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Abstract

We consider nonnegative solutions of the initial-boundary value
problems in cone domains for the reaction-diffusion systems with in-
homogeneous terms dependent on space coordinates and times. In our
previous paper the conditions for the nonexistence of global solutions
in time were shown. In this paper we show the condition of existence
of global solutions in time.

1 Introduction

We consider nonnegative solutions of initial-boundary value problems for the
reaction-diffusion systems of the form

uy = Au + Ky (z,t)vP, xeD, t>0,
vy = Av + Ky(x, t)uP?, reD,t>0, (1)
u(z,t) = v(z,t) =0, r € oD, t>0,

ul(z, 0) = uo(x), v(x,0) = vo(x), @€ D,
where py, ps > 1 with p1ps > 1. The domain D is a cone in R" such as
D ={z e RN,z #0 and z/|z| € Q}, (2)

where ) is some region on SV~! satisfying Q # SV~! and 09 is smooth
enough.

The initial data ug(x) and vo(x) are nonnegative, bounded and continuous
in D, and ug(z) = vo(z) = 0 on dD. The inhomogeneous terms K; (i = 1,2)
are nonnegative continuous functions in D x (0, 00).

Let Aq denote the Laplace-Beltrami operator with homogeneous Dirichlet
boundary condition in 2. Let ¢,(z/|z|) denote the n-th eigenfunction of
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—Ag with Dirichlet problem in € satisfying ¢ [/ 12(0) > 0, where ||£||12() =
\/ Jo &2(#)do. Let w, > 0 denote the corresponding eigenvalue to 1. Assume

that the sequence {1, /||%n |2 }ne; is a complete orthonormal sequence.
Let v, denote the positive root of y(y+ N — 2) = wy, that is

(3)

We introduce the Green’s function G(z,y,t) = G(r, 8, p, ¢, t) for the linear
heat equation in the cone D, where

—(N =2) + /(N —2)2 + 4wy
T+ = 9 .

r=lal, p=1lyl, 6= and ¢ = 2 € Q. (4)
2] [yl

The Green’s function is expressed to

—(N-2)/2 2, .2\ ®
G<r797pa ¢7t) = %exp (_p L—l:r ) chll/n (%) wn(e)wn(¢)>
(5)

where ¢, = 1/H¢n||%2(9), vp = [(N — 2)2/44—wn]1/2 and I, is the modified
Bessel function or

AV (z/2)% (z/2)"/T(v+1), asz— 0"
L(z) = <§> kZ:O ET(v+k+1) ~ { e* [\ 21z, as z — +00 (6)

with the Gamma function I'(z) = [ 5" 'e"*ds (see Section 4 in detail). The
operator S(t) is defined by

S(e(a) = /D G, y, DEy)dy = / N / G(r, 0, p, 6. (. )" dodp (7)

with G defined by (5). By using this S(¢), the solution (u,v) of (1) is ex-
pressed to

u(z,t) = S(t)ue(x) + /0 S(t — s)Ky(x, s)v(x, s)Pds,
v(x,t) = S(t)ve(x) —{—/0 S(t — s)Ky(x, s)u(x, s)P2ds.

Remark. It is easily seen that v, =14 — (N —2)/2 by (3).

For given initial values (ug, vg), let T* = T™*(ug, vo) be a maximal existence
time of the solution of (1). If T* = oo, the solutions are global in time. On
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the other hand, if T < oo, then the solutions are not global in time. If the
solution blows up in finite time such that

limsup [[u(- £) o + limsup |o(-,£)]|oc = oo, (8)

t—T* t—T*

then the solution is not global, where ||-||« denotes the L>-norm with respect
to space variable.
For our theorems we assume that the inhomogeneous terms K;(i = 1,2)
satisfy
Ki(z,1) < Cy{x)” (t + 1), (9)

or

gigdi (10)
for some Cy, Cp, > 0, and 0y, ¢; > 0, where
1/2
(x) = (|x|2 + 1) )
For conditions of the global existence we set

- (2+0i +2¢;) + (2+ 05 + 2¢)pi ((i,5) = (1,2),(2,1)). (11)

' pip; — 1

Note that (aq,ay) satisfies

1 —P1 (675} _ 2+O’1+2ql
—P2 1 (6%} 2+ o2 + 2(]2 .
In [10] we considered the case there exists no global nontrivial solution of
(1). The result of the global nonexistence for (1) was stated as follows.

