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Abstract

Scattering theory between the fractional power Hy = k= (—A)*/2 (k > 1) of neg-
ative Laplacian and the Hamiltonian H = Hg + V perturbed by short- and long-
range potentials considered in [10] is revisited and a new proof of the existence
and asymptotic completeness of wave operators is given with utilizing the smooth
operator technique.
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1 Introduction
We consider a free Hamiltonian defined in a Hilbert space H = L*(R"™)
Ho = kY (—A)¥2,
and a perturbation
H=Hy+V (1.1)

of Hy by a simple two-body potential V. Here kK > 1,
A= —
Z ox?’
j=1
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and V is decomposed into a sum V = Vg(z) + Vp(x) of two real-valued measurable
functions Vg(z) and Vi (z) on R” which satisfy the following conditions.
Assumption 1.1 There exists a constant 0 < ¢ < 1 such that

() Vs (2)(1 + Ho) ™| < oo, (1.2)

where || - || denotes the operator norm and (z) = /1 + |z|2.

Assumption 1.2 Let § € (0,1) be the same constant as in Assumption 1.1. For all
multi-indices « there exists a constant C\, > 0 such that for all x € R"

05V ()] < Cala) ™2, (1.3)
where 0% = (0/0x1)* ...(0/0z,)* for a mult-index o = (g, ..., ay).
Under these assumptions, V' is relatively bounded with respect to Hy with Hy-bound

< 1. Thus H defines a selfadjoint operator with domain D(H) = D(H,) = H*(R"), the
Sobolev space of order k. Therefore the solution of the Schrodinger equation

10
S () + Hu(t) = 0, u(0) = f(€ D(H))
is given by a unitary group e~ (¢t € R) as follows.

u(t) = e "M f.

Similarly for the free Hamiltonian Hy, the solution ug(t) of the corresponding Schrédinger
equation with initial condition u(0) = g is given by

up(t) = e oy,

We remark that the operator Hj is written as a pseudodifferential operator with symbol
Hy (&) = k71€]" (k > 1). Namely for f € D(H,)

Hof(x) = (2m) "/ / e € (€)de

R

—em [ e gy

with f = Ff denoting the Fourier transform of f. We will use a convention dg = (2m) "dE.
Then this expression is written as follows.

of@) = [ e e p 0y



The problem of simple scattering theory is whether the both of the limits

Wig = Jim et Jemittog (g € H) (1.4)
Wif = Jim et j=le=tH ¢ (f € H,) (1.5)

exist, if one constructs the identification operator J suitably. This problem is called the
problem of the existence and asymptotic completeness of wave operators. Here we used
the notation H,. to denote the spectrally continuous subspace of H. The asymptotic
completeness means the existence of the limits W g (g € H,), and this is equivalent to
the equality

R(Wi) = H.. (1.6)

From the definition above of Wi, we see that if the wave operators Wi exist, the
following holds.
e E = JEeis e (vs € R).

Taking Laplace transform of both sides, we easily see that for any Borel set B
En(B)Wi* = Wi Ey(B),

where En(B) and Ey(B) are the spectral measures for H and Hj respectively. From this
follows that
R(WiE) C He.

Therefore to prove the asymptotic completeness it suffices to prove the converse inclusion
H. C R(W). (1.7)

The case — is treated similarly to the case +, so that we consider the + case only in the
following.

Assume for a moment that the existence of the wave operator W;" has been proved,
and suppose that for a given f € H,, there is a sequence t;, — oo (as k — oo) such that
the limit

Wy f = lim e+t j=Le=itnt £ (1.8)

k—o0

exists. Then we have

f: lim ethk Je—ztkHoeztkHQJ—le—ztka
k—o0

=Wiwy'f
eR(WY),

and the proof of (1.7) is complete.
The existence of wave operator

Witg = lim et Je~itHog (g € H)

(e.o]



is shown similarly to that of the existence of the limit (1.8). Thus the concern of scattering
theory is to see how the existence of the limit (1.8) is shown, and several proofs are known

for both short-range and long-range perturbations with respect to Hy = —A. In the
present paper we will give another simpler proof including the case Hy = = '(—A)%/?
(k > 1).

