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1 Introduction

Let Wy = {w € C([0,00); R%); w(0) = 0}, F be the Borel algebra over Wy and p be
the standard Wiener measure on (Wy, F). Let B® : [0,00) x Wy — R, i = 1,...,d, be
given by Bi(t,w) = wi(t), (t,w) € [0,00) x Wy. Then {(B(t),..., B(t));t € [0,00)} is a
d-dimensional Brownian motion under u. Let B%(t) = ¢, ¢t € [0,00). Let F!, t = s 2 0, be
a sub-c-algebra generated by {B'(r) — B'(s);r € [s,t], i = 1,...,d}. Then {F¢},> is the
Brownian filtration.

Let A be a set. We denote by UyC°(RN; RM), N, M = 1, the set of families of smooth
functions {fy}rea from RY to R such that

sup |=—fi(z)| < o0

AeA,z€RN Oz

for any multi-index a € Zgo.

Let {V A aea € UACP(RN; RY), i =0,1,...,d. Weregard V;*'s as vector fields on RY.
Let X*(t,z), t € [0,00), z € RN, A € A, be the solution to the Stratonovich stochastic
integral equation

d t .
X’\(t,m):x—l—Z/O VAX(s,z)) 0 dB'(s). (1)

Then there is a unique strong solution to this equation. Moreover we may assume that
XA(t,x) is continuous in ¢ and smooth in x, and that X*(¢,-) : RY — RN, ¢t € [0, 00), is
a diffeomorphism with probability one.

Let A = Ay = {vog,v1,...,vq4}, be an alphabet, a set of letters, and A* be the set of
words consisting of A including the empty word which is denoted by 1. For u = u! - - - u¥ €
A uw € A, j = 1,....k, k = 0, we denote by n;(u), i = 0,...,d, the cardinal of
{7e{1,...,k}w =v}. Let |u| = ng(u)+...+nq(u), alength of u, and || u || = |u|+ne(u)
for u € A*. Let R(A) be the R-algebra of noncommutative polynomials on A, R{{A)) be
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the R-algebra of noncommutative formal series on A, £(A) be the free Lie algebra over
R on the set A, and £((A)) be the R-Lie algebra of free Lie series on the set A.

Let 7 : A*\ {1} — L(A) denote the right normed bracketing operator inductively
given by
r(vi) = v, i=0,1,....,d,
and
r(viu) = [vg, r(u)], i=0,1,...,d, ue A"\ {1}.
For any wy = ), c 4« a14u, € R{(A)) and wy = ) agu, € R{A), we define a kind
of an inner product (wy,ws) by

(wy,wy) = Z a1,a2, € R.

ucA*

u€EA*

We can regard vector fields V*, i = 0,1,...,d, A\ € A, as first differential operators
over RY. Let DO(RY) denote the set of smooth differential operators over RY. Then
DO(RY) is a noncommutative algebra over R. Let ®* : R(A) — DO(RY), A € A, be a
homomorphism given by

®*(1) = Identity, DMNwy, - vy,) = Vi VD
for any n = 1, 41,...,i, = 0,1,...,d, A € A. Then we see that

OMr(vu)) = [V, @ (r(u))], i=0,1,...,d, ue A"\ {1}.
Let Ay ={uec A% || u||=m}, m 20, and let R(A4),, = >, .. Ru, and R(4)<,
= > oR(A), m 2 0. Let L(A),,, = L(A) NR(A),,, and L(A)<,, = L(A) NR(A) <,
m 2 1. Let A™ = {u € A*; u# 1L,v}, and A ={uc A ||u|=m}, m= 1.
Now we introduce a condition (UyFG) on the family of vector field {V*,i =0,1,...,d,
A € A}, as follows.
(UAFG) There are an integer £ and {¢} ,} € UxCi*(RY;R), u € A
satisfying the following ondition.

PMr(w) = Y puw®(r(W)), ueAL, ,

’ ok
u €A§40

kk / kK
<to+20 U = Aéfo’

Now let us define a semigroup of linear operators {P;*};>, on C3°(RY) by
(P)(2) = E*[f(X*(t,2))],  feCP(RY).
We prove the following in this paper.

