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ABSTRACT. We are concerned with the finite-element approximation for the
Keller-Segel system that describes the aggregation of slime molds resulting
from their chemotactic features. The scheme makes use of a semi-implicit time
discretization with a time-increment control and Baba-Tabata’s conservative
upwind finite-element approximation in order to realize the positivity and mass
conservation properties. The main aim is to present error analysis that is an
application of the discrete version of the analytical semigroup theory.

1. Introduction. The purpose of this paper is to study the finite-element method
applied to a nonlinear parabolic system for the functions u = u(x,t) and v = v(z, t)
of (z,t) € Q x [0, J]:

ug =V - (D, Vu — AuVo)
kv = DyAv + k1v — kou
ou/ov =0, Ov/Oov=0

U|t:0 = Uy, U|t:0 = Vo

in

in

on

on

Qx(0,J), (1a)
Q% (0,J), (1b)
o0 x (0,.J), (1c)
Q, (1d)

where Q C R? (d = 2,3) is a bounded domain with the boundary 95, v is the outer
unit normal vector to 92, 9/0v denotes differentiation along v on 99, ug = ug(z),
vo = vo(x) are initial values, and A, Dy, D,, k, k1, ko, J are positive constants.

As is well-known, the system (1), which is called the Keller-Segel system, de-
scribes the aggregation of slime molds resulting from their chemotactic features (cf.
[15]). Here, u is defined to be the density of the cellular slime molds, v the concen-
tration of the chemical substance secreted by molds themselves, k the relaxation
time, and kjv — kou the ratio of generation/extinction. There is a large number
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9 N. SAITO

of works devoted to mathematical analysis of the Keller-Segel system; see [13], [14]
and [22]. A key feature of the solution u is the conservation of the L' norm:

lu()|lr ) = lluollLr (o) (t €[0,J]), (2)

which plays an important role to study the Keller-Segel system. Equality (2) is a
readily consequence of the conservation of positivity

up(z) >0,200n Q = wu(z,t) >0in Q x (0,J]

and the conservation of total mass
/ w(w,t) dz = / w(@) de  (te[0,)).
Q Q

Therefore, it is desired that numerical solutions enjoy the discrete analogues of
these properties, when we solve the Keller-Segel system by numerical methods.
Those conservation properties are simple to hold in a continuous problem, whereas
some difficulties arise in a discrete problem. (An elementary example to illustrate
this issue is given in [21].)

In a previous paper [20], we considered the case k = 0, which is called a simplified
Keller-Segel system, and proposed a conservative finite-element scheme. Our scheme
made use of Baba and Tabata’s upwind approximation combined with the mass
lumping based on the barycentric domain and a semi-implicit time discretization
with a time-increment control. That is, at every discrete time step t, =7 +--- +
Tn, we adjust the time-increment 7,, to obtain a positive solution. Consequently,
our finite-element approximation has the conservation of positivity and total mass
for an arbitrary A > 0, the granularity parameter of the spatial discretization, if
the triangulation is of acute type. At this stage, we would like to point out that
the conservation of total mass is satisfied by the standard finite-element method
and this can be verified by taking the unity as the test function. The important
point is, however, that we realize the positivity and mass conservation properties
simultaneously.

Furthermore, in [20], we succeeded in establishing error estimates in LP x W1
with a suitable p > d, where d is the dimension of a spatial domain. The main tool of
our error analysis is the analytical semigroup theory in Banach spaces. Actually, if
the triangulation is of acute type, the operator Aj, a finite-element approximation
of —A + 1 of the lumped mass type, becomes sectorial on a finite-element space
Zh.p equipped with a modified LP norm. In particular, —Aj, generates the analytic
semigroup on %} . (The precise meaning of these symbols will be given in Section
3.) We then make use of Duhamel’s principle, fractional powers of operators, and
the smoothing property of the semigroup. Although semigroup theory is somewhat
abstract, several LP estimates can be derived in a quite formal manner. Moreover,
our method of analysis is a discrete analogue of the standard approach for solving
nonlinear evolution problems.

This paper is a continuation of [20], and we are going to extend our method and
results to the Keller-Segel system (1). The main aim here is to prove the error
estimate (Theorem 2.4), since the proof of conservation properties (Theorems 2.1,
2.2 and 2.3) is the same as that of [20]. To this end, we basically follow the method
of [20]; we, however, need new devices described in subsequent sections. Out finite-
element scheme has already presented in a previous paper [21], and the validity
of the scheme is confirmed by several numerical examples; this paper includes no
numerical results.
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Recently, Efendiev et al. [8] has succeeded in obtaining an estimate of the fractal
dimension of the global attractor in terms of D,,, D, k, k1, ko and h for a semidis-
crete (in time) version of our finite-element scheme applied to a generalization of
(1). The estimate has exactly the same order as that for the original system. On the
other hand, they described that we can only obtain a poorer estimate for the stan-
dard finite-element scheme. This means that our conservative finite-element scheme
preserves the structure of dynamical systems governed by (1) from the viewpoint
of attractor dimension.

Before concluding this Introduction, we briefly discuss some other results that are
related to numerical methods for the Keller-Segel system. Nakaguchi and Yagi [17]
presented finite-element/Runge-Kutta approximations for a generalization of (1)
without any numerical results. They also established error estimates in the H1*¢
norm, ¢ € (0,1/2), for a sufficiently small J, though they devoted little attention
to conservation of the L' norm of approximate solutions. Marrocco [16] discussed
mixed finite-element approximations for the simplified Keller-Segel system and of-
fered various numerical examples, but a convergence analysis was not undertaken.
The aim of Filbet [9] is similar as ours. He proposed a fully-implicit /finite-volume
method for the simplified system, and derived the L' conservation under some con-
dition on a (fixed) time-increment. Moreover, a convergence result without any
convergence rate is also proved if the L' norm of an initial datum is sufficiently
small. It should be kept in mind that, as far as the spatial discretization is con-
cerned, our finite-element scheme is equivalent to Filbet’s finite-volume scheme if we
take the mass lumping based on the circumcentric domain instead of the barycentric
domain.

