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SECOND COHOMOLOGY CLASSES OF THE GROUP OF
C!-FLAT DIFFEOMORPHISMS OF THE LINE

TOMOHIKO ISHIDA

ABSTRACT. We study the cohomology of the group consisting of all C'*°-
diffeomorphisms of the line, which are C'-flat to the identity at the origin.
We construct non-trivial two second real cohomology classes and uncountably

many second integral homology classes of this group.

1. NOTATIONS AND MAIN RESULTS

We denote by a; the Lie algebra of all formal vector fields on R with the Krull
topology. For k > 0, we denote by a} the Lie subalgebra of a; consisting of for-
mal vector fields which are C*-flat at the origin. Let Diffg°(R) be the group of
orientation-preserving C'*°-diffeomorphisms of R which fix the origin. Let G(1) be
the group of germs of local C'*°-diffeomorphisms at the origin of R. Let G*°(1) be
the group of oco-jets of local C*°-diffeomorphisms at the origin of R. For k > 1, we
denote by Diff;”(R), G (1) and G3°(1) the subgroup of Diff;°(R), G(1) and G*(1)
respectively, consisting of elements which are C*-flat to the identity at the origin.
The groups G*°(1) and G3°(1) can be considered as infinite-dimensional Lie groups,
whose Lie algebras are af and af, respectively.

We define the Gel’fand-Fuks cohomology of ai in §2. It is known to be 2-
dimensional for each degree([2], [6]). Moreover, Millionschikov proved its generators
in degree greater than 1 can be described by the Massey products([4]). We carried
out the calculation of the Massey products on Diff{°(R), and we give two 2-cocycles
of Diff ?°(R) in §3. For [ > k and i > 2, let oy and o be the 1-cochains of Diff;°(R)
defined by

1
ou(f) = S 7(0) for [ € Difff*(R),
and
a(f) = en(f)i for f € DIff*(R),

respectively. Then the following proposition holds.
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Proposition 1.1. The following v2 and 73 are 2-cocycles of the group Diff7°(R).

V2 =—as_ P — Bi_ds

3 1 3
(§a4 — 3asaz +3a3)_(az — §a§) - 50{2\,(&3 - §a§)2,

Vi = —ao By — 1 Br — Bs_PB1 — Bs_ds3

E 1, 3,
= —ap_(—agzas — —aj — —asa
SR T R T R
1 4 1 3
+ 5020304 — §a§ + 5&%@% - zagag + gag)
1 1 1
+ (§a4 — 3agas + 3a§)v(ﬁa5 — g0y — gag +4adas — 3a3)
1 3 15 1
+ (5045 — 50204 — a3 +6asaz — ?aé)v(—ioq + 303 — 3a3)
1 3 1 3 9
+ (%Oﬁﬁ — EO[QCV{, — §a3a4 + §a§a4 + 2a2a§ — 5a3a3 + Zag)
3
(as — ioz%).

Our main theorem is the following.

Theorem 1.2. Let 72 : Hy(Diff°(R); Z) — R? be the homomorphism defined by

)

V(&) = (V2 ()73 (9)).

Then 2 is surjective.

The author is extremely grateful to Professor Takashi Tsuboi for many helpful
advices. He suggested that commutators would be useful to construct 2-cycles of
groups. The author also would like to thank Professor Shigeyuki Morita for his
teachings. The construction of the above cocycles was done under his supervision

when the author was in the master course.

2. FIRST coHOMOLOGY OF Diff;°(R)

In this section, we review a result of Fukui([1]) and compute generators of
HY(Diffi° (R); R).

Definition 2.1. For a topological Lie algebra g, we denote by Af(g) the differ-
ential graded algebra of all continuous alternating forms on g. The Gel’fand-Fuks
cohomology of g is defined to be the cohomology of the complex (A& (g),d). Here,
d is the ordinary differential mapping of cochain complexes of Lie algebras. We
denote the Gel’fand-Fuks cohomology of g by H r(g).

In the case g = af, the complex Ag(a’f) is an exterior algebra generated by
A §k+2)  where §()’s are the 1-forms on a¥ defined by

50 () = (-0 for f) € Rl
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Since it is easily seen that d6() = 0 if and only if k41 < 1 < 2k + 1, we obtain the

following proposition.
Proposition 2.2. For k> 1,

Hgp(af) 2 RETL
Moreover, 61 §(k+2) " §Ck+1) generate HY p(ak).

In particular, H} - (a}) is generated by 6" and 48"
On the other hand, Fukui proved a proposition about the homology of groups
corresponding to a¥.

Theorem 2.3 (Fukui[l]). For k > 1,
H, (Diff° (R); Z) = RF1,
Theorem 2.3 is obtained from the fact that the group homomorphism
Uy, : Diff °(R) — RFF!

defined by

1

L A U

(k +2)!

f(k+2) (0), B 1 'f(2k+1) (0))

T (2k+1)
induces an isomorphism in the first homology. Here, RF+1 means the group which
is R¥*1 as a set, where the addition is defined by
(al,ag, ey ak+1) —+ (bl, bg, ey bk+1)
= (a1 +b1,a0 + bo, ..., ar + by, Ag4+1 + bk+1 =+ (k + 1)a1b1).