Theorem 0 (Theorem 2 of [10]). Assume that K;(x,t) (i = 1,2) satisfy (10).
Suppose that one of the following two conditions holds;

(1) max{ai, s} > N + vy with v defined by (3),
(i1) uy € Hy, for ay < ay orvg € Hy, for ay < ag,
where

T

H,= {§ € C(D) : &(z) > M{x) "y <—> for x € D with some M > 0} .

]

Then there exists no nontrivial nonnegative global solution of (1), that is
7" < o0.



On the other hand, the main result of this paper is the following global
existence theorem.

Theorem 1. Assume that max{ay, as} < N+v4 with vy defined by (3) and
Ki(z,t) (i = 1,2) satisfy (9). Suppose that

(uo,v9) € H™ x H* for a; > ay, as > ag, (12)
where
H® = {5 € O(D) : &(z) < mlx) "y (ﬁ) for x € D with small m > 0} .
x
(13)

Then the solution (u,v) of (1) is global in time, that is T* = co. Moreover,
there exists a positive constant C' such that

T

]

u(z,t) < CS(t) () M, < > and v(z,t) < CS(t)(x) "2y, ( ’ ) (14)

||
in D x (0,00), where a; < a; and as < ay are chosen to satisfy
pimin{a;, N 7.} =@ > 2+ 0 +2¢ () = (1,2),(2,1).  (15)

JFrom Theorems 0 and 1 we may draw up the following table.

max{ai,as} > N+, | max{aq, s} < N+,
a1 < Qq O Gy < Qiy NG NG
a; > ap and ag > o NG G

NG : There exists no global nontrivial solution.

G : There exists a global nontrivial solution for small initial data.

We briefly recall a history of the studies on global existence of solutions
to the system (1).

First, the global existence of solutions in the case D = RN (Q = SV-1),
u=wv, p; =pand K;(z,t) =1 (i = 1,2), that is
uy = Au + uP, reRN t>0,
{ u(r,0) = up(z) >0, z€RY, (16)

was studied by Fujita [3]. Fujita proved that when p > 1+ 2/N the solution
of (16) is global in time if ||up||s is small enough and u has an exponen-
tial decay. Fujita’s results were also extended by some researcher. For the
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case p > 1+ 2/N, Lee-Ni [15] studied that if ||ug||o is small enough and
lim sup|, o [7|*uo () < 0o with @ > 2/(p — 1), the solution of (16) is global
in time. When D is a cone, that is

uy = Au + uP, re D, t>0,
u(z,t) =0, xr e oD, t>0, (17)
u(z,0) = ug(x) >0, x€D.

Levine-Meier [17] proved that if p > 14+2/(N+~, ), nontrivial global solutions
of (17) exist.

Fujita’s results were extended to the case D = RY, v = v, p; = p and
Ki(z,t) = K(x,t) for i = 1,2, that is
u = Au+ K(x,t)u?, © € RN, t>0, 18
u(z,0) = up(z) >0, z€RN. (18)

In the case K(x,t) ~ |z|7 as || — oo with ¢ € R, Suzuki [25] had that
if p > 14+ (24 0)/N then a global solution of (18) exists (see also [21]).
Thereafter, Qi [23] extended the result to the case K(z,t) = t4|z|” with
q > 0,0 > 0. He caught that if p > 14+ (2 + 0 +2q) /N, there exists a global
solution of (18). When D is a cone, that is

u = Au+ K(x,t)u?, x € D, t >0,
u(z,t) =0, x €D, t>0, (19)
u(z,0) =up(x) >0, z€D,

in the case K(z,t) = |z|” with ¢ > 0, Levine-Meier [17] had that if p >
1+ (24 0)/(N + v4), there are nontrivial global solutions of (19). For the
case p > 1+ (24 0)/(N + 7+), Hamada [7] studied that if uy € H* with
a> (24 0)/(p—1), the solution of (19) is global in time.

