sh(y2)

)
d22(a)

+
1

2sh(y2)
d33(a)

}
sLR
22

+
{
− 1

2sh(y1y2)
d11(a) − 1

2sh(y2)
d22(a)

+
(
∂2 +

ch(y2)
2sh(y2)

+
ch(y1y2)
2sh(y1y2)

)
d33(a)

}
sLR
33 .

This equals λi

∑3
i=1 dii(a)sLR

ii , where λi (i = 1, 2, 3) are some constants depend-
ing on the choice of σ = σi of the principal series representation.
Next, we compute λi (i = 1, 2, 3).
Let K ↪→ GL(3,C), k �→ (sij(k))3i,j=1 be the tautological representation of
K. It is easy to check that {si1, si2, si3} is the generator of the minimal K-
type of C∞

M,σi
(K) (i = 1, 2, 3), and we may identify sij with sj (j = 1, 2, 3)

via K-isomorphism. The dual s∗ij of sij is sij itself (j = 1, 2, 3). Fix Φ ∈
HomK×K(τ∗2 � τ∗2 , H

∗
π �Hπ). To find the value λ1, it is sufficient to compute

the action of p̃r2 ◦ ∇R on

Ψ̃ =
3∑

i,j=1

(s1i ⊗ s1j) ⊗ Φ(s∗1i ⊗ s∗1j)(g1, g2) ∈ {(V ∗
τ∗
2

� V ∗
τ∗
2
) ⊗ (H∗

π �Hπ)}K×K .

Since τ∗2 is multiplicity one in Hπ, p̃r2 ◦ ∇R acts on this function by constant
multiple, and the matrix coefficient of πσ1,ν inherits this value, because the
matrix coefficient can be written

∑3
i,j=1(s1i ⊗ s1j) ⊗ Λ ◦ Ψ̃(s∗1i ⊗ s∗1j). Here,

Λ : H∗
π �Hπ → C∞(G), f∗ ⊗ f �→ 〈f∗, π(·)f〉 is a G×G-homomorphism.

Let e ∈ G be the unit element of G.
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1)

1
4

˜pr2(Rw4Ψ̃ ⊗ w0)(e, e) = − 1
2

˜pr2(RH2,3 Ψ̃ ⊗ w0)(e, e)

−
√−1

2
˜pr2(RX2,3Ψ̃ ⊗ w0)(e, e).

First,

− 1
2

˜pr2(RH2,3 Ψ̃ ⊗ w0)(e, e)

= −1
2
(ν2 + 1)s11 ⊗ s11w0 = 0.

Next, since the action of X2,3 is the same as that of −K2,3, we have

−
√−1

2
˜pr2(RX2,3Ψ̃ ⊗ w0)(e, e) = 0.

Therefore, we have

1
4

˜pr2(Rw4Ψ̃ ⊗ w0)(e, e) = 0.

2) Similarly, we have
1
4

˜pr2(Rw0Ψ̃ ⊗ w4)(e, e) = 0.

3)

− ˜pr2(Rw3Ψ̃ ⊗ w1)(e, e) = ˜pr2(RX1,3Ψ̃ ⊗ w1)(e, e)

−√−1 ˜pr2(RX1,2 Ψ̃ ⊗ w1)(e, e).

First,

˜pr2(RX1,3Ψ̃ ⊗ w1)(e) = −s11 ⊗ s13w1 =
1
4
s11 ⊗ s11.

Next,

−√−1 ˜pr2(RX1,2 Ψ̃ ⊗ w1)(e, e) =
√−1s11 ⊗ s12w1 =

1
4
s11 ⊗ s11.

Therefore, we have

− ˜pr2(Rw3Ψ̃ ⊗ w1)(e, e) =
1
2
s11 ⊗ s11.
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4) Similarly, we have

− ˜pr2(Rw1Ψ̃ ⊗ w3)(e, e) =
1
2
s11 ⊗ s11.

5) Finally,

3
2

˜pr2(Rw2Ψ̃ ⊗ w2)(e, e)

= 2 ˜pr2(RH1,2Ψ̃ ⊗ w2)(e, e) + ˜pr2(RH2,3 Ψ̃ ⊗ w2)(e, e)

= −2
3
(ν1 − ν2 + 1)s11 ⊗ s11 − 1

3
(ν2 + 1)s11 ⊗ s11

=
{
−1

3
(2ν1 − ν2) − 1

}
s11 ⊗ s11.

By summing these results, we have

4p̃r2(∇RΨ̃)(e, e) = −1
3
(2ν1 − ν2)s11 ⊗ s11

= −1
3
(2ν1 − ν2)Ψ̃(e, e).

In these computations, we used s11(e) = 1, s12(e) = 0, s13(e) = 0. Therefore,
we conclude that λ1 = − 1

3 (2ν1 − ν2).
The computation of λ2, λ3 is the same as that of λ1, and the values are λ2 =
1
3 (ν1 − 2ν2), λ3 = 1

3 (ν1 + ν2).
Summing up, we have the next result:

Theorem 6.5. Let Ψ(g) =
∑3

i=1

∑3
j=1 dij(g)sL

i ⊗ sR
j ∈ C∞

τ2,τ2
(K\G/K) be the

matrix coefficient obtained from the non-spherical principal series representation
whose character of M is σ = σi (i = 1, 2, 3). Put

d11(a) = F (y1, y2), d22(a) = G(y1, y2), d33(a) = H(y1, y2).

Then F , G, H satisfy the following relations:

−
(
∂1 +

ch(y1)
2sh(y1)

+
ch(y1y2)
2sh(y1y2)

)
F (y1, y2) +

1
2sh(y1)

G(y1, y2)

+
1

2sh(y1y2)
H(y1, y2) = λiF (y1, y2)

(6.4)

− 1
2sh(y1)

F (y1, y2) +
(
∂1 − ∂2 +

ch(y1)
2sh(y1)

− ch(y2)
2sh(y2)

)
G(y1, y2)

+
1

2sh(y2)
H(y1, y2) = λiG(y1, y2)

(6.5)
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− 1
2sh(y1y2)

F (y1, y2) − 1
2sh(y2)

G(y1, y2)

+
(
∂2 +

ch(y2)
2sh(y2)

+
ch(y1y2)
2sh(y1y2)

)
H(y1, y2) = λiH(y1, y2).

(6.6)

Here, λ1 = − 1
3 (2ν1 − ν2), λ2 = 1

3 (ν1 − 2ν2), λ3 = 1
3 (ν1 + ν2).

6.3 Power series solutions

We give the power series solution of the equations obtained in Theorem 6.3 and
Theorem 6.5. Firstly, we modify F,G,H by

F̃ (y1, y2) = sh(y1)
1
2 sh(y2)

1
2 sh(y1y2)

1
2F (y1, y2)

G̃(y1, y2) = sh(y1)
1
2 sh(y2)

1
2 sh(y1y2)

1
2G(y1, y2)

H̃(y1, y2) = sh(y1)
1
2 sh(y2)

1
2 sh(y1y2)

1
2H(y1, y2).

Then the six equations are rewritten as follows:(
2∂2

1 − 2∂1∂2 + 2∂2
2

)
F̃ (y1, y2)

+
(
−2 − λ− 2y2

1

(y2
1 − 1)2

+
2y2

2

(y2
2 − 1)2

− 2y2
1y

2
2

(y2
1y

2
2 − 1)2

)
F̃ (y1, y2)

+ 2
y3
1 + y1

(y2
1 − 1)2

G̃(y1, y2) + 2
y3
1y

3
2 + y1y2

(y2
1y

2
2 − 1)2

H̃(y1, y2) = 0

(6.7)

(
2∂2

1 − 2∂1∂2 + 2∂2
2

)
G̃(y1, y2)

+
(
−2 − λ− 2y2

1

(y2
1 − 1)2

− 2y2
2

(y2
2 − 1)2

+
2y2

1y
2
2

(y2
1y

2
2 − 1)2

)
G̃(y1, y2)

+ 2
y3
1 + y1

(y2
1 − 1)2

F̃ (y1, y2) + 2
y3
2 + y2

(y2
2 − 1)2

H̃(y1, y2) = 0

(6.8)

(
2∂2

1 − 2∂1∂2 + 2∂2
2

)
H̃(y1, y2)

+
(
−2 − λ+

2y2
1

(y2
1 − 1)2

− 2y2
2

(y2
2 − 1)2

− 2y2
1y

2
2

(y2
1y

2
2 − 1)2

)
H̃(y1, y2)

+ 2
y3
1y

3
2 + y1y2

(y2
1y

2
2 − 1)2

F̃ (y1, y2) + 2
y3
2 + y2

(y2
2 − 1)2

G̃(y1, y2) = 0

(6.9)

− ∂1F̃ (y1, y2) +
1

2sh(y1)
G̃(y1, y2) +

1
2sh(y1y2)

H̃(y1, y2)

= λiF̃ (y1, y2)
(6.10)
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− 1
2sh(y1)

