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ABSTRACT. We consider the problem of determining the coefficients of a first-order pertur-
bation of the Laplacian in two dimensions by measuring the corresponding Cauchy data on
an arbitrary open subset of the boundary. From this information we obtained a coupled
system of 0; and 0, which the coefficients satisfy. As a corollary we show for the magnetic
Schrodinger equation that the magnetic field and the electric potential are uniquely deter-
mined by measuring the partial Cauchy data on an arbitrary part of the boundary. We
also show that the coefficients of any real vector field perturbation of the Laplacian, the
convection terms, are uniquely determined by their partial Cauchy data.

1. Introduction

We consider the problem of determining a complex-valued potential ¢ and complex-valued
coefficients A and B in a bounded two dimensional domain from the Cauchy data measured
on an arbitrary open subset of the boundary for the associated second order elliptic operator
A+ 2A% + ZBB% + q. Specific cases of interest are the magnetic Schrodinger operator
and the Laplacian with convection terms. We remark that general second order elliptic
operators can be reduced to this form by using isothermal coordinates (e.g., [20]). The case
of the conductivity equation has been considered in [12]. For global uniqueness results in
the two dimensional case for the conductivity equation with full data measurements under
different regularity assumptions see [1], [4], [16]. Such a problem originates from [7].

Below we more precisely formulate our inverse problem under consideration. Let Q C R?
be a bounded domain with smooth boundary 00 = Uﬁlefyk, where v, 1 < k < N, are
connected components and smooth closed contours and let v be the unit outward normal
vector to 0f2. We denote % = Vu - v. Henceforth we set i = /—1, 21,22 € R, 2 = 21 + i,
Z denotes the complex conjugate of z € C, and we identify z = (z1,22) € R? with z =
x1 +ix2 € C. We also denote a% = %(8%1 +i8%2_), % = %(% - ia%g). B

Henceforth let (A, B, q), (4;, Bj,q;) € C°T(Q) x C5%(Q) x C***(Q), j = 1,2 for some
a>0and let A, B,q, A;, B;, q; be complex-valued.

Let a function u € H'(2) be a solution of the Dirichlet problem

Ou

ou i
(1.1) L(a:,D)u:Au+2A%+2Baz+qu:01n Q, u’m:f,
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where f € H %(GQ) is a given boundary input. The Dirichlet-to-Neumann (DN) map, as-
suming that 0 is not a Dirichlet eigenvalue, is defined by

0
(1.2 Masaf) =5 |

More generally we define the set of Cauchy data for a bounded potential ¢ by:

(1.3)  Capy= {(ma@, g“ ) | (A + 2A% + 23% FQu=0inQ, ue Hl(Q)} .
We have Cpp, C H3(09) x H™%(9S).

Let T' C 99 be a fixed non-empty open subset of the boundary and I'y = 9\ r.

Our main result proves that the coefficients must satisfy a system of 0 and 9 if the set
of Cauchy data for the pairs coincide. Consider the following sets of Cauchy data on T for
j=1,2
(1.4)

ou 6 0
Conyimya = { (vl 5], ) 1324, 428, 2 )= 02 ul, =0, we @) |
Our main result is:
Theorem 1.1. Assume Ca, B,.q,) = C(As,B2,02)- Then

(15) Al == AQ, Bl = B2 on f,

(1.6) —2

%(Al — AQ) — (Bl — Bg)Al — (Al - AQ)BQ + ((h - QQ) =0 Q,
(1.7) —22

8Z(B1 — Bz) — (Al — AQ)Bl — (B1 - BQ)AQ + (Q1 - QQ> =0 in Q.

Remark. In the case that Ay = Ay and By = By in €0, then Theorem 1.1 yields ¢ = qo,
which is a main result in [12]. We can not uniquely determine (A, B, q). Really, in order to
see this, consider the function n € C*(Q) such that 1|z = %]f = 0. Then it is easy to check
the operators L(x, D) and e"L(xz, D)e™" have the same Dirichlet-to-Neumann map.

In the case of a simply connected domain €2, from Theorem 1.1 we can derive the following
corollary which gives a necessary and sufficient condition for the coincidence of the Dirichlet-
to-Neumann maps.

Corollary 1.1. Let Q be a simply connected domain. Then Cia, B, ,q) = C(4s,Bs,0) 4f and
only if there exists a function n € C5F*(Q), |z = 22|z = 0 such that

ovil —
(1.8) Ly(z,D) = e "Ly(x, D)e"
Proof. 1t is sufficient to prove (1.8) from Cia, B, ,q1) = C(As,Bs,40), DeCauUse the converse is

directly proved. By (1.6), (1.7), £ (A; — A3) = £(B; — By), since the domain € is assumed
to be simply connected, there exists a function n € C°+*(Q) such that

8_727 Bl B2 _2@
0z

A — Ay =2
! 2 0z
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The existence of such an 7 is proved as follows. Let us set f = A; — Ay and g = By — Bs.
Then % = g—g. Therefore we can define a one-form a by a = fdz + gdz. Then we have

0 0 0 9]

= 8—‘£dz/\dz+ a—gdz/\dz = 8—£dmdz— édmdz:o

by % = g—g. Therefore in a simply connected domain {2, we can choose n such that a = dn =

%dz + g—gdi. By a = fdz + gdz, we have f = % and g = %. Thus the existence of 7 is

da

proved.
Therefore by (1.6)

on on on an
1. = A 4——+2—Ay+2—D08s.
(19) R R MY FE R Fat
The operator Li(x, D) given by (1.8) has the Laplace operator as the principal part, the

coefficients of % equals to 245 + 4%, the coefficient of 2 equals to 2B, + 4% and the

0z
coefficient of the zero order term is given by the right-hand side of (1.9). By (1.5) we have
that %’f = 0 and 7|z = 0. The proof of the corollary is completed. O

We now apply our result to the case of the magnetic Schrédinger operator. Denote A=
(A1, As), A= A; —iAy, ot A= g—‘;‘f — g—‘;‘;, D; = %%. Consider the magnetic Schrodinger
operator

(1.10) Lii(x, D)= (Dp+A4)"+7.

k=1
Let us define the following set of partial Cauchy data

~ du :
Can g0 = {(U’f, @If)lﬁgm@j)(%D)u =0in Q, ulr, =0,u € HI(Q)} :

Corollary 1.2. Let a > 0, real-valued vector fields AW A®) ¢ C**(Q) and complex-
valued potentials ¢V, q? € C**(Q) be such that Ciw g = CFe go- Then ¢V =q?% and
rot AV = rot A®.

Proof. A straightforward calculation gives

B 2~ 0 2+ 9 | x, 10A, 104,
Lagle. D) = —A+ sdigo ¥ S deg o A+ S g, T iam, 1
+26—A—rotﬁ+|ﬁ|2+a.
1 0z

2= 0 2
(1.11) = A4S A+

Then the operator Lz (x, D) is a particular case of (1.1). Suppose that the vector fields

i
0z

AWM A® and the potentials ¢V, §® have the same Dirichlet-to-Neumann map. Taking into
account that A; = —%.Z(j), B; = —%j(j), ¢ = —(%%Lj) — 1ot AD + |AD[2 4 §D), we see
that (1.6) gives

rot A® — rot A®) 43 — g = o
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and (1.7) gives
2040 2042 204N 2040

1.12 - -z - Z t AW —rot A® 45 — g = .
W2) % =i i e Tias T ot AT T 4
Using the identity 2M - %% —2rot A we transform (1.12) to the form

—(rot AW —rot A®) 4 g — g = 0.
The proof of the corollary is completed. OJ

We remark that this corollary generalizes the result which we obtained in [12] where it
was assumed that the magnetic potential :476 is zero. A global uniqueness result for full data
in this case was given in [5]. As for the uniqueness by partial Cauchy data, see [6] and [14].

Corollary 1.2 is new even in the case when the data is measured on the whole boundary. In
two dimensions, Sun proved in [19] that for measurements on the whole boundary uniqueness
holds assuming that both the magnetic potential and the electric potential are small. Kang
and Uhlmann proved global uniqueness for the case of measurements on the whole boundary
for a special case of the magnetic Schrodinger equation, namely the Pauli Hamiltonian [13].
In dimension n > 3 global uniqueness was shown in [17] for the case of full data. The
regularity assumptions in the result were improved by Salo in [18]. The case of partial data
was considered in [10] with an improvement on the regularity of the coefficients in [15].