In the case D = RY, our results are reduced to Escobedo-Herrero [2] and
Mochizuki [19] with K;(z,t) = 1 (¢ = 1,2), to Uda [26] with K;(z,t) = t%
(¢ = 1,2), and to Mochizuki-Huang [20] with K;(x,t) = |z|” with o; €
[0,n(p; — 1)) (i = 1,2). Moreover, when K;(z,t) (i = 1,2) satisfy (9) with
D = RY, the system (1) was studied by Igarashi-Umeda [9]. When D is
a cone, in the case K;(x,t) = 1, the condition max{ay,as} < N + 7, of
Theorem 1 is reduced to Levine [16].

The history for the global nonexistence was stated in [10] (see also [3, 8,
12, 30, 1, 18, 17, 2, 16, 15, 6, 26, 7, 21, 19, 20, 23, 4, 11, 25, 9]).

The rest of the paper is organized as follows. Some preliminary lem-
mata are given in Section 2. Theorem 1 is proved in Section 3. In Section
4 we confirm the form of the Green function for the heat equation in the



cone domain with the Dirichlet condition. In Section 5 we prove Lemma
2.2 in Section 2 of this paper. For the change of variable as (4), we de-

cide C(,y,1) = (r,0,p,6,1), C(w,1) = C(r,0,t) or Go(x) = Go(r,6) for any

functions.

2 Preliminaries

In this section we prepare a notation and some lemmata for proving Theorem
1.
We define for a > 0

X

o) = S(o) 0 (). (20)

|
with S(t) defined by (7).

Lemma 2.1. Let n, be defined in (20) with a > 0. Then we have in D X
(0,00),
-1
Na(z, )7 < Cmax {(z)°, (1 +1)"?} ¢y <ﬁ> 7
T

where n, 1s defined in (20).

Proof. As well known, n,(x,t) — (x)"%)1(x/|z]) as t — 0 locally uniformly
in z € D. By (5) we see that

na 1) > / /Q G(r, 0. p, 6. 1)(1 + )2 ($)p™dbdp.

JFrom (6), we have

Cz" 0<z<1
> ) — )
I,(2) > { Cr 12 2> 1 (21)

with some constant C' > 0. Thus we obtain

~ _ )2

v 2t 2t 4t
p—r
Put s = ——. Then we see
Vit
(N-1)/2

o t —a/2

mle.t) = C0n0) [ (i ; 1) (1+ (s +r2) " eas.
PAVARE T
I
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First assume that 0 < ¢ < 1. Then it follows that

o0

Na(2,1) 2 C¢1(9)/ (1+(s+ T)Q)fa/Z e 14ds.

If || > V2, that is 7 > /2, then we obtain
1
na(z,t) > Cy (6) / (14 (s 4+ r)?) "2 /s
0
1
> Cpy (0)(1 + r2)~/2 / e s > Cpy (0)(z) ™.

0
Next, let ¢ > 1. Then we have

%(90’?5)
> (le(@)/ o (ﬁ + 1) (1 +(sVE+ 7")2>7§ =T ds
max{%f%,O} r
0 N 2\ "2,
> G0 (8\—/E + 1) 1+ (s + i) e~ ds.
ta/? max{%ﬁ—%,O} r \/g

If 7/+/t < 1, this shows

O¢1(8) = 2\—a/2 —s?/4 C¢1(0)
Na(x, 1) > vy /max{%/f—\},o (I+ (s+1)%)"%%e ds > T

On the other hand, if £ = r/y/t > 1, then

a N> Con (8 *© e (N=1)/2 S /1y
(1) 2 O ( )/max{g_g,o}( +E> (1+(£+s)2)‘1/26 ’

— Cwl(ﬁ)/ e /ds  as £ — 0.

