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Abstract. We consider a one-dimensional fractional diffusion equation: 9ffu(z,t) =
% (p(w)g—g(;c, t)), 0 <z < {, where 0 < a < 1 and 9;* denotes the Caputo derivative
in time of order a. We attach the homogeneous Neumann boundary condition at
x = 0,4 and the initial value given by the Dirac delta function. We prove that
a and p(z), 0 < z < ¢, are uniquely determined by data u(0,t), 0 < t < T. The
uniqueness result is a theoretical background in experimentally determining the order
a of many anomalous diffusion phenomena which are important for example in the
environmental engineering. The proof is based on the eigenfunction expansion of the
weak solution to the initial value/boundary value problem and the Gel’fand-Levitan
theory.

¢1. Introduction.

Recently there are many anomalous diffusion phenomena observed which show dif-
ferent aspects from the classical diffusion. For example, Adams and Gelhar [1]
pointed that field data in the saturated zone of a highly heterogeneous aquifer are

not well simulated by the classical advection-diffusion equation which is based on
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the random walk, and the data indicate "slower” diffusion than the classical one.
The slow diffusion is characterized by the long-tailed profile in spatial distribution
of densities as the time passes. Also see Zhou and Selim [42]. Such slow diffusion is
called the anomalous diffusion. Since [1], there have been many studies for better
models, because from the practical viewpoint, the anomalous diffusion is seriously
concerned e.g., with the quantitative environmental problems such as evaluation
of underground contaminants. In particular, Berkowitz, Scher and Silliman [4], Y.
Hatano and N. Hatano [11] have applied the continuous-time random walk to the

underground environmental problem.

For applying the continuous-time random walk, we have to determine some pa-
rameters in the continuous-time random walk, and there appears an important
parameter characterizing in the large-time behaviour of a waiting-time distribution
function. We can refer to Y. Hatano and N. Hatano [11] where the authors fit the
parameter by data of columun experiments at laboratory. See also Xiong, G. Huang
and Q. Huang [40], and Berkowitz, Cortis, Dentz and Scher [3] as a survey. Al-
though there have been many works which are concerned more experimentally with
the continuous-time random walk, there are very few mathematical analyses for the
parameter identification. The continuous-time random walk is a microscopic model
for the anomalous diffusion, while from it, we can derive a macroscopic model equa-
tion, e.g., Metzler and Klafter [26] (pp.14-18), Roman and Alemany [34], Sokolov,
Klafter and Blumen [36]. The derivation corresponds to the way with which the
classical diffusion equation is derived from the random walk, and as a macroscopic

model from the continuous-time random walk, we have a fractional diffusion equa-
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tion:

o 0 ou
(1.1) ofu(x,t) = 2 <p(x)£(x,t)> , O<ax<t t>0,

where the diffusion coefficient p(z) describes the heterogeneity of the medium, a >

0, and 0fu(x,t) means the Caputo derivative :

(1.2) ofu(x,t) = ﬁ/@ (t — S)Q%(IE, s)ds.

See e.g., Kilbas, Srivastava and Trujillo [15], Podlubny [31] for the definition and
properties of the Caputo derivative.

In the slow diffusion, we can take 0 < a < 1. The fractional order « is related
with the parameter specifying the large-time behaviour of the waiting-time distri-
bution function. As related papers, see Giona, Gerbelli and Roman [8], Giona and
Roman [9], Mainardi [21] - [23], Metzler, Gléckle and Nonnenmacher [25], Metzler
and Klafter [27], Nigmatullin [29], Roman [33] and see section 10.10 in Podlubny
[31].

The main purpose of this paper is to establish the uniqueness in determining «
and p(z) by means of observation data u(0,¢), 0 < t < T at one end point. By
our uniqueness result, we expect that by experiments, we can identify an important
parameter o and p(x) characterizing the anomalous diffusion.

There are many works on the forward problem for fractional diffusion equations
such as an initial value/ boundary value problem and we refer to Bazhlekova [2],
Eidelman and Kochubei [6], Metzler and Klafter [27], Gorenflo, Luchko and Zabre-
jko [10], Hanyga [12], Luchko [19], [20] and the references therein. Also see Priiss
[32] (e.g., Section 2 of Chapter I) as a monograph. However, to the authors’ best

knowledge, there are very few works on inverse problems for fractional diffusion
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equations in spite of the physical and practical importance, and our uniqueness
is the first mathematical result for the coefficient inverse problem for a fractional
differential equation.