Our main theorem implies that the Dirichlet-to-Neumann map can uniquely determine
any two of (A, B, q). First we can prove that A and B are uniquely determined if ¢ is known.
We discuss the uniqueness for Laplace operators with convection terms:

ou ou
(1.13) L(z,D)u = Au+ a(z )5_£E1 + b(z )ax2

Here a, b, ¢ are complex-valued functions. Let us define the following set of partial Cauchy
data

+ q(z)u.

~ ou : ou : ou
Lo = Il IS () () = ) () = =0i = 1
Cot p) {(u!r, aV’F)’Au +a (ac’)al_1 + bV (x )81'2 +¢q(x)u=0in Q, ulp, =0,u € H (Q)} .

We have
Corollary 1.3. Let v > 0 and two pairs of complez-valued coefficients (e, 01 ) € O (Q)x

C5+(Q) and (a?,0@) € O%*(Q) x C5*(Q) be such that Comyy = Coeyye. Then
(0D, b)) = (o, b2,

Proof. Taking into account that 8%1 = (£ + Z)and ;2 =i(L — 2), we can rewrite the
operator (1.13) in the form

L(z,D)u = Au+ (a(z) + zb(a:))gz + (a(z) — ib(x ))ZY_L + q(z)u.

The pairs (a¥,bM) and (a®,5?) be such that corresponding operators defined by (1.13)
have the same Dirichlet-to-Neumann map. Denote 24, (x) = a®™ (z) +ib™®) (x) and 2B, (z) =
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a® (x) —ib® (x). By (1.6), we have
(114) —2%(141 - AQ) - (Bl - Bg)Al - (Al - AQ)BQ =0 in Q,
(115) —2%(31 - BQ) - (Al - AQ)Bl - (Bl - BQ)AQ =0 1in Q.

Applying to equation (1.14) the operator 28% and to equation (1.15) the operator 2% we
have

(1.16) —A(A; — Ag) = 28 ((By — Bo) Ay + (A1 = A3)By) =0 in Q,
By (1.5)

(A1 = As)|g = (B1 — By)[p = 0.
Using these identities and equations (1.14), (1.15) we obtain
0(A; — Ag) = d(By — Bs)
v r v
The uniqueness of the Cauchy problem for the system (1.16)-(1.17) can be proved in the

standard way by a Carleman estimate (e.g., [11]). Therefore we have A; = Ay and By = By
in Q. O

== 0.

We remark that this generalizes the result of [9] who proved this result assuming that the
measurements are made on the whole boundary. In dimension n > 3 global uniqueness was
shown in [8] for the case of full data.

Similarly to Corollary 1.2, we can prove that the Dirichlet-to-Neumann map can uniquely
determine a potential ¢ and one of A and B in (1.1).

Corollary 1.4. For j = 1,2, let (A;, B}, q;) € C*7*(Q) x C>7%(Q) x C**%(Q) for some a > 0
and be complez-valued. We assume either Ay = Ay or By = By in 2. Then Ca, B, ,q) =
CAz,Bayq2) Tmplies (A, Br, q1) = (A2, Bz, q2).

The proof of Theorem 1.1 follows the general method of [12]. In this case we need to
prove a new Carleman estimate with degenerate harmonic weights to construct appropriate
complex geometrical optics solutions. These solutions have a different form to take into
account the first order terms. The new form of these solutions complicates considerably
the arguments, especially the asymptotic expansions needed to analyze the behavior of the
solutions. In Section 2 we prove the Carleman estimate which we need. In Section 3 we
state the estimates and asymptotics which we will use in the construction of the complex
geometrical optics solutions. This construction is done in Section 4. The proof of Theorem
1.1 is finished in Section 5.

2. CARLEMAN ESTIMATE

Notations
1 =vV—1, x1,29,6,& € R, 2 = 21 +ixo, ( = & + 1€, Z denotes the complex conjugate
of z € C, D, = %%. We identify z = (z1,79) € R? with 2 = z; + izy € C. We set

0. =2 =12L-i2) 0: =2 = l(i—ki%), O, = {z € Q|dist(z,9Q) < e}. Throughout

8x1 (93?2 5 1
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the paper we use both notations 0. and %, etc. and for example we denote 92 = ;—;. We
say that a function a(x) is antiholomorphic if d,a(z) = 0. The tangential derivative on the
boundary is given by a% = 1/28%1 — Vla%y with v = (¥4, 1) the unit outer normal to 02,
B(z,0) = {x € R?||lzx — 7| < 0}, S(7,0) = {z € R?*||lx — 2| = &}, f(z) : R? = R, f"is
the Hessian matrix with entries %afzj? I| - ||§{k’T(Q) = |- Hil’“(ﬂ) + |7 - ||%2(Q)a () arr ) =
(-, Vaey + 1T, ) 20y, L(X,Y) denotes the Banach space of all bounded linear operators
from a Banach space X to another Banach space Y. By ox (=) we denote a function f(,-)

such that .
1F(r, )llx = o( %) as |7] — +oo.

Let ®(2) = (a1, z) + i) (z1, 2) € C°(Q) with real-valued ¢ and v satisfy
0P
0z
Denote by H the set of all the critical points of the function ®

(2.1) (2)=0 inQ, Im®|p, =0.

H=1{zc ﬁ]g—f(z’) — 0}

Assume that ® has no critical points on I, and that all critical points are nondegenerate:

0P
Then ® has only a finite number of critical points and we can set:
(23) H\F[):{El,...,%g}, Hﬂfgz{fg+1,...,fg+g/}.

The following proposition was proved in [12]:

Proposition 2.1. Let = be an arbitrary point in . There exists a sequence of functions
{®c}eco1y satisfying (2.1) such that all the critical points of ®. are nondegenerate and there
exists a sequence {T.},e € (0,1) such that

0P,
0z
Moreover for any j from {1,..., N} we have
Heﬁ”yj:@ szy]ﬂf#@,
H.Nvy; CTy ify,NT =0,
Im® (z.) ¢ {ImP(z)|x € H \ {z}} and ImP.(Z,) # 0.

T.€H.={z€Q|

(2) =0}, Zc—7T ase— +0.

In order to prove (1.5) we need the following proposition:

Proposition 2.2. Let I', CC T be an arc with the left endpoint x_ and the right endpoint

x4y orientating clockwise. For any T € IntT, there exists a function ®(z) which satisfies
(2.1), (2.2), Im®|po\r, = 0 and

0Im®
ot

(2.4) regG={xel,]| () =0}, cardG < oo,
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(2.5) (%)Wm@(x) #0 VeeG\{z_,x.},

Moreover

(2.6) Im®(z) # Im®(x) Ve e G\{x} and ImP(T)#0.
0

(2.7) (8F+ O)ﬁlmq)(x_) #0, (W_ O)GIm(I)(.CE+) # 0.

Proof. Denote I'; = 0\ T'... Let z_, 7z, € 0N be points such that the arc [7_,7;] C (z_,24)
and ¥ € (T_,7,) be an arbitrary point and zy be another fixed point from the interval
(7,74). We claim that there exists a pair (¢,1) € C°(Q2) x C*(Q) which solves the system
of Cauchy-Riemann equations in €2 such that

A) ¥

Al

0
= 0,192 e, > 0ty (T 0, 92(3) = 0, (L)% (@) £0,

0 0

B) The restriction of the function ¢ on the arc [z_, 7] is a Morse function,

C) F>Oon (x_,7_], %<0 on [Ty, xy),

. o O
D) ¥(@) & {¢(2)le € 00\ {7}, 5=(2) = 0},
E) ify; NI, =0, then the restriction of the function ¢ on ~;

has only two nondegenerate critical points.

Such a pair of functions may be constructed in the following way. Let vy N T, # () and
v NT, =0 for all j € {2,...N}. First by Corollary 6.1 for some o € (0, 1), there exists a
solution (%) € C***(Q) x C°**(Q) to the Cauchy-Riemann equations with the following
boundary data

~ 86

Yooz = ¥s: Fzholloa) < B <0
and such that if v, N Ty = ( the function ¢ has only two nondegenerate critical points
located on the contour ;. The function v, has the following properties: t.|r; = 0, 85; s >
0on (z_,z_], a{;p; < 0 on [T4, x4 ). The function . on the set [ZT_, zo] has only one critical
point T and ¢,(z) # 0. On the set (x,Z+) the Cauchy data is not fixed. The restriction of
the function ¢ on [xg, 7] can be approximated in the space C°™*([xq,Z]) by a sequence of
Morse functions {ge}ec(o,1) such that

(%)k{/;(:c):(%)kge(x) v e{Z,m}, ke{0,1,...,5},

and

() & {9(7)]

396( ) _ o).
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Let us consider some arc J CC (z_,Z_). On this arc we have % > 0, say,

(2.8) % >3 >0 onJ forsome positive 3.