Since Wy is a group homomorphism, ak41, g2, ..., aog are 1-cocycles. Moreover,

if we denote the cochain Gsgx11 by

- 1/2k+1\ 4
Q2k+1 = O2k+1 — 5 k Apy 1y

then it is also a 1-cocycle. Hence the following proposition is obtained.

Proposition 2.4. aji1,Q49,...,00, and dopr1 generate H'(Diff°(R);R) =
RE+1,
: 1 (s dee} ~ 2 ; ~ 3 2
In particular, H'(Diff7°(1); R) = R# is generated by as and a3 = as — 302

Remark 2.5. The same argument can be applied to the groups Gi(1) and G§°(1)
instead of Diff°(R). Hence Theorem 2.3 and Proposition 2.4 hold for G;(1) and
G?°(1) by regarding «;’s as the 1-cochains of G;(1) and G$°(1), respectively.
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3. CONSTRUCTION OF THE 2-COCYCLES OF Diff{°(R)

In this section, we recall the definition of the Massey products following [3], and
construct the 2-cocycles 73 of the group Diff{°(R).

Definition 3.1 ([3]). Let A = (A", d) be a differential graded algebra. For u; €
J
HPi(A), we set a; a cocycle representive of u;. We define p(i, j) to be Z(pr - 1.

r=t

A collection of cochains A = (a(i,5)) for 1 < i < j < k and (¢,5) # (1,k) is a
defining system of {a1,...,ar} if

(i) a(i,i) = a; € AP1,

(i) a(i, j) € APGITL

and -
i
(iii) da(i, §) =Y (=1)*8*Ca(i, r)a(r + 1, ).

Definition 3.2 ([3]). When a defining system A of {a1,...,ar} exists, we define
c(A) € AP(LRF2 By setting

S

c(A) = Y (—1)deg“(i’r)a(1,r)a(r +1,k).

r=1

Then ¢(A) is a cocycle and the set
{a cohomology class of ¢(A); A is a defining system of {ay,...,ar}}

depends only on the cohomology classes uq,...,ur. We call the elements of ¢(A)
the Massey products of {uy,...,ux}.

By Goncharova’s theorem([2], [6]), which gives dim HZ .(a}) for any p,k > 1, we
know

H? . (a7) 2 R?  for any p.
Furthermore, the following theorem is known.

Theorem 3.3 (Millionschikov([4]). For any p > 2, there exist generators g*, g% €
H? . (a}) of HE - (al) 2 R?, which are described by the Massey products. In partic-
ular, both the triple Massey product of {6",8",6"'} and the 5-fold Massey product
{6”,6",8",8",6"} determine non-trivial cohomology classes in HZ -(a}), which are
linearly independent.
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In fact, the defining systems of {6”,",§"”} and {§”,6",6",6"”,8"} can be writ-
ten as

5" _%5@) _%5@) _%5@ .
1 1
5" _%5@1) . T L
1 1
" and 5" —sm 75(5) R

o o

5" _ 54

25

5

respectively.

Proof of Theorem 1.1. For Diff°(R) we checked that the defining systems of both

of {az,as,as} and {aq, &3, as, as, &3} also exist. In fact, they can be written as

az B1 Bs Bs ¥
ay By * as B3 Bs Bo
a3 (B2 | and as By Br |
Qas as B
ag
respectively. Here,
1 1.
B = 50 + 3azas — 3a3, B2 = 50437
1 3 1
B3 = 504~ 2a003 + 50437 Ba= 303
1 3 2 2 4
Ps = —zas + gazaq + af — Bazas + —Fay,
1 1 3
ﬁG = TOOés - 5062@4 - gag + 5043043 - 10/21,
1 1
/87 = Eo% — 0y — g&% —+ 4@%0[3 — 3@37
1 3 1 3 5 9 3 9
= — — —_ — — = — 2 —_ —
s 30a6 + 10042045 + 2a3a4 2a2a4 s + basa 4a2,
1 1 3 1 4 1 3 3
Bo = 1—0a3a5 — goﬁ — %ago% + §a2a3a4 — §a§ + 504%0[% — Zagag + gag.

Following to the definition of the Massey products, we obtain Proposition 1.1 [

4. PROOF OF THE MAIN THEOREM

In this section, we prove the non-triviality of 43 by constructing uncountably
many 2-cycles & € Z[Diff{°(R)?] such that 2 (&) # 0 and 72 (¢&5) # 0 and this
proves Theorem 1.2. To construct fQi, we use the following lemma.