The paper is composed of 3 sections and an appendix. In section 2, we formulate
our inverse problem and state the uniqueness in the inverse problem as main result.
In section 3, we complete the proof of the main result. Appendix is devoted to the

proof of the unique existence of the weak solution.

62. Formulation and the main result.

We consider the following fractional partial differential equation.

(2.1) ofu(z, t) = % (p(x)%(x,t)) , O0<e <, 0<t<T,
(2.2) u(z,0) = d(x),

ou ou
(2.3) %(O,t)z%(ﬁ,t)za 0<t<T.

Here T' > 0,¢ > 0 are fixed and §(z) is the Dirac delta function,

ofu(z,t) = ﬁ/@ (t— s)a%(m, s)ds

(e.g., [15], [31]). We assume that p € C2[0,/] and 0 < o < 1. The initial condition
(2.2) means that we start experiments by setting up a density profile concentrating
at £ = 0, and the boundary condition (2.3) requires no fluxes at the both end
points.

We discuss

Inverse problem. Determine the order a € (0,1) of the time derivative and the

diffusion coefficient p(z) from boundary data u(0,t), 0 <t < T.
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Due to the irregular initial value in (2.2), we have to consider a weak solution
to (2.1) - (2.3) which is defined below. In terms of the weak solution, we can state

our main result.

Theorem 2.1. Let us assume p,q € C?[0,4], p,q > 0 on [0,4], o, 3 € (0,1). Let
u be the weak solution to (2.1) - (2.3), and let v be the weak solution to (2.4) with

the same initial and boundary conditions as (2.2) and (2.3):

0 ov
B —
(2.4) o v(x,t) = o (q(m) e (a:,t)) , O<ax<l,0<t<T.

Then u(0,t) = v(0,t),0 < t < T with some T > 0, implies « = 3 and p(z) = q(z),

0<zx <V

In the case of & = (3 = 1, our inverse problem is concerned with the one-
dimensional diffusion equation and we can refer to Isakov and Kindermann [14],
Murayama [28], Pierce [30], Suzuki [37], [38], Suzuki and Murayama [39]. As source
books for inverse problems for partial differential equations without fractional order
derivatives, see for example, Isakov [13], Klibanov and Timonov [16] and Lavrent’ev,
Romanov and Shishat-skii[17], Romanov [35].

In Luchko [20] and Podlubny [31] for example, solutions to initial value-boundary
value problems for fractional diffusion equations are constructed by the eigenfunc-
tion expansions or the Laplace transform, etc., and in [20] such a formally con-
structed solution is proved to be a unique weak solution in a suitable sense, but
in [20] initial values must be smoother and the Dirac delta function can not be
discussed. Even in our case (2.2), one can easily construct formal solutions by the
same method (see (2.11)). However, to the authors’ best knowledge, there are no
works on any relevant definitions and the unique existence of weak solution in the

case of singular initial values such as in (2.2), although the initial condition (2.2)
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describes a pointwise density profile and so is quite physical. Thus it is necessary
that first we have to introduce a relevant definition for the weak solution to (2.1)
- (2.3) and second verify that the formally constructed solution is really the weak
solution in that sense, which requires an independent and non-trivial work. For it,
we need function spaces.

Now we define the weak solution to (2.1) - (2.3). First we define an operator A,

in L2(0,¢) by

@) =~ (o) o) ) 0 <o <
(2.5)
D(,) = {v € 120,01 50 = G0 =0}

It is known that the operator A, has only real and simple eigenvalues {\, }nen,

and with suitable numbering, we have

0:)\1<)\2<"', lim A\, = co.

n—oo

Moreover by means of the Liouville transform (e.g., Yosida [41], Levitan and Sargs-

jan [18]), we see the following asymptotic:

—2
!