The organization of this paper is as follows. In Section 2, we state our con-
servative finite-element scheme and formulate theorems about conservation laws
(Theorems 2.1-2.3) and error estimates (Theorem 2.4). The proof of the main re-
sult (Theorem 2.4) is described in Section 4, after having prepared some preliminary
results in Section 3. We conclude this paper by giving a few remarks in Section 5.

Notation. ~ We follow the notation of [1]. We write as WP = W™P(Q),
H™ = Wm?, LP = LP(Q), || - lmp = I - lwme, | <llp = Il - [z» for m € N and
p € [1,00]. The standard inner product in L? is denoted by (-,-). We set, for
p € [1,00),

W, = {UGWQ”’

ov
8V()onaQ}.

We set [a]x = max{0,+a} for a € R. The d-dimensional Lebesgue measure of
0 C R? is denoted by meas (¢) = meas 4(€). For a Banach space X, its dual
space is denoted as X’. Generic positive constants depending on ) are denoted
as C, C', and so forth. In particular, C' does not depend on the discretization
parameters h and 7 described below. If it is necessary to specify the dependence
on other parameters, say «, 3, then we write them as Cy g or C(a, 3). However,
if the contribution of those parameters is not necessary for our argument, we omit
indicating them. We shall use the same symbol I to indicate the identity operator
on any space. Finally, Z(B) represents the domain of the definition of an operator
B.

2. Finite element scheme and theorems. Throughout this paper, € is assumed
to be a bounded polyhedral domain in R?, d = 2,3. We first convert the system (1)
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into a weak form as follows:

(ue, x) + (D Vi, V) + Ab(v, u, x) =0 (Vx € H'),  (3a)
(kve, x) + (D Vo, VX) + (k1u — kv, x) =0 (Vx € HY), (3b)
Ulg=0 = o, V|t=0 = Yo, (3c)

where
b(v,u, x) = —/ u Vv -V dx.
Q
Let {3} = {Zn}ny0 be a family of triangulations .7}, of Q:

1. ., is a set of closed d-simplices (elements), and Q = U{T | T e T}
2. any two elements of .7}, meet only in entire common faces or sides or in vertices.
We set

hr = the diameter of the circumscribed ball of T,
pr = the diameter of the inscribed ball of T,
k7 = the minimal perpendicular length of T,
h = max{hr |T € %},
kn = min{ky | T € A}

We assume that {3}, is regular in the sense that there is a positive constant vq
satisfying
hr < vipr (VT € T, € {Tn}n)-
Let {P;}Y, be the set of all vertices of 7,, N = N}, being a positive integer.
With P;, we associate ¢; € C(£2) such that ¢; is an affine function on each T € .,

and gZA)Z-(Pj) = §;5, where §;; denotes Kronecker’s delta. We define as

X, = the vector space spanned by {¢; 1Y,

and regard it as a closed subspace of H'. We also consider the space X}, which is
equipped with the topology induced from L?, and express it using the same symbol
Xp. With P;, we associate the barycentric domain D;; see [20] for the definition.
Let ¢; € L™ be the characteristic function of D;. We introduce a Hilbert space
X, C L? spanned by {¢,}¥,. The operator My, : X}, — X, is defined by
N
Myon =y vn(P)é; (v € Xp),
i=1
and it is called the lumping operator. We define
(n, Xn)h = (Mpon, Mpxn) — (vn, xn € Xn)-
Thereby, (-, ~)}/2 is equivalent to || - [|2 on X}, (see (27) below).
Our results are formulated under the following conditions on {7, }:
(H1) Acuteness. It is assumed that
max{cos(Vp; ,V¢;)| 1 <i,j<d+1} <0 (VT € F, € {T}),
where {q&f}fill represent the barycentric coordinates of T with respect to the

vertices of T'.
(H2) Inverse assumption. There exists a positive constant 42 such that

Yh<hr (VI € J € {T}).
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Remark 2.1. As is well-known, the condition (H1) guarantees the non-positivity
of (Vqﬁi,Véj) for i # j. For d = 2, (H1) is equivalent to a statement that each
triangle of .7, is a right-angle or an acute triangle. For d = 3, (H1) is satisfied if,
and only if, all angles spanned by two faces of each tetrahedron of .7, are less than
or equal to 7/2.

The time variable is discretized as
th=T1+T2+- -+ Ty, ™ > 0.
Then, we consider the finite-element scheme to obtain an approximation (uj, vj) of
the solution (u(ty),v(t,)) to (3): find {u} }n>0 C Xp and {v}'},>0 C X}, such that
ul — un—l |
<hh»Xh> + (DyVuy, Vxn) + by (v, up, xn) =0
h

(xn € Xp, n>1), (4a)
o — ,Un—l
<khh7 Xh) + (Dy Vg, Vxn) + (kv — kaup, Xn)n =0
h
(xn € Xp, n>1), (4b)

u% = Ugp, v2 = Voh- (4c)

Here ugp, and vgy, denote suitable approximations of ug and vg. Moreover, by, (vn, up, Xn)
is Baba and Tabata’s approximation of b(v, u, x) defined by

N
br(Vh, Un, Xn) = ZXh(Pi) Z {un(P) B (vn) — un(P;)B5;(vn) }

JEN;
for vy, up, xn € Xp, where
A; = {P; | P and P; share an edge};
ﬂi‘(”h) = / Vo, - vig], dS;
Fi]‘
Fij = 8Dl N BDJ';
v;j = the outer unit normal vector to I';; with respect to D;.

The solution (u},v}y) of the finite-element scheme (4) enjoys fine conservative
properties. The first one is related to the discrete version of the conservation of
total mass.

Theorem 2.1 (Conservation of total mass). Let {(u},v}))}n>0 C X be the solution
of (4). Then, we have (u}},1), = (uon, 1)n forn > 0.

The second one is concerned with the unique solvability of (4) and conservation
of positivity.

Theorem 2.2 (Unique solvability and conservation of positivity). Suppose that
(H1) is satisfied. Assume that ugn,von € X are non-negative and are not identically
zero. Take T > 0 and € € (0,1]. Then, the finite-element scheme (4) with a time

increment control
ER
Tp, = min {7’, S N } (5)

2NV oy
admits a unique solution {(u},v})}n>0 C Xp such that u > 0 and vy > 0 for
n>1.
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Remark 2.2. When vy, is a constant function, the value of ||Vugy || is formally
understood as oo.

