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Abstract

Scattering theory between the fractional power Hy = k= 1(—A)*/2 (k > 1) of nega-
tive Laplacian and the Hamiltonian H = Hy+V perturbed by short- and long-range
potentials is developed. The existence and asymptotic completeness of wave oper-
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1 Introduction
We consider a fractional power of negative Laplacian of the form

Hy = k™ H—=A)? (1.1)
defined in H = L*(R") for k > 1. Here

is Laplacian with domain D(A) = H?(R"), the Sobolev space of order two. The operator
Hy is considered a selfadjoint operator with domain

D(Hy) = {f] f € H,|¢]"Ff = |¢|"f € L*(R™)}
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with F denoting the Fourier transformation. It is obvious that Hj is absolutely continuous
on H = L?(R™). The perturbed Hamiltonian we consider is

H=Hy+V. (1.2)

The potential V' = Vg(z) + Vi(z) is a sum of the real-valued measurable short-range
potential Vg(x) and the real-valued long-range potential Vy (z) which satisfy the following
assumptions. We use the notation: 0, = (0/0y,, -, 0/0s,), 0% = (0/0y,)** -+ (0/ 0y, )"
for a multi-index a = (o, -+ - , @) with a; > 0 being an integer, |a| = oy +- - - + v, and
(y) = (14 |y|>)Y/? for y € R (d > 1).

Assumption S There exist constants C' > 0 and 0 < § < 1 such that for all z € R"

[Vo(z)| < Clx)~7°. (1.3)

Assumption L Let § € (0,1) be the same constant as in Assumption S. For all multi-
indices « there exists a constant C, > 0 such that for all x € R"

05 V()] < Cafa) ™17 (1.4)

Under these assumptions, V' defines a bounded operator, so that H is considered a
selfadjoint operator with D(H) = D(Hy). A concrete form of Hy which will be useful is
the expression by Fourier transform or by oscillatory integral. Namely for f € D(H,)

Hof@) = 2m) " | e el fepas
—(am [ [ e e s
We will use a convention dé = (2)~"d¢. Then (1.5) is written as
of@) = [ e el )y
We denote the symbol of Hy by Hy(€) = k€|
Example 1.1

i) When k = 2 we have the usual Schridinger scattering pair (Ho, H) with

1 1
Hy=—=-A, H=—--A+V.
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ii) When k =1 we have a pair (Hy, H) of relativistic Hamiltonians such that
Ho=vV—A, H=+v—-A+V.

The scattering theory for the case k = 2 is fairly well investigated, while concerning the
relativistic Hamiltonians, it seems that only the work of Wei [9] has dealt with the short-
range perturbations insofar as concerned with the existence and asymptotic completeness
of wave operators. The immediate motivation of the present work was to find a proof of
the asymptotic completeness in the case of long-range perturbations with respect to Hy =
vV/—A. In doing so, it is noticed that the more general Hamiltonians Hy = x~(—A)"/2
are possible to be handled.

Let Up(t) = e~ Ho (t € R) be a unitary group generated by Hj.

We mention some basic concepts of micro-local analysis following [4] and [7].

We fix constants a,b with 0 < a < b < oo arbitrarily and define a subspace H(a,b) of
‘H by

H(a,b) = Ey([a,b))H, (1.5)

where Ey(B) is the spectral measure of the Hamiltonian Hj for Borel sets B C R.
Let —1 < 6 < 6, < 1 and let p\"" (1) € C™(R) satisfy 0 < py " (r) < 1,
pi‘ﬁ*(r) + 7% (r) =1 and

T

0_.0 1 T>0.),
P +(T):{O E <0+;.
Further let xo(x) € C*(R™) with 0 < xo(z) < 1 satisfy

wo={o HZT (10

For an interval A = [a,b)] C R (0 < a < b < 00) we let y4 € C§((0,00)) satisfy
0<va(§) <1,7va(N\) =1for A € A= la,b], and supp ya C [a/2,20].

For z, & € R"\{0} we set w, = z/|z| and we = £/|£]. We then define a real-valued C*
function pi‘ﬂ* (x,€&) by

P (2,€) = p " (wa - we)xo(@)va(Ho(£)). (1.7)

We note that for |x] > 2 and a < Hy(§) = k7 HE|F < b

P @ )+ () = 1.

We denote by S = S(R™) the totality of rapidly decreasing functions on R™. Then the

0+

pseudodifferential operators Pi” with symbol functions pft’ﬁ*(:c, €) are defined by

PE f(a) = plh " (X, Do) f () = (2m) ™2 / e (2,€) f(€)d€ (1.8)

n
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for f € S, where f(€) = Ff(€) denotes the Fourier transform of f € S as above. Using
oscillatory integral, this is equivalently expressed as follows.

P (@) = om [ et ) v (19)

The pseudodifferential operators PL = Pi”€+ with those symbols are extended to bounded

linear operators from H = L?(R") into itself. We note that the adjoint operators of Pi"eJ“

are given by

(PL7) f(x) = (2m) / /R eI (y, ) f (y)dydg (1.10)

for f € S. From the definition of the symbol functions we have a micro-local decomposi-
tion of the identity:

(P 4 PP () = flx) (1.11)

for |z| > 2 and f € H(a,b) = Ey(|a, b))H.

2 Propagation estimates

We prove some estimate corresponding to Lemma 3.3 of [4], Theorem 4.2 in [5] or Theorem
5.7 of [6].

Theorem 2.1 LetO0<p<l1l, -1<0_—p<0_<0,<0,+p<1. Let P, = Pﬁ+,0++p
and P_ = P77 be as above. Then we have for any s >0 and o > 0

[(z)7 P_e™™ 0 P ()| < Coo(t)™ (£ 2 0), (2.1)

[{@)? Pre™" 0P ()7|] < Cop(t)™* (£ < 0),
where the constant Cs, > 0 is independent of t.