(2.6) Ap = (/ dx n?r? + 0 (1), n — oo.
0

p(z)

By ¢, we denote the eigenfunction corresponding to A,, which satisfies ¢, (0) = 1.
Henceforth (-,-) denotes the scalar product in L*(0,¢) and we set ||¢| 1200y =
el = (p,9)2. We define

Pn = ||90n||72'

Then, for each v € L%(0, /), we have the eigenfunction expansion :

= pu(t), 0n)en.
n=1
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Moreover {p,, } nen satisfies the asymptotic behaviour: there exists a constant ¢y > 0

such that
(2.7) pn = co + o(l), n — oo,

which is derived by the Liouville transform (e.g., [41], [18]).
Now we arbitrarily choose a constant M > 0 and define the operator A, ps in

L?(0,¢) as follows :

(par)@) =~ (Po) o)) + 210, 0< o<t

dvp dv
D(A = H? —(0)=—()=0%p.
(par) = {u € 20,0552 0) = 90 =0}
Then the set of all the eigenvalues of A, pr is {\, + M },en, and we set A%M) =
An, + M. Then we have )\%M) >0,n€eN.

We define the function space D(A;y ) for k>0 by

n=1

D(Ap ar) = {¢ € L2(0,0); > pul AN PF|(4, ) < oo}.

Then we see that D(Aj ;) is a Banach space with the norm :

1
o) 2
lllpear ) = { > o AN, <Pn)|2} :
n=1

We have D(Af /) = H**(0,£) if 0 < k < 3. Since D(Af ;) C L*(0,£), identifying
the dual L*(0,£)" with itself, we have D(Af /) C L*(0,£) C (D(Af ). Here
(D(A} 5r))" denotes the dual space, which consists of bounded linear functionals
on the Banach space D(A} /). Henceforth we set D(A,",) = (D(A5 ). For
fe D(A;”&) and ¢ € D(A5 1), by —x < f,¥ >, we denote the value which is
obtained by operating f to ). We note that D(A;'X/‘,) is a Banach space with the

norm :

1 lpeazs,) = {Z%M%M)!_z”\—ﬂ < frn >x |2} .
n=1
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Now we fix 0 < € < % By the Sobolev embedding theorem, we have ¢ €

—1_¢ . —€
D(A, 4 ) and 6 = 3577 pppn in D(A, ;). Weset < - >=_1_ < >1.

We note

< fo >=(f,) if f € L*(0,6) and ¢ € D(AL})

(e.g., Chapter V in Brezis [5]).

Let us define the weak solution to system (2.1) - (2.3) as follows.

Definition. We call that u is a weak solution to (2.1) - (2.3) if the following

conditions hold :

u(-,t) € L*(0,0) for 0<t<T,

258) u e C(0, T D(AS 37Y),
0 _1_.
L 5% Ofu, Apnvu € C’((O,T];D(Apj\/[ ),
(2.9) lim [[u(-,#) - 5\|D(A;%4_é) =0,
(210) < 0fu(, 1), > +(ul-1), Ap) = 0 for t € (0,T], ¥ € D(A,).

Remark. Let u be a sufficiently smooth weak solution. Then, integrating (2.10)

by parts, we have

0 =< d%u(-,t),v > +(u(-t), Aye)
_ (agu -0 (p@)%) 7¢) ; [w@p(@g—;@,w -

for 1 € D(A,). Taking ¢ € C5°(0,¢), we see that 0fu(z,t) = 8% (p(x)%) for x €
(0,¢) and t € (0,7]. Since we arbitrarily choose 1(0) and (¢) within ¢ € D(A,),
we obtain %(O, t) = g—g(ﬁ, t) =0 for ¢t € (0,T]. Therefore the smooth weak solution

satisfies (2.1) and (2.3) in a usual sense.
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Proposition 2.1. There exists a unique weak solution to (2.1) - (2.3) and
> o . —-1l-¢

(2.11) w(@,t) = Y pnBai(=Ant®)en(z) in C([0,T];D(A, 3, 7).
n=1

Here for a > 0 and 8 € R, the Mittag-Leffler function E, g(z) is defined as

k

(2.12) Eup(z) = /;o NevE

(e.g., [15], [31]) and I' is the gamma function. We note that E, 3(z) is an entire
function in z € C (e.g., [15]). Moreover we notice that the regularity of our weak
solution is sufficient in proving Theorem 2.1. The proof of Proposition 2.1 is done
in a setting similar to the formulation of weak solutions for partial differential

equations (e.g., Brezis [5]) and given in Appendix.