F̃ (y1, y2) + (∂1 − ∂2) G̃(y1, y2) +
1

2sh(y2)
H̃(y1, y2)

= λiG̃(y1, y2)
(6.11)

− 1
2sh(y1y2)

F̃ (y1, y2) − 1
2sh(y2)

G̃(y1, y2) + ∂2H̃(y1, y2)

= λiH̃(y1, y2).
(6.12)

Here, λ is in Theorem 6.3 and λi is in Theorem 6.5.
We put

F̃ (y1, y2) =
∞∑

n,m=0

an,my
n+μ1
1 ym+μ2

2 (6.13)

G̃(y1, y2) =
∞∑

n,m=0

bn,my
n+μ1
1 ym+μ2

2 (6.14)

H̃(y1, y2) =
∞∑

n,m=0

cn,my
n+μ1
1 ym+μ2

2 (6.15)

(a0,0, b0,0, c0,0) �= (0, 0, 0)

and compute the characteristic roots (μ1, μ2) and the coefficients (an,m), (bn,m),
(cn,m). Hereafter we compute under the assumption that 1, ν1, ν2 are linearly
independent over Q. Since

y2

(y2 − 1)2
=

∞∑
k=1

ky2k,
y3 + y

(y2 − 1)2
=

∞∑
k=1

(2k − 1)y2k−1 (0 < y < 1),

by substituting these relations into equations (6.7), (6.8), (6.9) and picking up
the coefficients of yn+μ1

1 ym+μ2
2 , we have

(2n′2 − 2n′m′ + 2m′2 + λ
′
)an,m

− 2
∞∑

k=1

kan−2k,m + 2
∞∑

k=1

kan,m−2k − 2
∞∑

k=1

kan−2k,m−2k

+ 2
∞∑

k=1

(2k − 1)bn−2k+1,m + 2
∞∑

k=1

(2k − 1)cn−2k+1,m−2k+1 = 0

(6.16)

(2n′2 − 2n′m′ + 2m′2 + λ
′
)bn,m

− 2
∞∑

k=1

kbn−2k,m − 2
∞∑

k=1

kbn,m−2k + 2
∞∑

k=1

kbn−2k,m−2k

+ 2
∞∑

k=1

(2k − 1)an−2k+1,m + 2
∞∑

k=1

(2k − 1)cn,m−2k+1 = 0

(6.17)
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(2n′2 − 2n′m′ + 2m′2 + λ
′
)cn,m

+ 2
∞∑

k=1

kcn−2k,m − 2
∞∑

k=1

kcn,m−2k − 2
∞∑

k=1

kcn−2k,m−2k

+ 2
∞∑

k=1

(2k − 1)an−2k+1,m−2k+1 + 2
∞∑

k=1

(2k − 1)bn,m−2k+1 = 0.

(6.18)

Here, n′ = n + μ1, m
′ = m + μ2, λ

′ = −2 − λ and an,m, bn,m, cn,m = 0 if
n < 0 or m < 0. By substituting n = m = 0 into these equations, since
(a0,0, b0,0, c0,0) �= (0, 0, 0), we have

2μ2
1 − 2μ1μ2 + 2μ2

2 + λ
′
= 0. (6.19)

Therefore,

2n′2 − 2n′m′ + 2m′2 + λ
′

= 2(n+ μ1)2 − 2(n+ μ1)(m+ μ2) + 2(m+ μ2)2 + λ
′

= 2{n2 − nm+m2 + (2μ1 − μ2)n+ (2μ2 − μ1)m}.
Now, we put

p(n,m) = q(n,m) = r(n,m) = n2 − nm+m2 + (2μ1 − μ2)n+ (2μ2 − μ1)m

and subsutitute 2p(n,m), 2q(n,m), 2r(n,m) for 2n′2− 2n′m′ +2m′2 +λ
′
in the

equations (6.16), (6.17), (6.18) respectively. Then we have

p(n,m)an,m

−
∞∑

k=1

kan−2k,m +
∞∑

k=1

kan,m−2k −
∞∑

k=1

kan−2k,m−2k

+
∞∑

k=1

(2k − 1)bn−2k+1,m +
∞∑

k=1

(2k − 1)cn−2k+1,m−2k+1 = 0

(6.20)

q(n,m)bn,m

−
∞∑

k=1

kbn−2k,m −
∞∑

k=1

kbn,m−2k +
∞∑

k=1

kbn−2k,m−2k

+
∞∑

k=1

(2k − 1)an−2k+1,m +
∞∑

k=1

(2k − 1)cn,m−2k+1 = 0

(6.21)

r(n,m)cn,m

+
∞∑

k=1

kcn−2k,m −
∞∑

k=1

kcn,m−2k −
∞∑

k=1

kcn−2k,m−2k

+
∞∑

k=1

(2k − 1)an−2k+1,m−2k+1 +
∞∑

k=1

(2k − 1)bn,m−2k+1 = 0.

(6.22)
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(Though p(n,m),q(n,m),r(n,m) are the same polynomials, but we use the dif-
ferent symbols. By doing so, the expressions of the coefficients an,m, bn,m, cn,m

become a little easier.)
Before computing (an,m), (bn,m), (cn,m), we compute the characteristic roots
(μ1, μ2). By substituting (6.13), (6.14), (6.15) into (6.10), (6.11), (6.12) and
subsutituting n = m = 0, we have

(−μ1 − λi)a0,0 = 0

(μ1 − μ2 − λi)b0,0 = 0

(μ2 − λi)c0,0 = 0.

Since (a0,0, b0,0, c0,0) �= (0, 0, 0), at least one of −μ1 − λi, μ1 − μ2 − λi, μ2 − λi

is 0. By combining this with the equation (6.19), we can compute the values of
(μ1, μ2). (Because of the assumption of the linearly independence of 1, ν1, ν2,
we know that just one of −μ1 −λi, μ1 −μ2 −λi, μ2 −λi is 0, and the other two
are not 0.)

Lemma 6.6. 1) In case of σ = σ1, λi = λ1 = − 1
3 (2ν1 − ν2).

a) If −μ1 − λ1 = 0,

(μ1, μ2) =
(

1
3
(2ν1 − ν2),−1

3
(2ν2 − ν1)

)
,

(
1
3
(2ν1 − ν2),

1
3
(ν1 + ν2)

)
and a0,0 �= 0, b0,0 = 0, c0,0 = 0.
b) If μ1 − μ2 − λ1 = 0,

(μ1, μ2) =
(

1
3
(2ν2 − ν1),

1
3
(ν1 + ν2)

)
,

(
−1

3
(ν1 + ν2),−1

3
(2ν2 − ν1)

)
and a0,0 = 0, b0,0 �= 0, c0,0 = 0.
c) If μ2 − λ1 = 0,

(μ1, μ2) =
(

1
3
(2ν2 − ν1),−1

3
(2ν1 − ν2)

)
,

(
−1

3
(ν1 + ν2),−1

3
(2ν1 − ν2)

)
and a0,0 = 0, b0,0 = 0, c0,0 �= 0.

2) In case of σ = σ2, λi = λ2 = 1
3 (ν1 − 2ν2).

a) If −μ1 − λ2 = 0,

(μ1, μ2) =
(

1
3
(2ν2 − ν1),

1
3
(ν1 + ν2)

)
,

(
1
3
(2ν2 − ν1),−1

3
(2ν1 − ν2)

)
and a0,0 �= 0, b0,0 = 0, c0,0 = 0.
b) If μ1 − μ2 − λ2 = 0,

(μ1, μ2) =
(

1
3
(2ν1 − ν2),

1
3
(ν1 + ν2)

)
,

(
−1

3
(ν1 + ν2),−1

3
(2ν1 − ν2)

)
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and a0,0 = 0, b0,0 �= 0, c0,0 = 0.
c) If μ2 − λ2 = 0,

(μ1, μ2) =
(

1
3
(2ν1 − ν2),−1

3
(2ν2 − ν1)

)
,

(
−1

3
(ν1 + ν2),−1

3
(2ν2 − ν1)

)
and a0,0 = 0, b0,0 = 0, c0,0 �= 0.
3) In case of σ = σ3, λi = λ3 = 1

3 (ν1 + ν2).
a) If −μ1 − λ3 = 0,

(μ1, μ2) =
(
−1

3
(ν1 + ν2),−1

3
(2ν2 − ν1)

)
,

(
−1

3
(ν1 + ν2),−1

3
(2ν1 − ν2)

)
and a0,0 �= 0, b0,0 = 0, c0,0 = 0.
b) If μ1 − μ2 − λ3 = 0,

(μ1, μ2) =
(

1
3
(2ν1 − ν2),−1

3
(2ν2 − ν1)

)
,

(
1
3
(2ν2 − ν1),−1

3
(2ν1 − ν2)

)
and a0,0 = 0, b0,0 �= 0, c0,0 = 0.
c) If μ2 − λ3 = 0,

(μ1, μ2) =
(

1
3
(2ν1 − ν2),

1
3
(ν1 + ν2)

)
,

(
1
3
(2ν2 − ν1),

1
3
(ν1 + ν2)

)
and a0,0 = 0, b0,0 = 0, c0,0 �= 0.