Theorem 1 Assume (UpFG) holds. Then for any n,m = 0 with n +m 2 1 and

Uly ey Upim € A* there exists a C' > 0 such that
sup | (r(ur) - () ) (BN (@M (r(unsr) - -7 (Unm) ) f)) (2))]
AEA,zERN

< O~ UhalltHluneml)/2- gyp £ ()]

zeRN

for any f € CP(RYN).



Now let V* : R — RM, A € A, i = 0,...,d, be C? functions for which their
derivatives are bounded. Let X*(¢,7), t € [0,00), z € R, be a solution to the following
SDE

d t
XMt,z) =z + Z/ VAX*(s, ) 0 dB'(s). (2)
i=0 /0
Let us define a semigroup of linear operators {P;},>¢ on C,(RY) by
(P f)(x) = B*[f(X*(t,2))], | € Cy(RY).

Then we have the following localization result.

Theorem 2 Let o € RN and gy > 0. Assume that {V }aen, @ = 0,1,...,d, belongs to
UrC(RY; RY) and satisfies (UpFG). Assume moreover that

VM) = V), x € B(zo;2¢0), A€ A, i =0,1,...,d.

7

Then for any ¢ € C§°(B(xo;€0)) and uy, ..., u, € A*, n 2 1, there exists a C > 0 such
that

sup | (r(ur) -+ (un)) (0P ) (2)]

AeA,zeRN

< O~ (kallt+llunl/2 gy £ ()]
zeRN

and

sup |(PR(@Mr(wr) -+ r(un)) (9 ))) ()]

AeA,zeRN

< Ot~ (kallt+llunl/2 gy £ ()]
zeRN

for any f € C*(RYN;R). Here B(zo,&0) denotes gy-neighborhood of xy.

We use Malliavin calculus to prove above theorems, and use the notation in Shigekawa
5] for Malliavin calculus. We regard (W, F, i, { F(}i>0) as a filtered probability space,
and use the following notation. S denotes the set of continuous {F{};>o-semimartingales.

S:S8Sx A* 5 Sand S: 8 x A* — S are defined inductively by
S(Z;1)(t) = 2(t), t=20,

and

and
S(Z;uv;)(t) = —/O S(Z,u)(s)odB'(s), S(Z;vu)(t) = —/0 S(Z,u)(s)odB(s), t =0,

forany 7 €S, i=0,1,...,d, u € A". A
Also, we denote S(1,u)(t) and S(1,u), u € A*, by B(t;u) and B(t;u) respectvely.



2 Semimartingale on R((A))

We say that X : [0,00) x Wy — R((A)) is an R((A))-valued continuous semimartingale,
if there are continuous semimartingales X,, u € A*, such that X(t) = > 4. Xu(t)u.
For R((A))-valued continuous semimartingale X (¢ ) Y (t), we can define R((A))-valued
continuous semimartingales [, X (s) o dY (s) and [ odX (s)Y (s) by

/ X(s)odY(s
u,WwEA*

/t dX(5)Y(s) = 3 (/Ot Yiu(s) o dX,(s))uw,

0 u,wEA*

/X ) 0 dYy(s))uw

where

=Y Xutu,  Y(t) =Y Yut)w

ucA* wEA*

Then we have
XY (t) = /X JodY (s /odX( )Y ().

Since R is regarded a vector subspace in R((A)), we can define fotX(s) o dB'(s),
1=0,1,...,d, naturally.
Now let us consider the following SDE on R((A))

_1—|—Z/X v;0dB'(s), t=0. (3)

One can easily solve this SDE and obtains

We also have the following (c.f. [1]).

Proposition 3 log X(t) € L((A)), t = 0, with probability one.

Note that
) . ) d
AX @)Y =-X©t)dX (¢ > wX(t)t o dBi(t)
=0
and so
d
Xt =1-> vuX(t) " odB(t)

=0



3 Uniform Estimates

We assume the condition (U, FG) throughout this section. The argument in this section is
essentially the same as in Sections 2 and 3 in [1], or [2], and so we state results sometimes
without proofs.