Proof We prove (2.1). The inequality (2.2) is proved similarly. We note that

P_e_itHOPif(:L’) _ (27T)_n //]R2n @i(xﬁ—,@—lt\ﬁlﬁ—yi)p_ (:L’, £)p+(y, §)f(y)dydf

for f € S, where p_(z,€) = p*~ "% (z,€) and p. (y, ) = pi+’9++p(y,§) with —1 < 6_—p <
0_ <6, <0,+ p<1. For the sake of convenience, we write p(z,&,y) = p_(x,&)ps(y,§).
Then for (z,£,y) € supp p, we have w, - we < 0, w, - we > 0, and 0 < (27 ka)¥/* <
€| < (2Kb)Y" < 0o. From these follows we - w,—, < 0, (< 1). If we define the differential
operator L by

L=+ |Ve(x &= rte]" —y - ) (1 —iVe(w - & —r " —y - €) - Ve),



we have
et @E—r g —y) _ gi(z-g—rTHE|"—yE)

Setting d = (27 'ka) "~ 1/* < (2kb)F~1/* | we have for (z,€,y) € supp p and t > 0

Ve(w-&—r " —y - OP =|(x —y) —tE]" wel?
= |z — y> = 2t|¢]" we - (2 — y) + L)LY
> |z —y|* — 20,t[¢] o — y| + £21¢PY
> (1= 04)(Jz — y> + 2P Y)
> (1—04)(|x — y?> + d*t?)
>C(1—04) (x| 4 dt + |y|)? (2.3)

for some constant C' > 0. By integration by parts we have for an arbitrary integer £ > 0
e Hopr f — (27)" / /R 2 el T v (i) (2 €, y) f(y) bydE
= (am [ e () (ol ) ) Nl
Here 'L is the transposed operator of L. From (2.3) we have for any multi-indices «, (3,
050707~ (L) {p(, €, ) F (Y]] < Cagpy (V)= 3(8) 3 (y) =2,
Taking ¢ large enough and Calderén-Vaillancourt theorem conclude the proof of (2.1). O

We next prove an estimate corresponding to Theorem 5.6 of [6].

Theorem 2.2 Let P. = P (=1 < 6_ < 6, < 1) be as above. Then we have for
any s > 0 and s> o >0

[(z)~e™ 0 PL(2)7[| < Coo ()™ (£ 20),

()7 P_e™ () *|| < Cio ()77 (£ 2 0), (2.5)
where the constant Cs, > 0 is independent of t.

Proof We prove (2.5). The inequality (2.4) is proved similarly. It suffices to prove the
case when s € N=1{0,1,2,...}. For f € S, P_e "Ho f is written as follows.

—ZtH() 2 zz y)- f_l —ir T LtE|" F dude.
= [[ e e 1)(w)dude

Here p_(x,&) = p" " (2,6) = p""* (e - we)xo(2)ya(Ho(€)) and F-le~ " F is ex-
tended to a unitary operator of L*(R™). Therefore the case s = 0 is obvious by the
definition of p_(z, &) and the Calderén-Vaillancourt theorem.

We define

L= 1+ |Ve(x-&—rte")") (1 = iVe(a - § = nHE]") - V).



Then we have
Let@E=r1Hg]") _ gi(z-g—rT1t[g]")

For (z,&) € supp p_ we have w, - we < 6,(< 1). Therefore for ¢t > 0

Vel € — kPP =l — tle] " wel?
= [af? — 2t]al|€]* s - we + 20
> 271 (1— 6, (Je| + tle]* ) (2.6)

Integration by parts yields

P_emitio f — (27)-n/2 / @R L (2 €)f(€))d

=(2m)” Z//R Squi(, §)(F e FPu(y) £)(y)dyde,

where L is the transposed operator of L, K is an integer, and Py (y) is a polynomial of y
of degree 1. By virtue of (2.6) the symbol gy (x, &) on the right-hand side (RHS) satisfies
the following estimate for arbitrary multi-indices «, 3.

(1 + &+ 2 {020, w2, )} < Chag,

where Ci,5 > 0 is a constant independent of ¢,2,§ and 1 < £k < K.
Another application of integration by parts gives a symbol gy (x, &) which satisfies
the following similar estimate.

(1 + ¢+ [2])*{070; qaun(w, )} < Coap.
Similarly we obtain for every integer s € N
(14t + [2])* {0207 g (7, £)} < Cuap.
These and Calderén-Vaillancourt theorem yield
11+t + [2])* Poe™™ 0 (1 + 2]) |l p2—r2 < Cs

for some constant C; > 0 for each s € N. (1+¢+ |z])* = (1 +t+ |z))*7(1 + ¢+ |z|)°
(s > o > 0) concludes the proof. O

We now prove an estimate corresponding to Theorem 5.5 of [6].
Theorem 2.3  Let q(§) € C(R") satisfy
sup [92q(€)] < 00 (¥a),
£ER™
q(§) =0 (&l <d) (3d>0).

Then for any s > 0 we have
()" q(Da)e™ " x) | < Cs(t)™ (€ R), (2.7)

where the constant Cs > 0 is independent of t € R.
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Proof We write for f € S

oDa)e 0 f(a) = (2m) [ [ e g ) )y (2.8)
RQTL
Letting
L = i|Ve(—=c"E]")| 2 Ve(=rT1[E]") - Ve,

we have
_ie—1 K i —1 K
Le ™ tlg|s e~ iR tl€| )

For £ € supp ¢, we have
£l = d(> 0).

Thus integration by parts by using the operator L is possible inside the integral (2.8),
and we get for any integer ¢ > 0

o(Do)e ) = 2m) [ [ L (€ ydye
= [ ) Sy, (29

From this and Calderén-Vaillancourt theorem, we obtain

[{z) " q(Da)e™" 0 ()~ £ < Celt) I £,

which concludes the proof. O

3 Phase function

We will treat the problem of the existence and the asymptotic completeness of wave
operators in the framework of two Hilbert spaces by the method we have developed in [4].

In the case of our Hamiltonian H = Hy + V in (1.2), the corresponding propagator is
a unitary group U(t) = e~ and the identification operator J between the two Hilbert
spaces is a bounded operator from H = L?(R") into itself. The wave operators are defined
as follows. Let Wi (t) and W5(t) be defined by

Wi(t) = U(=t)JUo(t), Wa(t) = Up(~t)J'U(t),

where Uy(t) = exp(—itHy) and U(t) = exp(—itH). Then the wave operators are defined
by
WEf = Jim Wi(t)f

for f € H = L*(R"). The asymptotic completeness means that the range R(W;") of W;*
is equal to the continuous spectral subspace H. of H. This is equivalent to the existence
of the limits

WQ:tf = tiilinoo Wa(t) f
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for f € H..