The following theorem gives the explicit expressions of the coefficients (an,m),
(bn,m), (cn,m).

Theorem 6.7. Let Pn,m be the family of all sets {αk(nk,mk), · · · , α0(n0,m0)}
satisfying the next rules;
A) αi = p or q or r (i = 0, · · · , k), (nk,mk) = (n,m), (n0,m0) = (0, 0),

B) αi(ni,mi) = p(ni,mi) ⇒ αi−1(ni−1,mi−1) = p(ni − 2li,mi) ; li or
p(ni,mi − 2li); −li or p(ni − 2li,mi − 2li) ; li or q(ni − 2li + 1,mi) ;−(2li − 1)
or r(ni − 2li + 1,mi − 2li + 1) ;−(2li − 1).

αi(ni,mi) = q(ni,mi) ⇒ αi−1(ni−1,mi−1) = q(ni − 2li,mi) ; li or
q(ni,mi − 2li); li or q(ni − 2li,mi − 2li) ;−li or p(ni − 2li + 1,mi) ;−(2li − 1)
or r(ni,mi − 2li + 1) ;−(2li − 1).

αi(ni,mi) = r(ni,mi) ⇒ αi−1(ni−1,mi−1) = r(ni − 2li,mi) ;−li or
r(ni,mi−2li); li or r(ni−2li,mi−2li) ; li or p(ni−2li+1,mi−2li+1) ;−(2li−1)
or q(ni,mi − 2li + 1) ;−(2li − 1).

(∃li ∈ Z>0), (i = 1, · · · , k).
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( k depends on each set ).

For each i, we express the number after ; of each correspondence as di.
We put

(δa
n,m, δ

b
n,m, δ

c
n,m) =

⎧⎪⎪⎨⎪⎪⎩
(a0,0, b0,0, c0,0) (n; even,m; even)
(a0,0, c0,0, b0,0) (n; even,m; odd)
(b0,0, a0,0, c0,0) (n; odd,m; even)
(c0,0, b0,0, a0,0) (n; odd,m; odd)

And we put
Pp

n,m := Pn,m∩{αk = p}, Pq
n,m := Pn,m∩{αk = q}, Pr

n,m := Pn,m∩{αk = r}.
Then we have

an,m =
∑

{αk(nk,mk),··· ,α0(n0,m0)}∈Pp
n,m

(∏k
i=1 di

)
δa
n,m

αk(nk,mk) · · ·α1(n1,m1)
, (6.23)

bn,m =
∑

{αk(nk,mk),··· ,α0(n0,m0)}∈Pq
n,m

(∏k
i=1 di

)
δb
n,m

αk(nk,mk) · · ·α1(n1,m1)
, (6.24)

cn,m =
∑

{αk(nk,mk),··· ,α0(n0,m0)}∈Pr
n,m

(∏k
i=1 di

)
δc
n,m

αk(nk,mk) · · ·α1(n1,m1)
. (6.25)

for (n,m) �= (0, 0). Here, an,m = 0 (resp. bn,m = 0, cn,m = 0) if Pp
n,m = ∅

(resp. Pq
n,m = ∅, Pr

n,m = ∅ ).

Proof. We prove this theorem by the induction with respect to m.
1) Firstly, if m = 0, by the equations (6.20), (6.21), (6.22) , we have

p(n, 0)an,0 −
∞∑

l=1

lan−2l,0 +
∞∑

l=1

(2l − 1)bn−2l+1,0 = 0 (6.26)

q(n, 0)bn,0 −
∞∑

l=1

lbn−2l,0 +
∞∑

l=1

(2l− 1)an−2l+1,0 = 0 (6.27)

r(n, 0)cn,0 +
∞∑

l=1

lcn−2l,0 = 0. (6.28)

Suppose that equations (6.20), (6.21), (6.22) hold for m = 0, 0 ≤ n ≤ N . From
the equation (6.26), we have

aN+1,0 =
1

p(N + 1, 0)

∞∑
l=1

laN+1−2l,0− 1
p(N + 1, 0)

∞∑
l=1

(2l−1)bN+2−2l,0. (6.29)
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Since δa
N+1−2l,0 = δb

N+2−2l,0 = δa
N+1,0, if we expand aN+1−2l,0 and bN+2−2l,0

as (6.23), (6.24), δa
N+1,0 appears in the numerator of the right hand side of the

equation (6.29).
We add p(N+1, 0) in front of each element of Pp

N+1−2l,0 and express this family
by P̃p

N+1−2l,0. Next, we add p(N + 1, 0) in front of each element of Pq
N+2−2l,0

and express this family by P̃q
N+2−2l,0. Then , by difinitions, easily we have

Pp
N+1,0 =

(⋃
l

P̃p
N+1−2l,0

)
∪
(⋃

l

P̃q
N+2−2l,0

)
,

P̃p
N+1−2l,0 ∩ P̃p

N+1−2l′,0 = ∅ (∀ l, l′ s.t. l �= l′),

P̃q
N+2−2l,0 ∩ P̃q

N+2−2l′,0 = ∅ (∀ l, l′ s.t. l �= l′),

P̃p
N+1−2l,0 ∩ P̃q

N+2−2l′,0 = ∅ (∀ l, l′).
Therefore, the set appearing in the expansion of aN+1,0 is just as (6.23) for
n = N + 1,m = 0. The rule of products directly follows from the assumption
and the equation (6.29). So aN+1,0 is just as (6.23) for n = N + 1,m = 0.
Therefore, we have proved (6.23) for ∀n and m = 0. The proof of bn,0 and cn,0

is the same as an,0.

2) Assume that for 0 ≤ ∀m ≤M , the equations (6.23),(6.24),(6.25) hold for
all n. We put m = M +1. Then, the equations satisfied by (an,M+1), (bn,M+1),
(cn,M+1) are;

p(n,M + 1)an,M+1

−
∞∑
l=1

lan−2l,M+1 +
∞∑

l=1

lan,M+1−2l −
∞∑

l=1

lan−2l,M+1−2l

+
∞∑
l=1

(2l − 1)bn−2l+1,M+1 +
∞∑

l=1

(2l− 1)cn−2l+1,M−2l+2 = 0

(6.30)

q(n,M + 1)bn,M+1

−
∞∑

l=1

lbn−2l,M+1 −
∞∑

l=1

lbn,M+1−2l +
∞∑

l=1

lbn−2l,M+1−2l

+
∞∑

l=1

(2l − 1)an−2l+1,M+1 +
∞∑
l=1

(2l− 1)cn,M−2l+2 = 0

(6.31)

r(n,M + 1)cn,M+1

+
∞∑

l=1

lcn−2l,M+1 −
∞∑
l=1

lcn,M+1−2l −
∞∑

l=1

lcn−2l,M+1−2l

+
∞∑

l=1

(2l− 1)an−2l+1,M−2l+2 +
∞∑

l=1

(2l− 1)bn,M−2l+2 = 0.

(6.32)
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Firstly, we put n = 0. Then (6.30) becomes

a0,M+1 = − 1
p(0,M + 1)

∞∑
l=1

la0,M+1−2l. (6.33)

For each l, we add p(0,M +1) in front of each element of Pp
0,M+1−2l and denote

this family by P̃p
0,M+1−2l. Then, since

P̃p
0,M+1−2l ∩ P̃p

0,M+1−2l′ = ∅ (l �= l′)

and
Pp

0,M+1 =
⋃
l

P̃p
0,M+1−2l,

the set appearing in the expansion of a0,M+1 is just Pp
0,M+1. And since

δa
0,M+1−2l = δa

0,M+1, δa
0,M+1 appears in the numerators of a0,M+1. Further-

more, the rule of products in the numerators also holds because of the assump-
tion and (6.33). Therefore, for m = M + 1, n = 0, equation (6.23) holds. The
proof of (6.24), (6.25) for m = M + 1, n = 0 is the same.
Next, suppose that for 0 ≤ ∀n ≤ N and 0 ≤ ∀m ≤M + 1, the equations (6.23),
(6.24), (6.25) hold.
For n = N + 1, we have

aN+1,M+1

=
1

p(N + 1,M + 1)

∞∑
l=1

laN+1−2l,M+1

− 1
p(N + 1,M + 1)

∞∑
l=1

laN+1,M+1−2l

+
1

p(N + 1,M + 1)

∞∑
l=1

laN+1−2l,M+1−2l

− 1
p(N + 1,M + 1)

∞∑
l=1

(2l − 1)bN+2−2l,M+1

− 1
p(N + 1,M + 1)

∞∑
l=1

(2l − 1)cN+2−2l,M+2−2l.

For each l, we add p(N+1,M+1) in front of each element of Pp
N+1−2l,M+1 (resp.