7
Let (¢, 1) € COF(Q) x C***(Q) be a solution to the Cauchy-Riemann equations with
boundary data 1. = 0 on 9Q \ (J U [zg,74]) and ¢, = g. — 1 on  [z9,74] and on J the

Cauchy data is chosen in such a way that
(2.9) [Yellcs+agan) + [|¢ellcsra@m) = 0 as g — Yllesta(um 2 — 0.
By (2.8), (2.9) for all small positive €, the restriction of the function ¢ 4 1, on 9§ satisfies

o a ) € a b € ~

(¢ +e)|rs =0, %lw\[mm] <0, % >0on [z_,z_],
(Y + e ) - -

QAL gon [y o], G vlns = e (00l g = o

If 7 > 2 then the restriction of the function ¢, + ¢ on «; has only two critical points located
on the contour «; C I';. These critical points are nondegenerate if € is sufficiently small.
Therefore the restriction of the function (IZ + 1) on T'y has a finite number of critical
points. Some of these points may be the critical points of ({bv + 1) considered as the function
on . We change slightly the function (J + 1) such that all of its critical points are in €.
Suppose that function {/; + 1 has critical points on I',. Then these critical points should
be among the set of critical points of the funAction ge, otherwise it would be the point 7.

We denote these points as Ty, ..., Tn. Let (§,1) € C°T*(Q) x C°T*(Q) be a solution to the
Cauchy-Riemann problem (6.1) with the following boundary data

~

-~

¥

o 01
5 =0, ¥(@) =1 Ylovay =0, |5 11557 > 0.

For all small positive ¢; the function 15 + e + 61’1:/)\ does not have a critical point on 92 and
the restriction of this function on I has a finite number of nondegenerate critical points.
Therefore we take (3 + ¢, + 613, ¥ + 1. + 6112) as the pairs of functions satisfying A) - E).

The function ¢+t with pair (¢, ) satisfying conditions A)-E) satisfies all the hypotheses
of Proposition 2.2 except that some of its critical points might possibly be degenerate. In
order to fix this problem we consider the perturbation of the function ¢ + i) which is
constructed in the following way. By Proposition 6.2, there exists a function w holomorphic
in €2, such that

ow 0*w

(2.10) Imwlry =0, why = 511 =0, F5 1 #

Denote ®5 = ¢ + i) 4+ dw. For all sufficiently small positive §, we have
0
Ho C Hs = {.73 S Q‘&@g(l‘) = 0}

We now show that for all sufficiently small positive ¢, all critical points of the function ®;
are nondegenerate. Let = be a critical point of the function ¢ + it. If = is a nondegenerate
critical point, by the implicit function theorem, there exists a ball B(7,d;) such that the



PARTIAL DIRICHLET-TO-NEUMANN MAP FOR GENERAL OPERATOR 9

function ®4 in this ball has only one nondegenerate critical point for all small . Let = be a
degenerate critical point of ¢ + 4¢). Without loss of generality we may assume that z = 0.
In some Aneighborhood of 0, we have % = >0 2 — 5377 b2 for some natural
number &k and some ¢; # 0. Moreover (2.10) implies b; # 0. Let (x15,225) € Hs and

25 = x15 +1x95 — 0. Then either
(2.11) 25 =0 or z§:5b1/cl+0(5) as 6 — 0.

Therefore a;;{;(; (z5) # 0 for all sufficiently small 0. O

The following proposition was proven in [12]:

Proposition 2.3. Let ® satisfy (2.1) and (2.2). Let f € L2(2), and 0 € H'(Q) be a solution

to

0 - od_.  ~
(2.12) 2&11 — T, 0= f in Q
or v be a solution to

0 oD ~
2.1 22—V —T7—0U = m 2.
(2.13) 8EU T(?EU f in

In the case (2.12) we have

0 )
——(e77)||%. —T/ Vo, [0’ do
||ax1( )Nz m( @, v)[v|

| ) o\ _\ = o _
(2.14) +R€/ml ((Wa—l,1 - V18—M> U) vdo + ||8—3;,2(6 "Dz = 1172,

In the case (2.13) we have
J 0 0 =
— (YD) |2 —7'/ Vo,v 52d0+Re/ i((—u—+y—>5)z7da
I3 € Doy =7 | (V) [ ((~repe + 1
0 T 7
(2.15) +H8_x2(6 %)H%?(Q) = ||f||%2(9)-

Let o € (0,1) and A, B € C5%(Q) be two complex-valued solutions to the boundary value
problem:

0A . oB .
(2.16) 2% =—A inQ, ImA|p, =0, 25 =—B inQ, ImB|r, =0.
Consider the boundary value problem
K(z,D)u = (4£2_ + QAQ + 2B£)u =f in Q

0z 0% 0z 0z
u’aQ =0.

For this problem we have the following Carleman estimate with boundary terms.

Proposition 2.4. Suppose that ® satisfies (2.1), (2.2), uw € H}(Q)) and the coefficients
A,B € {D € Cl(ﬁ)\HDHCl@ < K}. Then there exist 19 = 170(K,®) and C = C(K,P)
independent of u and T such that for all |T| > 7o:
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T T au T a® T
|7|[[ue SD”%%Q) + |lue w”iﬂ(n) + ”%6 w”%%ro) + 72”|$’U6 (p”%%m
T au T
(217) < Gt DY) gy + 17l [ 15 ereder)

Proof. Denote ¥ = ue™, K(z, D)u = f. Observe that ¢(z1,x2) = 5(®(2) + ®(z)). Therefore

0 0o 0 oL} 0A

€Kz, D)(eT9T) = (25~ = (75~ — B)) (2= = (7= — A))+ (255~ — AB)i =
(2.18) (2% - (72—2 - A))(2% - (Tg—‘f B+ (—25;—]; — AB)v = fe'®.

Denote @ = Q(2)(22 —722 + A)T, @y = Q(2)(22 — 722+ B)¥, where Q(2), Q(2) € C*(Q)

are some holomorphic functions in €2 and will be specified below. Thanks to the zero Dirichlet
boundary condition for u we have

- =~ 0v =0 - ov . ov
w1 |ag = 2@(2)%’89 =(n+ ZVQ)Q(Z)@’E?(% Walan = 2@(3)&’89 = (1 — ZVQ)Q(Z)akm-

By Proposition 2.3 we have the following integral equalities:

(2.19) (G = i @)y = 7 [ (VIG5 o
+Re /m z‘((wa%l - ulai@)(@%elg))mdo +
Hle = 17 5@ ey = 10U + (25 + ABEE i

and
(G + i) @) ey — 7 [ (TP AP
(2.20) +Re /8 ) i((—%% + yla%)(@ef‘nmda +
Hlo + 7 5@ gy = QU™ + (252 + ABJD)A e

We now simplify the integral Re+ faQ((l/gaing — 1/18%2)(@168))&716‘%0. We recall that v =

ue™ and @y = Q(2)(n + irn) 2 = Q(2) (1 + ivs)%4e™. Denote R + iP = Q(2) (11 + ivn)eb.

W
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Therefore
(2.21) Re/ i(( LA — ) (w€®))urePdo =
. o 1%} axl M= 81‘ wie wi1e~ao0 =
0 0 ou ou
-~ D\ T _p\ZY ey
Re/ ((VQ(?xl 2 01’2)[(R+ZP)8 ) (R —iP) 8ue do
R / i[( o 0 )(R+ P)]I—I( —iP)do +
€ V28x1 Vl@m 7 1 o
0 8 ov
Rgé92gz+f>xwﬁxl ) o =

OR ap
p Ry =—
jég(af o7 >| ‘d

Let us simplify the integral Re [, i((—yga%l + 1/16%2)(@26“4))@26“4(10. We recall that v =
ue™ and Wy = (v — in)Q(2) L = (11 — i1n)Q(z)%4e™. Denote R+iP = Q(2)(1y — ivy)e.
Thus

(2.22) Re/mi((— aa —|—V16i )(Wae™)) WaeAdo =

0 9, ou ~  ~ 0u
— P)—e™% —iP)=¢"%do =
Re/a i((—1y o +u $2)[(R—|—2P) e?) (R —iP) € do

: 0 0 g
Re/mz[( V28_931+V18:1: )(R+ZP)]|—| (R — iP)do —

~ 0 d . 0v
s pry, 9 _
Re/mQ(R + P )(Vgaml 8x2)| ?do =

Using the above formula we obtain

0 oY 0 O~ a2
”<8x1 +ZTax1)(w26 )Hmm + H( +”ax2)<w2€ M2
—r / (1, V) G e P / (0 V) |QP e o

o0 o0

o 0. 9 o0 s,

Hl(go- = i7 )@ ey + 5 — i) @16
OR 9% OR
+/(3-——RM Wd+/(WP——RN A2do —
9 OT a0

9A _ . OB _
(223) QUfe™ + (2= + ABDE g + QU™ + (252 + AB)R)e 3y
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We can rewrite (2.23) in the form

0 YT 0 T
|5 (e wae™) |72 + |\8—x2(6 T e

8x1
- / (1, V) OPI 2B Pdo - 7 / (1, V) QP L eAPdo
50 ’ 81/ 80 ’ aV

1220y

a — )T a —T
g (™ @) za@) + 5™ @) o)

w [ OEp - m o+ [ (SRR - ST Ao =
o0 o0

oF o7 ov o7 or 7 ov
~ A ~ T OB -
(2.24) [|Q(fe™ + (25 + AB)D)eP|[72(q) + Q(fe™ + (25 + AB)D)e 720

Next we show that it is possible to make a choice of functions @ and @ such that

(2.25) (%P — %R) > 0 on Ty, (%P — %R) > 0 on Tp.