§3. Proof of Theorem 2.1.

We will use the following result on the Mittag-Leffler function.

Lemma 3.1. If a < 2, 8 is an arbitrary real number and p satisfies ma /2 < p <

min{m, T}, then there exists a constant Cy > 0 such that

&

E,5(2) <
Bas(2)| < 1573

, 2€C, p<|arg(z)] <.

For the proof, we refer to Theorem 1.6 (p.35) in Podlubny [31] for example.

By Proposition 2.1, the weak solutions u and v are given by

(3.1) u(z,t) = anEa,l(_)‘nta)Wn(x)

and

(3'2) U(x7t> = ZanEﬁ,l(_ﬂntﬁ)¢n(x)-
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Here 0 = A1 < Ay < ---, n € N are all the eigenvalues of the operator A, defined by
(2.5) and ¢, is the eigenfunction corresponding to A, with ¢, (0) = 1 and we set
Pn = HcanZZQ(O’@, while 0 = p; < pg < --- are all the eigenvalues of A,, v, is the
eigenfunction corresponding to u, with ¢, (0) = 1, and we set 0,, = ||¢n||;§(0’ 0

Let tg > 0 be arbitrarily fixed. By the Sobolev embedding theorem, we have

H‘PnHC[O,E} < C(I)HSDnHH%Hs(M)

with sufficiently small € > 0. Moreover we see that

oD L
HQOnH 2+26(0€) _OOHApMQOnHL?(O,E)—CO|)‘n |4 \/p—n

Hence by Lemma 3.1, (2.6) and (2.7), we have

oo 1
a < (M) }+e
masx oo Fo 1 (~Ant Jeul@)] < Co 3 VNG T+ pote] =%

n=1 n=1
for to <t < T. Therefore we see that the series on the right-hand sides of (3.1)
and (3.2) are convergent uniformly in = € [0, /] and ¢ € [tg, T].

Consequently, assuming that u(0,¢) = v(0,t) for 0 <t < T, we have

(3.3) > nBai(=Mnt®) = onEgi(—pat’), 0<t<T.
n=1 n=1

Since we see that from Lemma 3.1, (2.6) and (2.7) that the both sides of this

equation are analytic in Re ¢t > 0, we have

> PnBar(=Mnt®) =Y onEgi(—pnt®), t>0.
= n=1
For E, 1(%), we have the following asymptotic behaviour

(3.4) Eoa(—t) = T T O([t|™2) ast >0, — oo.

(e.g., Theorem 1.4 (pp.33-34) in [31]).
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First Step. First we will deduce o = § and

/oe ;<x>d$:/o£ ok

Since Ay = 1 =0 and A, >0, pp, >0 for n =2,3,4, ..., we have

1 1 1
B 1 (—Ant®) = n Bt (—Ant®) — : .
Zp i p1+zp { T(1—a) Anta+{ l v Anta}]

By (3.4) and A,, > 0 for n > 2, there exists a constant C; > 0 such that

1 1
(1 —a) \te

C

Eoi(=Apt®) — = \22a”

n> 2

for sufficiently large ¢. Taking the summation for n = 1,2,--- by (2.6) and (2.7)

we have

1 1

Ea _na - :
1At Nl —a) At®

> o
n=1

with some C5 > 0. Then we have

(3.5) an a1 (= Ant® )_p1+zpn (11_Q)A1ta+0<t2ia)'

n=1

Similarly arguing for Y°7 | 0, Eg 1(—pnt?), we have

1 1 1 & 1 1 1
tazp" S o m) =t m e O ()

fin

as t — oo. This means that « =  and p; = 01. In fact, letting ¢ — oo, we see that

p1 = 01. Let a > 3. Then the multiplication by ¢° yields

8 [ & 1 1 1 1
(St ) ro () S o () -0

Then, letting t — oo, by a > 3, we have

o0

> i =
op———-— =0.
By o, > 0 and u,, > 0 for n > 2, this is impossible. Hence we see that a > (3 is

impossible. Similarly 8 > « is impossible. Therefore a = 3 follows.