Pp
N+1,M+1−2l , Pp

N+1−2l,M+1−2l, P
q
N+2−2l,M+1 , Pr

N+2−2l,M+1) and express this
by P̃l

1 (resp. P̃l
2, P̃l

3, P̃l
4, P̃l

5). Then , since

P̃l
i ∩ P̃l′

i = ∅ (l �= l′) (i = 1, · · · 5),

P̃l
i ∩ P̃l

j = ∅ (i �= j),
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Pp
N+1,M+1 =

5⋃
i=1

⋃
l

Pl
i.

the set appearing in the expansion of aN+1,M+1 is just Pp
N+1,M+1. The assertion

about δa is the same as above. From (6.34) and the assumption, the rule of
numerators also holds. Therefore, for m = M + 1 and n = N + 1, (6.23) holds.
The proof of bN+1,M+1, cN+1,M+1 is the same. Thus we have completed the
proof of this theorem.

7 The expansion of the matrix coefficients in
terms of the power series around y1 = y2 = 0

In the previous two sections, we obtained power series solutions for differential
equations of class one case and three dimensional case. Our purpose in this
section is to express the matrix coefficients by their linear combinations. In
other words, we want to determine the coefficients of ψα,β in the expressions of
matrix coefficients. Here, (α, β) is the characteristic root and ψα,β is the power
series solution corresponding to (α, β).

7.1 Class one case

By solving the equations (5.1) and (5.2), we obtained six power series solutions
corresponding to the six characteristic roots. For a characteristic root (α, β), we
express the power seires solution corresponding to (α, β) by ψα,β . We assume
that the constant term of ψα,β is 1. As β, we have

β1 =
1
3
(ν1 + ν2) + 1, β2 = −1

3
(2ν1 − ν2) + 1, β3 = −1

3
(2ν2 − ν1) + 1.

And for each βi, we have two power series solutions.
Therefore, we can write matrix coefficient F by

F (y1, y2) =
3∑

i=1

ciai(y1, y2)y
βi

2 .

Here, ci (i = 1, 2, 3) are some constants and ai(y1, y2) (i = 1, 2, 3) are some
analytic functions . By substituting ai(y1, y2)y

βi

2 into the equation (5.1), we
have

yβi

2

{
2(∂2

1ai(y1, y2) − ∂1∂2ai(y1, y2) − βi∂1ai(y1, y2)

+ ∂2
2ai(y1, y2) + 2βi∂2ai(y1, y2) + β2

i ai(y1, y2))

+
(
−y

2
2 + 1
y2
2 − 1

+
y2
1y

2
2 + 1

y2
1y

2
2 − 1

+ 2
y2
1 + 1
y2
1 − 1

)
∂1ai(y1, y2)
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+
(

2
y2
2 + 1
y2
2 − 1

+
y2
1y

2
2 + 1

y2
1y

2
2 − 1

− y2
1 + 1
y2
1 − 1

)
(∂2ai(y1, y2) + βiai(y1, y2))

+
(
−2

3
(ν2

1 − ν1ν2 + ν2
2) + 2

)
ai(y1, y2)

}
= 0.

Dividing both sides by yβi

2 and taking the limit y2 → 0, then we obtain

2∂2
1ai(y1, 0) +

(
2
y2
1 + 1
y2
1 − 1

− 2βi

)
∂1ai(y1, 0)

+
(

2β2
i − y2

1 + 1
y2
1 − 1

βi − 3βi − 2
3
(ν2

1 − ν1ν2 + ν2
2) + 2

)
ai(y1, 0) = 0.

(7.1)

We put y2
1 = u, fi(u) = ai(y1, 0). Then the equation (7.1) becomes

8u2d
2fi

du2
+
(

4
u+ 1
u− 1

− 4βi + 8
)
u
dfi

du

+
(

2β2
i − u+ 1

u− 1
βi − 3βi − 2

3
(ν2

1 − ν1ν2 + ν2
2) + 2

)
fi = 0.

(7.2)

Next, we put fi(u) = uxgi(u) (x ∈ C) and substitute this into (7.2). Then we
have

8u2d
2gi

du2
+
(

4
u+ 1
u− 1

− 4βi + 8 + 16x
)
u
dgi

du

+
(

8x2 + (4 − 4βi)x+ 2β2
i − 4βi − 2

3
(ν2

1 − ν1ν2 + ν2
2 )

+2 +
8x− 2βi

u− 1

)
gi = 0.

(7.3)

Now, we choose xi satisfying

8x2
i + (4 − 4βi)xi + 2β2

i − 4βi − 2
3
(ν2

1 − ν1ν2 + ν2
2 ) + 2 = 0

and substitute x = xi into (7.3). Then we have

8u2d
2gi

du2
+
(

4
u+ 1
u− 1

− 4βi + 8 + 16xi

)
u
dgi

du
+

8xi − 2βi

u− 1
gi = 0. (7.4)

Finally, we put u = 1
ζ and substitute this into (7.4). Then we have

ζ(ζ − 1)
d2gi

dζ2
+
(
−1

2
(βi − 4xi + 1) +

1
2
(βi − 4xi + 3)ζ

)
dgi

dζ

+ (−xi +
βi

4
)gi = 0.

(7.5)
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(7.5) is a Gaussian hypergeometric differential equation, and if we define pi, qi
as the complex numbers satisfying

1 + pi + qi =
1
2
(βi − 4xi + 3),

piqi = −xi +
βi

4
and define ri by

ri =
1
2
(βi − 4xi + 1),

then the solution is

P

⎧⎨⎩ 0 1 ∞
0 0 pi

1 − ri ri − pi − qi qi

; ζ

⎫⎬⎭ = P

⎧⎨⎩ 0 1 ∞
0 0 pi

ri − pi − qi 1 − ri qi

; 1 − ζ

⎫⎬⎭ .

The regular solution is,

gi(y1) = 2F1 (pi, qi; 1 − ri + pi + qi; 1 − ζ)

= 2F1

(
pi, qi; 1 − ri + pi + qi; 1 − 1

y2
1

)
.

(See [9]). Since 2F1 satisfies a formula ([5])

2F1(a, b; c; z) =(1 − z)−a Γ(c)Γ(b − a)
Γ(c− a)Γ(b) 2F1

(
a, c− b; 1 + a− b;

1
1 − z

)
+ (1 − z)−b Γ(c)Γ(a− b)

Γ(c− b)Γ(a)2F1

(
b, c− a; 1 + b− a;

1
1 − z

)
,

(7.6)
we have

gi(y1) =y2pi

1

Γ(1 − ri + pi + qi)Γ(qi − pi)
Γ(1 − ri + qi)Γ(qi)

2F1(pi, 1 − ri + pi; 1 + pi − qi; y2
1)

+ y2qi

1

Γ(1 − ri + pi + qi)Γ(pi − qi)
Γ(1 − ri + pi)Γ(pi)

2F1(qi, 1 − ri + qi; 1 + qi − pi; y2
1).

Therefore, we have

ai(y1, 0)
= uxigi(y1)

= y2xi
1 gi(y1)

= y
2(pi+xi)
1

Γ(1 − ri + pi + qi)Γ(qi − pi)
Γ(1 − ri + qi)Γ(qi)

2F1(pi, 1 − ri + pi; 1 + pi − qi; y2
1)

+ y
2(qi+xi)
1

Γ(1 − ri + pi + qi)Γ(pi − qi)
Γ(1 − ri + pi)Γ(pi)

2F1(qi, 1 − ri + qi; 1 + qi − pi; y2
1).

(7.7)
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Next, for i = 1, 2, 3, we compute (xi, pi, qi, ri). (The final form doesn’t depend
on the choice of xi).

A) In case of βi = β1 = 1
3 (ν1 +ν2)+1, x1 = 1

3ν1− 1
6ν2, p1 = − 1

2ν1 + 1
2ν2 + 1

2 ,
q1 = 1

2 , r1 = − 1
2ν1 + 1

2ν2 + 1.

B) In case of βi = β2 = − 1
3 (2ν1 − ν2) + 1, x2 = − 1

6ν1 + 1
3ν2, p2 = − 1

2ν2 + 1
2 ,

q2 = 1
2 , r2 = − 1

2ν2 + 1.

C) In case of βi = β3 = − 1
3 (2ν2 − ν1) + 1, x3 = 1

3ν1 − 1
6ν2, p3 = − 1

2ν1 + 1
2 ,

q3 = 1
2 , r3 = − 1

2ν1 + 1.