Proposition 4 There are {¢} ,}rea € UnC®(RY), u € A, v’ € AZ, such that

Y e M), ue A

’ TS
u €A§lo

Proof. 1t is obivious that our assetion is valid for u € A% Storo Suppose that our assertion
is valid for any u € AZ , m = {y. Then we have for any i = 0,1,...,d and u € AY ,

O (r(viw)) = VA @ (r(w)] = Y VP puw® (r(w)]

2 * %
u €A§lo

= Y (VP RN+ D 0o @M r(u))

weAy, o €A,
So we see that our assertion is valid for any u € A< 'ni1- Lhus by induction we have our
Proposition. 1
For any C™ vector field W on R, we see that
d
d(X () W) () = D (X VA WD) (@) 0 dB (),
i=0

where X*(t), is a push-forward operator with respect to the diffeomorphism X*(t,-) :

RN — R". So we have
d(XA (1), @M (r(w))) (=)

= (X @) BN r(w))(x) 0 dB (1)

i=0
for any u € A*\ {1}.
Let m = 36y. Let {¢}"™(-,u,v')}rea € UsCE(RN,R), i =0,1,...,d, u,u’ € AZ | be
given by -

1, if [|v;ul| < m and v = vu,
(s uy) = { Phl@), i [forul] > m and o] < fo,
0, otherwise.

Here ¢ ’s are as in Proposition 4. Then we have

A(XM) 1N Z > (@XMt @) u,u ) (X () 9N (W) () o dB(t)

=0 u EA**

for any u € A”é*m



Let a*™(t, z;u,u), u, v’ € AY , be the solution to the following SDE

da™™(t, 25 u, )

d
= Z (XMt s u,u)aN™ (¢, ;U u)dB ()

d
1 A A Lo NNAm R/
+5, >, (VA2 w (e o o)t

=1 UNGA**

d
1 m m m
+5 Z Z (™ (XMt )5 u, w) ™ (XA, )5 U, ug)aM™ (¢, 25 ug, u')dt,

i=1 ! *
u1 u26A§m

a0, 25 u,u') = (u, ).

Such a solution exists uniquely, and moreover, we may assume that a™™ (¢, z;u, ) is
smooth in x with probability one. Then we have

ol

sup  BF[sup |tz )] < 00, p € [1,00), T>0

AEA,zeRN te[0,7) Oz
for any multi-index . One can easily see that

da™™(t, 23 u, ) Z Z XN x); u,u)a M s u)) o dBYH(E). (4)

=0 u”EA’:*
Then the uniqueness of SDE implies

(XA M) @) = Y @Mtz u,u )N (W) (2), u e

/ * %
u GAgm

Similarly we see that there exists a unique solution b»™ (¢, z;u, u'), u,u’ € AZ | to the

SDE
VNt xsu, o)

() 2; EA: / (s, 230, 0") (™ (X (s, 2): o)) 0 ABI(E). (5)

Then we see that

Z a’A’m(t’xa uy u”>b>\’m(t7 x? u”? u) - <u7u/>7 u u E <m7
u”GA’g‘m

(r(w)(@) = Y (2w, )(X () ONr(W)(@), u e AL,

/ *k
u €A§m



and

laf
sup E*"[ sup ] vMm (¢, myu,u)|P] < oo, pel,0), T>0

AeA,zeRN t€[0,7) Oz~

for any multi-index a. Let
d
Ry, = {vousu € A, |[ul| = m — 1} U J{vu;u € A*, [Ju|| = m}.
=0
Then we have the following.
Proposition 5 For any m = 3/,

a)"m(t, z,u,u')

= Z (uyu, u'YB(t, u1)

uleA%m

Y Suun (X)) 2 ug, ), w)(2)

w1 €A% uruE Ry, up€AL,
for any t € [0,00), x € RN, and u,u’ € A*§*m'
Proof. The assertion is obvious from the definition, if ||u|| = m. Note that
™ (t, xyu, )
(u, ' +Z Z S(™(XA(, z); u, up)ad™ (-, s ug, 1), i) (2).
i=0 wEeAz
Therefore, if ||u|| = m — 1, we have
™™ (t, 2z u, )
d

= (u,u) + Z S({vau, uya™™ (-, x5 viu, '), v;) (t)

+ Y S (o (X ()@ ™ (., un, w), vo) (2)

* %k
U1€A§ZO

+ZZ S(SOUjvi%Ul(X(.’x))a)\m( x ul,u) UJ) vl)(t)

i=1 j=0 u1 € A**

((pvouml (X(’ m))a)\7m('7 T, us, ul)v UO)(t)'

+
N

* k.
u1€A§£0

So we have our assertion. Similarly by induction in m — ||u|| we have our assertion.