As a readily obtainable consequence of these theorems, we obtain the following.

Theorem 2.3 (Conservation of the L' norm). Let {(u},v})},>0 C Xy be the
solution of (4) as in Theorem 2.2. Then, we have ||u}||1 = |Juonll1 for n > 0.

The proof of Theorems 2.1 and 2.2 is the exactly same as that of [20, Theorems
2.1 and 2.2]; so we omit describing it.

Remark 2.3. We consider the solution (u},v}}) stated in Theorem 2.2. Substitut-
ing x, = 1 into (4b) and using the conservation of the L' norm, we have

—1 T) k‘g T) ]{)2
gl =l < 7 =

luill = == lluonll1,

and, hence,
koJ
v lln < llvonll + THUOhHl-
On the other hand, since all norms are equivalent on X}, there exists a positive
constant ¢j, depending on h such that ||V} ||e < cpllvp]li. Combining these in-
equalities, we obtain

> min{ ernk }
Tn = T, .
2dcp (k[lvonll1 + ko J ||luon1)

Thus, 7, is bounded from below by a positive constant independent of n. This
implies that 7,, never converges to zero as m increases, and therefore the time in-
crement control (5) is always valid. Consequently, (u}},v}’) actually exists for all
n > 1.

We suppose that A, : L? — LP is the LP realization of —A+ I with the Neumann

boundary condition,
D(Ap) =Wy, Apv=—-Av+v (veP(4,)). (6)
Then, we make the following conditions (see Remarks 2.6 and 2.7 below).
(A1) There exists pu € (d,00) such that A, is an isomorphism from %}, onto L? for
every p € (d, u).

(A2) 2(4y%) = whe.
The closed linear operator A, is sectorial in L? under (A1). Therefore, its fractional
powers A%, a € (0,1), are defined in a natural way. See [18] for these facts. Below,
we simply write A to express A, if there is no possibility of confusion.

Now we are in a position to state the main result of this paper.

Theorem 2.4 (Error estimate). Let (Al) and (A2) be satisfied with some u €
(d,00) and for some p € (d,u), respectively. Assume that the system (3) admits

a unique solution (u,v) satisfying the following regularity condition with some J €
(0,00) and o € (0,1] :

u € CH[0,J]: WP)n C'o([0, ] : LP), (7a)
ve CH[0,J] : W2PynCrro([0,J] : WHP). (7b)
Suppose that (H1) and (H2) hold. Further, assume that uon,vop, € Xp, are taken as

hlluo — wonll1p + [1vo — vonllp + R TPV (vo — von) s < c0h? (8)
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with a constant ag > 0. Let 7 be chosen as

ERp
T=— 9
2d HVUO}L“OO ( )

with some € € (0,1]. Then, there exist positive constants hy and Cy independent of
h such that we have the error estimate

sup (||u(tn) — upllp + Vo (tn) = Voplles) < Cy (B} ™4P 4 77) (10)
0<t, <J

for h € (0, hy), where (u},v}) is the solution of (4) as in Theorem 2.2.

Some remarks are in order.

Remark 2.4. Let ug € W2? and vy € W2P. Then the linear interpolations gy,
and vgp, of ug and vy satisfy

luo — wonll1,p < Chlluoll2,p,

[vo — vonllp < Ch*||voll2p, IV (vo — von)llse < CR'™4P|lug 2.

Thus, Assumption (8) is fulfilled with cg = C(JJuo||2,p + ||[voll2,p)-

Remark 2.5. Because the upwind approximation employed in this paper corre-
sponds to a one-sided difference approximation, the rate of convergence with respect
to spatial discretization is expected to be O(h) at best. However, such a rate of
convergence is not achieved in (10). That shortfall stems from the lack of regularity
of solutions of a linear elliptic problem in a polygonal domain. Therefore, on con-
sidering (3) in a smooth domain, we can deduce a refined estimate. See Subsection
5.1 or [20, Section 7] for further discussions.

Remark 2.6. When 2 C R? is a convex polygon, (A1) is always satisfied. On the
other hand, when 2 C R3 is a convex polyhedron, it is satisfied, if all edges and all
vertices of () are sufficiently small that they do not produce singularities. See, for
more complete descriptions, Theorems 8.2.1.2 and 8.2.2.8 of [12].

Remark 2.7. When Q is a bounded smooth domain, (A2) holds true for every
p € [1,00). More precisely, we have (cf. [11])

1
P(A0) = [IP, W3], for 0<20<1+ o (1)

where [LP, W?P], denotes the complex interpolation space between LP and W?2?
with the exponent 6. Because of [L?, W*?], 5, = WP, we have (A2). When Q is a
convex polygonal domain in R?, we can obtain (11) by the method of [11]. However,
the case of a polyhedral domain in R? seems to be open at present.

The proof of Theorem 2.4 will be described in Section 4, after having prepared
some preliminary results in Section 3.
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3. Preliminaries.

3l
1

3.1. Some auxiliary operators. The Lagrange interpolation operator 7y, : C(
X}, is defined by mpv(P;) = v(F;) for all P, € &,. For T € 7,, we have

70 = llocry < CRE0llwemery (0 € (d/2,00], v e W2P), (12)

IV (mpv = v) || zo(ry < Che|vllwzery  (p € (d/2,00], v € WP), (13)
v — vl g (ry < CRF Plvllweni) (0 € (dyoc], v e W2P),  (14)

IV (mn0 = )| e (ry < Chy “Pllollwaniry (0 € (dyoo], ve W?P).  (15)

We frequently use the L? and H' projection operators P, : L? — Xj and
R, : H' — X, which are defined as

(Prv—v,xn) =0 (Vxn € Xp), (16)
(VRpv — Vu,Vxu) + (Rpv —v,xn) =0 (Vxn € Xp). (17)
Under Assumption (H2), we have
[Pooll, < Cllvll,  (p € [1,00], veLP), (18)
1Pwollip < Cllolliy (0 € [1,00], v e WHP), (19)
|1Pro = vl < CR?||v]lzp  (p € (d/2,00], v € W2P), (20)
1Phv = vll1,00 < CRY=P|l0]la,  (p € (d,00], v € WHP). (21)

Inequalities (18) and (19) are attributed to [7], [6] and [4]. To show (20), we note
that || Prv — v, < [|[Phv — mpol|p + ||mhv — ||, < C|mpv — v, by (18). Hence, (20)
follows from (12). Similarly, (21) follows from (19), (14) and (15).