By substituting these results into equation (7.7), we have

a1(y1, 0)

= y
1
3 (2ν2−ν1)+1
1

Γ(1
2ν1 − 1

2ν2)√
πΓ(1

2ν1 − 1
2ν2 + 1

2 )

· 2F1(−1
2
ν1 +

1
2
ν2 +

1
2
,
1
2
;−1

2
ν1 +

1
2
ν2 + 1; y2

1)

+ y
1
3 (2ν1−ν2)+1
1

Γ(− 1
2ν1 + 1

2ν2)√
πΓ(− 1

2ν1 + 1
2ν2 + 1

2 )

· 2F1(
1
2
ν1 − 1

2
ν2 +

1
2
,
1
2
;
1
2
ν1 − 1

2
ν2 + 1; y2

1),

a2(y1, 0)

= y
− 1

3 (ν1+ν2)+1
1

Γ(1
2ν2)√

πΓ(1
2ν2 + 1

2 )2F1(−1
2
ν2 +

1
2
,
1
2
;−1

2
ν2 + 1; y2

1)

+ y
1
3 (2ν2−ν1)+1
1

Γ(− 1
2ν2)√

πΓ(− 1
2ν2 + 1

2 ) 2F1(
1
2
ν2 +

1
2
,
1
2
;
1
2
ν2 + 1; y2

1),

a3(y1, 0)

= y
− 1

3 (ν1+ν2)+1
1

Γ(1
2ν1)√

πΓ(1
2ν1 + 1

2 )2F1(−1
2
ν1 +

1
2
,
1
2
;−1

2
ν1 + 1; y2

1)

+ y
1
3 (2ν1−ν2)+1
1

Γ(− 1
2ν1)√

πΓ(− 1
2ν1 + 1

2 ) 2F1(
1
2
ν1 +

1
2
,
1
2
;
1
2
ν1 + 1; y2

1).
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Therefore, by compairing the leading terms, we have

ψ 1
3 (2ν2−ν1)+1, 13 (ν1+ν2)+1(y1, y2)

= y
1
3 (2ν2−ν1)+1
1 y

1
3 (ν1+ν2)+1
2 2F1(−1

2
ν1 +

1
2
ν2 +

1
2
,
1
2
;−1

2
ν1 +

1
2
ν2 + 1; y2

1)

+ (higher order terms),

ψ 1
3 (2ν1−ν2)+1, 1

3 (ν1+ν2)+1(y1, y2)

= y
1
3 (2ν1−ν2)+1
1 y

1
3 (ν1+ν2)+1
2 2F1(

1
2
ν1 − 1

2
ν2 +

1
2
,
1
2
;
1
2
ν1 − 1

2
ν2 + 1; y2

1)

+ (higher order terms),

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν1−ν2)+1(y1, y2)

= y
− 1

3 (ν1+ν2)+1
1 y

− 1
3 (2ν1−ν2)+1

2 2F1(−1
2
ν2 +

1
2
,
1
2
;−1

2
ν2 + 1; y2

1)

+ (higher order terms),

ψ 1
3 (2ν2−ν1)+1,− 1

3 (2ν1−ν2)+1(y1, y2)

= y
1
3 (2ν2−ν1)+1
1 y

− 1
3 (2ν1−ν2)+1

2 2F1(
1
2
ν2 +

1
2
,
1
2
;
1
2
ν2 + 1; y2

1)

+ (higher order terms),

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν2−ν1)+1(y1, y2)

= y
− 1

3 (ν1+ν2)+1
1 y

− 1
3 (2ν2−ν1)+1

2 2F1(−1
2
ν1 +

1
2
,
1
2
;−1

2
ν1 + 1; y2

1)

+ (higher order terms),

ψ 1
3 (2ν1−ν2)+1,− 1

3 (2ν2−ν1)+1(y1, y2)

= y
1
3 (2ν1−ν2)+1
1 y

− 1
3 (2ν2−ν1)+1

2 2F1(
1
2
ν1 +

1
2
,
1
2
;
1
2
ν1 + 1; y2

1)

+ (higher order terms),
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and
F (y1, y2)

= c1

{
Γ(1

2ν1 − 1
2ν2)√

πΓ(1
2ν1 − 1

2ν2 + 1
2 )
ψ 1

3 (2ν2−ν1)+1, 1
3 (ν1+ν2)+1

+
Γ(− 1

2ν1 + 1
2ν2)√

πΓ(− 1
2ν1 + 1

2ν2 + 1
2 )
ψ 1

3 (2ν1−ν2)+1, 1
3 (ν1+ν2)+1

}
+ c2

{
Γ(1

2ν2)√
πΓ(1

2ν2 + 1
2 )
ψ− 1

3 (ν1+ν2)+1,− 1
3 (2ν1−ν2)+1

+
Γ(− 1

2ν2)√
πΓ(− 1

2ν2 + 1
2 )
ψ 1

3 (2ν2−ν1)+1,− 1
3 (2ν1−ν2)+1

}
+ c3

{
Γ(1

2ν1)√
πΓ(1

2ν1 + 1
2 )
ψ− 1

3 (ν1+ν2)+1,− 1
3 (2ν2−ν1)+1

+
Γ(− 1

2ν1)√
πΓ(− 1

2ν1 + 1
2 )
ψ 1

3 (2ν1−ν2)+1,− 1
3 (2ν2−ν1)+1

}
.

(7.8)

The next work is to determine c1, c2, c3. To do this, we apply the same
method to y2-part. That is, for α1 = − 1

3 (ν1 +ν2)+1, α2 = 1
3 (2ν1−ν2)+1, α3 =

1
3 (2ν2 − ν1) + 1, we can write

F (y1, y2) =
3∑

i=1

dibi(y1, y2)yαi
1

and by investigating the differential equations satisfied by bi(0, y2) (i = 1, 2, 3)
and compairing the leading terms with respect to y2, we have

F (y1, y2)

= d1

{
Γ(1

2ν1 − 1
2ν2)√

πΓ(1
2ν1 − 1

2ν2 + 1
2 )
ψ− 1

3 (ν1+ν2)+1,− 1
3 (2ν1−ν2)+1

+
Γ(− 1

2ν1 + 1
2ν2)√

πΓ(− 1
2ν1 + 1

2ν2 + 1
2 )
ψ− 1

3 (ν1+ν2)+1,− 1
3 (2ν2−ν1)+1

}
+ d2

{
Γ(1

2ν2)√
πΓ(1

2ν2 + 1
2 )
ψ 1

3 (2ν1−ν2)+1,− 1
3 (2ν2−ν1)+1

+
Γ(− 1

2ν2)√
πΓ(− 1

2ν2 + 1
2 )
ψ 1

3 (2ν1−ν2)+1, 13 (ν1+ν2)+1

}
+ d3

{
Γ(1

2ν1)√
πΓ(1

2ν1 + 1
2 )
ψ 1

3 (2ν2−ν1)+1,− 1
3 (2ν1−ν2)+1

+
Γ(− 1

2ν1)√
πΓ(− 1

2ν1 + 1
2 )
ψ 1

3 (2ν2−ν1)+1, 13 (ν1+ν2)+1

}
.

(7.9)

By compairing the coefficients of ψα,β in the equation (7.8) and (7.9), we can
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determine ci, di (i = 1, 2, 3) up to constant multiples. In particular,

c1 =
Γ(− 1

2ν1)Γ(− 1
2ν2)

Γ(− 1
2ν1 + 1

2 )Γ(− 1
2ν2 + 1

2 )
,

c2 =
Γ(1

2ν1 − 1
2ν2)Γ(1

2ν1)
Γ(1

2ν1 − 1
2ν2 + 1

2 )Γ(1
2ν1 + 1

2 )
,

c3 =
Γ(− 1

2ν1 + 1
2ν2)Γ(1

2ν2)
Γ(− 1

2ν1 + 1
2ν2 + 1

2 )Γ(1
2ν2 + 1

2 )
.

Thus, we completely determined the six coefficients. We have

F (y1, y2)

=
Γ(− 1

2ν1)Γ(− 1
2ν2)Γ(1

2ν1 − 1
2ν2)√

πΓ(− 1
2ν1 + 1

2 )Γ(− 1
2ν2 + 1

2 )Γ(1
2ν1 − 1

2ν2 + 1
2 )
ψ 1

3 (2ν2−ν1)+1, 1
3 (ν1+ν2)+1

+
Γ(− 1

2ν1)Γ(− 1
2ν2)Γ(− 1

2ν1 + 1
2ν2)√

πΓ(− 1
2ν1 + 1

2 )Γ(− 1
2ν2 + 1

2 )Γ(− 1
2ν1 + 1

2ν2 + 1
2 )
ψ 1

3 (2ν1−ν2)+1, 13 (ν1+ν2)+1

+
Γ(1

2ν1 − 1
2ν2)Γ(1

2ν1)Γ(1
2ν2)√

πΓ(1
2ν1 − 1

2ν2 + 1
2 )Γ(1

2ν1 + 1
2 )Γ(1

2ν2 + 1
2 )
ψ− 1

3 (ν1+ν2)+1,− 1
3 (2ν1−ν2)+1

+
Γ(1

2ν1 − 1
2ν2)Γ(1

2ν1)Γ(− 1
2ν2)√

πΓ(1
2ν1 − 1

2ν2 + 1
2 )Γ(1

2ν1 + 1
2 )Γ(− 1

2ν2 + 1
2 )
ψ 1

3 (2ν2−ν1)+1,− 1
3 (2ν1−ν2)+1

+
Γ(− 1

2ν1 + 1
2ν2)Γ(1

2ν2)Γ(1
2ν1)√

πΓ(− 1
2ν1 + 1

2ν2 + 1
2 )Γ(1

2ν2 + 1
2 )Γ(1

2ν1 + 1
2 )
ψ− 1

3 (ν1+ν2)+1,− 1
3 (2ν2−ν1)+1

+
Γ(− 1

2ν1 + 1
2ν2)Γ(1

2ν2)Γ(− 1
2ν1)√

πΓ(− 1
2ν1 + 1

2ν2 + 1
2 )Γ(1

2ν2 + 1
2 )Γ(− 1

2ν1 + 1
2 )
ψ 1

3 (2ν1−ν2)+1,− 1
3 (2ν2−ν1)+1.