Corollary 6 For any m = 3/{,
™™ (t, z;u, 1)
= (X (t)u, u')
+ ) Y S Purun (X 2)a™™ (- 2 uz,0), w) (1)

ui EA*uuER], u2€A*§ZO
for any t € [0,00), z € RN, and u, v’ € A¥ . In particular,

a’)\ym(tv T; Vg, U’)

~

= (Xt u)+ Y D SO XX (Jua, v3), wr) (8)

u1 €EA*u1v; ER}, uo GA*geo

P INED SENED DD

u1 €EA* uueRS, u2€A*§ZO uz€A*uzu2€RY, u4€A*§ZO

S(@ilvi,ug (X)\<'7 x))S((p23UQ,U4 (X)\('v x))a)\7m('7 T, Uyg, u)v U3), ul)(t)'
Here X (t) is a solution to SDE (3).

Proposition 7 Let m = 3/,.
(1) For anyu e AZ ,u' € A%, i=0,1,...,d with v’ € AL, if ||vau|| > Lo, then

Wtz u, o) = SOV (- u,u); v;) + (u, v,
and if ||vu|| < Lo, then
Pt @, u, v ) = SO @ u, ) v) () + (u, v

Y D SO u 0u) ey (X (@) 05)(8)

7=0 uy EA*S*m,vjul eRy,

for any t € [0,00), z € RN, and \ € A.
(2) For any u,us € AZ  uy € AT with llua|| 2= Lo, ||ul| < ||uz|| and ||uius|| < m,

Mt uyug) = SO (-, @, u, ug); ug).

Proof. Since we have

we have the assertion (1) from the definition of c?’m.
The assertion (2) is an easy consequence of the first part of the assertion (1).



Let E be a separable real Hilbert space and r € R. Let us denote by W~ (E)
Nsz0pe(1,00) WP(E)). Let Ka(E) denote the set of families {fy}rea of functionals fy :
(0,1] x RN — W~ (E) satisfying the following two conditions.

(1) fa(t,z) is smooth in z and 2= f\(¢,z) is continuous in (t,z) € (0,1] x RN for any
multi-index o.

@  sw o
A€EAt(0,1],zeRN

We denote Ka(R) by Kx.
By checking carefully the estimates discussed in Chapter 6 in Shigekawa [5], we see
that {a™™(t, z;u, w') }rea and {bM™ (¢, z; u, u') }rea belong to Ky for any u,u’ € AL
Then by Corollary 6, we have the following. -

(e}

It x) ||wsemy< 00, for any multi-index o,s € Rand p € (1, 00).
x

Proposition 8 For any u,v’ € AL, {t7™/(a»™(t,z;u,u) — (X (t)u,u'))Yren belong to
Ka. In particular, {t=I=IRIDVO)/2gAm (¢ g0y 4/)}en belong to Ky,

Similarly by Proposition 7 we have the following.
Proposition 9 For any u,u’ € A%, {t=(WI=ulDVO/2prm (¢ goq 0')}ren belong to Ka.

Now let kM™(t,z;u) € H, A € A, (t,z) € [0,00) x RV, u € A¥ | be given by

Then we have the following.
Proposition 10 For any u € Ax_, {t7MI2EA™ (¢ 2;u) }ren belong to Ka(H).
Let MM™(t, x5 u,u), (¢, ) € [0,00) x RN, u,u' € AZ | be given by

MM, 2, u) = t—(\\U\\+\\U’I\)/2(k’\7m(t, z;u), EM(, u'))u

”“”*““")/QZ/ (s, ;3 vi, u)a™™ (s, z; v, 0 ) ds. (6)

Also, let M(m)(t;u,u ), (t,z) € [0,00) x RN, u,u/ € A¥ | be given by

NI (1, o) = =111 /22/ Pyos, 1) (X ()5, ). (7)

We can prove the following from Propositions 8 and 9 by the exactly same method as
in [1] Section 4 .

Proposition 11 (1) For any p € (1, 00),

sup EF[det(MM™(t, z;u, u))uueA** ] < 0.
AEAt(0,1],zeRN

(2) For any p € (1,00),
sup E*[det(M™ (t;u,u')).?