For illustrating the purpose of giving a new proof in spite of the well-established state
of the present scattering theory, we will review some history of scattering theory. The
proof of the asymptotic completeness had been treated by stationary method in the early
age of the scattering theory. (E.g., [1], [5], [6], [11], [12], [15] for the short-range case.
For other earlier results on trace class perturbations, etc., see e.g., [4] and references
therein.) Around almost the same time Lax-Phillips [13] developed an abstract time-
dependent scattering theory as well as gave concrete applications of the abstract theory
to the acoustic wave equations. A little bit later Enss [2] gave a time-dependent method
for treating the Schrodinger scattering theory. The similarity between the Lax-Phillips
theory and Enss method was later noticed in [9]. In both approaches what is essential is
the micro-local decomposition of the identity as defined in section 2 of [10]. Then it is
shown that the incoming part vanishes as time goes to 400 by Ruelle [14] argument. The
remaining outgoing part is treated by analyzing the propagation properties of the free
unperturbed evolution. The proof has been simplified considerably in the Lax-Phillips-
Enss method compared to the former proof by the stationary approach. There had been
known however another time-dependent method developed by T. Kato [3] (1966) called
smooth operator technique. A sufficient condition for the existence and the asymptotic
completeness to hold is given in Theorem 3.9 of [3] in a time-dependent form. This
condition was later extended and utilized by Sigal-Soffer [16] in proving the asymptotic
completeness of channel wave operators for N-body scattering problem with short-range
pair potentials. Their improvement is found in Lemma 3.4 of [16]. The point of their
argument is as follows with some simplification for the sake of illustration restricting the
case to the short-range simple two-body perturbations. Suppose that a bounded operator
I defined on 'H satisfies as a sesquibilinear form

i[H,F) =i(HF — FH) = F? + M (t) on H, x H, (1.9)
for some selfadjoint operator F; and bounded operator M;(t) continuous in ¢ with respect
to operator norm such that ||M;(¢)|| € L*(R). Then one has for 7 > ¢ and f € H.

d

|(e7H PeiTH f _ ¢irH pe=ioH f f)] = / g (¢ Fe S fdt

— / T(e”Hi[H, Fle ™ f f)dt‘

> / (¢ F2e M £, f)dt| — / |0, 1) e 2

As the left hand side is bounded by a constant times || f||* uniformly with respect to ¢,
one has the convergence of the following integral for f € H,

/ |Fe= f\Pde < M| I (1.10)
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for some constant M; > 0 independent of 7 > o. If one can make a similar assumption
with respect to the unperturbed operator H, and has

i[Ho, F] = Fy + My(t) on H x H (1.11)

for a selfadjoint operator F and some bounded norm continuous operator My(t) such
that | My(t)|| € L*(R), one then obtains an estimate similar to the above for g € H

[ e og i < 33 (112
for some constant My > 0 independent of 7 > . Assume now that one has a factorization
i(HF — FHy) = F{ Fo + M(t)* (1.13)
with || M (¢)|| € L*(R). Then one gets for f € H. and g € H
(eiTHQF*efi‘er . eicngF*efiaHf’ g)
= / (Fre ™M f Fye ™o g)dt + / (M(t)f, g)dt. (1.14)
Applying (1.10) and (1.12) to the right hand side one obtains

’(eiTHOF*efiTHf o eiaHOF*efiaHf’ g)’

T . % T
< Mo (/ IIFle‘”HfIIth) gl +/ 1M @)l £l gl (1.15)
which proves the existence of the limit
lim etHo pre—ith f (1.16)

for f € H.. If one can show the existence of a sequence t;, — oo (k — 00) for each f € H,
such that 4 '
He’”’“Hf — F*e”tkaH — 0 (as k — o00),

one has the existence of the limit

klggo eitkHOe*itka (1.17>
for f € H,. and the proof of asymptotic completeness is complete.