On the other hand, under Assumptions (H2) and (A1), we have

IRnvllip < Cllvlli, (€ (1,00], ve W), (22)

IBw = vll1p < Chllvllzp  (p € (1,00], v e W2P), (23)
IRh —vllp < CR?|lvll2p (P € (/(1e = 1), 00), v € W2P), (24)
IV(Rhv =)o < CRY P02y (p € (d,00], v € W?P). (25)

In fact, the derivation of (22)—(24) is the same as that shown in Chapter 8 of [2].
Therein, the case of the Dirichlet boundary condition was considered explicitly. The
proof of (25) is the same as that of (21).

Let M} be the adjoint operator of Mp in L?, and set

K, = M} My,
Thereby, we have
Cllonllp < IMpvnllp < C'llvnll, — (p € [L,00], v € Xa). (26)
Moreover,
Cllonlly < [[Knvnlly < C'llonll,  (p € [1,00], v € Xa), (27)
and
[Mhvn = vally < Ch[[Vunll, — (p€[1,00], vp € Xp). (28)

See [10] and [5] for these inequalities. Furthermore, in the same way as the proof
of [19, Lemma 4], if Assumption (H2) is satisfied, we have

[(En = Dvnllp < Chl[Vunll,  (p € [L,00), vn € Xa). (29)



FINITE-ELEMENT APPROXIMATION FOR THE KELLER-SEGEL SYSTEM 9

3.2. Discrete Laplace operator. We introduce operators Ly, and A, of X}, — X},
defined as

Lyup = fn & (Vun, Vxa) + (un, xn) = (fasxn)  (Yxn € Xn),  (30)
Apup = fn = (Vun, Vxn) + (un, Xo)n = (frs Xe)n - (Yxn € Xa). (31)

Obviously, we have
KnAp — Ly =Ky, — 1 (32)

and, for p € [1, 00),
Ly Ryv = P, Av (ve 2(A)), (33)

where A = A, is the operator defined as (6).

Remark 3.1. In [20], we used the identity Kj Ay, = Ly that is incorrect. However,

this can be replaced by (32) and then we can conclude the proof with some slight
modifications.

To state operator theoretical properties of Ay, we regard any function space as
a complex valued one, and propose a re-definition:

(u,v)z/gu(x)fx)dx (uEL”,UELq, %—I—%zl).

For p € [1,00), we introduce the discrete LP norm:

[[vn]

1/p
- ( / My |on ()P dm) (vn € Xp).
Q

It is readily verifiable that

Clloallng < llonllp < C'llonllne — (on € Xa), (34)

| X )nl < llvnllnplixnlln,g (vh,xh €Xpy 5= 1) ; (35)

lonllnp < C sup Xt (nexn L+1=1). (36)
Xn€Xn Hxhllh,q

We regard X}, as a Banach space equipped with the norm || - ||, and indicate it by
Zhp. In particular, 2}, 2 forms a Hilbert space with respect to the inner product
(+,)n. Furthermore, the operator norm in %}, is denoted by the same symbol
Il - lln,p- For instance,

Apvpln
|Anllnp = sup w
oneXxn  Vnllnp

Lemma 3.1 ([20, Lemma 4.3]). Let p € (1,00), and suppose that (H1) is satisfied.
Then,

(1) Ay, is sectorial in Zyp, and its fractional powers A%, a € (0,1), are defined.
(i) Ap and AY, a € (0,1), are positive and self-adjoint in £}, 2.
(iii) 4f (H2) is also satisfied, for any 0 € [0,1] and {7;}}_;, 73 > 0, we have

|7 (TndAp) - 7(M AR Ay < Co(Tn + - +71) 70, (37)
where r(1;Ap) = (I +7;4,) 7",
Remark 3.2. Since A% and r(7,A4y,) are commutative, Inequality (37) implies

AR (TaAn) - (11 Ap) |y < Colrn + -+ 11) 7% (38)
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Lemma 3.2. Under Assumption (H1), we have
lvnllnp < CllAfvallngy — (p € (1,00), 6 €[0,1], vh € Xp). (39)
Proof. The sectorialness of Ay implies
[onllnp < CllAROR[IRp (P € (1,00), vn € Xh).
Hence, by Heinz’s inequality, we deduce (39). O
Lemma 3.3. Let (H1) and (H2) be satisfied. Further we suppose that (Al) and

(A2) hold, respectively, with some p € (d,o0) and for some p € (d,u). Then we
have

AR vkllnp < Cllonlliy (0 €[0,1/2), vn € Xp), (40)
and

lonllip < ClARwAllng (0 € (1/2,1], vn € Xn). (41)
(When p = 2, we can take § = 1/2 without (A1) and (A2).)

Proof. Tt is described in Appendix A of [20]. O

Remark 3.3. If, in addition to the assumptions of Lemma 3.3, we suppose that
(11) holds, we can prove

1/2

Clloallip < 143 "vnllnp < Collonllip — (vh € Xa).

Lemma 3.4. Under the same assumption of Lemma 3.3, we have

IVA oy < 1A Ponllip < Clivnllny (0 € (1/2,1], v, € Xp).  (42)

Proof. The replacement vy, by A, %vy, in (41) implies (42). O

Lemma 3.5 ([20, Lemma 4.6]). Under the same assumption of Lemma 3.3,

1AL (K = Donllng < CR*[Vonll, (0 € (1/2,1], vy € Xp).  (43)

Lemma 3.6. Under the same assumption of Lemma 3.3, we have

oo S CllAnvnllngp  (vn € Xp). (44)

[lon

Proof. Let vy, € Xj. According to (32), (29), (34), and (41), we deduce

I KnAnvnllp + [|(Kn — Donllp
CllApvnllp + Ch|Vurllp
CllAnvplln,p + Chl|Apvn | n.p-

On the other hand, we know (cf. [20, Lemma 4.5])

Il Lronlp

IN A IA

[valltco < CllLnvnllp-

Combining these inequalities, we obtain (44). O
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Lemma 3.7 (|20, Lemma 4.7]). Taking positive constants 11, ..., 7, (I € N), putting
th=T1+ -+ 7, for 1 <n <1 andty =0, suppose that a sequence {z,}',_o C R
satisfies

0<2n§61+022 i (Zj,1+2j) (1§n§l),
=1

_ (tn — tj—l)r

where c1,¢co and r € (0,1) are positive constants. Then we have

1

zn < c1c3 exXp <C4021Ttn> (0<n <),

where c3 and ¢4 are positive constants depending only on r.
3.3. Lemmas concerning b and b;,.