Hence we have

(3.6) > pnBai(=Mnt®) =D 0nBai(—pnt®), t>0.
n=2 n=2
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Second Step. We will prove A\, = pu,, n € N. For it, we take the Laplace

transform and we can

Za—l

. B (= At dt = ——— .
(3.7) /0 e A( Jdt= - Rez>0

In fact, we can take the Laplace transforms termwise in (2.12) to obtain

Za—l

1
m, Re z > \g
n

/ e By 1 (= Apt®)dt =
0

(cf. formula (1.80) on p.21 in [31]). Since sup;>q|Ea,1(—Ant®)| < co by Lemma
3.1, we see that [~ e * Eq41(—Ant®)dt is analytic with respect to z in Re z > 0.
Therefore the analytic continuation yields (3.7) for Re z > 0.

By Lemma 3.1, (2.6), (2.7) and the Lebesgue convergence theorem, noting that

oo "
SC{e_tReZ (Z 1 ) 1 <Cl e—tRez, t>0,

=l )t T e

)
e—tRez Z ana,l(_)\nta)
n=2

and e~ Re*¢=2 ig integrable in t € (0, 00) for fixed z satisfying Re z > 0, we have

0o [e%s} o) a—1
—zt @ z
e B 1 (=M t®)dt = n——— Rez>0.

Similarly

-1

| e S mnBanptit =Y ou e Rez>0.
0 n=2

e
n=2 Hn

Hence (3.6) yields

P N " Rez>o.
ngzza_'_)\n ;ZQ+Mn, ez
That is,
(3.8) Pn =37 Ren>o.

n:2n+)\n n:277+/1”n
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By (2.6) and (2.7), we can analytically continue the both sides of (3.8) in 7, so that
(3.8) holds for n € C\ ({=An}n>2 U {—pin}n>2)-

Now we deduce Ay = po from (3.8). Let us assume Ay # po. Without loss of
generality, we can assume that Ay < po. Then we can take a suitable disk which
includes —Ay and does not include {—\, }n>3 U {—pn}n>2. Integrating (3.8) in a
disk, we have

27Tip2 =0.

This is contradiction because of ps # 0. Then we obtain Ay = us. Repeating this

argument, we can obtain
An = n, n=2,3,4,...
Moreover by (2.6) we see that

(3.9)

¢ ¢
1 1
——dr = | ——=dx.
o Vp(z) 0 Va(x)
Third Step. In order to prove that p = ¢ on [0, ¢], we apply the Gel’fand-Levitan
theory. For it, we have to transform (2.1) to the canonical form by means of the
Liouville transform (e.g., Yosida [41]). The argument in this step is a modification
of Murayama [28]. We note that a modification is necessary because the argument
in [28] is based for the eigenfunction expansion in the case of & = 1 which is different

from the case 0 < o < 1.

KOZ/OE zj(x)dx:/og et

By the Liouville transform, we have

|

By (3.9), we set
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and

(2, 1) = u(e, p(x)'*,

system (2.1) - (2.3) is transformed to

. 2

o u + a_@_ u=0, 0<z2</ly,0<t<T,
022

@(Ot)—hﬂ(Ot)—O 0<t<T

az ) ) - % )

ou ~

&(Eg,t)—kﬂu(éo,t):(), 0<t<T,

Lu(2,0) =6(2)f(2), 0<z<{,

where
_ 1 d—2 z 2) = p(z)/*
(3.10) o) = fi5 gl 1) =5
and
_ 1 g 14
(3.11) h = F0) dx(o)’ H o) dx(éo).

Similarly, by

and
U(z,t) = vy, t)qly)/*,

system (2.2) - (2.4) is transformed to

(c‘)f’ﬁJr(b—a—Q)’ﬁ:O, O<w</ly,0<t<T,
ow?