0

Summarizing these results, we obtain the inequality in the lemma. O

Lemma 2.2 (Lemma 3.1 of [7]). Letn, be defined in (20) with a > 0. Assume
0 <o <min{a, N +7;}. Then there exists a positive constant C' such that

C(1+ 1)/, (2/]a]), if a< N+,
(), ) < { OO+ 8l V02+920 (2], if a = N + 74,
C(L+ )l 2 (a/lal),  if a> N+,

for any (z,t) € D x (0,00) and € > 0.
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Proof. See Lemma 3.1 of [7] or Section 5 of this paper. O

Lemma 2.3. Let n, be defined in (20) with a > 0. Assume p > 1, 0 > 0,
qg>0andb>0 and

pmin{a, N +v;+} —b> 2+ 0+ 2q. (22)

Then there exists a positive constant C' such that

(z,

1+ t)("“q*b*“p)/ (1), ifa <N+,
Yot2atb=(NTy)p+e} /20, (1 1), if a = N + 74, (23)
Wot2atb=(NTy)P} 20, (2 1), if a > N + 74,

for any (z,t) € D x (0,00) and € > 0.

Proof. By Lemma 2.1, we obtain

(t+ D)%) (@, ) = (t+ 1)7 @) na(, t)'my(2, )~ (2, 1)
< C(t+ 1)) na(z, 1) max{(z)’, (1 + )"} (x/]al) (1)

JFrom Lemma 2.2 and (22) we have

(¢4 1)) ol )
C(1L+ )23 2y (g, ) (3] i a< N+,

< O 2= 2, () (oo, if 0= N+,
O+ ) 2N 2 o, ) (el P, if 0> N+,

for any € > 0. If p > 1, then ¢ (z/|z|)P~! is bounded. Hence, we obtain (23).
[l

3 Existence of a global solution

In this section we treat the existence of global solutions in time of (1). Here,
we take the same strategy as in [20] and [28].

First note that condition (12) can be replaced by (ug,vy) € H® x H%
since we have H® x H® C H% x H%. Then, to establish Theorem 1, we
have only to consider the special case a1 = a; and as = a. As is easily seen,
in this case condition (15) is equivalent to

pimin{a;, N +v:} —a; > 2+ 0 +2¢; ((i,5) = (1,2),(2,1)).  (24)



If (24) holds, then it is necessarily that max{ay, as} < N + vy, a3 > a3 and
Qo > Qig.
We define the Banach space X as

X =A{v: [[1v/Maslloc < 00},
where 7, is defined in (20) with a > 0 and

llwlllo = sup  Jw(z,t)].
(z,t)eDx(0,00)

We consider the associated integral system
t
(o) = S(Ouale) + [ St - Kl oplnspds, (29
0

o(z,1) = S(t)olx) + /0 S(t — ) Ko, s)u(z, s)ds, (26)

with S(t) defined in (7). Substituting (25) into (26), we have
v(x,t) = V(ug,vg,v) (27)
with
t
Vo, t0,0) =S(t)un(e) + [ St = 9)Kal.)
0

P2

x (S(s)uo(x)+ /O 5 s<s—T)K1(x,T)v(x,T)md7) ds.

If V is a strict contraction, then its fixed point yields a solution of (1).
Moreover, by the fact (a + b)? < 2P~1(aP +bP) for a > 0, b > 0 and p > 1, we
obtain

V (ug, vo,v) < T(ug,vp) + I'(v) (28)

with

T(uo,v0) = S(t)uo(x) + 27! / S(t — 8)Ka(z, 5)(S(s)uo(x)Pds,

D2

I(v) = 21 /0 " S(t — 9K, ) < /0 35(3—T)KI@,T)U(:U,T)%) ds.

Lemma 3.1. Assume the same hypotheses as in Lemma 2.3. Then there
exists a constant C' > 0 such that

/0 S(t—s)(s+ 1)) n.(z, s)Pds < Cnp(x, t) (29)

for any (x,t) € D x (0, 00).