Lemma 3.8. Let p,q € (1,00) and % + % = 1. Then,

b(o,w )| < Nl Vol [Vxlly (v € WP ue L%y e Wha).  (45)
Furthermore, if p > d,
[b(v, u, X)| < Cllullip[Volliplixlly (v € #p,ue WP, x € L9). (46)

Proof. Inequality (45) is obvious in view of Schwarz’s inequality. On the other hand,
by integration by parts,

b(v,u,x) = /QV(UVU) X dz

for v € #,, u € WP and x € L9. Since p > d, we can perform an estimation:
IV - (Vo) < Cllullypl|Voll1p- (47)
Combining these, we obtain (46). O

Lemma 3.9. Suppose that (H2) is satisfied. Let p € (1,00) and % + % = 1. Then,

|br (Vh, Uk, X1) — b (Wh, Un, Xh)]
< Ch(IVonlloo + IVwnlloo) lunlliplVxnlly  (vny whyun, xn € Xn). (48)

Proof. Let v, wp,up, xn € Xp. In general, for vy, € X}, we write as v = v, and
v; = v(P;) = vy (P;) for the sake of simplicity. Defining

Iy, ={lyj =9D;NID;| 1 <i,j < N}, (49)
we observe that
bu(wn, un, Xn) = Z (xi — x5) [B55 (w)us — By (w)uy]
FijEFh
= Y (- x) [oh s — of;(w)u] Bi(w),  (50)
Ty;ely

where

ofi(w) =sgn B (w), o (w) =1-0(w).
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Using this expression, we can decompose as

br(vn, unh, Xn) — bn(Whs un, Xn) = Z (xi = X;5) U;;(U) (ui = u;) Bij(v)
INTISINS
= > 6 —xg) o (w) (ws — uy) Bij(w)
Ti;€ln
+ D (= x5) uy [Biy (v) = B (w))]
Ti;€ln
= Il + IQ + 13.
Below, we use Sobolev’s inequality
[vleo < Cllvlly (0 € (d, o], ve WHP), (51)
and
Jnax xn(@) = xa )| < Chy PV xullory (0 € [Loc), T € ). (52)
First, setting
hij :hTZJ :max{hT | T e %,Pi7pj ET}, (53)

we have by (52)
1—d 1—d
L] < OVl Y hiy “UIVx Lo hi; VP IVl o, ymeas a1 (T))

Tiy;€eln
2—d/q—d/p+(d—1
< OVl Y. b PG L IV oy
Iijelyn
< ChYVllaal VXl Vullp,

and
2] < Chl|Vwllool[VxllqlIVullp-
Moreover, in view of (H2), we have by (51)

1-d —
sl < € Y by UV s el - BV (0 = 0)l

FijEFh
d
< CIV@—w)llllullo D hIVXIlLacr,)
Ty;ely
< CIVollee + [[Vwllco) l[ullplVXllg
Summing these estimates, we obtain (48). O

Lemma 3.10 ([20, Lemma 5.2]). Let p,q € (1,00) with 1% + % =1. Then,

ClIVunllpllunllco[VXnllg,

(whﬂlhaXh S Xh) (54)
ClVunllsollunllplVxnllq

|bh(wh7 uhaXh)' S {

Lemma 3.11. Suppose that (H2) is satisfied. Let p € (d,o0) and 1%—4—% =1. Then,

[b(v,w, Xn) = bn(Pav, ety xa)| < C(R' P+ h)[[oll2pllull1p ]V xnllg
(v € Wypyu € WHP xy, € X3).  (55)
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Proof. We simply write as up, = mpu, vy, = Pov, X = Myxh, ui = u(P;) = up(F;),
Xi = Xxn(P;), O'iij = 0%(%)7 and B;; = B;j(vp). Further, we set

b= |

In order to prove (55), we divide it as

u(Vu-vy,) dS, B;] :/ Vv - vy dS.
Fij

ij

b(v, u, Xn) — b (vn, un, Xn)
= —/ uVu - Vy dx—/XV(uVU) dz
Q Q

+/Qy V(uVv) dx — Z (xi —X5) (U;;ui +o;;u5) B

Iiely
+ Z (Xi — x5) (UZ;Ui +0,5uj) B;j — by (vh, un, Xn)
el
= Il —|—12 +I3

First, by the integration by parts, we have
L = / xn V(uVv) dx — / X V(uVv) dz,
Q Q
where I'j, is defined as (49). Hence, by (47) and (28),

|11 CllufliplVollrp

Chlfullrpllv

Ixn — Mrxnllq

<
< 2.0/ Vxnllg-

Next, because of

/QY V(uVo) de =Y (xi — x;)Bij,

Iiely

we can express Is as

L = Y (i—-x) [Bz'j—(O’Z-umL%}uj)Aéj}

INPISINN
= i X U;ngc—ui—l—ai;u:v—uj Vv -vy;) dS.
Py W [ [ (ute) — ) + o5 0w~ )] (V0 )

Therefore, in view of (51) and (52), we deduce

1—d
LI < €Y h YNV Xl acr IVl -
INFISINN

o)l ) = s s

ij

1—d d—d
< CIVolle D hi YUV NR Lacrhls Y lullwrn ey
Ty;elry
< Chllulli plIV0 oV x4
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where h;; and T;; are defined as (53). Finally, by virtue of (50) and (21), we have