The identification operator J is defined as a Fourier integral operator as follows.
If(@)=(2m) [ [ 99 (g e
—2m) 2 [ ot f(e)de )
Here the phase function ¢(x, &) is constructed as a solution of an eikonal equation
7 Vap(@, O + Vi(a) = 7€
in the forward and backward regions, in which z € R™ and £ € R™ are almost parallel and
anti-parallel to each other, respectively.

To construct the phase function ¢(z,§), we need to consider the classical orbits asso-
ciated with the classical Hamiltonian with x > 1:

H,(t,z,£) = k" + V,(t, x). (3.2)
Here 0 < p <1 and
V(1) = Vi(@)xo(pr)xo (%) , (33)

where xo(z) is a C*°(R"™) function defined by (1.6). Then V, satisfies
|02V, (t, )] < Cap™ ()~ (x) ™™ (3.4)

for £,m >0 and 0 < 0y < & such that oy + ¢ +m < |a] + 4.
The corresponding classical orbit (¢, p)(t,s,vy,&) = (q(t,s,v,€),p(t,s,y,&)) is deter-
mined by the equation

{ Q(ta 8) =Y + fsz VéHp(7_7 Q<7_7 3),]7(7_7 S))dT =Y + fsi ’p<7_> S)’H_lwp(f,s)d’r? (35>
p(t,s) =€ — fs V.H,(1,q(1,s),p(7,s))dr = £ — fs V.V, (1,q(7, s))dr,

where w, = x/|z| for x € R™. Letting do,d; > 0 be fixed as 0 < dy + 9; < &, we have the
following estimates for (¢, p)(t, s, y,€), which are proved by solving the equation (3.5) by
iteration. For d > 0, we use the notation

Ri = {¢l¢ € R, [¢] = d}.

Proposition 3.1 Let d > 0. Then there are constants p >0 and C, >0 ({ =0,1,2,---)
such that for all (y,£) € R" xRY, £t > +s > 0 the solutions q,p of (3.5) exist and satisfy



for all multi-index «:

(s, t,y,€) = &+ Ip(t, 5,9, €) — €| < Cop™(s) ™, (3.6)
05V ya(s.t,y,€) — 1] < Clayp™(s) ™", (3.7)
105 1Vyp (s, t, 5, )] < Clagp™ ()7 7", (3.8)
Veq(t,s,y,€) — (t — s)I| < Cop™(s) [t — s, (3.9)
Vep(t, s,,€) — I| < Cop™ ()™, (3.10)
IVya(t,s,y,€) — I| < Cop™(s) ™ |t — s, (3.11)
IVyp(t, s,9,€)| < Cop™(s)~' ", (3.12)
|08[a(t,5,9,6) =y — (t = 5)[p(t, 5,9, " Wp(r,s.w)]
< Clyp™ min((8) ™ |t — s[(s) ™). (3.13)
Further for any o, B satisfying |a + 3| > 2, there is a constant Cop > 0 such that
10002 q(t, 5.y, €)| < Capp™t — s/ ()™, (3.14)
1050¢p(t, 5,1, )] < Capp™(s) ™" (3.15)

We remark that the estimate (3.6) automatically holds by (3.4) and (3.5). Then we
can take p > 0 so small that |p(s,t,y,&)| > ¢|£] > 0 is satisfied with some constant ¢ > 0
since we assume that £ € R}}. So the second term on the RHS of the first equation of
(3.5) is well-defined for (y,£) € R™ x RY and the equation (3.5) has the solution.

For the constant Cy > 0 in this proposition, we take p > 0 so small that Cpp® < 1/2
holds. Then the mapping T,.(y) = x +y — q(s,t,y,§) : R" — R"™ becomes a contraction.
Therefore there is a unique fixed point y € R™ for every x € R™ such that T,(y) = v,
whence x = q(s,t,y,&). Thus we obtain the following.

Proposition 3.2 Take p > 0 so that Cop‘SO < 1/2. Then for £t > +s > 0 one can
construct a diffeomorphism of R"™ for £ € R}

T y(s,t,z,8)
such that
q(s,t,y(s,t,2,8),§) = . (3.16)

The mapping y(s,t,z, &) is C* in (z,§) € R" x R and its derivatives agagy are C* in
(t,s,x,&). Using this diffeomorphism we define for £ € R

n(t7 87':675) :p(57t7y(87t7 x?é-)?é-) (317>

Then n(t, s, z, &) is a C* mapping from R™ x R" into R", and satisfies

p(t, s, x,n(t, s, x,&)) =¢. (3.18)



They satisfy the relation

y(87t7 x’é) = q(t7 87x7 n(t7 S7x7€>> (3'19>
and the estimates for any o, 3
0507 [Vay(s,t,2,€) — I]| < Capp™ ()", (3.20)
0502 [Van(t, 5,2, €)]| < Capp™(s)™ 7", (3.21)
08 In(t, 5,2, €) = €] < Cap™(s)™, (3.22)
08Ty (s, t,2,€) = — (8 = )|€]""we]| < Cap™ min((£)' ™, |t = s|(s) ™). (3.23)
Further for any |a+ 3| > 2
050 n(t,5,2,6)| < Capp™(s) ™", (3.24)
10507 y(5,t,2,€)| < Capp™(t — s)(s) ™. (3.25)

Here the constants Cy,, Cop > 0 are independent of t,s,x, &

The following illustration would be helpful to understand the meaning of the diffeo-
morphisms y(s,t,z,&) and n(t,s,z,§). Let U(t,s) be the map that assigns the point
(q,p)(t, s, z,n) to the initial data (z,n). Then

time s time ¢
ZB U(t7 S) y(s7 t?'fE? 5)
—
T](t7 87 x? 5) 5

We now define ¢(t,z,§) for (x,&) € R™ x R” by
¢(t’ x’ 5) = u(t7 I? n(t’ 07 x? 5))’
where

t
U(ﬁ%n) =T-mn +/ (Hp - vach)(Tv Q(Ta O,ZE, 77)7]9(7'7 Oa {L‘ﬂ’]))dT
0

Then it is shown by a direct calculation that ¢(t, z, £) satisfies the Hamilton-Jacobi equa-
tion