Proof. Put

_ pmin{a, N +v.} —-b—-2—-0—2q
€= 5 :
Then from (22) we see that

0+4+2¢+b—pmin{a, N +v,} +e=05< —2. (30)

JFrom Lemma 2.3, we have

/Ot S(t = s)(s + 1)*(2)7na(z, 5)"ds < Cmy(z, t)/o (14 s)%2ds.

JFrom (30) there exists a constant C’ > 0 such that

/Ot St —s)(s+ 1)Uz)n.(x, s)Pds < C'ny(x, t).

Lemma 3.2. Let n, be defined in (20) with a > 0.
(i) Let (ug,vo) satisfy (12). Then T(ug,v9) € X and

1T (w0, v0) /s |lloo < Ca(m +m")

with some Cy > 0, where m is appeared in (13).
(i) Let v be the second element of the solution of (1). Then I' maps X
into itself and

T (W) /Tas oo < Colllv/ 10, [ 15572
with some Cp, > 0.

Proof. (i) First, it is easily seen that S(t)vo(z) < mn.,(z,t). Next, from
Lemma 3.1 and (24), we obtain

/o S(t— s)Ks(x,s)(S(s)up(x))P?ds
< /0 S(t — s)Cy(s+ 1)%2(x)?2(mn,, (z, s))P?ds < CmP?*n,,(x,1).
Thus, we have

‘T(UO,U())’ < Cnlu (w,t)(m + mp2)'

This implies assertion (i).
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(i) Similarly as above, it follows from Lemma 3.1 and (24) that

t
T(0) <O|llo/masl 727 / S(t — 8)Cu (s + 1) (z)"
0
S P2
« ( / S(S—T)CU(T+1)%(@0177@2(:,:,7)%) ds
0
t
<Cllo/mealliz2?” / S(t — $)Cu(s + 1) () 10, (z, 5P ds
0
<O/ Meal I 10 1, ).

Assertion (ii) thus is concluded. O

X;v > 0}, where m is appeared in (13). We shall show that V (ug, vg, v) is a
strict contraction of B,, N P into itself provided m is small enough.
JFrom (28) and Lemma 3.2 we have

Proof of Theorem 1. Let B, = {v € X;|||[v/Na,|llc < 3m} and P = {v €

IV (o, vo, 0) /s [llse < [T (40, v0) /s lloo + [[IT'(0) /7as |l
< Co(m + mP?) 4+ Cp(3m)PrP?2 < 3m.

This proves that V' maps B,, N P into B,, N P.
Now, we show that V' (ug, vy, v) is a strict contraction on B, N P. By the
definition of V' we obtain

t
|V (uo, vo, v1) — V (uo, vo, v2)| < / S(t = s)Ks(z, s)
0

X

(S(s)uo(x) + /0 " S(s = 1)K (2, P (x, T)pldf) N

_ (S(S)u()(x) + /0 TS(s— T>K1<I,T)U2(x,7>pld7)p2 s,

Since |a? — 0P| < p(a+b)P~a—b| fora > 0,b > 0 and p > 1, we can estimate
as follows,

t
\V(UO,UmUl) - V(UO,U07U2)| < p2/ S(t - S)KZ(xv 5)
0

p2—1

« <2S(s)u0(ac) + /D TS(s — PV Ky (@, 7) (0 (2, T + UQ(x,T)pl)dT)

X ds.

/Os S(S — T)Kl(l', T)(Ul(g;’ T)Pl _ 1}2(1‘7 T)pl)dT
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Put

Az, s) = (25(5)U0(I)

p2—1

+ /05 S(s — 1)Ky (z,7) (v (z, 7)P* 4 vy(z, T)pl)d7—> |

B(z,s) =

/Os S(S — T)Kl(.fE, T)(”l(ﬂ?, 7—)?1 _ U2<.T, 7_>p1>d7_ '