@(Ot)—j’ﬁ(Ot)zo 0<t<T

ow" "’ ’ ’ ’
a—g(fot)+J17(€ot)=0 O0<t<T

ow" ’ ’ ’

L U(w,0) = d(w)g(w), 0<w <Ly,

where

312 bw) = s saw), glw) = ()
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and

1d_g 1 dg

(3.13) J= 2(0) dw 0), J= —9(50)%(50)-

Then u(0,t) = v(0,t), 0 < t < T is equivalent to
(3.14) p(0)~14%(0,t) = q(0)~V/45(0,1), 0<t<T.

We will define an operator A, j, i in L?(0,4y) by

2
(Aunt)(2) = b +al2(z), 0<z< b

a
dz

(0~ hw(0) = 2 60) + Hulte) = 0}

D(Aosnir) = {1 € H(0, o)
and we define an operator A ; ; similarly. By o(Aq n,m), we denote the set of

all the eigenvalues of A, j g. Since the Liouville transform does not change the

eigenvalues, by o(A4,) = 0(A,) we obtain
(315) U(Aa,h,H) = O'(Ab’j’]) = {)\n}neN-

Let ¢, and Jn, n € N be the corresponding eigenfunctions of A, ;g and Ay ;5 for

An Tespectively such that @, (0) = 1, (0) = 1. We set

1 1

Pn

=17=72 v On= =0 -
||90n||L2(o,£0) |’1/’nH2L2(o,eo)

=

Similarly to Proposition 2.1, noting that u(z,0) = 5(2)}9(:1:)i and v(w,0) = d(w)q(y)1,

we obtain

U(=,1) = p(0)/* Y~ BuBaa (~Aat*)Pa(2),
(3.16) "
32, 1) = q(0)* D Fn Bt (= At )in(2),
n=1
where the convergences are understood in a corresponding space to (2.8). Moreover

it is known (e.g., [18]) that sup,cy pn, SUP,en On < 00. Therefore by (2.6), (2.7)
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and Lemma 3.1, we can prove that the series on the right-hand sides of (3.16) are
convergent in C((0,T]; C|0, €o]).

Hence (3.14) yields
D PnBai(=Mnt®) = FnBan(—Ant®), 0<t<T.
n=1 n=1

Similarly to (3.8), we can argue to obtain

oo o0 ~

Pn On
= € C\ {-M\n}nen.

n=1

Integrating the both sides in a sufficiently small disk centred at —\,,, we see that
(3.17) Prn = On, n € N.

By (3.15) and (3.17), we apply the Gel’fand-Levitan theory (e.g., Theorem 1.4.2

(p-21) in Freiling and Yurko [7], Marchenko [24]) to have
(3.18) a(z) =b(z), 0<z<4{y,, h=j H=..

Finally we have to derive p(x) = ¢q(z), 0 < x < ¢ from (3.18). The argument is

same as in Murayama [28] and we repeat it for the completeness. We first have

and similarly
Lo
(= / g(2)%dz.
0

On the other hand, we can prove that a positive solution e = e(z) to

d%e
@(2) =a(z2)e(z), 0<z </,

1 de fo 2,
@E(O) = h, /0 e(z)*dz = ¢,
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is unique. Consequently we have

9(z) = f(z), 0<z<4l

by (3.10) - (3.13) and (3.18). Therefore, since

dz 1

g <z </ =

iz T 0<z</{ 20)=0
and

dw 1

— = 0<x</y 0)=0

d:L‘ g(w)27 _1'_ 7w() 9

we obtain w(z) = z(x), 0 < z < ¢. Therefore

0= (Rw) = (Lw) =, vzese

Thus the proof of Theorem 2.1 is completed.

Appendix. Proof of Proposition 2.1.

17

First Step. We will prove the uniqueness of the weak solutions to system (2.1)

(2.3).

Let u be a weak solution with u(-,0) = 0. We set

Un(t) =< u(-,t),n >, 0 <t <T.

By u € C([O,T];D(A;%[G)), we see that v, € C[0,T] and v,(0) = 0. By u(-,t) €

L?(0,4), t € (0,T], we have v,(t) = (u(-,t),p,) for t € (0,T]. Therefore (2.10)

implies

< O u(-t), on > +(ul(-,t), Appn) =0, 0 <t <T,
that is,
(1) < Ofu(+,t), o0 > FAun(t) =0, 0 <t <T.