U GA**
te(0,1]

(3) {1 2(M (¢, 25 u, ') — M (; u,u')) Yaen belong to Ky for any u, v’ € Az

| < 0.



Let (M’\’m(t,x;u,u’))u,u/@g be the inverse matrix of (M (¢, x;u, u'))uuwear  and
(]\Zf(m) (t;u, u’))mu/eAgm be the inverse matrix of (M(m) (t,x; u, u/))u,u’eA*é‘m‘

Then we have the following.
Corollary 12 {M (¢, z;u,u')}ren and {M(m)(t;u, u') }aen belong to ICx for any u,u’ €

A% . Moreover, {t~V/2(M ™ (t,z;u,u') — M (t;u,u)) }rea belong to Ky for any u,u’ €
AT
Note that
tA-

XAOTDXAMtx) = (| (X)) (2)ds)imt,...a

,,,,,

= > )N r(w)(z)

ueAz
for (t,z) € [0,00) x RN (c.f.[3]). Let f € C°(RY). Since we have

D(f(XM(t,2))) = 2 (XNE)"df)(2), X ()7 DXA(t, 2)) 1.,

we see that
(D(f(XA(,2))), K™ (t, 50) )1
= > A{XMEydf) (), @M () t MDA (¢ ).
U/GA*S*m
So we have
#7202 (r (w)) (f(XAE, ) (@) = 12 (XA () df ) (), @ (r(w))) 1z,
=Y AP DO ), K ) Q
weAT
and

1722 (r () £ (XA (¢, )
Z MM (4, 2y g, ug)t~ (=D 2pAm (g ey 0y1)

>k %k
Ul"U«ZEASm

xt =2 (D(f (XA, 2)), KN (t, 25 u2)) (9)
Therefore we have the following.

Theorem 13 Let f € C°(RY). Then we have the following.
(1) For anyu € AY , p € (1,00) and r > 0,

sup [V (@A (w) (X2, ) (@)l < o0

te(0,1], eA,zeRN

(2) For any F' € W*™" and u € AY , we have

oIV () (B [FF(X (1)) (@) = (R 750) F) (X (8, 2))]

10



and
EF[FMIPON r(u)) £)(X (¢, 2))] = BH[(RY (¢, 25 u) F) f(XA(t, 2))].

Here
Ry (t, z;u)F
= Z DX (M (¢, @y u, u )t~ W2 EAm (¢ g0/ F)
u’EA*S*m
and
RY(t, z;u)F

= Z D*(M ™ (t, z;uq, ug)t_(”“lu_"”H)/Qb’\’m(t, x;u, ul)t_HW”mk:’\’m(t, z;ug)F).

Ul,uzeA’g‘m
One can easily prove the following.

Proposition 14 If {F\(t,z)}aea belongs to Ky, then {Ry (¢, x;u)(Fx(t, ) }ren and
{RY(t, x;u) (Fx(t, 2)) }aen belong to Ky.

Now Theorem 1 is an easy consequence of Theorem 13 and the above Proposition.

4 Localization

First, we remind the following result ( c.f. Stroock-Varadhan [6] Theorem 2.1.3)

Proposition 15 Let E be a mormed space. Let T,B > 0 3 € (0,1), and p € (2/83, 00).
Suppose that a continuous function ¢ : [0,T] — E satisfies

[ [ A= siley g <

Then we have

83(4B)'/»
B—2/p

Now let zp € RN, g > 0. V) : RN 5 RN, and V2 : RY - RN, A e A, i=0,...,d,
be as in Theorem 2. Also, let X*(¢,z) and X*(t, ) be solutions to Equation (1) and (2
respectively. We may assume that zo = 0, and g5 < 1.

By checking the computation in Shigekawa [5] Section 6, we see that for any n = 1,
k 2 0 and multi-index o € ZJZVO, there is a C' > 0 such that

() — d(s)|le = it —s|%2P, t,se(0,T).

0* 0*
sup E“[||Dk%XA(t,a:) — DF _——

AEADCRN 5 X (8,0) [Horgmmer] = Clt — "
ceNxE

for all t,s € [0,1].
Let YA(T) : Wy — [0,00), T € (0,1] given by

YA(T)

11



B /T /T dt dS/ dx‘XA@?x) — XA<87‘T)’2(N+2) + ‘VxXA(t, l’) — VmX)\<87 x)’2(N+2)
|z|<2

|t _ S|N+2

f/)‘(T) is 7' measurable. Also, we see that for any k = 0 and p € (1,00) thereis a C > 0
such that 3

sup [[YA(T)|lwer < CT?, T € (0,1].