Then we get
t
|V (1o, v, v1) — V(ug, vo, v2)| < pg/ S(t — s)Ko(x,s)A(z, s)B(x, s)ds.
0
Since (a +b)P < 2max{p=10}(gP 4-pP) for a > 0, b > 0 and p > 0, we obtain

A, 5) S?“”"“’H’O}{<2S<s>uo<x>>m—1

+ (/05 S(s—1)Cy(t+ )" <x)”12f}(a:,7')p1d7'> . }
with o = max{vy,v,} and
B(z,s) < /0S S(s —71)Cy(T 4+ )" {(x) vy (x, 7)P* — va(x, 7)Pt|dT

< /OS S(s —71)Cy(T + 1)1 (z)"

x pr(vi(z, 7) 4+ va (2, 7)) oy (2, 7) — va(, 7)|dT.

JFrom Lemma 3.1 and (24), we have

Az, s) < gmax{p2—2,0} { (2mng, (z, s))pr1

+ (2l [ st -t + 1 )d>}

< 2mlp 20 { ()l () + (20(3m)P ) g (o, 5))

and

B(z,s) < /0S S(s —7)0p (1 + 1) {(2)7 p1 (2v(z, 7))oy (2, 7) — vo(z, 7)|dT

<om-icy, / S(s — 1) (7 + 1P {a) s (o, 7) (2, 7) ey (2, 7))

X p1(|U1(l‘, T) - UQ(J:’ 7-)|/77a2(x7 T))dT'
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We can take m satisfying (2m)P2~! + (2C(3m)P)P*~" < 202n®2=1/2 Then
we have

|V (o, vo,v1) — V(uo, vo, v2)|
<O [ 810 = )5+ )% (@m0 ) 0,9
0
o 16 e 08 s — vl
<Omprsr23t2 [ (0= s)(s + ()22 o, sl — vl
0
<CmP 5, () 0 — 02

Since p1,py > 1 and pips > 1, we obtain for some p < 1

[V (10, Vo, V1) /Ny — V (U0, V0, V2) /Nas ] ||oo
< CmP P22 [0y /gy — V2 /My [lso < AIIUL May — V2/Mas |||

with m small enough. Then V is a strict contraction of B,, N P into itself.
Hence, there exists a unique fixed point v € X which solves (27). Substitute
v into (25). Then (u,v) solves (25) and (26). Moreover, since v € B,,, we

find
x

wstcmwwr%m(—).

| ]
Substituting this into (25), we have
t
. t) Sy (a,0) + € [ S(t = 5)Cus + D o) 2 o 5)ds
0
<ming, (2,1) + Cng, (z,1) < Cng, (2,1).

Then u € B,,; that is,

mescsmwrmw(f).

|z]

Then the proof of Theorem 1 is completed. O]

4 Appendix A: A Green function in a cone
domain

In this section we confirm the form of the Green function for the heat equation
in the cone domain with the Dirichlet condition.
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We consider the initial-boundary value problem for a heat equation

uy = Au, xreD, t>0,
u(z,0) =up(x), x€D, (31)
u =0, xr €D, t >0,

where the domain D is a cone in R" such as

D:{xERN:x%OandieQ},

|

where  is some region on S™~! smooth enough. We introduce the Green’s

function G(z,y,t) = G(r, 0, p, ¢, t) for the linear heat equation in the cone D.

By the variable transformation (4) the problem (31) is expressed the form
ut:Au:u,ﬂr—i—%ur—i—Ar%“, r>0, 60e€Q, t>0,
u(r,0,0) = ug(r,d), r>0, 0eQ, (32)
u =0, r>0, €09,

where Ag is Laplace-Beltrami operator on Q ¢ SV—1,

For the Laplace-Beltrami operator with homogeneous Dirichlet boundary
condition on 2 € S¥71 define w, as Dirichlet eigenvalues and 1, () as the
Dirichlet eigenfunctions corresponding to w, which satisfies fQ »2(0)do > 0.
It is following that

/Q U (0)10,(0)d0 = 0

for m # n.
It is known that the Green’s function of the first equation of (31) is
expressed to