Let 7v; be a contour from 0€2. We parametrize the curve 7; by a length parameter s starting
from one fixed point on 7;: z(s) : [0,¢;] — ;. Here by ¢; we denote the total length
of 7;: We note that 2% = L R(x(s)). If there exists a holomorphic function Q such that

R(x(s)) = {;sin(s/l;), P(x(s)) = {jcos(s/l;). Then

OR opP _
(226) %P_ER_gj on 7, VJ E{l,...,N}.
Taking into account that R+ iP = Q(2)(11 + ivn)eP we set
(2.27)
b — Re {@-sin(s/ﬁj) - zjﬁjcos(s/éj)e_lg}  by—Im {Ejsin(s/fj) — ?éjcos(s/ﬁj)e_g} .
(v) —ivy) (v) —ivy)

Using Proposition 5.1 in [12] we choose Q(z) such that on T the function Q(z) is close to
by +iby in the norm of the space C*(T). Then by (2.27) we have the first inequality in (2.25).
The choice of the function ) may be done in the similar way.

By (2.25) we obtain from (2.24) that

o . i
(2.28) 15, 20 < Calllfe™ 20 + 191l 22())-

From now on we assume that Q = @ = 1. Observe that there exists a positive constant Cs,
independent of 7, such that

1 _ 1, 0, iy~ L, 0, i~
@(leH%m) + Hw2|\%2(m) < 5“8_1-1(6 ¢w26A)”%2(Q) + 5”8_1-2(6 waeA)H%Q(Q)
~ 5, OV v
—T v,V Q2—2€B2d0'—7'/ v, Vo)|QI?|=—*|e?|*do
/m_( QI Fle”] aﬂ_( QI 5 Fle”
1, 0, iy~ L, 0, i~
(2.29) +§||8—x1(6 ¢w163)||%2(9)+§||8—$2(6 Yw1€)|72 (-
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Here 09_ = {x € 09|(v, V) < 0}. (Since [,, 22do = 0 = [~ %2do the domain 09

not empty) Observe that function u satisfy the equation IC(x,D)u = f. Denoting w} =

Q(z 2) (2L — 792 + B)o, wh = Q(z)(2% — 792 + A)0 and repeating the above arguments we

have the analog of (2.29):

1 * * T B 1 8 1T *
54(||w1!|%2(9)+ [w5]720)) < —H ( Yw B)Hiz(mJFQHa—%(e ww2 )32
R I e ey (A T e
a0_ o0
(2.30) +1Hi( “mwied)|; —H—( “wiet)|7
: 2" 0xq ‘ i€l 2" 0y . L@y
By (2.29), (2.30) and the definitions of wy,w] and w9, w} we have
ORev 0 Olmv 0P _
| 5 —Ta—ReUHL2 H2 —Talmvﬂim)
< O5<Hw1||L2(Q) + ||w2||%2(sz) + ||5||%2(Q))-
Therefore
0
(2.31) V|72 +T2||_ZUHL2

< 06(”@1”%2(9) + ||w2||L2(Q) + ||U||L2(Q))-

Now since by assumption (2.2) the function ® has zeros of at most second order, there
exists a constant C'; > 0 independent of 7 such that

(2.32) 701220 < Cr(l0ll3 o +T2||| IvHLz(Q))

By (2.31) and (2.32)

~ 0P ~ . ~
(2.33) IOl + [0l + TN 10 2e ) < Cs(ll@il[Zea) + @222 + [17]1720)-

By (2.33) and (2.28) we obtain from (2.24), (2.29)

1 - 0P
gg(fllvllm o + 10150 + 7115 [0l22)

852 B2 / a 2] A2
- 2V 218 2do — v d
r | @ NG PPl =7 [ (I Pl o
v
(2.34) <1l +7 [ 10 VoGP + A R)do

This concludes the proof of the proposition. O

As a corollary we derive a Carleman inequality the function v which satisfies the integral
equality

(235) <U’7 IC(SL’, D)*w>L2(Q) + (f? w)Hl’T(Q) + (geﬂp7 eiﬂpw)H%,r(f) =0

which holds true for all w € X = {w € H'(Q)|w|r, = 0, K(x, D)*w € L*(2)}. We have
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Corollary 2.1. Suppose that ® satisfies (2.1), (2.2), f € H'(Q),g € H2(T), u € L*(Q)
and the coefficients A, B € {C € Cl(§)|\|0||01@) < K}. Then there exist 1o = 10(K, ®) and
C = C(K,®), independent of u and T, such that for solutions of (2.35):

(2.36) lue™lza@) < Crolml(Lf e zry + l9e™ I 4 i) YITI 2 70

Proof. Let € be some positive number. Consider the extremal problem

1, 1 . T 1 .
(287) Jw) = glwe e + oK, D)'w —ue™ | + gelwe ™ g, — i,

(2.38) we X ={we H:(Q)|K(z, D)w € L*(Q), w|p, = 0}.

There exists a unique solution to (2.37), (2.38) which we denote by w,. By Fermat’s theorem
J(@)]F] =0 VoeX.

Using the notation p, = 2(K(z, D)*@, — ue**) this implies

o~ . 8 € Ae _
(2.39) K(z, D)pe + e =0 in Q,  pelon =0, a_i|f:|%e

By Proposition 2.4 we have

T T 8p6 T oo T
7l[pee S0||%2(Q) + [lpee ‘pH%{l(Q) + |l B W||%2(r0) + 7‘2|||$|pe€ S0||%2(Q)
P 1 2 _or _
(240) < CH(HwEe S0”%2(9) + m /f |UJ€|2€ 2 de’) < 2011J€(w5).

Taking the scalar product of equation (2.39) with w, we obtain
2J(w.) + (uezw,pE)Lz(Q) =0.
Applying to the second term of the above equality estimate (2.40) we have
7| Je(@e) < Callue™ 72

Using this estimate we pass to the limit in (2.39) as € goes to zero:

_ : 0 w o
(2.41) K(z,D)p+@we ** =0 inQ, plog =0, a—];|f = me e,
(2.42) K(z, D)@ —ue’™ =0 inQ, @|p, =0,
and
(2.43) [Tlll@e™ |72 + e o5 < Cusllue™l[72q)-

Since @ € L*(Q) we have p € H*(Q), 22 € H2(9Q) and therefore @ € H2(9). By (2.40)-
(2.43) we obtain:

P 1, .
(2.44) ||we™ || < Cuylr]2 |ue™|| L2 (q)-

H37(00)
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Taking the scalar product of (2.42) with function we 2™ and using the estimates (2.44),
(2.43) we obtain

(2.45)

eI

o~ o o
—|HVw€ N La @ + ITll@e Lo ) + < Cisl|ue™|[L20)-

|7 ka |’ () T
From this estimate and a standard duality argument, the statement of Corollary 2.1 follows
immediately. U

Consider the following boundary value problem
da _ ad : _
(2.46) oh =0 in(, 5= 0 inQ, (a(z)e?+d(2)ef)|, = 3.