7.2 Three dimensional case

Firstly, we take σ = σ1 for the character of M . Let Ψ = t(F,G,H) be the
matrix coefficient with K-type of three dimensional tautological representation,
and ψα,β = t(fα,β, gα,β, hα,β) be the power series solution around y1 = y2 = 0
corresponding to the characteristic root (α, β) whose constant term is t(1, 0, 0)
or t(0, 1, 0) or t(0, 0, 1).
As α, we have

α1 = −1
3
(ν1 + ν2) + 1, α2 =

1
3
(2ν1 − ν2) + 1, α3 =

1
3
(2ν2 − ν1) + 1.

Therefore, we can write

F (y1, y2) =
3∑

i=1

dib
(1)
i (y1, y2)yαi

1
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G(y1, y2) =
3∑

i=1

dib
(2)
i (y1, y2)yαi

1

H(y1, y2) =
3∑

i=1

dib
(3)
i (y1, y2)yαi

1 .

Here, di(i = 1, 2, 3) are some constants and b
(j)
i (y1, y2) are analytic functions

for 0 < y2 < 1 and 0 < y1 << 1.
By inserting F = b

(1)
2 (y1, y2)yα2

1 , G = b
(2)
2 (y1, y2)yα2

1 , H = b
(3)
2 (y1, y2)yα2

1 into
the equation (6.1), we have

yα2
1

{
2(∂2

1b
(1)
2 (y1, y2) + 2α2∂1b

(1)
2 (y1, y2) + α2

2b
(1)
2 (y1, y2)

− ∂1∂2b
(1)
2 (y1, y2) − α2∂2b

(1)
2 (y1, y2) + ∂2

2b
(1)
2 (y1, y2))

+
(

2
ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

− ch(y2)
sh(y2)

)
(α2b

(1)
2 (y1, y2) + ∂1b

(1)
2 (y1, y2))

+
(
− ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

+ 2
ch(y2)
sh(y2)

)
∂2b

(1)
2 (y1, y2)

−
(

1
sh(y1)2

+
1

sh(y1y2)2

)
b
(1)
2 (y1, y2)

+
ch(y1)
sh(y1)2

b
(2)
2 (y1, y2) +

ch(y1y2)
sh(y1y2)2

b
(3)
2 (y1, y2)

− λb
(1)
2 (y1, y2)

}
= 0.

By dividing both sides by yα2
1 and taking the limit y1 → 0, we have

2∂2
2b

(1)
2 (0, y2) +

(
2
y2
2 + 1
y2
2 − 1

− 2α2

)
∂2b

(1)
2 (0, y2)

+
(

2α2
2 −

y2
2 + 1
y2
2 − 1

α2 − 3α2 − λ

)
b
(1)
2 (0, y2) = 0.

(Note that because of Lemma 6.6, since a0,0 �= 0 if α = α2, b
(1)
2 (0, y2) is not

identically 0. Hereafter the same statement holds for all the functions we com-
pute.) This equation is the same type of equation as (7.1). By solving this, we
have

b
(1)
2 (0, y2) =y−

1
3 (2ν2−ν1)+1

2

Γ(1
2ν2)√

πΓ(1
2ν2 + 1

2 )2F1(−1
2
ν2 +

1
2
,
1
2
;−1

2
ν2 + 1; y2

2)
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+ y
1
3 (ν1+ν1)+1
2

Γ(− 1
2ν2)√

πΓ(− 1
2ν2 + 1

2 ) 2F1(
1
2
ν2 +

1
2
,
1
2
;
1
2
ν2 + 1; y2

2)

and by compairing the leading terms, we have

f 1
3 (2ν1−ν2)+1,− 1

3 (2ν2−ν1)+1(y1, y2)

= y
1
3 (2ν1−ν2)+1
1 y

− 1
3 (2ν2−ν1)+1

2 2F1(−1
2
ν2 +

1
2
,
1
2
;−1

2
ν2 + 1; y2

2)

+ (higher order terms),

f 1
3 (2ν1−ν2)+1, 1

3 (ν1+ν2)+1(y1, y2)

= y
1
3 (2ν1−ν2)+1
1 y

1
3 (ν1+ν2)+1
2 2F1(

1
2
ν2 +

1
2
,
1
2
;
1
2
ν2 + 1; y2

2)

+ (higher order terms)

and

Ψ(y1, y2) = d2

{
Γ(1

2ν2)√
πΓ(1

2ν2 + 1
2 )
ψ 1

3 (2ν1−ν2)+1,− 1
3 (2ν2−ν1)+1

+
Γ(− 1

2ν2)√
πΓ(− 1

2ν2 + 1
2 )
ψ 1

3 (2ν1−ν2)+1, 13 (ν1+ν2)+1

}
+ (linear combination of the other four solutions).

(7.10)

Next, as β, we have

β1 =
1
3
(ν1 + ν2) + 1, β2 = −1

3
(2ν1 − ν2) + 1, β3 = −1

3
(2ν2 − ν1) + 1.

Therefore, we can write

F (y1, y2) =
3∑

i=1

cia
(1)
i (y1, y2)y

βi

2 ,

G(y1, y2) =
3∑

i=1

cia
(2)
i (y1, y2)y

βi

2 ,

H(y1, y2) =
3∑

i=1

cia
(3)
i (y1, y2)y

βi

2 .

By inserting F = a
(1)
2 (y1, y2)y

β2
2 , G = a

(2)
2 (y1, y2)y

β2
2 , H = a

(3)
2 (y1, y2)y

β2
2 into

the equation (6.3) and applying the same method, we have
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Ψ(y1, y2) = c2

{
Γ(1

2ν2)√
πΓ(1

2ν2 + 1
2 )
ψ− 1

3 (ν1+ν2)+1,− 1
3 (2ν1−ν2)+1

+
Γ(− 1

2ν2)√
πΓ(− 1

2ν2 + 1
2 )
ψ 1

3 (2ν2−ν1)+1,− 1
3 (2ν1−ν2)+1

}
+ (linear combination of the other four solutions).

(7.11)

Next, we take i = 1 or 3.
By inserting F = a

(1)
i (y1, y2)y

βi

2 , G = a
(2)
i (y1, y2)y

βi

2 , H = a
(3)
i (y1, y2)y

βi

2 into
the equation (6.1), we have

yβi

2

{
2(∂2

1a
(1)
i (y1, y2) − ∂1∂2a

(1)
i (y1, y2) − βi∂1a

(1)
i (y1, y2)

+ ∂2
2a

(1)
i (y1, y2) + 2βia

(1)
i (y1, y2) + β2

i a
(1)
i (y1, y2))

+
(

2
ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

− ch(y2)
sh(y2)

)
∂1a

(1)
i (y1, y2)

+
(
− ch(y1)
sh(y1)

+
ch(y1y2)
sh(y1y2)

+ 2
ch(y2)
sh(y2)

)
(βia

(1)
i (y1, y2) + ∂2a

(1)
i (y1, y2))

−
(

1
sh(y1)2

+
1

sh(y1y2)2

)
a
(1)
i (y1, y2)

+
ch(y1)
sh(y1)2

a
(2)
i (y1, y2) +

ch(y1y2)
sh(y1y2)2

a
(3)
i (y1, y2)

− λa
(1)
i (y1, y2)

}
= 0.

By dividing both sides by yβi

2 and taking the limit y2 → 0, we have

2∂2
1a

(1)
i (y1, 0) +

(
2
y2
1 + 1
y2
1 − 1

− 2βi

)
∂1a

(1)
i (y1, 0)

+
(

2β2
i − y2

1 + 1
y2
1 − 1

βi − 3βi − 4y2
1

(y2
1 − 1)2

− λ

)
a
(1)
i (y1, 0)

+
2(y3

1 + y1)
(y2

1 − 1)2
a
(2)
i (y1, 0) = 0.