—(N-2)/2 2 2\ @
G pot) = (_p +r ) S ealu, (52) 0n(8)nl@),

2t 4t
(33)
where ¢, = 1/[[tnl[22q) and v, = [(N = 2)?/4 +w,]"*. The function I, is
the modified Bessel function. The functions satisfy

/w e M I, (VAP) T, (VAp)dA = %exp (—TQ + p2) I, (Q> (34)

0 At 2t

with the Bessel functions J, satisfying

2> J(z) + 2 J(x) + (2* — v*)J,(x) =0
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and

( ) Z m!T m—f/fi-n;)

m=0

(see [29, p.p.395)).
In [18] the above fact had been shown. However, the proof is not under-
stood easily for us. Thus in the rest of this section, the fact is confirmed.
JFrom (33) and (34) we see that

G(r7 07 p? ¢7 t)

oy

5 Cnn (0)1n () /Doo e M1, (V). (VAp)dX.  (35)

n=1

The solution of (31) is expressed to

wat) = u(r0.0) = [ [ Gr0.p.0n0ulp.0)0" dodp. G0

We should confirm the fact.
Let @ be the inverse Laplace transformed function of u, i.e.

u(r,@,t):/ a(r,0,s)e *"ds.
0

Then this u satisfies the following equation of the form

L N—-1_ = Aqu
—SU = Upy + Up + —5—,
r r

r>0,0€Q, s>0. (37)

Since {tn/||%n |2} is a complete orthonormal system, we have

u(r,0,s) anrsd}n (38)

with
nlr,5) = 0 [ (5,0, (0)d0.
JFrom (37) and (38) we see that
(W) rr + (N — D) (@), + (r?s — wy ), = 0. (39)
By the Frobenius method we obtain

W (1, 8) = an(s)r" V=221, (\/s 1)

15



with some a,(s). {From (38) we see that

a(r,0, ) Z {an(s)r =221, (Vs r)a(0)} . (40)
We thus see that
w(z,t) = u(r,6,t) Z/O ~WN=D2 g (sr)e tdsip, (6).
If we let t = 0, we have
() (r,0) Z/O ~WN=D2 g (sr)dsi, (6).
Then since
/ / J,(\sp)J,(v/sr) f(p)dsdp = 000 OOOUJ,, ap)J,(or)f(p)dadp

f(r)

for any f € C(0,00) (see [29, p.p.453], see also [5, §2]) and {vy/||1n| 2}
is a complete orthonomal system, we see that

_ / / N2, (Vsp)uolp, @) (6)dodp.

Then we have (36). O

5 Appendix B: Proof of Lemma 2.2

In this section we prove Lemma 2.2 ([7, Lemma 3.1]) in detail. This lemma
is equivalent for the following proposition:

Proposition 5.1. Let 1, be defined in (20) with a > 0. Assume 0 < o <
min{a, N + v, }. Let { >0 be

(Z) C:a—o, ifa<N+7+7
(”) <<N+’Y+_O—7 ifa:N+’y+a
(1it) (=N+4+~vy—0, if a>N+y4.

Then there exists a positive constant C' such that

(2)7na(x,t) < C(L4)"*¢y(x/|x|)  forxz € D,t > 0.
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Proof. ;From Lemma 2.1 of [10] and the fact a > o, there exists a constant
C'1 > 0 such that

() ne(x,t) < Cy  for (z,t) € D x (0,1).

We should only show for ¢ > 1.
By a direct calculation, we see that

T ) = / / 7,0, p,6,1)(1+ )~y (§) " depdp.

Since {1, } is a orthogornal system, we have

2t /r rp —(N-2)/2
2|70z, ) / /
2t/r

X exp (—p2 o ) I, (”)) (14 )" dpus (0

4t 2t

First, we estimate A. ;From (6) we have for some constant Cy > 0

v <
<{ng, 0<z<1, (41)

L,(2) = Coz 1267, 2> 1.