(7, €) = kHE + Vy(t, Veo(t, 7, €)),
{ ¢(0,2,8§) =z, ’ (3.26)
and the relation
Vao(t,x, &) =n(t,0,z,§),
{ Veo(t,z,€) = y(0,t,z,8) (3.27)



We define for (z,£) € R" x RY
61(x.6) = T (0(t,2,€) — 6(1.0,6)). (3.29)

We will show the existence of the limits below. We set d; = 2d and for R > 0, dy > d; > 0
and og € (—1,1)

1-‘:I::]-jzl:(fzu d17d270-0)
={(2,&) € R*™| || > R, dy < [¢] < da, £ cos(z, &) > Fo0},

where we used a convention cos(z,§) = w, - we = (x - €)/(|z||£])-

Proposition 3.3 The limits (3.28) exist for all (z,£) € R"xRY and define C™ functions
of (,€) € R" x Ry, The limit ¢1(x,&) satisfies the eikonal equation: For any dy >
di = 2d > 0 and 0¢g € (—1,1), there is a constant R = Rq, 4,0, > 1 such that for any
(x,€) € 'L =T1(R,dy,dy,00), the following relation holds:

R Vage (2, €)|" + Vi(x) = w71EL" (3.29)
Further for any o, 3 we have the estimate:
0208 (91 (,€) — - )] < Caplé]' () T, (3.30)
where Cpz > 0 is independent of (z,£) € I'y.

Proof: We consider ¢, only. ¢_ can be treated similarly. We first prove the existence of
the limit (3.28) for t — +o0 and (z,¢&) € R™ x R%. To do so, setting

R(ta x, 6) - ¢(ta Z, 6) - Qb(t, 07 5)7
we show the existence of the limits
¢
lim 020, R(t,x,€) = lim 0 0200 R(r,x,€)dr + 020, (- €).
By Hamilton-Jacobi equation (3.26),

O R(t, &) =0i(t, x, &) — 0r(2,0,8)
=Vo(t, Veod(t, 2, §)) — V,(t, Veo(t,0,€))
= (Veo(t,z, ) — Veo(t,0,€)) - alt, z,€)
= (y(0,t,7,£) — y(0,,0,)) - a((t, z, &)

=VR(t,x,€) - a(t,x,§), (3.31)
where
1
otz €) — /0 (VaV,)(t, Veo(t, 0,€) + OV eR(t, . €))db, (3.32)
VeR(t,z, &) =a- /1(ny)(0,t,9$,§)d«9. (3.33)
0
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By (3.20), we have for any «, 3

020V R(t,x,€)| < Cupla). (3.34)
By (3.23) and (3.27), for |8| > 1
|0 Vo (t,0,6)| < Clt|(1 + |&[~1717). (3.35)
Noting
9 (f(9() = >, ck,{ﬁj}Vﬁf(g(Q)ﬁafjg(ﬁ), (3.36)
k<|B| B1+-+01=8,/6;|>1 j=1

we have from (3.32), (3.34) and (3.35)

k
020 a(t,z,€)] < Cop(t)” )% 37 TT+ fgp=1).

E<|B| j=1
B1+-+B=8,1851=1

(3.37)
Thus by (3.31), (3.34) and (3.37), there exists the limit for any «, 3 and (z,§) € R™ x R}

Jim 020/ R(t,x,&) = / 020; (VeR(t,2,€) - a(t,x,€)) dt + 0507 (x - €).
— 00 0

In particular, ¢ (z,&) = limy_o R(t, 2,&) and (00,0, 2,£) = limy_o V.0 (¢, 2, &) exist
and are C* in (z,£) € R" x RY.
Next we show (3.29). By the arguments above, the following limit exist:
Vaeti(z,€) :tlim V.o(t,x, &) = tlim n(t,0,z,¢)
= lim p(0,2,5(0,¢, ,£), €).

Thus for a sufficiently large |z| (i.e. for |pxz| > 2) we have
K Va0 (. O + Vela) = 7 lim (0. y(0.1.2.6). O +V,(0.2).  (3.38)
Set for 0 < s <t < o0
fils,y.€) =k |p(s, 1,5, )" + Vi(s, q(s,1,9,€)).
Then by (3.5) we have

d _
8_6(87:%5) = |p(87t7y7§>|’i lwp(&t,y,f) 'asp(&tayvg)

151%
+(VaV,) (s, q(s,t,9,€)) - Osq(s, t,y, &) + a—tp(s, q(s,t,y,€))

oV,
= 2/ (5:0(5,1,9,6)).
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On the other hand we have from (3.16), (3.17), (3.18) and (3.19)

q(s,t,y(0,¢,2,€),8) = q(s,t,q(t,0,2,1(t,0,z,8)),£)
= q(s,0,z,n(t,0,2,9)),
p(s,t,q(t,0,2,1(t,0,2,¢)),§)
= p(s,0,z,n(t,0,z,£)).

p(s,t,y(0,t,2,£),8)

Now using Proposition 3.1, we have for cos(z, &) > oq

lq(s, 1, 9(0,t,2,8),§)| = lq(s, 0, z,1(t, 0, z,¢))|
> |z + s|p(s,0,2,1(t, 0,2, )" Wpis 0wmtomey| — Cop™(s Yoo
= |x + s|p(s, t,y(0,t,2,€),6)|"! Wp(s,t,(0,t,2.,8) & |_00050< >1 ”
> cf|z] + s|¢]") = Cop™(s)' ™" — Cop™ (s)' ",

where ¢ > 0 is a constant independent of s,t,z,£. By (z,€) € T'y (R, dy,ds, 09), we have
ds > |€] > dy, and from the definition (3.3) of V, (¢, z)

supp V2 (s,2) € {1 < (log (s))l=]/{s) < 2).

ot
Thus there is a constant S = Sy, 4,5, > 1 independent of ¢ such that for any s € [S, ]

of
0s

For s € [0, 5], taking R = Rg > 1 large enough, we have for |z| > R and cos(z,&) > oy

ofi
s

Therefore we have shown that for (z,£) € I'y (R, dy, d2, 09)

=< (590, 8,2,6),6) = 0.