Now we prove the following.
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Lemma 1. We have

< Ofu(-,t), pn >= 07 (u(-,t),pn), 0 <t <T.

Proof. Since the third condition in (2.8) yields

[ 1 ¢ _aau -1
Fult) = gy ) 6= 9 Gl ds € DAL, 0<tsT,
setting
1 t—ea Y o
Tt = gy [ (=9 G s)ds

1.

we have lim., c,0.e1,6,50 Jey 25 (1 t) = Ofu(+,t) in D(A,, 3y ) for 0 <t <T. Appox-
1

imating J, ., (-, t) by the Riemann sum, in terms of 2% € C([e1, T —¢2); D(A, i 9)),

Wwe can see

< ey en (5 1) >= ! /tez(t— )~ 8“( ) ds, 0<t<T
€1,€2 9 7Q0n - F(]_ o a) - S 88 JS 79071 87 — .

Hence letting £1,e9 — 0, by (2.8) we have

< Ofu(-,t) >—;/t(t— )~ @( ) ds, 0<t<T
tu, 7%0?1 _F<1—O[) 0 S 88 787<)0n 37 = .

Moreover (2.8) yields

ou 0
Z - - . = — . <T.
<asu(78)790n> <U’(7S)7(pn> aS(U(78)’SOn), 0<S_T

Then we have

1 ¢ o)
e . — _ —o_— . = & . < .
<3t u(7t)78077« > F(l—a) /0 (t S) 8S(u(78)7¢n)ds 815 (u(us)awn)a 0<t_T

Thus the proof of the lemma is completed.
Applying Lemma 1 in (1), we have
Ofvn(t) + Ao (t) =0, 0 <t <T, v,(0) = 0.
The uniqueness of the initial value problem for the fractional ordinary differential
equation (e.g., Kilbas, Srivastava and Trujillo [15], Chapter 3 in Podlubny [31])
implies v, (t) = 0 for 0 < ¢ < T and n € N. Since {¢p, }nen is complete in L?(0, ),

we see that u(-,t) =0 for 0 < ¢ <T. The proof of the uniqueness is completed.
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Second Step. Next, we will verify that the representation (2.11) gives the weak

solution to system (2.1) - (2.3). In the following, we set

ﬁ(f, t) = Z ana,l(_)\nta>90n (.fl?)

Next we show

Lemma 2. Let ) > 0.

()

%Ea,l(—m) = A B o(=M?), £>0, a > 0.

(i)

Of Eq1(—AtY) = =AEy1(—AtY), t>0,0<a<]1.

By noting that E, 1(z) is an entire fucntion in z € C, the proof of the lemma

follows directly by the termwise differentiation of (2.12) and

F((l/k’ + 1) t—a+ak
MNak+1—a) ’

ortor = 0<a<l keN.

Now we will prove that u satisfies (2.8).

(i) Verification of u € C’([O,T];D(A_%_E)):

p,M

Let us fix t € [0,T]. It follows from (2.6), (2.7) and Lemma 3.1 that

(e @] 1 N
> A(M‘)“1+ze'0”|E0‘71(_A”t I <o
n 2

n=1

Thus for fixed t € [0, 77, we have u(-,t) € D(A, }, ‘). For t,t + h € [0,T], we have

(- t+h) = a0 1,

D(Apyﬁ/[

>0 1 6% (e

(2) =2 ool (1)) = Ea (St
n=1 n
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Here it follows from Lemma 3.1 that |Eq 1 (—An(t+h)%)—Eq 1 (=X, t%)|? is uniformly
bounded for n € N. Thus using the Lebesgue convergence theorem, in terms of (2.6)

and (2.7), we have
i 131, e _o.
lim |fa(, ¢ +R) —aC O -1 0

Therefore w € C([0,T7; D(A;%/[_E)).
(ii) Verification of u(-,t) € L?(0,/) for t € (0,7 :

For fixed t € (0, 7], Lemma 3.1, (2.6) and (2.7) yield

C 2
~ a 2
G, )22 0,0 = Z/’n’Eal —Ant?)[" < ZP" <1+|)\ ta\) =
which means that u(-,t) € L*(0,¢) for t € (0,T].
(iif) Verification of 22 € C/((0,T]; D(A, ;) :

First, we consider

U(,0) = Y pu 5 Fas(-At)n(@)

for t € (0,7]. By Lemma 2 (i), we have

an n)t" 'E, a(=Ant®)on(z).