The existence of such functions a(z) and d(2) is given by the following proposition:

Proposition 2.5. Let a € (0,1), functions A and B be as in (2.16). If 3 € C***(Ty) the
problem (2.46) has at least one solution (a,d) € C*T*(Q) x C°+*(Q) such that

(2.47) 1@, @)l g5+ @prcssay < CrollBllcssayy

If B € H2(Ty), then the problem (2.46) has at least one solution (a,d) € H*(Q) x H ()
such that

(2.48) ||(aad)||H1(Q)XH1(Q) < Cl8||ﬁ||H%(F )

Proof. Let © be a domain in R? with smooth boundary such that © C Q and there exits an
open subdomain Iy C 99 satisfying Ty C I'g. Denote I'* = 9Q\I'y. We extend functions A, B
on I'y keeping the regularity and we extend function J on I'y in such a way that [|3] (Fo) <
0
ClgHﬁHH%(FO) or |]5H05+Q(FO) < Cuyl|Bll¢s+a(ry) where the constant Cig is independent of 3.
By the trace theorem there exist a constant Cyg independent of (3, and a pair (r,7) such that

(re* +7eP)|p, = B and if 8 € H3(Ty) then (r,7) € H'(Q) x H'(Q) and
1(rs ) [ @)@y < CaollBll

and if 3 € Cot*(Ty) then (r,7) € C%F*(Q) x C5+*(Q) and

(To)

H(T 7")”05+a Q) xosta@) S C21||m|0°+°‘(Fo)

Let f = ‘97" and f = Consider the extremal problem

or
_ . 1 Op 1, 0p . .
Je(p.p) = (0. D) 20 +—!——f||iz(g)+;| o~ [l — nf, (.9) €K,

where K = {(hy,hs) € L*(Q) x L2( 0)|(hie? + haeB)|g, = 0}. Denote the solution to this
extremal problem as (pc, p.). The
J!

"(pe, P)(6,6) =0 V(6,0) € K.

Hence

N - 1 dp. Bl 1.0p. = 06 -
(249) ((pe; Pe), (0, 0)) oy + (5~ = fog @ + (55 = Figp)e@ =0 V(6,0) € K.

€
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Denote P, = —%(% —f),P. = —%(% — f). Form (2.49) we obtain

0z 0z
OP. OP. - . Lz
(2.50) 9z Des 0 De;, Pers = Pr- =0, ((1y + wg)PgeB — (1 — ZVQ)PEeA)\fD =0.
We claim that there exists a constant Cy independent of € such that
(2.51) 1(Pe Pl ) < Coa(ll(pes D)l 2y + I(Pes Po)ll p2sry)-

It clearly suffices to prove the estimate (2.51) locally assuming that supp (pe, pe) is in the
small neighborhood of zero and the vector (0, 1) is orthogonal to J€2 on the intersection of
this neighborhood with boundary. Using the conformal transformation we may assume that
o0 Nsupp P., 9 Nsupp P. C {z1 = 0}. In order to prove this fact we consider the system of
equations

Ju . Ou
9.52 R ; Rl c B(0,8)N > 0},
(2.52) o5, T Pan suppu C B(0,6) N {z|zy > 0}
Here u = (uq, ug, uz, uy) = (RePe,ImPe,RepE,ImPE), F = 2(Rep., Imp,, Rep,, Im p,), B =
0O 1.0 O
-1 0 0 O - : . . .
0 00 -1l The matrix B has two eigenvalues +¢ and four linearly independent
0 01 O
eigenvectors:
qs = (0,0,1,7),q4 = (1,—4,0,0) corresponding to eigenvalue — i,
q: = (1,4,0,0),q2 = (0,0,1,—4)  corresponding to eigenvalue 1.
We set 11 = (1165, —1peB, —vjet, —met), 1o = (1nef, 1168, e, —v1et). Consider the ma-

trix D = {d;,} where d;; = r; - qo. We have
D— (v —ivg)eB  — (1 —ivy)et
(vo +iv)eB  (vy +ivy)et )

Since the Lopatinski determinant det D # 0 we obtain (2.51) (see e.g. [21]).
Suppose that for any C' one can find € such that the estimate

H(Pe, PE)HHl(Q) < C’”(pe’ﬁe)HL?(Q)

fails. That is, for all € € (0,1), there exist p, pe, P., P., C. > 0 such that lim,_, C. = oo
and

(pe, Pe) <z
||(P€7P€)||H1(Q) L2(Q) €

We set (Q, Q) = (P P)/I(Pey Pl ey and (ge,@e) = (pesBe)/|(Pes P) (). Then
1(ge, qe)HLQ(Q) — 0 as € — 0. Passing to the limit in (2.50),

0Q .~ 0Q . -
E—O in €2, 5—0 inQ, @

By the uniqueness of the Cauchy problem for the operator 8, we have Q@ = Q = 0. On
the other hand, since [[(Qc, Q)| = 1, we can extract a subsequence, denoted by the

r- =@

e =0,
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same letters, which is convergent in L?(Q). Therefore the sequence (Q.,Q.) converges to
zero in L*(Q). By (2.51), we have 1/Cos < [[(¢e, )l 2@y + Qe Qo)ll2()-  Therefore
liminfe o [[(Qe, Q)| r2(q) # 0, and this is a contradiction. Hence

1(Pe, Pl 11 ey < Coall (pes o)l gy Ve > 0.

Let us plug in (2.49) the function (p., p.) instead of (, (5). Then, by the above inequality,
in view of the definitions of P. and P., we have

1Pes B2y < Cos((f ), (Pes P paay < Cooll (s )l gy | (Pes Pl sy

< Corll(f, Pl 2yl 0, Bl 20y-
This inequality implies that the sequence (p., p) is bounded in L?(Q) and

ape aﬁe P . 2/ A 2/ A
(O %) (1) i L) < 120,
Then we construct a solution to (2.46) such that
(2.53) 1. 5) 2y < CoslI(f )l 2qay-

Observe that we can write the boundary value problem
o5 -
So=f Q= i (et e, =0
in the form of (2.52) with u = (Rep,Imp, Rep, Imp),F = 2(Re f,Im f, Re f,Im f). We set
r; = (e?, —eA =B, —eP), ry = (eA et eP, —eP). Consider the matrix D = {dj} where

djs =1 - q. We have
D_ €B —G'A
T \eB A )

Since the Lopatinski determinant det D # 0 the estimate (2.53) imply (2.47) and (2.48) (see
e.g., [21] Theorem 4.1.2.). This completes the proof of the proposition. O

Consider the following problem
(2.54) L(z,D)u = fe'™ inQ, ulp, =ge™”
We have
Proposition 2.6. Let A, B € C°**(Q),q € L=(Q) and ¢, a be a small positive numbers.

There ezists 7o > 0 such that for all |T| > 70 there ezists a solution to the boundary value
problem (2.54) such that

(2.55) IVue ™| L2y +V/ |T||ue™ ™| 120y < Coo(|| fllr2) + ||9||H%,T(FO))-

1
VIl
Let € be a sufficiently small positive number. If suppf C G = {z € Q|dist(x,H \ Ty) > €}
and g = 0 then there exists 79 > 0 such that for all |T| > 1y there exists a solution to the
boundary value problem (2.54) such that

(2.56) IVue™ ™| 2y + [7lllue™ || L2@) < Csol€)|[ fllz2
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Proof. First we reduce problem (2.54) to the case g = 0. Let r(2) be a holomorphic function
and 7(Z) be an antiholomorphic function such that (er+e57)|r, = g where A, B € C%T*(Q)
be as in (2.16). The existence of such functions r, 7 follows from Proposition 2.5, and these

functions can be chosen in such a way that
Il sy + 17l o) < Callgll g -

We look for solution u in the form
u = (eAJrTCI)r + €B+‘r$7~;) + ay
where
(2.57) L(z,D)i= fe™® inQ, iy, =0
and f=f— (q— 294 — AB)etre™ — (q — 298 — AB)eBre=.

In order to prove (2.55) we consider the following extremal problem:

- 1, 1 . 1, .
(258)  L(u) = 5 llue I + o IG5 D)u = Fe g + Slue IR,y o — inf,

(2.59) ueY={we H(Q)|w|r, =0, Lz, D)w € L*(Q)}.