= (5,9(0,2,2,8),8) = 0.

fi(s,y(0,t,2,8),&) = constant for 0 < s < t < oo.
In particular we have

ft(ov y(0> ta €, g)a g) = ft(tw y(07 tv Z, 5), 5)7

which means
R_l‘p(()? ta y(07 ta z, 6)7 6)‘H + ‘/P<Oa x) = '%_1’5‘5 + V:O<t> y<07 ta z, f))

Since V,(t,y) — 0 uniformly in y € R™ when ¢ — oo by (3.4), we have from this and
(3.38)

ﬁ_1|v$¢+(‘r7§>|ﬂ + VL(x) = Ii_1|§|n for (x,f) € F+(R7 d17d2700)7

if R > 1 is sufficiently large.
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We finally prove the estimates (3.30). We first consider the derivatives with respect
to &:

O (¢4 (x,8) —w- &) = /0 h 00 R(t,x, &)dt, (3.39)
where R(t,z,&) = ¢(t, z,€) — ¢(t,0,£) as above. Set
y(t 2, 6) = y(0,t,2,€) — (v + t[E]" we)
for (z,€) € T4 (R, dy,ds, 00). Then by (3.23) we have for 6 € [0, 1]

IVeg(,0,8) + OVeR(t, 2,8)] = [y(0,¢,0,8) +0(y(0,t, 2, &) — y(0,t,0,8))|

HIE]" we +7(8,0,8) + 0z + 4 (t, 2, €) — 7(t,0,8))]
= [0z + €] we + (1 — 0)7(£,0,€) + Oy(t, 2, €)|

> co(Oz] + ") — erp® min((E)' 0 [¢]) (3.40)

for some constants ¢y, c; > 0 independent of x,&,0 and ¢ > 0. Thus there are constants
p€(0,d) and T = T}y, 4,0, > 0 such that for all ¢t > T and (z,§) € '+ (R, dy, da, 09)

(Ved(t,0,€) + OVeR(t,x,£)) " < C(Olz| +t]g]") ™
Therefore a(t, x, &) defined by (3.32) satisfies by (3.34)-(3.36)

Pt 01 Cs [T g

B+ +5k ﬁ\ﬁ]\>1

H Oz| + t(1 + ||~ 15i1))ag. (3.41)

Using (3.40), we see that (3.41) holds also for ¢ € [0,7] if we take p > 0 small enough.
Therefore for all (z,£) € I'y (R, dy, da, 09) we have from (3.31), (3.34), (3.39) and (3.41)

080+ (2,€) = - €)
<Orsmatet X [ [ o ”’“He|x|+t1+|§|“”>>dedt

k<|B|
L1+ HLlp=I8,¢; 21

< CT,ﬁ,dl,dQCE)ISII_”/O /0 0)z| + 1) drdd

< Orpara () L€)'
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We next consider
vx¢+(x7 5) - é’: tlir&(vx(b(t? x, 5) - 5)

t

= lim (Vasvp> <T7Q(7—7tay(07t7$7§)7€>>dT

t

=1lim [ (V,V,) (7, q(7,0,2,10(t,0,,€))) dr

t—o0 0

:/ (VLU‘/;)) (T,(](T,O,ZL‘,T](O0,0,x,f)))d'r-

0

By (3.6) and (3.13) of Proposition 3.1

|Q(Ta 0, z, 77(()0’ 07 z, 5))| > |$ + T|p(7-’ 07 Z, 77(007 07 xz, 5)) |H_1wp(7'70,36777(0070,$,£))| - COP(SO <T>1761

K— -4
> |z 4 7|p(T, 00, y(0, 00, 2,),)] lwp(T,OO,y(0,00,:c,S),E)l - OOP(SO <T>1 '
> co|z] + TIE["7T) — Cop™(r)' T — Cop™ (7)™

for some constant ¢; > 0 and for all (x,&) € '\ (R, dy,ds,00). Thus taking p > 0 suffi-
ciently small and R = Ry, 4,0, > 1 sufficiently large, we have for (z,&) € I'1(R, dy, ds, 09)

|a(7,0,2,7(00,0,,8))| = co|| + 7[¢]")
for some constant ¢y > 0. Therefore we obtain

Vaba(2,6) — €| < C / (o] + 7l " < Ol (),

For higher derivatives, the proof is similar. For example let us consider
00,04 (0.€) ~ 1= [ 0{(VV,) (ra(r, 0.2 1(00,0,,€))}r
0

= / (vagv‘/p> (7—7 Q(Ta 07 z, 77(007 07 z, f))) qu : vﬁndTu
0

where we abbreviated ¢ = ¢(7,0,x,n(00,0,2,¢)) and n = n(c0,0,z,£). The RHS is
bounded by a constant times

/0 (el 4+ 7€y 2 P2 dr < cay € 2)

for (z,€) € T (R,dy,dy,00) by (3.9) and (3.22) of Propositions 3.1 and 3.2. Other esti-

mates are proved similarly by using (3.9), (3.14), (3.22) and (3.24). O
Now let —1 < 0_ < 0 < 1 and take two functions ¢4 (o) € C*°([—1,1]) such that
0< Qﬁi(”) < 17
1 o <oc<1
w+(0'> = { 07 ] o S o’



and set

X(2, &) = Ye(cos(z, §)).
We then define the phase function ¢(x,&) by

(,O(ZL',S) = {(¢+(ZE, f) — - g)X-l—("Lé.) + (¢—<x’§) — X é)X—(xvf)} Xo(zg/dl)X0<2x/R) +x- éa
(3.42)

where xo(x) is the function defined by (1.6). The function ¢(z,€) is a C* function of
(z,€) e R* by dy = 2d.

Noting that y(z,€) + x_(z,§) = 1 for & # 0, # 0, we have proved the following
theorem.