By Lemma 3.1, (2.6) and (2.7), we have

o0

1 a—1 a2
lepn!(—)\n)t Bao(=Mt N> <00, 0<t<T.

Thus U(-,t) € D(A, ;) for t € (0,T].

Next we have

>

(3)
> Eo1(=An(t+h)Y) — Eu1(=Mat®) d

-Y | ’ CAPREWES)
n=1 ‘)\n |2
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Since the mean value theorem implies that

‘anl(—)\n(t + h)*) — Eq1(—Ant®) ot on
17:

h

_ |dEan(=Aun®)
dn

with some 6 € [0, 1], we have

2

- _(Ea,l(_Anta))

Eoi(=A(t+h)*) — Eq1(=Mt®) d
h dt

is uniformly bounded for n € N from Lemma 3.1 and Lemma 2 (i). Therefore, by

the Lebesgue convergence theorem, the left-hand side of (3) tends to 0 for h — 0.

Hence %(-, t) exists and is equal to U(-,t) € D(A, 3, Vfor 0<t<T:

ou >
4 —(,t) = (=N EL o (= At ) on, t<T.
(4) at(’) ;P( ) ol Jpn, 0<t<

The continuity of %(-,t) in t € (0,7T] is proved similarly to (2). Therefore % €

C((O,T];D(Ap’j%\/[_e)) is proved.
(iv) Verification of 0fu € C’((O,T];D(A;j%\/[_e)) :
Let us fix t € (0,7]. For 0 < s < t, by Lemmata 3.1 and 2 (i), the following

estimation hold :

o 2 - 1
t—s)"“—(-,s = (t —s) ¢ — 0 nPS? TR B, o (= Ans®)?
| R e = S S (A
= 1 Auf?

n=1

A2 T+ s
where C > 0 is some constant. On the other hand,

1 A2 1 e 1

AR 2e (L [Aals)2 AR 3+ AR e (14 [Anls2)27¢ (14 [An] )¢

1 | An|® (|/\TL|<5"(X)2_e 1 1 Anl® o
< s (2 6)&
- |)\$1M)|%+e |>\£1M)|e (14 [Ny |s2)2—€ s(2—e)a — |)\$1M)|%+e |>\£1M)|e

Y

so that

1
L <Gt
DA )
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with some constant C3 > 0. Therefore ||(t — s)_ag—f(-,s)HD(A,%,e is integrable
p, M

over the interval s € (0,t). Then 0fu(-,t) € D(A;j{e) exists. From (4) and

Lemma 2 (i), in terms of the Lebesgue convergence theorem, we can prove

(5) an n —Ant® )(pna O0<t<T.

The continuity of dfu(-,t) in ¢ € (0,7 is proved similarly to (2). Therefore,
O € C((0,T]; D(A, 3,)) i verified,
(v) Verification of (2.9):

Since
J = Z PrnPn In 'D(A;}w_e),
n=1

we have

oo

1
=3 ———pulBai (—Aat®) — 1]

(-, t) — 8|
DAY o A2

A
Taking ¢t — 0, by Lemma 3.1 and the Lebesgue convergence theorem, we verify
(2.9).

(vi) Verification of (2.10):

Let us take ¢ € D(A,) arbitrarily. Then we have ¢ = "7, pn (¥, 0n)ern in

D(Ap). Then by (5), we have

(07 u(-, <an Eo1(=Ant® son,me zb,som)som>
m=1

— Z P (=An)Ea 1 (=Ant) (Y, 0n), 0<t<T.
n=1

On the other hand,

(u(- 1), Apy) = (Z PrEa1(=Ant®)on, Z AmPm (Y, SOm)SOm)
n=1 m=1

= Z PrAnEa 1 (=Ant®) (¥, ©n),
n=1
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which means (2.10).

From (i)-(vi) and the uniqueness of weak solution, the eigenfunction expansion

(2.11) gives the weak solution.
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