We will do this in a more refined manner to include the long-rang potentials so that
one needs to modify the definition of wave operators and introduce time-independent
modifier J following [10]. In the next section 2 we will prepare the known fact about
scattering state, i.e. about the vector in H which belongs to the continuous spectral
subspace H,. of H. In section 3 we will state the definition of time-independent modifier
or identification operator J following [10]. In the final section 4 we will give a refinement
of the above argument adapted to the long-range case with introducing a time-dependent
factor J*P°(t) instead of the factor F* above and will conclude the description of a new
proof.



2 Scattering state

We denote by Ey(B) the spectral measure for H, and use the notation H.(a,b) =
Ey([a,b))H C H.. Under Assumptions 1.1 and 1.2, it is known that the closed linear
hull of the set (Jy.,<p<oo Hela,b) equals H.. Also it is known that the following holds.

Lemma 2.1 For any f € H.(a,b) = Eg([a,b))H (0 < a < b < 00) with (z)*f € H =
L*(R"), there exists a sequence t;, — 00 as k — +oo such that for any ¢ € C(R) and
R>0

X (wern|fej<rre” 7 f|| — 0,

[(e(H) = ¢(Ho))e™™ " f|| — 0,
H (% . ’Dx’n—QDl) e—itka ‘ -0 (23)

as k — +oo, where D = D, = —i0, and xp denotes the characteristic function of a set
B.

Proof of the lemma is found in section 5 of [10], and we omit it here. We remark that
when H = Hy Lemma 2.1 holds with the sequence t;, — oo replaced by t — oo for any
f € H=L*R") with (z)2f € H.

Let a function p(A\) € C*°(R) satisfy the following.

0<p(N) <1,

1 (A<-1)
p(A) = { 0 (A>0)
p'(A) <0,

Define for A\€e R, R, > 0,0 >0

¢s(A < R) = p((A = R)/9),
¢s(A > R) =1—¢s(A < R),
O\ < 0) = po(\ < 20)

and choose x(A) € C*(R) with 0 < x(A) < 1 such that
_J 1 (Aelab]),
X = { 0 (A<a/2or >2b).
We now set
P (x/t,€) = o(|z/t = VeHo(€)[* < 8)x(Ho(€))*. (2.4)

We let P?(t) be the pseudodifferential operator with symbol p°(z/t, €).
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For f € H.(a,b) satisfying (z)2f € H, there is a sequence t; — oo (k — 00)
which satisfies the conditions of Lemma 2.1. In particular from the relation ¢(0 <
J) =1, VSHO(S) = |€]772¢, (2.2), and (2.3) of Lemma 2.1, we have limy_ (e 5 f —
x(Hp)e ®H f) = 0 and

le™™ 1 f — PO(ti)e™™ fIl = 0 (k — o0) (2.5)

for f = Ex([a,b])f € He(a,b) with (x)2f € H. As J has a bounded inverse J ! as we
will remark at the end of section 3, the operators €0 J=1Po(t)e~" form a uniformly
bounded family with respect to t € R. Therefore to prove the existence of the limit (1.8)
for f € H., it suffices to show the existence of the following limit

lim etfo J=1 POt )e Rt f (2.6)

k—o0

for f € H.(a,b) with (z)*f € H.

3 Identification operator J

The identification operator J in (1.4) and (1.5) is a bounded operator from H = L*(R")
into itself and is defined as follows as in section 4 of [10].

J(x) = (2m)" / / 0 £(y) dyde
— (2m) 2 / ¢ f(£)de. (3.1)

Here the phase function ¢(x, &) is constructed as a solution of an eikonal equation for the
Hamiltonian (1.1) and satisfies the following theorem (Theorem 4.4 of [10]).