Theorem 3.4 Let the notations be as above. Then for any dy > d; >0 and -1 < o_ <
oy <1, there is R = Ry, 4,,0, > 1 such that the following holds:

i) Fordy > [£| > dy, || > R and cos(z,£) > o4 or cos(z,§) < o_
K Vap(, 1" + Vi(z) = eI (3.43)

ii) For any multi-indices o, 3 there is a constant Cuop > 0 such that for dy > [§] > d;
and v € R”

10207 (p(2,€) — x - €)] < Capla)' 7 lg)' ™. (3.44)

In particular for |a| # 0, by virtue of (3.42) we have for dy,01 > 0 with dg + 51 = 0

10207 (p(2,€) — 2+ )] < CagR™ (@)1 (g) ", (3.45)
iii) Set for f € S
Tf(z) = (HJ — JHo) f(x). (3.46)
Then we have
Tf(a) = [ [ O ala, )+ Vila) () (3.47)
Here
a(,€) = K [Vaip(, ) + Vi) — ke + (s, €), (3.43)
where

r(z,€) = —i / / gy, ( / ool €,y) + 02 (Tapl £,) + emde) dyd,
(3.49)
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and .
Vap(@,€,y) =/O Vaop(y +0(x —y),§)do.

The symbol a(x,§) satisfies for dy > |£| > dy, || > R and any o, 3

Cap(x) ™7™, cos(w,€) € [<1,0- U 04, 1],

Coaplz) ™71, cos(z,€) € [o_,04]. (8:50)

050 alx, )| < {

We remark that the factor (€)1 in the bounds above is effective just in each region
d; < [€| < dy and the constant C,3 depends on d; and d.
We recall the definition of J. It is defined for f € S

Tf(x) = / / GO0 £(y) dy dE,

Since the regions ' (R, dy, da, 0¢) of definition for the phase function ¢(x,&) are enlarged
if we wait enough until late or early time ¢ near +o0o or —oo, they in total cover the whole
region R™ x (R™\ {0}). Thus J is regarded to have been defined on the whole Hilbert
space H = L?(R"). When it is thought to be constructed in such a way, this J is known
(Theorem 3.3 in [5]) to have a bounded inverse J~!. Thus we can define Wy (¢) and Wy(¢)
as follows:
Wi(t) = U(=t)JUy(t), Wa(t) = Us(—t)J'U(2),

where Uy(t) = e7Ho and U(t) = e .

We assume that f € H.(a,b) = Eg(la,b))H, with 0 < a < b < oo, where Ey(B)
denotes the spectral measure for the Hamiltonian H and H,. is the continuous spectral
subspace for H. As our propagators U(t) and Uy(t) are unitary operators, we can consider

the two limits
Wi = s lim Wy(t).

We consider the asymptotic behavior of U(t)f for f € H.(a,b). Let the pseudodiffer-

ential operators Py = PL% (=1 < _ < 0, < 1) be defined as in (1.8) or (1.9) with the

same constants 0 < @ < b < oo as above. We take d; = (27'ka)'/* and dy = (2kb)"/* in
Theorem 3.4 and define the phase function ¢ and the identification operator J accordingly.
Using those, we calculate as follows for ¢ € R.
Ut)Pr=(U(t) — JUy(t)J V) Pi + JUy(t)J ' P
=Ut)(I — U(=t)JUs(t)J Y PE + JUW(t)JJ P
t
d
= —U(t)/o o (U(=0)JUs(0)J ") Pido + JUy(t)J ' PL
=—iUt)K+(t) + JUy(t)J ' PE, (3.51)

where

Ko(t) = /0 t U(—0)(HJ — JHy)Us(o)J " Pido. (3.52)
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We note that we can write for f € S with using the function a(z, ) in Theorem 3.4-iii)
(3.48)

(HJ = JH)f(z) = (2m) " [ 19 a(z,6) + V(o)) F(E)de. (3.53)
Therefore, if we take —1 < 0 = 0, + p < 64 < 1 for some p > 0 and the constant
oy € (—1,1) of Theorem 3.4, K, (t) defines a compact operator on H and converges to a
compact operator K, of H = L*(R™) in operator norm when ¢ — +o0o by Theorems 2.1
— 2.3, Theorem 3.4 and the factor ya(Hy(§)) in the symbol py(z,€) in (1.7) with some
calculation of Fourier integral and pseudodifferential operators (section 6.3 [6]). Similarly
if we take —1 < 0_ < 0y = o0_ — p < 1 for some p > 0 and the constant o_ € (—1,1)
of Theorem 3.4, K_(t) converges to a compact operator K_ of H = L*(R") in operator
norm when t — —oo by the same reason. Therefore we have proved that for ¢t € R

JU@) Py = —iJ U)Ky (t) + Uy(t)J P, (3.54)

where the first term is a compact operator on H. This means that the operator J U (¢) P}
behaves like Uy(t)J ' P} except for a compact operator —iJ U (¢) K+(t).
Summarizing the arguments up to here we have proved the following theorem.

Theorem 3.5 Whent > 0, let —1 < 0_ =0, +p < 0, <1 for some p > 0 and the
constant o, € (—1,1) of Theorem 3.4, and whent <0 let -1 <0_ <60, =0_—p<1
for some p > 0 and the constant o_ € (—1,1) of Theorem 3.4, and define Py = Pi"6+ by
(1.8) or (1.9) with 0 < a =2k~ (d})" < b=2"1k"1(dy)" < co. Then fort € R

JU)P; = —iJ U)K+ (t) + Up(t)J P, (3.55)

where K4 (t) in the first term on the right hand side is a compact operator on H and
converges to a compact operator K. on 'H in operator norm as t — +00.

4 Asymptotic behavior of scattering state

Finally we will see an asymptotic behavior of U(t)f when f € H = L?(R") is a scattering
state, i.e. when it belongs to H.(a,b) for 0 < a < b < oo. As the proof of Lemma 3.4
in [6] holds for the case of our Hamiltonian H in (1.2), we have that Theorem 3.2 of [6]
holds for our case. Namely we have the following.