Lemma 4.1. For any k,l > 1(k # 1) and any f € Diffy°(R), there exist g €
Diffi°(R) and h € Diff{°(R) such that f = [g,h]. Here, [g,h] means ghg=th~1.
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Moreover, for any k,1 > 1(k # 1) it is true that [Diff;° (R), Diff* (R)] = Diff % (R).
In the case k = [, Fukui proved that [Diff;”(R), Diff°(R)] = Diff5; , , (R) for k > 1
in [1].

Proof. We may assume that k > [ and the oco-jet of f is written as

If we take h € Diff;°(R) so that h can be described as
h(z) = z 4+ 2!t
in a some neighborhood of 0, then the co-jet of fh at 0 is written as
fhz) =z + 27 4 a2 4

Here, we apply the following proposition of the normal forms of diffeomorphisms of
(R,0).

Theorem 4.2 (Takens[5]). For any k > 1 and ¢ € Diffi°(R), there exists ¢ €
Diff°(R) such that

oot (2) = 2 + 02! + ax?
in a some neighborhood of 0 for some § = £1 and a € R. Here 6 and o are uniquely
determined by the (2k + 1)-jet of .

Because of the uniqueness of § and «, there exists ¢ such that ¢! fhp = h in
some neighborhood U of 0. By Takens’ construction of ¢ in Proposition 4.2, it
is seen that one can choose ¢ to be C*-flat to the identity at 0. We denote the
composition ¢! fhy by ®. If we take h so that both of h and ® have no fixed
points except for 0, then ® is conjugate to h. In the case k is even and x < 0, there
exists an integer n, > 0 such that (®=1)"(x) € U for any n > n, and we define
@(z) = (h~1)me®dm= (z). Otherwise, for any z there exists an integer n, > 0 such
that ®"(z) € U for any n > n, and we define $(z) = ®"=(h=1)" (z). Then ¢~ 1®p
coincides with h. If we set g = @@, then g is contained in Diff°(R) and Lemma
4.1 is proved. (I

Proof of Theorem 1.2. If f, g € Diff°(R) and the oo-jet of them are written as

f(x)zm—l—Zanx”, g(x)zx—l—anx",
n=2 n=2

then

Y2 (f,9) = 36(b3 — b2)(2a4 — 6agas + 4a3 — asbs + azb?).
Thus if f; € Diff°(R) for i = 1,2,3,4, then 72 (fa, f3) = v (f1, fa) = v (f1, /1) =
0. On the other hand, if both of the coefficient of xz* in the jet of f; and the
coefficient of 23 in the jet of fo are non-zero, then v2(f3, fo) # 0. Therefore, we
assume f3 € Diff5°(R) \ Diff°(R) and f, € Diff5°(R) \ Diff°(R). By Lemma 4.1,
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we can choose f; € Diff7°(R) and fy € Diff ;°(R) such that [fs, f3] = [f1, f4]. If we
set
&y = (f3, f2) — (fa, f3) + ([f2, f3], f3f2)
— (fa, f1) + (f1. f1) — ([f1, fa], fafr) € Z[DifF°(R)?],

then &, is a cycle and

_ _ 1
(&) =72 (f3. f2) = §a4(f3)043(f2) # 0.
Therefore, the non-triviality of 2 is proved.
The non-triviality of v can be proved similarly. Let g5 € Diff§°(R) \ Diff7°(R)
and g4 € Diff;°(R) \ Diffg°(R). If we choose g1 € Diff{°(R) and g¢ € Diffg°(R) such
that [g3, 4] = [g1, g6] and set

&5 = (94, 93) — (93, 94) + ([g3, 94, 9a93)
—(96,91) + (91, 96) — ([91, 6], g6 91) € Z[Diﬁcfo(R)zL

then & is a cycle and

2 (6F) = 47 (90, 93) — (93, 90)) = — —as(ga)ua(gs) £ 0.

207
Consequently, v2 are non-trivial cohomology classes in H?(Diff{°(R); R). Further-
more, clearly v2 (¢5) = 0 and 72 (¢;) can take any real value by changing fs or f3.
Similarly, fyf_ (5;’ ) also can take any value. This concludes the proof of Theorem

1.2. O
Moreover, the following corollary holds.

Corollary 4.3. There exist uncountably many isomorphism classes of flat R-bundles

on genus 2 surface Yo, such that the image of their holonomy homomophisms
71 (X2) — Diff **(R)
are contained in Diff °(R).

Remark 4.4. The same discussion in §3, and §4 can be applied to the group G (1)
and G5°(1) instead of Diff{°(R). Therefore, we can regard 73 as the 2-cochains of
Gi1(1) and G$°(1), and Theorem 1.2 also holds for G;(1) and G5°(1), respectively.

On the other hand, for any group G and commuting f, g € G, the chain (f, g) —
(g, f) is the simplest 2-cycle of G. However, if we regard 43 as the 2-cocycles of
G5°(1), then it is seen that v3 ((f, g) — (g, f)) = 0 for any commuting f,g € G$°(1).
Hence the following is true.

Proposition 4.5. For any group homomorphism p : 71 (T?) — G°(1),

p*yi =0.
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