Theorem 3.1 Let dy > d; > 0 and —1 < 0_ < 0. < 1 be fired. Then there is R =
Ray dy.0r > 1 and a real-valued C* function ¢(z,&) of (x,€) € R*™ such that the following
holds:

i) Fordy > |&| > dy, |z| > R and cos(z,§) > oy or cos(x,§) < o_

K Vao(x, )| + Vi () = kH€)" (3.2)

ii) For any multi-indices a, B there is a constant Cup > 0 such that for dy > |£| > dy
and r € R”

0208 (p(,€) — 2+ )] < Caplar)' 7N, (3.3)
In particular for |a| # 0, we have for 8,01 > 0 with §o+ 61 = 4§

10200 (p(2,6) — 3+ €)| < CapR™ ()71l ()1, (3.4)



iii) Set for f €S

Tf(x) = (HJ — JHy) f(x). (3.5)
Then we have
Tf(a) = [ [ 500 ala, )+ Vila) S (). (3.6)
Here
a(,€) = K |Vaiple, ) + V() — e + (s, €), (37)
where

1 ~ ~
r(z,€) = —i / / ey, ( /0 IVa(@,&,y) + 00" >(Vap(z, £ y) + 9n)d9) dydn,
(3.8)

and )
¥ oo(a,6,y) = / Vaply +0(z — y), £)d6.

The symbol a(x,§) satisfies for dy > |&] > dy, |x| > R and any «,

g)~1-0-lel(g)1-xr cos(x ~l,0_|U[o
T (e R A b Dol s A Y

We remark that the factor (€)'~* in the bounds above is effective just in each region
d; < €| < dy and the constant C,3 depends on d; and ds.
As stated above, J is defined for f € S

If@) = [ [ =09 f(g) g

Since the regions dy > |£] > d; of definition for the phase function ¢(x, &) are enlarged if
we wait enough until late or early time ¢ near +00 or —oo, they in total cover the whole
region R” x (R™\ {0}). Thus J is regarded to have been defined on the whole Hilbert
space H = L?(R"). When it is thought to be constructed in such a way, this J is known
(Theorem 3.3 in [7]) to have a bounded inverse J~!. Thus we can define W;(t) and W (¢)
as follows:

Wl (t) — 6itHje—itHo7 Wg(t) — eitHOJ—le—itH'

From ii) of Theorem 3.1 and the factor x(Hy)? in P°(t), we have that the operator
(J=1 — J*)P°(t) is compact. From (2.1) of Lemma 2.1, we have w-limy,_, 1, e " f = 0.
Thus to prove the existence of the limit (2.6) it suffices to prove the existence of the limit.

lim e o J*Po(t)e ™ H f (f € He(a,b) with (z)?f € H). (3.10)

k—oo



4 A proof of the asymptotic completeness

To prove the asymptotic completeness we have seen that it is sufficient to prove the
existence of the limit (3.10) for f € H.(a,b) with (z)?f € H where 0 < a < b < co are
fixed. We will prove a little bit strongly that the limit

lim /o J* PO(t)e 1 f (4.1)

t—o0

exists, owing to the introduction of the factor P?(t) in (2.6).
As we will fix § > 0 sufficiently small below, we will write P°(¢) just as P(t). The
necessary and sufficient condition for the limit (4.1) to exist is that when 7 > 0 — oo

[T 7 P(r)e ™ [ — ei7Ho J* P(g)e M f|| — 0. (4.2)

The norm is equal to the following by the fundamental theorem of calculus.

%(eiﬂ% J*P(t)e " f) = e { —iT*P(t) + iJ* (Vs P(t) — P(t)Vs)
+iJ* Vi, P(t)] + J*(i[Ho, P(t)] + 8, P(t)) e ™ f. (4.4)

/ ' %(e“HO J*P(t)e " f)dtH : (4.3)

The integrand is equal to

The term —iT*P(t) + iJ*(VsP(t) — P(t)Vs) + iJ*[VL, P(t)] on the right hand side is
a compact operator and decays in the order O(t~'7%) with respect to t as t — oo by
Theorem 3.1, iii) and the assumptions on Vg and V7, and hence is integrable with respect
tot>1.

The remaining term i[Hy, P(t)] + 9, P(t) is treated by the following lemma’.