3] < Z |X1*Xj|'|f7{;ui+0i_juj|~ ﬂfjfﬂij
Iiely
1—d

< € T YNVxu Lol / IV (v — Pyv)l|os|vij| dS

Fijel“h Fij

_ 1—d/q+(d—1
< CR P ollapllullee S RV Lo,

FijEFh

< CR =Pz pllull | Vil

4. Proof of Theorem 2.4.

4.1. Expression of the error. We shall give the proof of Theorem 2.4. Through-
out this section, we suppose that (H1) and (H2) are satisfied. We set 6 = 1/8 and
0 =7/8 then 4+ 6 =1and § —§ = 3/4 > 1/2. Moreover, we suppose that (Al)
and (A2) are satisfied, respectively, with some p € (d, 00) and for some p € (d, u).
Further, we take £k = ky = ks = D, = D, = X\ = 1 without loss of generality,
since the contributions of those values are not essential in the following discussion.
Recall that the solution (u,v) of (3) satisfies the regularity condition (7) for some
J € (0,00) and o € (0,1]. Then we note that the system (3) can be expressed as

du(t)

o + Au(t) + B(v(t))u(t) = u(t), 0<t<J, (56a)
dg” + Av(t) — u(t) = v(t), 0<t<J (56b)
u(0) = wo, v(0) = wo, (56¢)

where A = A, : 9(A) C L? — LP is the operator defined as (6), and, for every
vE WP B(v): WHP — [P is defined by B(v)u = V(uVv). Moreover, we set

ar = sup [u(t)llzp, 1= sup [lv(t)l2,p,
t€(0,J] telo,J

az = sup [[u'(t)]ly,, d2= sup [[v'(t)]y,
te0,J] te(0,J]

Jue(t) —we(s)ll, [[ve(t) —ve(s)lly,,
—, Gz = sup ,

t,5€[0,J] [t —s|” t,5€[0,J] [t —s|”

Qa3 =

where v’ = u; and v = v,.
Let (u},vy) be the solution of (4). The errors are decomposed as
ultn) —up =y +wy,
o(tn) —vp = 0y + Wy,
where 77}? = U(t) - Uh(tn)a 772 = U(t) - Vh(tn)v wZ = Uh(tn) _uZa ’LZIZ = Vh(tn) _U}?v
Un(t) = Rpu(t) and Vi, (t) = Rpo(t). We have by (24) and (25)

Inilly < Chaa, [l ll1,00 < OB~ Pan.

Hence, it suffices to consider the estimates for wj and ;. To this end, we first
characterize w) and wj as solutions of discrete parabolic equations and then apply
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the discrete Duhamel’s principle to obtain estimations for them. Now, we introduce,
for any vy, € X}, the operator By, (vy) : Xj — X, defined by

(Bn(vn)un, xn) = ba(vn, un, xn)  (un, Xn € Xn),
and recall that Ay : X, — X}, is defined by (31). Then, using (4a), we observe that
(Or,wiy s Xn)p, + (Vwy, Vxn) + (W, Xa)n
= (aTn U}T:? Xh)h + (VU;LL7 th) + (U;Ll7 Xh)h + bh(v;;_lv ’U’Z7 Xh) - (uZa Xh)h
for any xn € Xp; equivalently,

Or, wp + Apwy = 0, Ul + AU + Kngh(vzfl)uZ —uy
= .
Thus, by the discrete Duhamel’s principle, we obtain the following identity:
wh = Enqwh + Y 1 En i Fj, (57)
j=1
where
r(rjAn) = (T+74)7" (r(s)=(1+9)7"),
E,; = r(mApn)r(ta—14s)---1(1;4)

for 1 < j < n. By virtue of (33) and (32), we have
K P (t;) + AnU;
= K, 'Pu(t;)+ K, 'Ly, - L, Py Au(ty) — K LyUYL + ARUY
= K, Py u(ty) — Blu(ty)u(ty)] + (I - K, U},
So FY is written as
FI = Pyor, (U], = u(ty) + Pu(0rulty) — (1)) + (I = K, ) Puad ()

K P [l — Blo(t)ulty)] + K Paulty) — uf + (1 - KU

Therefore, we have
U)Z :Io+.[1 +IQ+I3+I4,

where
Iy = En,lwg_ZTjEn,jPhaTjnia
j=1
L = Y 7B, (K;, ' Pou(t;) — ),
j=1
12 = ZTjEn)jPh(a,—ju(tj)—u/<tj>),
j=1
I = Y B (- K [Phu’(tj)+U,ﬂ,
j=1

o= 3 mBa Ky (Bl - BBu()u(t)]
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In the similar way, we obtain

Wp = Io+ Ir + Is + I,

where
jo = EmlUA)g - ZTjEijhaTjﬁi,
j=1
Iy = Y 7B Pa(0r,0(t) — ' (t)),
j=1

I3 = ZTjEn,j(I_Kizl) {th/(tj) +V}f} ’
j=1

I4 = ZTjEn,j [K{lPhu(tJ) - UgL:| .
j=1

4.2. Some estimates. In the following lemmas, we always assume all assumptions
described in the begining of the previous subsection.

Lemma 4.1.
143 Tolln.p
[ AnLo | n.p

Ch(al + Olo) + ChJOLQ, (58)
CtYh2 (G + ag) + ChJ%Gs. (59)

IAIA

Proof. Since

. . 2]
= / () — Ryl (s)] ds,

tj,1

we have by (40) and (23)

. - . -
145 Po (i, =10, Dllnp < ClIPLm, = Dl
< Cllm, —m e
tj
< o[ W - R o)y ds
i1
S CTj . ChOéQ.
On the other hand, by (37) and (38), we obtain
|49 En 1w} |11, 1B llnpll A% (UR — Pauo + Phuo — uon)|[np

C ([[Pn(Rp — Duol1,p + |1 Pn(uo — uon)|l1,p)
C ([luo — Rpuoll1,p + [luo — uon|l1,p)
Ch(OLl + Oéo).

37)
<
<
<
<

Hence, we can estimate as

1A Tollny < AL Enaw)ling + > 75l Enallnpl AjPads, ]
j=1
< Ch(a1 + Ozo) + Chast,

h,p

Similarly, we have ‘ 4
1AL Pa (i, = 2, )lnp < Crhéra,
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and
[AREp1ipllny < [1AnEnillng - C (I(Rh = Dvollp + [[Pa(vo — von)|l»)
S Ct;1h2 (dl—f—ao).
Therefore,
n .
[Andollny < N1AREn1@)lnp + > 75l AL Bl pll AR PrOr, i n.p
j=1
n -
< Ot 'h*(a Ché J )
< Cth (G too)+ aQ; (tn —tj—1)'=°

This, together with an elementary inequality

n t,
Tj n dS - -
I < —— =1, < J 0<€<1),
; (tn — t; 1) */0 T 0<e<t)

implies (59). O
Lemma 4.2.