AEA

Thus we see that

sup T 2YAD)||wre < 00 (10)
AEA,T€(0,1]

for any » > 0 and p € (1, 00).

Let us take a p € Cg°(R;R) such that 0 < p < 1, p(2) =1, |2] £ 1, and p(z) = 0,
|z| > 2.

Then we have the following.

Proposition 16 (1) There is a Cy > 0 such that

E*[p(T7YYN(T)), sup | XAt z) — | = CoTY3] =0
z€B(0,2),t€[0,T]

for any A € A, T € (0,1].
(2) For anyr > 1

sup T_T(Z E*1 — p(T~YYNT))]) < oo.
AEAN,TE(0,1] 1

(3) For anyn =21 pe€ (1,00) and r > 1,

sup ZE“HD’“ TYNT)))|ei] /7)< 0.
AEATGOl]

Proof. Let Ex be a normed space such that Ey = C*°(B(0,2); RY) as a set and the
norm || ||g, of Ey is given by

1]l = ( / (17 @) 4 |V @) de) Ve e By
B(0,2)

Then by Sobolev’s iequality, there is a constant C'y > 0 such that

sup |f(z)| = Cnllflley, [ € En.
z€B(0,2)

[ XA(E ) = XA (s, )l
//dt ds( PR J2N+D),

So, applying Proposition 15 for p = 2(N +2), B = T, and 8 = 1/2, we see that if
YMNT) < 2T, then

Note that

sup | XA(t, ) — X(s,2)] S COwl| XAt ) — X, )|y

z€B(0,2)

12



< 40N (8T)'7

= W’t - S‘ﬁiwp? t7 s, € [O7T]a

which implies

sup ‘X)‘(t,l‘) . 1,‘ < 4CN8(2N + 4) T(N+1)/(2N+4)
2€B(0,2),1€[0,T] N

Since (N +1)/(2N +4) = 1/3, we have the assetion (1).
Note that

EM[L— p(T~'YNT)] £ p(T-'TNT)) 2 1) < T BT

This and Equation (10) imply the assertion (2).
Since we have

D(p(T~'YNT))) = Tp/(T~'YNT)))D(T*YN(T))),
we see that

E*[IID(p(TYNT)[3)7 < (sup o' (DT YNT) > DYP YT o

So we have the assetion (3) for n = 1. Similarly, we have the assertion (3) for n = 2 also.
|

Proposition 17 Suppose that U; € W~ j = 1,...,m, and assume that |U;| = 1
w—a.s. j=1,...,m. Then for anyn =1

n

D" ([T UNlen < Z [ DU, || e )™
j=1 j=1

Proof. Note that
1D (T U)men
j=1

3

n!
DD D D e i § B[S P
k=1 1501 <-<igSm ly,..0, 21,01 +L=n JFU . ln
< W(Z||D£1Ui||H®‘1>"'(Z||D£kUi||H®ék)
k=1 01, 021,00 eel=n R it i=1
= W((Z |1 DT | groe ) + -+ (O 1D Ui | oe )"/*).
k=1 01, fp 21 0 elp=n + R =1 i=1
This implies our assertion. 1

Let 07 : Wy — Wy, T' 2 0, be given by

Or(w)(t) =w(T +t) —w(T), w e Wy.
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Then po 07! = p.
Let T, = > 0,8 % =8""/7,n 20, and let Z, , € W™, 00—, n>m 2 1, by

n

2} = [ o8V (87 01,.,w)).

k=m

Note that p(8*Y (87 O, w)) is T and so Zp i ]—"%1:’11.