Lemma 4.1 Let P%(t) (t > 1) be the pseudodifferential operator with symbol p°(z/t, &)
defined by (2.4). Then there are operator valued functions S(¢) and R(t) (t > 1) contin-
uous in uniform operator topology such that the following holds.

i[Ho, PP(1)] + 0,P°(t) = %S(t) +R(). (4.5)

Here S(t) is a nonnegative selfadjoint operator and R(t) satisfies the following estimate
for some constant C' > 0 independent of ¢t > 1.

St) >0, [R@)| <Ot (4.6)

Proof 1t suffices to show the lemma for § = 1. L.e. we assume that the symbol p(x/t, &)
of P?(t) is of the following form.

pla/t,€) = ¢z /t = VeHy(€)|* < 1)x(Ho(€))* =: pe(,€). (4.7)

!The following lemma is an extension of Lemma 4.2 in [8].
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We note that the symbol p,(z, £) satisfies for any multi-index «, (3

sup 050¢ py(w, )| < Copt ™, (4.8)

z,£ER™

where constant C,3 > 0 is independent of ¢ > 1. By a direct computation we have the
following.

(i[Ho, p«(X, D)] + 0ipe(X, D)) f ()
= (277-)7”/2 / 6%'5 {V&H()(f) : vmpt(xv 5) + atpt(x7 g) + ’f’t(JZ, €>} f(g)dgv (49>

where r,(z, ) satisfies
10207 T4(x, )| < Cogt 2710, (4.10)

In fact we compute for f € S as follows.

i[Ho, pe(X, D)) —z// HEVE () // =2, (4, 1) (=) dedifdydE

// =0, (2, €) Ho (&) f (y)dydE

_2// i(z— z{HO {// i(y—z)(n— fpt y n)dydn pt(x f)} f(z)dzdg
Noting that

/ / WAy, (y, m)dydi) = / / epy(z +y, & + n)dydn
1
:// epy(z + y,f)dydﬁJr// ey - / Vepy (2 +y, & + 0n)dodydn
0
n 1
2+ S [ [ [ omle .6+ omdoayan
j=1 0

we have

i[Ho, pi(X, D) // =2 () pr (2, €) — prlar, ) (2)dzdE

vi [[ e / [ e | Ve 0.6+ On)d0dydi (:)d=dE

10



By integration by parts we have the following.

i[Ho, (X, D)] f ()
—z// X H(€)(z — x) / Vopilz + 0(z — ), €)do f(z)dzdE

_ / / =2 1 () / / ¢ /0 Zvijgjpt(z+y,§+9n)d9dydﬁf(z)dzdg
— i [pae9)- | mie) [ Vil 4 0(: — 2), €)d0| J(z)dzdE

- / / ¢ €) / / / 1 Z Vi, V(= + y,€ + On)dfdydiff (=)d=dE.

Further integration by parts gives
i[Ho, pe(X, D)] f ()

n 1
— // ei(x—Z)fZng (Ho(f)/ Vo, pe(r + 0(2 —a:),ﬁ)dG) f(z)dzdg
=1 0
1 n .
_// ei(x7Z)§HO(£) // eiyn/o ;Vijgjpt(any,ﬁ—l—@n)d@dydﬁf{z)dzdf
1
- / / T Hy () - / Vop(w + 0z — 2), €)d0f ()d=dE
0
1 n
i(z—2)& . -
+ [[ e [ 2 Ve Vala-+ 01z = ), )01 (:)dsck

_ / / e B (€) / / ¢ /0 1 Ji: VeV, (= + y, € + 0n)dbdydiif (=) d=dE.

Noting that
/ Vopi(e +0(= — 2),€)d0 = Vopy(a, &) + / / Vopi(z 4+ pb(= — x),€)) dpdo,
0

/ Z Ve, Vo, pi(x +0(2 — x),€)do
I

n 1 1 d n
j=1 0 Jo j=1

11



// / vaa i Di(2 + Y, § + On)dOdydn
- ZV@ o0z / / / / 0 (Z Ve, Va,0i(2 + py, §+9n)) dpdfdydn,

we have

i[Ho, po(X, D))/ / / 2T Ho(€) - Vapr(r, ) (=) ddE

+ / / e F ) Z (Ve, Vo pr(1,€) = Ve, Vo pr(2,€)) F(2)d2dE
+rH(X, D) f(x),
where 7 (z, £) satisfies (4.10). Hence we have
(i[Ho, po(X, D)) + Opy(X, D)) f ()
= [[ € V€)Y, €) + O, ) ()2 + (X, D))

for some function r(z, &) which satisfies (4.10), which proves (4.9). The symbol of the
first term is equal to

VeHo(§) - Vapi(x,8) + Oipe(x, §) = —%¢’(|x/t — VeHo(OI" < D]z /t — VeHo () x(Ho(€))*
Ut<l’,€) > 0
Thus we have proved the following.