_ - Tj j
1A% Dl < O T 001 + O ) g [ AR e (60)

= (ta —tj-1)

Proof. First we have by (43) and (39)

A5, (K Poudty) — uf)lln.p

< AP = D Pty lnp + 1A, (Pau(t;) = ul)ln.p
< CR?|IVPuulty)|np + CllPaulty) — up llnp
< Ch*ay + C(|Paulty) — Un(t)llnp + 1UA(t;) — uf[ln.p)
< Ch?aq + Cllw)|lnp
< Ch2aq + C||ASw] || p-
Hence,
1AL lhp < > Tl B ALl Ay 0 (K Pauty) — ud)l[n.p
=1
< CY ﬁ (h2a1 + IIAiwillh,p> 7
j=1 n 7j—1
which implies (60). O
Lemma 4.3.
|4 |y < CT°J' as, (61)
||Ahf2| h,p S CTGJ17§@3. (62)




18

Proof. Since
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ZE ,Jph/ ' (s) =/ (t)] ds,

we have

AN Ellnp <

n

>

IN

ti—1

n t;
GZMMmm/ e (8) = o (tj-1)lln p ds
j=1

tj71

1 t
-ag/ (s —tj—1)° ds

= (tn —t5-1)° t

< CT”J1_5a3

Inequality (62) is obtained similarly.

Lemma 4.4.

|| A9 I3]|n
| Ans|lnp

Proof. Using (43), (18) and (22

1A 5]

A

n
hyp = Z”AZ
j=1

Ch2J' (a1 + o),
ChJ a3 + Ch(ay + és).

), we deduce

Epjllnpll A0 (I = K5 ) P (85) |

+ D145 Bl 1AL (I = Ky U
Jj=1

M:

J=1

+]z;t—t

- CR VP (8
— oy

o - ORIV Byt
J—

< CRAJV (o + o).

In order to derive (64), we observe

™

n
ZTjAhEn,th
=1

for any x5 € X},. This leads to

ZTjAhEn,th

=1 h.p

n—1

(En’jJrl - En,j)Xh + TnAhEn,nXh

1
Enn

s

<

- En,l)Xh + T?LAhT(TnAh)Xh

IN

L+ Dlxallng + 7 - Cr tixalln

A

< Clxnllnp-

(65)
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Now setting X;L =(I-K;" (th’(tj) + V}f), we have by (43) and (19),

IXillne < Ch(IVP (tn)llp + IV Rav(tn)lp)
< Ch(|]v'(t)ll1,p + [v(ta)ll1,p)
< Ch(d1 + éa),
and
I, = xillng < I = Ky Pa o' () = o' ()] I
(I = Ky DR [0 (t) =" (t0)] lnp
< Chll'(t5) = v (tn)ll1p
< Chég(t, —t;)°
< Chés(t, —t;—1)°.
We combine these inequalities in the following way. Thus, we write as
Ahfg = ZTjAhEnyl(Xh — — ZTjAhEnJXZv
j=1 j=1

and estimate as

1Ak L5 ]In.p

IN

j=1

CZ
S Chagz

< C’hJ"ézg +Ch

IA

Hence, (64) is proved.

Lemma 4.5.

> il AnEna (),

Jj=1

||Xh Xpllnp + Clixkllnp

—~+ Ch (&1 + Go)

_t] 1

(041 =+ 012) .

n
=Xl + 1D T AREn X3 I

19

1A Llln, < CJ'%(raiby 4 haidr + b= Pajay)

+ Cos(h+ h2)j§: ﬁnv W7o

+ cz_j(t_t) (a1 + 190 ) 14707 ln s (66)
|AnLsllny < Ch(al + oz1J5 + agJ)

+CZ

Proof. To prove (67), we first note

K, Pru(ty) —uj, = (K, !

5 A% lIn.p-

— IPyul(ty) + Pu(I — Ry)u(t;) +w).

(67)
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In the same manner as the proof of (64), we have
Ap> 1B (K = DPyu(t;)| < ChJag + Chon.
j=1

h,p

Moreover, by virtue of (18), (40) and (23),

1AL Pu(I = Ri)ulty)llnpy < CII — Rn)ulty)ll.p
<

Chllu(t;)l|z2,p-
Hence,
|AnLillny < ChJas + Chay
+ Y T En AL A P (T = Ra)u(t;)l|n.p
j=1
+ > T B Al p 1 AR w1
j=1
< ChJas + Chay + i¢~0m
= 2 1 < (tn —t;_1)1— 1
+ Z ) 6||Ahwh||hpa

j:1

which implies (67).
We proceed to the proof of (66). If it can be shown that

HA;GK}Zl [Bh(vffl)u{l - PhB(vj)uj}

h,p

S C (7'041072 =+ haléll =+ hlid/p()élOAllh —+ d1||A(}SLw{L”h,p
+an(h+ )|V oo + IIAinIIh,p> IV, oo, (68)

we have (66) in the same manner as for the estimation of I;. In order to get (68),
it suffices to verify that

[(Ba(v], b =B(o)u? )| < C [rands + honda + B aréy + én| Afw)
an(h+ B[V, oo + A0 190 ] IVl (69)
for xp € Xp. Indeed, by virtue of (36),
HAggKgl [Bh(vifl)ui — P,B(v))u/] Hh,p

(ALK, [Br(vl ul, — PoB()ui], xn),

< C sup
XhEXn ||XhHh,q
o o
< O swp (Bn (v, )y, — B(v))u?, A7 xn)

Xn€Xn ”Xth
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which, together with (43) and (69), implies (68). Consequently, (68) is reduced to

(69). To prove that,
b(v?

letting x5, € Xp, we write it as

7uj5 X) - bh(viilvui»){h)

b(v?,u?, xn) — b u, xn)

+ b7 ud ) — b (Prv? ™Y mud, xn)

+ bp(Puv? ™ mpu?, ) — bu(Puu? , Pou?, x3)
+ b (Puv? ™t Pou?, ) — b (v, Pau?, x)
+ b (vt Pau? X)) — b (vl g, xn)

Iy + Lo + Iy + Lyg + Iys.