Tk11

Proposition 18 (1) Let Cy > 0 be as in Proposition 16 and my be an integer such that
Co2 ™0 < gy/2. Then for any n > m = my,

EMZ) sup | XA (t, z; 05,w) — x| = €0/2] = 0.

n,m)

z€B(0,1),t€[0,Trm—Tx]
(2) For anyr >0 and p € (1,00) we see that

sup HZ’\

n,mHVVm0 <0
AEAN>mM21

Proof. Note that
X)\(t + 8, T; 0Tn+1w) = X)\(ta X)\<87 £y 0Tn+1w)); HTn—i-sw)'

Thereofore we have

sup | XA (t, ; 07, w) —
z€B(0,1),t€[0,T7 —T5]
= sup | X (¢, ; 0m,w) — x
2€B(0,1),t€[0,Tyn+1—Th]
+ sup |X)\<t7X>\(Tm+1 - Tn;x; Han>>;6Tm+1w) - X)\(Tm—i-l - anx;ean))"
z€B(0,1),t€[0,8—™]
and so if n > m = myg
{ sup | XA (t, z; 05,w) — x| > Co27 ™}
2€B(0,1),t€[0, Ty —Th]
C { sup | XA (t, z; 07,w) — x| > Cp27™}
‘TEB(Oal)vtE[OaTerl_Tn]

U{ sup | XMt 30, ,w) — x| > Co2™™}.

z€B(0,2),t€[0,8™]

. Therefore we see that

EM[Z) sup | XA (t, z; 0p,w) — x| > Co27™ ]
" 2€B(0,1),t€[0, T —Th)

< Z Er[Z) sup | XMt 250, w) — x| > Co27%] = 0.
Pl " 2eB(0,2),t€[0,8%]

This implies the assertion (1).
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By Propositions 16 (3) we see that

ZiugE" [11D*p(8*Y (87%; Or,,,w))[Ifpes] < o0
(S

for any £ 2 1 and p € (1,00). Since 0 = p < 1, we see by Propositions 17 that

14

s BIDZ e < o0
k=1 Mm=

forany £ > 1 and p € (1 ). Since |Z), | < 1, we have the assertion (2). 1
Let Z) = lim,, ,o, Z), for A € A and m = 1.
Then we have the followmg

Proposition 19 (1) Let Cy > 0 be as in Proposition 16 and mg be an integer such that
Co2 ™0 < gy/2. Then for any m = my,

BMZ),  sup  |XMtx)— x| 2 20/2) =0.
z€B(0,1),t€[0,T,]

(2) Z) € W=~ for any A € A and m 2 1, and moreover we see that for any r > 0 and
p € (1,00)
sup ||Z¢)\nHWTvP < Q.
AEA,M21
Now let

gr(@; f,A) = E*[(1 = p(8* Y (875 w)) f(XMNt — T @), 2z €RY, k= mo
for any f € C°(RY).

Then we see that

lgu(z; £, 0] < E*[(1— p(8* Y (87" w))*)"/2 sup |f(x)]. (11)

zcRN

By Proposition 16 (2) we see that that

sup 8 EF[(1 — p(8" Y (87F; w))H? < oo (12)

k=0, AeA

for any v > 0.
For each t € (0,1], let m = m(t) be a minimum integer m such that m = my and
T, < t. Then we see that T,,, = T,,, A (t/8). Note that for any ¢ € C§°(B(0,))

(P f) (@) = o(2) B*[f(X(t,2))]

= p(@)E*[Zy f(XM )] + Y w(@) BZR(L — p(8* Y (87%; 0p,w))) f(XA(¢,2)].
= (@) B [Zp (XMt + Y o(@) B Zgk(XN Tk, 2); £, )
k=m+1
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Then by Theorem 13 and Proposition 19 we see that for any uy, us, ..., u, € A* there is
a constant C' > 0 independent of A € A or t € (0, 1] such that

sup [(23(r(w) ... (un))p P f)(2)]

zcRN

< Ot [lurug...un||/2 sup |f |+ Z CT [luruz...unl|/2 sup |gk($ f, )\>|

zeRN k—m-+1 zeRN

Then Equations (11) and (12) imply the first part of Theorem 2.
Let Zfl"m e W>® 00—, n>m=1, by

ZAAm = H p(8ky(8_k7 0T7L_Tk+1w))7

k=m

and let Z) = lim,_,o0 ZALW m = 1. For each t € (0,1}, let m = m(t) be a minimum

integer m such that m = mg and T,,, < t. Then we have
(P f)(z) = E*[f(XA(t,z))]
= B Z)(0p-r,,w) f(XN(t, )]

£ @) B Brnw) (L — p(8 T (8 Oy w) (X (1, 2))]

k=m-+1

So we have the last assertion similarly.
This completes the proof of Theorem 2.
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