There exists a unique solution to problem (2.58), (2.59) which we denote as u.. By Fermat’s
theorem

(2.60) (@) =0 Vse.
Let p. = £(L(z, D)t — fe™). Applying Corollary 2.1 we obtain from (2.60)

1, . . =
(2.61) = |||ps €N Lae) < Coallftee™ iy + 18I 40 ) < 20521 (@e).
Taking in (2.60) with 0 = %, we obtain

QE(@) + (Jzewape)m(g) = 0.
Applying to this equality estimate (2.61) we have

Using this estimate we pass to the limit as ¢ — +0. We obtain

(2.62) L(z,D)u— fe™* =0 inQ, ulp, =0,

and

(2.63) lue™ |y + llue 11225 < CaalTllL fllF2(0)

Since HfHLZ(Q) Caa([I fll 20 + llgll ;3 ), inequality (2.63) implies (2.55). In order to

prove (2.56) we consider the following extremal problem
T 1 —Tp |2 1 TY||12 1 —Tp |2 :
(2.64) Je(u) = 5““6 ||L2(Q) + 2_€||L(95> D)u— fe ||L2(Q) + m”ue ”Lz(f) — inf,

(2.65) we X ={we H(Q)|w|r, =0, L(z, D)w € L*(Q)}.
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There exists a unique solution to problem (2.64), (2.65) which we denote as u.. By Fermat’s
theorem

J(T)[F] =0 VéeX.
This equality implies

ape _ k —27p

(2.66) L(z,D)*pe + e =0 inQ, Delog=0, Eh: 7]

By Proposition 2.4

1 T apﬁ T T
m”pe@ @H%{Lf(g) + | o € SD||2L2(r0) + T2|||E|Pe€ S0||%2(Q)
o~ T 1 A~ —27 T~
(2.67) < Cs5(||uce “"||%2(Q) + [ /~ [uc|*e ¥ %do) < CagJ.(Te).
r

Taking the scalar product of equation (2.66) with @, we obtain

2175<ﬂ5) + (feTSD7p6)L2(Q) = 0.

Applying to this equality estimate (2.67) we have

(2.68) 7 Je(tie) < Cell fllZ20)-
Using this estimate we pass to the limit in (2.66):
« _or : Op U o
(2.69) L(z,D)"p + ue 7 =0 in Q, ploa =0, %|f = m e
(2.70) Lx,D)u— feT™ =0 in§, ulp, =0.
Moreover (2.68) implies
(2.71) 7P llue™ N 220y + lue™ o < Carll £ll22(0)-
This finishes the proof of the proposition. U

3. ESTIMATES AND ASYMPTOTICS

In this section we prove some estimates and obtain asymptotic expansions needed in the
construction of the complex geometrical optics solutions in Section 4.
Consider the operator

0 0 0 0
0 0 0A,
0 0 0B,
(31) (2£ + Al)(2$ + Bl> +q1 — 25 - A B;y.
Let Ay, By, Ag, By € C%T%(Q) with some a € (0,1) satisfy
32 2% A o Al =0, 22— B o By =0
0z 0z
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28“42 Ay in Q, Im As|p, =0, 2% B, in Q, Im By, = 0.
0z 0z
Observe that 5
(2; + A1> A1 = 0 n Q, (2& + Bl)eBl = in Q

Therefore if a(z), ®(z) are holomorphic functions and b(Z) is an antiholomorphic function,
we have

Li(z,D)(e™a(2)e™) = (¢ — 2% — A1By)eae™,
Li(z,D)(eP'b(z)e™®) = (¢ — 2? — A1By)ePbe™,

Let us introduce the operators:

1 9(&1,62) 9(&1,&2)
0 g = 5 /Q T2 dC AN dC = 7T/Q ———>d&1d&,

(-2 =
- 9(&1,&2) 9(&1,&2)
o719 = — 27”/9 Srt2hag ndg = - w/ﬂc d61déy.

We have (e.g., p.47, 56, 72 in [20)):

Proposition 3.1. A) Let m > 0 be an integer number and o € (0,1). The operators
ozt 07t € L(C™He(Q), Cmtetl(Q)).

B) Let 1 <p<2and1<y<z% Thend;' a7 € L(L(Q), L7(2)).

C)Let 1 < p < co. Then 02,07 165([/’( ), W, (92)).

In fact, C) is seen as follows. Set f = 0;'g with g € LP(Q)). Then g = ?—é e LP(Q).
Then Theorem 1.16 (p.72 in [20]) yields % € LP(§2). From %, gf € LP(Q), it follows that
Vf e LP(Q), that is, f € W, (Q).

Assume that A, B satisfy (2.16). Setting Tpg = €80 (e Bg) and Prg = e*0- ' (e Ag), we
have

0 . 0 :
(25 +B)Tpg=g i (2g-+APag=g nQ.

We define two other operators:

1 4@ - 1 5 .3 5
(33) RﬂAg _ §6A67(<I>—<I>)8E—1 (ge—AeT(é—{)))’ RT,B!] _ 56867((}_(})6;1 (96_667(‘@_{))).
The following proposition follows from straightforward calculations.

Proposition 3.2. Let g € C*(Q) for some positive a. The function R, ag is a solution to

0 0P
(3.4) 25737,,49 — 2T§RT,A9 + AR, a9 =9 in .
The function ﬁnt solves

0 ~ 0P ~ ~ .
(3.5) 2%727739 + 27$RT,Bg +BR;pg=g9g infd.

We have:
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. =0 and gl3y =0. Then for any 1 < p <

1
=0 (—) as |t| — +o0.
LP(Q) T

Proof. We give a proof of the asymptotic formula for ﬁTng. The proof for the R; g is
similar. Let §(¢,¢) = ge™5. Then

67’(5—@) ~
e PR, pg=— / 9(6.9) - O=2(O)de, de,
T Q C

Z
T(d—P a
_ ¢ o lim _(C C) (@(O)— Q(C))dfld@

Proposition 3.3. Let g € C*(Q), glo

~ g
R, 5 —
BY 270,

(3.6) +

Lr(Q)

RT,Ag +

g
270,P

Let z = x1 +ixzy and (21, z2) be not a critical point of the function ®. Then

7(®—d) Va 7(2(¢)—-2(¢))
_B € g(¢, Q) 846
R, g = — li déd
e BY — Jm Q\B(z ) -z 5(0) §1d&o
67(5—<I>) 1 ( ))
= lim Q-2 g, d
T  0=+0 Jo\ B(2,0) C—ZaC ( (¢) 16z

e7(P=) lim 9(¢ Q) (1 — i) (e

T 6=+ Jgi s C—Z 2009(C)

Ndg,dé,.

Since §|x = 0, we have

9 (3.9 ‘ = [1gller @
3.7 — <C — c [P(Q) Vpe(1,2).
3D % (5o 2 jc—g S e
Hence
r(@-%) 19 (3(¢Q) 9(z, %)
-B _¢ o (49, T(@(Q)-2(0) g¢ . 4 )
¢ Repg=— /Qz_za (acop(g)) ¢ S = L B0y
Denote G.(z) = [, Zifa% (gg(é’(%) eT(®O-2O) ¢, d€,. By the stationary phase argument,
we see that
(3.8) G.(z) — 0 as |7| = +o0 Vr€Q.
Denote _
9¢9(¢,¢)
I S
F(§17€2) - 34‘(1’(()
Clearly
| 51 52 .
(3.9) |G ()| < | ——22d&dE,  ae in QYT

By (3.7) F belongs to LP(Q2) for any p € (1,2). For f € LP(R?), we set

- / 2 — ¢ 3£, Q) derdes.
R2
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Then, by the Hardy-Littlewood-Sobolev inequality, if > 1 and + = 1 — (% — é) for 1 <
p < q < 0o, then

117 fllLewe) < Cogll fllzr®2)-

Set r = 2. Then we have to choose % — % = %, that is, we can arbitrarily choose p > 2 close

to 2, so that ¢ is arbitrarily large. Hence [ ﬁdfld& belongs to L%(2) with positive ¢q. By
(3.8), (3.9) and the dominated convergence theorem

G, —0 in LYQ) Vqe (1,00).
The proof of the proposition is finished. 0J
Using the stationary phase argument (e.g., Bleistein and Handelsman [2]), we will show

Proposition 3.4. Let g € L'(Q) and a function ® satisfy (2.1),(2.2). Then

l'[/m|7-|4,+oo/geT(‘b(z)_@(Z))daj e O
Q

Proof. Let {gx}32, € C5°(2) be a sequence of functions such that g — ¢ in L'(Q2). Let € > 0
be an arbitrary number. Suppose that j is large enough such that [lg — g;//21() < 5. Then

| [ 9705 <| [ (9= )T ta] 4| [ e Tt
Q

The first term on the right-hand side of this inequality is less then €/2 and the second goes
to zero as |7| approaches to infinity by the stationary phase argument (see e.g. [2]). U

We now consider the contribution from the critical points.