Lemma 4.1 Let 'H be a separable Hilbert space, and let H be a selfadjoint operator in
H. We assume that B(t) (t € R) is a continuous family of uniformly bounded operators
with respect to t in uniform operator topology, and that K is a compact operator in H.
Let P. be the orthogonal projection onto the continuous spectral subspace H.(C H) of H.
Then we have

1

T
: 4 —itH _
TLHEOO H T /0 B(t)Ke PcdtH 0. (4.1)
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Proof This is essentially Proposition 5.1 of Enss [3]. For the sake of completeness we
repeat the proof. As the Hilbert space H is separable, the compact operator KP, is
approximated by operators of finite rank in operator norm. Thus we can assume that
K P, is a one dimensional operator KP.f = (f,¢)¢ for ¢ € H. and ¢ € ‘H. (Note that
Ke 1 p = KPe " ) We compute with writing K P, just as K

1 2

T 2
H— / B(t)Ke "™ Pdt|| =
0

1 r .
= H— B(t)Ke "dt

2
H thK* ( )*dt

2

= sup
IIfll=1

= — * —i(s—t)H
= 7 L[ B e s

<0y / / (emi~0H g, ¢) st
I
<oz [ e o o

1 it * *
T/ "K*B(t) fdt

where C' = ||¢]|? sup,eg || B(t)||>. By Schwarz inequality, the RHS is bounded by

1 g —itH 2 %
vae (7 [ e o o)

Noting that the function u(A) = (Egx(A\)¢, ¢) is monotonically increasing and bounded,
we calculate the formula inside the parentheses as follows.

F [ Lo [ [P g 00m0.

Dividing the integration region Ry x Ry into |\ — | < € and the other, we obtain a
bound:

2
2/ dp(N)dp(N) + —.
v nNdu(N) + =

Utilizing the fact that the measure generated by p(\) is bounded continuous by ¢ € H,,
we can show that the first term is arbitrarily small if we take ¢ > 0 small enough. The
second term goes to 0 when letting 7" — oco. U

From this follows the following.
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Lemma 4.2 For any f € H.(a,b) (0 < a < b < oo) with (z)?f € H = L*(R"), there
exists a sequence ty — £00 as k — +o0o such that for any ¢ € C(R) and R > 0

X {zern|jzl<ryU () fI| — O, (4.2)
1(¢(H) — ¢(Ho))U () fI| — 0,
(£ -1p2D.) vtes | o (4.0
k
as k — +oo, where D = D, = —i0, and xp denotes the characteristic function of a set

B.

Proof In fact the relation (4.2) is a consequence of Lemma 4.1 and the fact that x (zern|j2|<r}
FEu([a,b]) is a compact operator. The relation (4.3) follows from (4.2). To prove the re-
lation (4.4) we compute

|G - 1pr=2p) s

— (f, oitH (% _ |D|n2D)2€itHf)

— tlg(f’ (eitHx26—z‘tH . ZBQ)f) . %(f, eitHAﬁe—itHf) + (f, eitH|D|2(n—1)6—itHf) + t%(f’ szf),
(4.5)

where we set

A, = %(m - D|D|" "+ |D|" 2D - z).
By direct calculation we have

i[Hy, 2°] = i(Hyz® — 2*Hy) = 2A,.
This gives that the first term on the RHS of (4.5) is equal to

1 [ isH 21 —isH 2 [
2 (f, e i[Hy, x"]e " f)ds = 2
0 0

Therefore the sum of the first term and the second term on the RHS of (4.5) is equal to

(f, GiSHAne_iSHf)dS.

t
D(t) = t%( / (f, €T Ae ™1 F)ds — t(f, e Ao f))
0
1 [td(r*D
L L[ 1D,
2 [t |
— _t_2 S(f, €ZSHi[H, Aﬂ]efstf)dS.
) Ot ‘ A 9 ¢ | |
= _t_2 S(f’ GZSHZ'[HO, Aﬁ]e_lst)dS — t_Q/ S(f, GZSHi“/’ An]e_zSHf)dS.
0 0

(4.6)

We need the following lemma.
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Lemma 4.3 We have
i[Ho, As] = |DP"=

Proof Using oscillatory integrals, we compute for f € S.
iHo, A (@)= g [ [ gl [[[emmy o) pinte pe)dsdiayag

g [ [ gy [[ e e azdndyd.

Changing the order of integrations, we write this as a sum of the three terms as follows.
i[Ho, Agf(x) =T+ 11 4 111, (4.7)

where

v _ W(x—z (y—z — K K— K— K ~ =
= L // =216 // S0 (¢]5y - plnl=2 — |12y - €|n|*)dydif (=)d=dE,

1= 5/4;—1 // pi(r—2)¢ // ei(y—z)(n—£)|£|nz . n|n|”_2dydﬁf(z)dzd§,
III = —%/{*1 // pil@—2)¢ // ei(y*Z)(ﬂfé)lﬂanl. ) fln\“dydﬁf(z)dzdg

By Fourier’s inversion formula, the second and the third terms are equal to

II= %/fl // @2, . §|§\2(“’1)f(z)dzd§/°\,
I = —%Ffl // ey f|§’2(ﬁil)f(z)dzd§'

We have by direct calculation with using integration by parts
11 + III—— k! //D (e'=20¢) - €|g PN f(2)dzdE
:§ L(n+2(k — 1)|DPEY f(x). (4.8)
We decompose the first term as follows.

I=M+R,

where

=gt [ e [ Dy 00y faleiale - el 2lal* g ()
gt [ [ et [ oo gyt — 62lalre) - zdyas ().
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The term R obviously vanishes so that we have the following by integration by parts and
some computation.