By (41) we obtain

27 (1)~ (N-2)/2 2412\ rp\m
A< Cor® AN _ <_>
= tar /0 2 eXp( ) 2t

% (1 +p2)_a/2pN_1d,0.

JFrom the definitions of v, and v, we have

N/ N 7“2 2t/r p2
A< Y2 T oY+ _ £
Cy(2t)™ r exp( 425)/ exp( 4t)

% pN71+’y+<1+p2)fa/2dp'

Putting Cs = 2=N2-7C,, we get

(—(N4rs))/2 r o+Y+ r2 2t/r ,02
A< Cat\°— T+ N _ A
corren (5] e 5) [ oo ()

XpN_H”(l—{—pQ)_a/zdp.
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Since s717+ exp(—s?) is bounded for s > 0, there exists a constant Cy > 0
such that

2t/r 2
- 4t
0
= C4t(0_(N+7+))/2E(T, t).

On the hand, the case a < N + v, is considered. Since by the assumption
(i) and (ii) of Lemma 2.2, a > { + o, we see that

E(r,t) <22 " ex _p_2 N+y+-1(1 (-0
0

2t/r 2
< 2a/2/ exp (_%) pN+1—C=o=1g,
0

Put ¢ = p/v/4t. Then we have
Vi/r
Br,0) =27 [ exp(~€)(VEE) o Vg
0
< 2@/2(\/@)N+’y+—§—0—1/ eXp(_£2>£N+7+—C—U—1d§'
0
Since N + v, — ¢ — o > 0, there exists a constant C5 > 0 such that

E(r,t) < Cgtz N+ —¢o—1)

On the other hand, if a > N 4 7,

2t/7" 2
E(r,t) < 2a/2/ exp <_Z_t) (1+ p)N+v+—a—1dp
0

[ee)
< 2“/2/ PNy = O < 0.
0

Since ( < N + v, — o, we obtain for any ¢t > 1
A < maX{C'5, Cﬁ}tig/?

Next, B is estimated. From (41) we have

1 1/2 _ 2
peo [ of F) oo ()
2t /rio0)n[2r/3,2r]  J[2t/roo)\2r/3,201 ) \ 2L 4t

w p=(N=1)/240 (N=1)/2-ag ,

= Co(J + K).
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On one hand, we compute J. If ¢ > r? then J = 0. When ¢ < r?, since
p € [2r/3,2r] we see that

2r 1/2 )2 (N—1)/2 a
JS/ (%) exp (_(p 4;) ) (2) (z) e
2r/3 r P
_ 3\ o o 1\ 12 —7r)?
< oN-1)/2 (5) ne )/2/ (ﬂ) exp (_(P = ) )dp

<Ct (a—0)/2

with some constant C7 > 0. On the other hand, we estimate K. Since
p € [2t/r,00)/[2r/3,2r], we have |p — r| > max{r/3, p/2}. We thus obtain

_ )2 )2 2 2 2
p=r)_ lp—r) (o) < (42)
4t 8t 8t 32t 72t
and
2t 2t
p<— and r<—. (43)
r p

i From (42) and (43) we obtain

e
= — xp | ——— — —
[2t/r,00)/[2r/3,2r] \ 20 32t T2t) \ p

Y 26\ ¢
T p(N 1)/2<T> d,O

2

< (2)-N-D/2a g (_%) (%)m () HerN 1

@) ()
X — exp| —— | | —= dp.
/0 (Qt) 32t Vit
So, there exists a constant Cg > 0 such that
K< C’t (N-1)/2—a+0/2+a/2+(N-1)/2 _ C’gt_( -
Then we have

B < max{Cy, Cg}t~ @)/

for any ¢ > 1. On the other hand from the definition of { we have ( < a—o.
We thus have

|2|7 N, (2, t) < max{Cy, Cs, Cgs, C7, Cg} max{l,t}_</2@/11(6’)
< Cy(t+ 1)y (0)
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with some constant Cy > 0. Since (z) < |z| + 1, we see that

(@)7na(2,t) < Colt + 1)y (a/z])

for (z,t) € D x (0, 00). O
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