(7.12)

Next, by inserting F = a
(1)
i (y1, y2)y

βi

2 , G = a
(2)
i (y1, y2)y

βi

2 , H = a
(3)
i (y1, y2)y

βi

2

into the equation (6.4), we have

yβi

2

{
− ∂1a

(1)
i (y1, y2) − βia

(1)
i (y1, y2) − ch(y1)

2sh(y1)
a
(1)
i (y1, y2)

− ch(y1y2)
2sh(y1y2)

a
(1)
i (y1, y2) +

1
2sh(y1)

a
(2)
i (y1, y2)

+
1

2sh(y1y2)
a
(3)
i (y1, y2) − λ1a

(1)
i (y1, y2)

}
= 0.
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By dividing both sides by yβi

2 and taking the limit y2 → 0, we have

y1
y2
1 − 1

a
(2)
i (y1, 0) = ∂1a

(1)
i (y1, 0) +

(
y2
1 + 1

2(y2
1 − 1)

+ λ1 − 1
2

)
a
(1)
i (y1, 0). (7.13)

By combining equations (7.12) and (7.13) to eliminate a(2)
i (y1, 0), we have

2∂2
1a

(1)
i (y1, 0) +

(
4
y2
1 + 1
y2
1 − 1

− 2βi

)
∂1a

(1)
i (y1, 0)

+
(
y2
1 + 1
y2
1 − 1

(2λ1 − βi − 1) + 2β2
i − 3βi − λ+ 1

)
a
(1)
i (y1, 0) = 0.

We put y2
1 = u, fi(u) := a

(1)
i (y1, 0) and define a differential operator ∂̃1 by

∂̃1 := u d
du . Then the equation becomes

8∂̃1
2
fi(u) +

(
8 − 4βi +

16
u− 1

)
∂̃1fi(u)

+
(

2β2
i − 4βi + 2λ1 − λ+

4λ1 − 2βi − 2
u− 1

)
fi(u) = 0.

Next, we put fi(u) = uxgi(u) (x ∈ C). Then the equation becomes

8∂̃1
2
gi(u) +

(
8 − 4βi +

16
u− 1

+ 16x
)
∂̃1gi(u)

+
(

8x2 + (8 − 4βi)x+ 2β2
i − 4βi + 2λ1 − λ+

16x+ 4λ1 − 2βi − 2
u− 1

)
gi(u) = 0.

We take x = xi as the number satisfying

8x2
i + (8 − 4βi)xi + 2β2

i − 4βi + 2λ1 − λ = 0.

Then we have

8u2d
2gi

du2
+
(

16 − 4βi + 16xi +
16
u− 1

)
u
dgi

du

+
16xi + 4λ1 − 2βi − 2

u− 1
gi(u) = 0.

Finally, we put u = 1
ζ . Then the equation becomes

ζ(ζ − 1)
d2gi

dζ2

+
((

1
2
βi − 2xi + 2

)
ζ − 1

2
βi + 2xi

)
dgi

dζ

+
(
−2xi − 1

2
λ1 +

1
4
βi +

1
4

)
gi = 0.

(7.14)
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(7.14) is the Gaussian hypergeometric differential equation, and if we define
pi,qi by complex numbers satisfying

1 + pi + qi =
1
2
βi − 2xi + 2

piqi = −2xi − 1
2
λ1 +

1
4
βi +

1
4

and ri by

ri =
1
2
βi − 2xi,

then the general solution is

P

⎧⎨⎩ 0 1 ∞
0 0 pi

1 − ri ri − pi − qi qi

; ζ

⎫⎬⎭ = P

⎧⎨⎩ 0 1 ∞
0 0 pi

ri − pi − qi 1 − ri qi

; 1 − ζ

⎫⎬⎭ .

The regular solution is,

gi(y1) = 2F1 (pi, qi; 1 − ri + pi + qi; 1 − ζ)

= 2F1

(
pi, qi; 1 − ri + pi + qi; 1 − 1

y2
1

)
.

Since 2F1 satisfies a formula (7.6), we have

gi(y1) =y2pi

1

Γ(1 − ri + pi + qi)Γ(qi − pi)
Γ(1 − ri + qi)Γ(qi)

2F1(pi, 1 − ri + pi; 1 + pi − qi; y2
1)

+ y2qi

1

Γ(1 − ri + pi + qi)Γ(pi − qi)
Γ(1 − ri + pi)Γ(pi)

2F1(qi, 1 − ri + qi; 1 + qi − pi; y2
1).

Therefore, we have

a
(1)
i (y1, 0) = uxigi(y1) = y2xi

1 gi(y1)

= y
2(pi+xi)
1

Γ(1 − ri + pi + qi)Γ(qi − pi)
Γ(1 − ri + qi)Γ(qi)

2F1(pi, 1 − ri + pi; 1 + pi − qi; y2
1)

+ y
2(qi+xi)
1

Γ(1 − ri + pi + qi)Γ(pi − qi)
Γ(1 − ri + pi)Γ(pi)

2F1(qi, 1 − ri + qi; 1 + qi − pi; y2
1)

(7.15)
for i = 1, 3. The values (xi, pi, qi, ri) (i = 1, 3) are as follows;
A) When i = 1, we have

x1 =
1
3
ν1 − 1

6
ν2, p1 = −1

2
ν1 +

1
2
ν2 + 1,

q1 =
1
2
, r1 = −1

2
ν1 +

1
2
ν2 +

1
2
.
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B) When i = 3, we have

x3 =
1
3
ν1 − 1

6
ν2, p3 = −1

2
ν1 + 1,

q3 =
1
2
, r3 = −1

2
ν1 +

1
2
.

By inserting these results into (7.15), we have

a
(1)
1 (y1, 0)

= y
1
3 (2ν2−ν1)+2
1

Γ(1
2ν1 − 1

2ν2 − 1
2 )√

πΓ(1
2ν1 − 1

2ν2 + 1)

· 2F1(−1
2
ν1 +

1
2
ν2 + 1,

3
2
;−1

2
ν1 +

1
2
ν2 +

3
2
; y2

1)

+ y
1
3 (2ν1−ν2)+1
1

2Γ(− 1
2ν1 + 1

2ν2 + 1
2 )√

πΓ(− 1
2ν1 + 1

2ν2 + 1)

· 2F1(
1
2
ν1 − 1

2
ν2 + 1,

1
2
;
1
2
ν1 − 1

2
ν2 +

1
2
; y2

1),

a
(1)
3 (y1, 0)

= y
− 1

3 (ν1+ν2)+2
1

Γ(1
2ν1 − 1

2 )√
πΓ(1

2ν1 + 1)2F1(−1
2
ν1 + 1,

3
2
;−1

2
ν1 +

3
2
; y2

1)

+ y
1
3 (2ν1−ν2)+1
1

2Γ(− 1
2ν1 + 1

2 )√
πΓ(− 1

2ν1 + 1)2F1(
1
2
ν1 + 1,

1
2
;
1
2
ν1 +

1
2
; y2

1).

Here, we used Γ(1
2 ) =

√
π, Γ(3

2 ) =
√

π
2 .

From the equation of a(1)
1 (y1, 0), we have

f 1
3 (2ν1−ν2)+1, 13 (ν1+ν2)+1(y1, y2)

= y
1
3 (2ν1−ν2)+1
1 y

1
3 (ν1+ν2)+1
2 2F1(

1
2
ν1 − 1

2
ν2 + 1,

1
2
;
1
2
ν1 − 1

2
ν2 +

1
2
; y2

1)

+ (higher order terms),

f 1
3 (2ν2−ν1)+1, 1

3 (ν1+ν2)+1(y1, y2)

= y
1
3 (2ν2−ν1)+2
1 y

1
3 (ν1+ν2)+1
2 2F1(−1

2
ν1 +

1
2
ν2 + 1,

3
2
;−1

2
ν1 +

1
2
ν2 +

3
2
; y2

1)

+ (higher order terms).

And since the coefficient of y
1
3 (2ν2−ν1)+2
1 y

1
3 (ν1+ν2)+1
2 of f 1

3 (2ν2−ν1)+1, 1
3 (ν1+ν2)+1 in

ψ 1
3 (2ν2−ν1)+1, 1

3 (ν1+ν2)+1 is 1
ν1−ν2−1 , if the coefficient of ψ 1

3 (2ν1−ν2)+1, 13 (ν1+ν2)+1
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is 2Γ(− 1
2ν1+ 1

2ν2+
1
2 )√

πΓ(− 1
2 ν1+

1
2 ν2+1)

, the coefficient of Ψ 1
3 (2ν2−ν1)+1, 1

3 (ν1+ν2)+1 is

Γ(1
2ν1 − 1

2ν2 − 1
2 )√

πΓ(1
2ν1 − 1

2ν2 + 1)
× (ν1 − ν2 − 1) =

2Γ(1
2ν1 − 1

2ν2 + 1
2 )√

πΓ(1
2ν1 − 1

2ν2 + 1)
.

Therefore, we have

Ψ =c1

{
Γ(− 1

2ν1 + 1
2ν2 + 1

2 )√
πΓ(− 1

2ν1 + 1
2ν2 + 1)

ψ 1
3 (2ν1−ν2)+1, 1

3 (ν1+ν2)+1

+
Γ(1

2ν1 − 1
2ν2 + 1

2 )√
πΓ(1

2ν1 − 1
2ν2 + 1)

ψ 1
3 (2ν2−ν1)+1, 13 (ν1+ν2)+1

}
+ (linear combination of the other four solutions).