First, in view of Lemma 3.8,

Tul < e [l VY = Vo TVl

IN

tj
||“J||oo||VXth/ Vo' (s)]l, ds

ti_

IN

Ta1dal| Vxallg-

We apply Lemma 3.11 to obtain

| Lia] < OB 2|07 o p |0 (1ol V xR llg < OB P ardn || Vnllg.

Since by, is linear with respect to the second argument, we calculate as

[143]

IAIA

IN A

IV Ppv? ™ H|oo|mnu? — Pra? (|, Vxalq

CIVe oo (lmn? = u? |l + ([0 = Pat? ) [V xnllg
Cay - Ch?||[u? |2,V xnlg

Ch*a1q ||V xallg

by (46) and (19). By virtue of Lemma 3.9, we deduce

[ 144]

INIA

IN

Here we have used

Ch (IIV P oo + 1905 oo ) I1Pw? 1,511V X0
Ch (@ + Vi, oo ) @[ xally
Cha16a||Vxnllg + Chon|| Vi, ool Vxallg:

IV, oo < 1RR0 oo + 19807, loo < Cn + [V}, [l

Finally, by Lemma 3.10,

A

| Li5] <

IN

IN

CIVu] ool Prts? = e} |V xulg
C (IVRW oo + 1907, )
(1P = B+ [}l 19l

C (a1 + V5 ) (Ch2ar + 45wl ) IVl

These imply (69); thus we finish the proof of (66). O
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4.3. Completion of the proof. We can complete the proof of Theorem 2.4 in the
following way. First, we recall that 7 is defined as (9). Then, we have

h? 2d
— < Ch— (&1 + agh).
128
Summing the estimates for Iy, ..., I5 and using (44), we obtain, for h € (0, hg)
with some 0 < hg < 1,
1A% wh 1, + 1@ 11,00
<C ( o hlfd/p) C 7_7 ~ 71 -
<O (7 + + Ozlj;(tn_tj )7/8” 1,

A 1 ;
+ O3 gy (L o i o) Wiy, (70)

where Cy = C(1+ J +¢71)

3
(7)) —+ Z(OQ + 5[7) + 041641 —+ a1d2‘| .

i=1
We define z; = ||ASwi ||, + ||t0]||1,00 and Z,, = sup z;. First we assume that
0<j<n
Zn—l S 1.

Thereby, (70) implies that

n

Ts
Zn S CQ (TU + hlid/p) + Cg E ﬁ(zj'—l + ZJ),
=1 (tn — ]—1)

with C3 = C(1+ J)(1 + aq + G1). Hence, according to Lemma 3.7,
zn < Cy (7’ +h' d/p) exp (CsJ) = 2

where Cy = OCQ, Cy = C’Cg and C is the absolute positive constant. Since Cy and
Cy are independent of h and n, we can choose sufficiently small hs > 0 such that
2 <1 for h € (0,hs). On the other hand, since ug, and vy, are chosen so that (8)
holds, we have

zo < C(||Rruo — uoll1p + [luo — uon|l1,p)
+ [IV(Rrvo = vo)lleo + [V (vo — von) s
< Ch™P (Jlugl2,p + [lvoll2p + o) -

Hence, we can take hs > 0 such that 2o < 1 for h € (0, h3).
At this stage, we set hy = min(hg, ha, h3). Then, since h € (0,h1), we have
Z, <1 for all n > 0 such that ¢, < J by induction. In conclusion, we have by (39)

N 5 A
lwhllp + l0pll1ee < C (IARWE Inp + 195 11,00)

C[Cyexp (CsJ)] (TU + hl-d/p) .

IN

This, together with (4.1), implies the desired error estimate (10). Thus we complete
the proof of Theorem 2.4.
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5. Concluding remarks.

5.1. The case of smooth domains. Now we suppose that Q C R? is a bounded
domain with the sufficiently smooth boundary 92. Consequently, if in addition ug
and vy are smooth and satisfy the compatibly condition for (1c), the system (1)
admits a unique classical solution satisfying

ou  O%u o 0%

Ug, V, —, ——
) s Yy al‘i’ axixj’

—, —— c@xlo,J
U, o, axixj vy € ( X[ ) ])
for a sufficiently small J. See, for the proof of this fact, [22] and [23].
In this case, we take a regular family of (curved) triangulations {.%,}, which

exactly fit the boundary:
a= | r

TET,

The definitions of X}, gﬁi, D;, etc. are similar to those before with obvious modifi-
cations (see, for example, [3]).

Then, under Assumptions (H1) and (H2), we can derive the following error esti-
mates:

sup ([[u(tn) — upllp + IV (0(tn) = v5)lloo) < Cr(h +7)
0<t,<J

for h € (0, h}); this can be achieved similarly to the proof of Theorem 2.4. See [20,
§7] for further detail.

5.2. General sensitive function. We have considered the linear sensitive func-
tion A\v; we now deal with a general sensitive function ¢(v) instead of Av. Thus, we
are concerned with

ug — V- (D,Vu—uVe(v)) =0 in Q x (0,J), (71a)
kv — DyAv + kv — kou=0 in Q x (0,J), (71b)
Ou/dv =0, Ov/dv =0 on 99 x (0, J), (71c)
Ulg=o = Ug, V|=0 = Vo on Q. (71d)

Here, ¢ : [0,00) — R denotes a smooth non-decreasing function. For example, we
may take ¢(v) = Aogwv, ¢(v) = M?/(1 +v?), and so on. For the system (71), we
consider the finite-element scheme (4) where 55 (vp,) should be replaced by

ﬂz‘jg[‘(vh) = /Fij [Vrnd(vn) - vijl+ dS.

Then, Theorem 2.1 remains true. On the other hand, Theorems 2.2 and 2.3 also
remain true, if the time increment control (5) is replaced by

“lr )
Tp, = min< 7, — .
2d[|Vrad(vy )l

Error estimate, however, is open at present. Several numerical examples which
validate this scheme are presented in [21].
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