Proposition 3.5. Let ® satisfy (2.1) and (2.2). Let g € C*+(Q) =0

and gl = 0. Then there exist constants py such that

l
1 1
(3.10) / ge" PO TNy = % e o(5) as 7| — oo,
Q 1

Proof. Let 6 > 0 be a sufficiently small number and &, € C§°(B (T, 6)), €x|BG,,5/2) = 1. By
the stationary phase argument

14

3 1
I(1) = / g™ @y = g / erge” ®Pdx + o( = 5
Q 1 7 B(@.9) T

) =

¢
e = o 1
E 62’”“”)/ Erge” PR THTV@) gy 4 o(=) as || — +oc.
—1 B(ik.0) T

Since all the critical points of & are nondegenerate, in some neighborhood of Zj one can take
local coordinates such that ® — ® — 2i7¢)(Z;) = 22 — 22, Therefore

14

o . 1
I(1) = ZeQZTw(“)/ / qkeT(z2 Vdx + O(ﬁ) as || — +oo,
P B(0,6)
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where ¢, € C3(B(0,4")) and q,(0) = 0. Hence there exist functions 7,2 € C3(B(0,4"))
such that g = 227, + 2Zre . Integrating by parts, one can decompose I(7) as

4
1 Ny 0 0 1
](7_) _ _ = § 6217’¢(Ik)/ ( T,k . T%k) (22 _Z2)dl‘ + O(

T Boy) 0% 0z 72

) =

¢
1 2i 1/)(1)/ Oryy Oy, (22—32) 1
_ - 1TY(T _ ) 0 T(2%=2%) q _
I (St = Z25(0)x(2)e™ ™ da + 0()

B(0,8")
1 1
—= 262””’(”)/ Qo™ da + 0( 5) as |7 — +oo,
T B(0,8")

where x, ¢ € CZ(B(0,¢)), X|B(0,57/2) = 1 and gx(0) = 0. Hence there exist functions 7 i, 72, €
C3(B(0,8")) such that ¢, = 2271 + 2279 Integrating by parts and applying Proposition
3.3 we obtain

L ~ ~
~ = () 1 0 0 _
lim 7_/ quT(z2_z2)dl’ _ § 6217w(xk) | lim ( 71,k . r2,k)€7-(22—z2)dx —=0.
(0,8")

|7| =400 e T|—+400 B(0,6") 0z 0z

Therefore (3.10) follows from a standard application of stationary phase. The proof of the
proposition is completed. O

Proposition 3.6. Let 0 < ¢ < ¢, a function ® satisfy (2.1), (2.2) and O.N (H\ Ty) = 0.
Suppose that g € C*(Q) for some a > 0, glo, =0 and g|l» = 0. Then

(3.11) TR B9~ + [IVR- Bl L=(0.) < Cil€; @)l 9]l ca@ynm -
Moreover
~ L~
(3.12) [IVR: g9z + |72 |1 RrBYll 222 +|T||| Ror59lli2) < Cal€, )l|gllco@nm -

Proof. Denote § = ge 5. Let © = (x1, ) be an arbitrary point from Oy and z = x1 + ixs.
Then

(&-T) 7(®—3)
—ro e 0g) = [ 95 —agide; — i Z / e,
o (— N\B@,8) 6 —
Integrating by parts and taking ¢ sufficiently small we have
_ | 77 _
—w0; W (e™® PG = —= lim L —— X
T 6=+0 Javut_ B@s) (€~ 2) 58
~9%®
L. 9oz -3
+— lim —% TP ge dg,
T 6=+0 Jovut_ B (€ — 2)(58)?
1 ~ .~ § -3
(3.13) +— lim (01 — i) =———e"*"®) o,
27— d—+0 1S(Ek76) (C —_ Z)%—?
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Since g|3 = 0 and all the critical points of ® are nondegenerate we have that ||g||co(s@,,s) <
6|9l e @)- Therefore

1 ~ .~ 3
— lim () — i) —=——¢" "o = 0.
2T §—40 U£:1S(5k,5) (C — Z)_

~02

g
_ 1 == _
—7T8 T(e-0)y = ——/ _LQT((D_(D)CZ d
~0%9
1 9842 @—6)
(3.14) +—/_— (=) g, de,.
™ Jo T 2)(2)

From this equality and definition (3.3) of the operator R.p, the estimate (3.11) follows
immediately. In order to prove (3.12) we observe

OR.pg OB dg 20 _ 2
7.BY _ > > T(®—®)+B a¢ Z -~ r(d—-D)
_ PR i+ R 1Y K %= A, dé.
0z oz 9 + Rl = g} /Q -z &~ 16z
By Proposition 3.1
0B ~ oB
o= 57 *nB9 RTB{g_ - —Q}HL2 @ < Callgllmo)-
Using arguments similar to (3.13), (3.14) we obtain
9B() _ Bg(z)
B Z . 1 (0-D
H27r QCZTQG @=0de1dE| 120y < Csllgllga@pnm @)
Hence
aRT ,BYd

| 0z HLQ(Q) < C6HgHCf¥(Q YNHL(Q)
Combining this estimate with (3.11) we conclude
||VRT,BQ||L2(Q) < C7||9||Ca(ﬁ)mH1(Q)-

Using this estimate and equation (3.4) we have

0P ~
7l Regllzzw) < Csllgllce@pm )

finishing the proof of the proposition. 0
Let e, e, € C%°(Q) be functions such that
(3.15) e1+ey=1 1in ()

e vanishes in some neighborhood of H \ 'y and e; vanishes in a neighborhood of 0f2.
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Proposition 3.7. Let for some a € (0,1) A,B € C°**(Q), functions A, B € C%+(Q)
satisfy (2.16), functions ey, ey defined in (3.15), a function g belong to LP(Q2) for some
p > 2, suppg CC suppey. We define the function u by

e2(Pag — MeA)

270,D ’
where M = ]\7(2) is a polynomial such that (Pag — Me““)h{ =0 and %(PAQ — Me““)m =0
for any k from {1,...,4}. Then we have

U= ﬁTyB(el(PAg — Me“‘l)) +

(3.16)  P(x,D)(ue™) = (22_ + A)(2i + B)(ue™) = ge™ + ﬁhT as |t| — 400,
0z 0z |7
where
1| e @) < Colp)llgllLr (@)
and
(3.17) |¢1|§ IVullzzo) + 712 [[ull 2@ + [ull im0, < Crollgll ooy

Proof. By Proposition 3.1 P,g belongs to Wpl(Q) Since p > 2, by the Sobolev embedding
theorem there exists a > 0 such that Pyg € C®(Q). By properties of elliptic operators and
the fact that suppes Nsuppg = {0} we have that Pyg € C°(suppes). The estimate (3.17)

follows from Proposition 3.6. Short calculations give

TP P Q—M€A>
1 D)(ue™®) = g + < p(e, D) [ 2L .
(3.18) P(r. D)(ue™) = g + - Pla, >< -
This formula implies (3.16) with h, = ™" P(z, D) (%ﬁ) /sign . O

The following proposition will play a critically important role in construction of complex
geometric optic solutions.

Proposition 3.8. Let f € LP(Q) for some p > 2, € be a small positive number such that
O N (H\Ty) = 0. Then there exists 19 such that for all |T| > 1o there exists a solution to
the boundary value problem

(3.19) L(z,D)w = fe™ inQ, wlp, =qe™/T
such that

—r 1 . .
ViITlllwe ™|z @) + = 1Vwe |2 + [we™ ™| m1-0.) < Culllfller@) + llall 3 )

Yl AT
Proof. Let x € C5°(€2) be equal to one in some neighborhood of the set H\I'y. By Proposition
2.6 there exists a solution to the problem (3.19) with inhomogeneous term (1 — x)f and
boundary data ¢/7 such that

(3.20) [wre™ @) < Cralll Fllzz@ + llall 3 )

Denote wy = R, g(e1(Pa(xf) — Me““)) + %ﬁ;ﬁe%‘) where M = M(z) is a polynomial

such that (Pag — ]T/[/eA)|H =0 and g—;(PAg — Me*)|y =0 for any k from {1,...,4}. Let ¢,
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be the restriction of wy on I'y. By (3.12) there exists a constant C3 independent of 7 such
that

(3.21) 1Tl grllcr gy < Cusll fllze(e)-

By Proposition 3.7 there exists a constant C}4 independent of 7 such that
—T 1 —T —T
(3.22) VTl lwee™ ™| L2 +\/—THVU)2€ 2@ + w2 ™ || gir 0,y < Cuall fll e -
T

Let @,,b, € H 1(Q) be holomorphic and an antiholomorphic functions respectively such
that (a,e? + b.€®)|r, = —¢-. By (3.21) and Proposition 2.5 there exist constants Ci5, Cig
independent of 7 such that

/12 )

(3.23) @zl @) + -l 1) < Cisllgrllorim) < Ce =

The function W = (wy + a,e?)e™® 1 b.eBH7® gatisfies

hy .
L(z, D)W = xfe™ + e inQ, Wl =0,

VIl

where

(3.24) Rl z2) < Curll fll 2oy
with some constant C7 independent of 7. By (3.22), (3.23)

— 1
(3.25) ’Tl”W@ 90HL2(Q) + —

) Vi

Let W be a solution to problem (2.54) with inhomogeneous term and boundary data f =
h

[VWe ™| L2 + [We ™ |lgi-o0,) < Cusllfllzr@)-

— \/(_‘, g = 0 respectively given by Proposition 2.6. The estimate (2.55) has the form

(3.26) IWe™™ | 11.70) < Chollbell20) < Cooll £llz2(e).
Then the function wy + W + W solves (3.19). The estimate (3.18) follows form (3.20), (3.25)
and (3.26). The proof of the proposition is completed. O

4. COMPLEX GEOMETRICAL OPTICS SOLUTIONS

For a vector field (A;, B1) and potential ¢; we will construct solutions to the boundary
value problem

(4.1) Li(z,D)uy =0 inQ, wulr,=0
of the form
(4.2) uy () = a(2)eMt® 4 d, (5)681+T$ + upi €™ + uppe”™.