(7.16)

Similarly, from the equation of a(1)
3 (y1, 0), we have

Ψ =c3

{
Γ(− 1

2ν1 + 1
2 )√

πΓ(− 1
2ν1 + 1)

ψ 1
3 (2ν1−ν2)+1,− 1

3 (2ν2−ν1)+1

+
Γ(1

2ν1 + 1
2 )√

πΓ(1
2ν1 + 1)

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν2−ν1)+1

}
+ (linear combination of the other four solutions).

(7.17)

Next, we insert F = b
(1)
i (y1, y2)yαi

1 , G = b
(2)
i (y1, y2)yαi

1 , H = b
(3)
i (y1, y2)yαi

1

(i = 1, 3) into the equation (6.3), (6.6). By applying the same method as we
used above to b(j)i (y1, y2) (i = 1, 3, j = 1, 2, 3) (eliminate b(2)i (0, y2) and construct
the differential equation with respect to b(3)i (0, y2) ), we have

Ψ =d1

{
Γ(1

2ν1 − 1
2ν2 + 1

2 )√
πΓ(1

2ν1 − 1
2ν2 + 1)

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν1−ν2)+1

+
Γ(− 1

2ν1 + 1
2ν2 + 1

2 )√
πΓ(− 1

2ν1 + 1
2ν2 + 1)

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν2−ν1)+1

}
+ (linear combination of the other four solutions)

(7.18)

and

Ψ =d3

{
Γ(1

2ν1 + 1
2 )√

πΓ(1
2ν1 + 1)

ψ 1
3 (2ν2−ν1)+1,− 1

3 (2ν1−ν2)+1

+
Γ(− 1

2ν1 + 1
2 )√

πΓ(− 1
2ν1 + 1)

ψ 1
3 (2ν2−ν1)+1, 1

3 (ν1+ν2)+1

}
+ (linear combination of the other four solutions).

(7.19)

Now we have six equations with respect to the matrix coefficient Ψ (i.e. (7.16),
(7.11), (7.17), (7.18), (7.10), (7.19) ). By combining these equations, we obtain
two different expressions of Ψ. That is;

Ψ =c1

{
Γ(− 1

2ν1 + 1
2ν2 + 1

2 )√
πΓ(− 1

2ν1 + 1
2ν2 + 1)

ψ 1
3 (2ν1−ν2)+1, 1

3 (ν1+ν2)+1
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+
Γ(1

2ν1 − 1
2ν2 + 1

2 )√
πΓ(1

2ν1 − 1
2ν2 + 1)

ψ 1
3 (2ν2−ν1)+1, 1

3 (ν1+ν2)+1

}
+ c2

{
Γ(1

2ν2)√
πΓ(1

2ν2 + 1
2 )
ψ− 1

3 (ν1+ν2)+1,− 1
3 (2ν1−ν2)+1

+
Γ(− 1

2ν2)√
πΓ(− 1

2ν2 + 1
2 )
ψ 1

3 (2ν2−ν1)+1,− 1
3 (2ν1−ν2)+1

}
+ c3

{
Γ(− 1

2ν1 + 1
2 )√

πΓ(− 1
2ν1 + 1)

ψ 1
3 (2ν1−ν2)+1,− 1

3 (2ν2−ν1)+1

+
Γ(1

2ν1 + 1
2 )√

πΓ(1
2ν1 + 1)

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν2−ν1)+1

}
= d1

{
Γ(1

2ν1 − 1
2ν2 + 1

2 )√
πΓ(1

2ν1 − 1
2ν2 + 1)

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν1−ν2)+1

+
Γ(− 1

2ν1 + 1
2ν2 + 1

2 )√
πΓ(− 1

2ν1 + 1
2ν2 + 1)

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν2−ν1)+1

}
+ d2

{
Γ(1

2ν2)√
πΓ(1

2ν2 + 1
2 )
ψ 1

3 (2ν1−ν2)+1,− 1
3 (2ν2−ν1)+1

+
Γ(− 1

2ν2)√
πΓ(− 1

2ν2 + 1
2 )
ψ 1

3 (2ν1−ν2)+1, 13 (ν1+ν2)+1

}
+ d3

{
Γ(1

2ν1 + 1
2 )√

πΓ(1
2ν1 + 1)

ψ 1
3 (2ν2−ν1)+1,− 1

3 (2ν1−ν2)+1

+
Γ(− 1

2ν1 + 1
2 )√

πΓ(− 1
2ν1 + 1)

ψ 1
3 (2ν2−ν1)+1, 1

3 (ν1+ν2)+1

}
.

By compairing the coefficients of ψα,β , we have

c1 =
Γ(− 1

2ν1 + 1
2 )Γ(− 1

2ν2)
Γ(− 1

2ν1 + 1)Γ(− 1
2ν2 + 1

2 )

c2 =
Γ(1

2ν1 − 1
2ν2 + 1

2 )Γ(1
2ν1 + 1

2 )
Γ(1

2ν1 − 1
2ν2 + 1)Γ(1

2ν1 + 1)

c3 =
Γ(1

2ν2)Γ(− 1
2ν1 + 1

2ν2 + 1
2 )

Γ(1
2ν2 + 1

2 )Γ(− 1
2ν1 + 1

2ν2 + 1)

up to constant multiples. Thus we obtained the expression of Ψ in case of
σ = σ1. Note that since the transform ν1 �→ ν2, ν2 �→ ν1 does not change the
eigenvalue of Casimir operator λ and change the eigenvalue of gradient operator
λ1 to λ2, this transform gives the expression of Ψ in case of σ = σ2. Similarly,
the transform ν1 �→ −ν1, ν2 �→ −ν1 + ν2 gives the expression in case of σ = σ3.
Trerefore, we obtained the following theorem.
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Theorem 7.1. Let the character of M be σ = σ1. Let Ψ = t(F,G,H) be the
matrix coefficient with K-type of three dimensional tautological representation,
and ψα,β = t(fα,β, gα,β, hα,β) be the power series solution around y1 = y2 = 0
corresponding to the characteristic root (α, β) whose constant term is t(1, 0, 0)
or t(0, 1, 0) or t(0, 0, 1). Then we have

Ψ(y1, y2)

=
Γ(− 1

2ν1 + 1
2 )Γ(− 1

2ν2)Γ(− 1
2ν1 + 1

2ν2 + 1
2 )√

πΓ(− 1
2ν1 + 1)Γ(− 1

2ν2 + 1
2 )Γ(− 1

2ν1 + 1
2ν2 + 1)

ψ 1
3 (2ν1−ν2)+1, 1

3 (ν1+ν2)+1

+
Γ(− 1

2ν1 + 1
2 )Γ(− 1

2ν2)Γ(1
2ν1 − 1

2ν2 + 1
2 )√

πΓ(− 1
2ν1 + 1)Γ(− 1

2ν2 + 1
2 )Γ(1

2ν1 − 1
2ν2 + 1)

ψ 1
3 (2ν2−ν1)+1, 1

3 (ν1+ν2)+1

+
Γ(1

2ν1 + 1
2 )Γ(1

2ν2)Γ(1
2ν1 − 1

2ν2 + 1
2 )√

πΓ(1
2ν1 + 1)Γ(1

2ν2 + 1
2 )Γ(1

2ν1 − 1
2ν2 + 1)

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν1−ν2)+1

+
Γ(1

2ν1 + 1
2 )Γ(− 1

2ν2)Γ(1
2ν1 − 1

2ν2 + 1
2 )√

πΓ(1
2ν1 + 1)Γ(− 1

2ν2 + 1
2 )Γ(1

2ν1 − 1
2ν2 + 1)

ψ 1
3 (2ν2−ν1)+1,− 1

3 (2ν1−ν2)+1

+
Γ(− 1

2ν1 + 1
2 )Γ(1

2ν2)Γ(− 1
2ν1 + 1

2ν2 + 1
2 )√

πΓ(− 1
2ν1 + 1)Γ(1

2ν2 + 1
2 )Γ(− 1

2ν1 + 1
2ν2 + 1)

ψ 1
3 (2ν1−ν2)+1,− 1

3 (2ν2−ν1)+1

+
Γ(1

2ν1 + 1
2 )Γ(1

2ν2)Γ(− 1
2ν1 + 1

2ν2 + 1
2 )√

πΓ(1
2ν1 + 1)Γ(1

2ν2 + 1
2 )Γ(− 1

2ν1 + 1
2ν2 + 1)

ψ− 1
3 (ν1+ν2)+1,− 1

3 (2ν2−ν1)+1.

(7.20)
The transform ν1 �→ ν2, ν2 �→ ν1 in (7.20) gives the expression of Ψ in case
of σ = σ2 and the transform ν1 �→ −ν1, ν2 �→ −ν1 + ν2 in (7.20) gives the
expression of Ψ in case of σ = σ3.
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