(ilHo, P(&)) + P (1)) () = (i Ho, pi(X, D)) + Bupi(X, D)) )
= Ju(X, D)f (@) + L)/ (2),

where L(t) satisfies
ILOI < Ct? (t>1).

As uy(x, &) > 0 the function
%(x?g) = ut(xaf)'

is a C* function of z,& € R" by our assumption |p'(A\)[2 € C*(R) in section 2, and
satisfies

sup 9207 qu(, )] < Copt 1!
z,£ER™
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for some constants C,3 > 0 for any multi-index «, 3. Letting

Q)f(x) = 0/(X', D) f () = / / &g, (y,€) f (y)dydE, (4.11)

we set

Then we have
S(O)f(a) = (X, D)f(w) = [ [ (e, ()
where
iw.6) = [ [ a6+ mate -+ v.g+ s
The symbol s;(z, €) is expanded as follows.
51(2,€) = @, + 5 (5,€) = (2, ) + 512, ),

where s} (z, £) satisfies
020 51 (, )] < Capt ™71,

which yields
IsL(X,D)|| < Ct™t (¢ >1).

Summing up we have proved that
1
i[Hop, P(t)] + 0 P(t) = ;S(t) + R(t),

where S(t) and R(t) = —1s}(X, D) + L(t) satisfy (4.6). O

~+

To see the convergence (4.2) we note that the norm in (4.2) is equal to the following
for >0 > 1.

sup |(e™0J*P(r)e ™ f — eiHo 1 P(a)e T £ g)|. (4.12)

lgll=1

Calculating the inner product of this formula with using the fundamental theorem of
calculus as in (4.3) and (4.4) and applying Lemma 4.1, we have

(0] P(7)e T | — 70 J* P(g)e M £, g)
= /UT %(Q(t)e‘“Hf, Q(t)Je it g)dt + UT(M(t)f, g)dt, (4.13)
where Q(t) is defined by (4.11) and M (t) satisfies
M@ <O+ )~'°

for some constant C' > 0.
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By a similar computation we have
(eimHo J* P(r) Je~THo g — cioto J* (g JemioHo g g)
= [ e ga+ | (ote)g, o)
and

(eiTHP(T)e—iTHf . eiUHP(O_)e—iUHf’ f)

:/ %||Q(t)e_itHf||2dt+/ (M (2)f, f)dt,

g

where M (t) satisfies for some constant C; >0 (j =0, 1)
IM; ()] < C5(1+ )~

The left hand sides of these two inequalities are bounded by C}||g||?, C7|| f||* respectively
for some constants C > 0 (j = 0,1). Therefore we can find constants My, M; > 0 such
that the following holds for any 7 > o > 1.

1 ety
| 1@ e g < aag) (a.19)
1 »
[ e e < a2 (1.15)

From (4.13), (4.14), (4.15) we obtain with using Schwarz inequality

|(6iTH0 J*P(T)e—iTHf . eioHo J*P(O_)e—iaHf’ g)l

1

™1 » 5 B
< oo [ 1@ 1Par) gl + -+ o)l
Therefore together with (4.12) we have that the norm in (4.2) is estimated as follows.
||€iTH() J*P(T)e—iTHf _ eiaHO J*P(g)e—iaHfH

<o ([ 1@ sar) 4 o+ jo) il

The inequality (4.15) yields that the right hand side converges to 0 as 7 > 0 — oo. This
proves (4.2) and the proof of the asymptotic completeness is complete.
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