1 .
I= —g5k Y(n —2)| D"V f(z). (4.9)
Taking the sum of (4.8) and (4.9), we obtain the lemma. O

Applying the lemma to (4.6) we obtain from (4.5)

|G -1or=0) s

= t2 S(f, eisH|D|2(H—1)e—’ist)d8 + (f’ 67th|D|2(n—1)e—itHf)
0

2 [ : : 1
o SV, A f)ds + 5 (7,4%) (4.10)
0
By the assumption on the initial state f, the last term goes to 0 as t — oco. Further from
the assumptions on potentials and the initial state f we have from Lemma 4.1 that the
third term goes to 0 as t — oo. To treat the first and second terms, we set

2

t
“ / S(f, eisH|D’2(n—1)e—ist)d$
0

Ht) =

Then the sum of the first and second terms on the RHS of (4.10) is equal to

tdH

From the definition of the function H(¢) and the assumptions £ > 1 and f € H.(a,b),
we see that H(t) (¢t > 1) is a real-valued, continuously differentiable, uniformly bounded
function, and that its derivative with respect to ¢ tends to 0 as t — oco. Then we can

apply Lemma 8.15 of [2] to find a sequence T}, — oo as k — oo for each positive constant
A > 1 such that

This together with the above-mentioned properties of the third and fourth terms yields
that there is a sequence t; — oo as k — oo such that

H(ﬁ _ |D|n—2D) eitkH f
Tk

as k — o0o. The case t — —o0 is treated similarly. The proof of Lemma 4.2 is complete.

i

0

The relation (4.4) in particular implies that the configuration = is proportional to
momentum +¢£ in phase space asymptotically as ¢ — +o00. As a consequence, the relation

lim PXU(t)f = 0. (4.11)

t—+oo
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holds for f € H.(a,b) when ¢ tends to +c0 along the sequence t = ¢, — o0 (k — £00)
given above. The relation (4.2) implies that w-limy_1 U(tx)f = 0.
Summing up we have the following theorem.

Theorem 4.4 For any f € H.(a,b) there is a sequence t, — oo as k — +oo such that

kl_l)rinoo PLU(tr)f =0, (4.12)
W- kEIinoo Ulty)f =0, (4.13)

and for any ¢ € C5°(R)
1(@(H) — ¢(Ho))U () fll — 0 (k — £00). (4.14)

5 Asymptotic Completeness

We now prove the existence and asymptotic completeness of Wi, For this purpose, as
we have stated at the beginning of section 3, it suffices to prove the existence of the two
limits:

Wi f = Jim Wi(@)f (VfeH= L*(R")),
Wig = tliim Wa(t)g (Vg € He).
The existence of Wit is proved similarly to and more easily than that of the existence of

W;, and the case t — —oo is treated similarly to the case t — oo. Therefore we will
consider the existence of the limit

W, f = tlim Wa(t) f (5.1)
for f € He(a,b) and 0 < a < b < oo. For this purpose we will prove that for f € H.(a,b)

Wt +8)f — Wa(t)f =Us(—t — s)J Ut + 8)f — Up(—t)J U () f
={Us(—t = s)J'U(s) — Us(=)J "} U) f (5.2)
converges to 0 uniformly in s > 0 as ¢ goes to oo along the sequence t =t — oo (k — 00)
specified in Theorem 4.4. If we have shown this, we have proved the existence of W,". To

prove this we let Py = Pf["a* for -1 < f0_=0,.+p <0, <1 for some p > 0 and the
constant o, € (—1,1) of Theorem 3.4. Then the state U(t) f is decomposed

U(t)f =d(t) +e(t) +r(t),

where



By (3.55) of Theorem 3.5, we have
JIU(s) Py = —iJ U (s)K4(s) + Up(s)J ' Py (5.3)
Thus
Up(—t — 8)J U (s)d(t) =Uy(—t — 8)J U (s)PrU (1) f
=—iUp(—t — 8)J U () K (s)U(t) f + Up(—t)J ' PrU(t) f.
On the other hand we have
Up(—t)J ' d(t) = Up(—t)J ' PLU(t) f.
The difference (5.2) is then equal to
Wat +s)f = Walt)f
= K, (t,s)U(t)f 4+ {Uo(—t — s)J U (s) — Up(—t)J '} (e(t) + r(t)), (5.4)
where
Ko (t,s) = —ily(—t — s)J " U(s) K (s). (5.5)
By (4.12) of Theorem 4.4
e(ty) —» 0 as k — oo. (5.6)

From the definition of pseudodifferential operators Py, it is easy to see that Py — P}
are compact operators on H. From this fact and (4.13) in Theorem 4.4 we have

lr(te) = = (Pr + PO} Ul = 0 as k — oo (5.7)
From f € H.(a,b) and (4.14) in Theorem 4.4, we have
10 — Eolla (YUt F] — 0 as K — oo. (5.5)
By (5.7), (5.8), (1.11) and (4.13), we have
|r(te)|| — 0 as k — oo. (5.9)
From (5.4), (5.6) and (5.9), we have
ili%)”WQ(tk +8)f = Wa(ti) f — Ko (ti, $)U(t) f|| — 0 as k — oc. (5.10)

Here by Theorem 3.5, (5.5) and (4.13), we have
Sl>115||f~(+(tk:a S)U(tk>f|| = sg%)HJ_lU(s)KJr(s)U(tk)fH — 0 as k— oo. (5.11)

The relations (5.10) and (5.11) imply that
sup ||[Walty + 8)f — Wa(ti) fll = 0 as k — oo. (5.12)

s>0

This proves that the inverse wave operator W, exists on H,, and concludes the proof
of the asymptotic completeness for the scattering problem with Hamiltonians (1.1) and
(1.2). Namely we have proved the following theorem.
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Theorem 5.1 Under Assumptions S and L, we have the existence of the wave operators

WE = s lim e JeitHo (5.13)

t—=too
on H = L*(R"™) and the asymptotic completeness
R(WT) = H,, (5.14)

where H, is the continuous spectral subspace for H. Moreover Wi is an isometry and
intertwines Hy and H. Namely for any Borel set B C R

En(B)W} = Wi Ey(B) (5.15)
holds.

Proof We have already proved the existence of (5.13) and the asymptotic completeness
(5.14). The intertwining property (5.15) is proved in the usual way with using the obvious
relation for s € R

e PHWE = Wire i,

We have only to show that W5 is an isometry. For this purpose it suffices to see that for
f € H(a,b) = Ey([a,b])H with the constants 0 < a < b < oo which are assumed in the
definition of each preliminary J

(WEyWif=f. (5.16)
The norm of the difference of both sides is equal to

lim [[(J°F — D™ fl| = T [|(J*T ~ D) Eo([a, B f]|.

t—=oo

Therefore the desired isometry follows from the fact that (J*J — I)Ey([a, b]) is a compact
operator, which is proved similarly to Lemma 3.7 of [4] with using the estimate (3.44). O
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