Here A; and By are defined by (2.16) respectively for A; and By, a,(z) = a(z)_i_alT(Z)_'_az;—;z)’
d.(Z) =d(z) + 4@ | dsE) 5=

T T2
— Oa od
5+a o . _ .
(4.3) a,d € C°T(Q), i 0 in Q, Fr 0 in Q,
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(4.4) (a(2)e +d(2)eP)|p, = 0.
Suppose in addition that
oFa oFd
(4.5) olron =0, Soluron =0 ke {0,....5}.

The existence of such functions a(z) and d(Zz) is given by Proposition 2.5.
Denote

031 a141

g1 = TBl((%—?a——AlBl)d@ N-My(z)e™, gy = PAl((%—Qa——A 1By)ae™)— M (z)e,
where M;(z) and M,(Z) are polynomials such that

oF gy 8
(4.6) o= Sl =0 Vke{o.....5).

Thanks to our assumptions on regularlty of Ay, B; and ¢, the functions ¢, g belong to
C6+a(ﬁ).
Note that by (4.6), (4.5)

8k+j 8k+]
(4.7) ngh-maQ 92403 J92|Hmaﬂ =0 itk+j5 <5,

The function a;(z) is holomorphic in © and d;(%) is antiholomorphic in © and

ar(2)e + dy(2)eP = 2;:_(1) + 2;;) on [y.

The existence of such functions is given by Proposition 2.5. Observe that by (4.7) the
functions 22, 22 belong to the space C*(Q). Let

2.9
. 0B N . 0A
0 :TB1<(Q1_28_1_AlBl)d1€ N=My(z)e™, gy = PAl((Q1—28—1—AlBl)a1€ D= My (2)e,
where M (z) and My (%) are polynomials such that
ok g o
(48) =S 2h=0 ke {o,...3)

The function wuq; is given by

. X sea(gn + & e Y e
upy = —e TR a4, {ea(gr + go/7)} — e 2(91_7) + ——=—="Li(z,D) ( 291)

270,P 4720, 0,0
g_Z iTY
(4'9) —-€ RT,Bl {61(92 + 92/7—)} — ¢ 27’02(1) + 47’28Z<I>L1 (l’, D) 6Z<I> )

Now let us determine the functions us, as(z) and dy(Z).
First we can obtain the following asymptotic formulae for any = from the boundary of €:
(4.10)

4 —2iTY(Z 5 —2iTY (T 7
» (e} = 1 ety Z 2 gy () + T () +W
—7,41 1€191 27—2 |deJD Im (I)// l’k |% Pt Z — Zk) (2k - Z) o
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(4.11)
1 65’1721‘7%Y

272 |det Im & (7|3

¢ 2irp(Z) 5 (4 2TP(Zk) o7 7
~ e G x(T e my k(T
7?"r,Bl {61g2} = Z < L };g k) + = l,k( k>> + W‘r,27

(Zk — 2)

where

_ %a(@) 1 ([ 0:01(%k) 020(2y) n 0251 (Zx) 0291 (Tw)
T ae(E) T 8\ 200 20(@) | 2e(ay)  020(E)
Gip = 9:9(Tx) Py = 1 [ 0:00(x) O20(3y)  02ga(Th) | O20n(i)

T 4020(iy) R0(Ty) 020(7x)  020(y)  O2®(T4)

g1 =e Mgy, Go = e Bigy and Wri, Wra € H%(FO) satisfy
1

HQF) 0<7-2)

The proof of (4.10) and (4.11) is given in Section 7.
Denote

(4.12) Vel 4 gy + IVr2l 4

as || — +o0.

S <(q~1,k(§k) n ﬁll,k(jk)) ke {l,....0.

zZ—ZzZk)? (B — %)
Thanks to Proposition 2.5 we can define functions agy(z) € C%(Q) and doy(z) € C%(Q)
satisfying

(4.13) asp(2)et + dyy(2)eP = pp onTy, Vk € {#1,---+/(}.
Straightforward computations give

Li(z, D)((a(z) + LE)eAt7® 1 (d(z) + LE)eBrr® 4 emoyy))

= (@ — 2% — AiBy)e™® (_ﬁT,Bl{el(gz +02/7)} — eQ(gigfé/T))
Har - 2%~ ABy)e <4LM&Mm+mﬁ»—%%%@)

2)) + S L, D)(wl@h(f D) (M))

Using Proposition 3.3 we transform the right-hand side of (4.14) as follows:

Lu(x, D)((a(z) + “2)et7® 4 (d(z) + LBt 4oy 079)
_ —(Q1 8A1 — A Bl) T® g1

(4.14) +<5Ly(z, D) (46 2 Ly(x, D)(

270,
We are looking for w5 in the form w2 = ug + u_;. The function u_; is given by
(4.16) usr = Rep{eigst + S Rora{eags} + Ly + Lo,
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where

(4.17)

Py, (¢ — 2%8 — AyBi)g1) — Ms(2)e Ty, (1 — 292 — A1 By)gs) — M (2)e™
20.% e 20.D ’

where Mj5(2), Mg(Z) are polynomials such that

g5 =

951 = gsln = Vgs|ln = Vgs|ln = 0.

Using Proposition 2.5 we introduce functions as g, dsy € C*(Q) (holomorphic and antiholo-
morphic respectively) such that

(4.18) azo(z)e““l + d270(§)681 _ 9 + 296(1) onT.

Next we claim that

1 ~ 1
(4.19) R—ra,{e1gs}lr, = 0(;) as|r| — 400, Ry p{e195}|r, = 0(;) as || — +o0.
In order to see this, let us introduce the function F with domain I'y:

F= 26_“4167(@_6)7?,_7—7141 {e196}

_ 8:1(6167“414»7—((1)76) TB1((q1 - 283351 _ﬁBl)g2) - ]\46681 )
? 20,P
Denoting r(x) = oA Tp, (g1 -2 2121?1)92) M (z)e? we have

2iTY o ) .
Fay= -2 /Q (:c)zr( D ey = / Z@xk (a;/; |ev1w|)2 (x)z) 2 e e,

o
Since 2 _, a‘zk(gzﬁz%) € L'(Q), we have F = o(%). This proves (4.19).
Now we finish the construction of the functions as -(2) and dy,(Z) by setting

¢ .
1 d 217’1/)(:%) d> . (Z e—QWw(xk)

iy (Z) = dao (% +§Z 2 k(2 L % k(Z) ),
=7 \ |det Im q)”(xk)|2 |det Tm @7 (Zy) |2

Y, . .
1 a > 62171#(7%) ao (2 e—?ZT'I/)(xk)
2,7 (2) = azp0(2) + 5 E < 2:(2) + 2 () ,

2 4=\ |det Tm ®"(7y)|z  |det Im & ()|

where ag i, da i, satisfy (4.13). In order to complete the construction of a solution to (4.1) we
define ug as the solution to the inhomogeneous problem

(4.20) Li(z, D)(upe™) = hie™ in Q,
(4.21) upe™® = €¥m;  on Iy,
where
hy = —e ™ Ly(z, D)(a,(2)e™ ™ + d,(2)eP T 4 uy1e™? + u_qe™%),

m; = _e_TSO(aT(Z)eAH_T(D + Cl‘r(z)elgﬁﬁ6 + ulleﬂp + U’—leﬂp”FO‘
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Observe that by (4.15) - (4.17)

1
1]l a) = 0(;) as || — 400

and by (4.8), (4.12), (4.13), (4.18)

1
(4.22) || wol| = 0(;) as |T| — +oo.

By Proposition 2.6 and Proposition 3.8 there exists a solution to (4.20), (4.21) such that

1 1
(4.23) \/T—|||U0HH1(Q) VI [uoll 2 + lluoll 1m0 = 0(;) as |7| — +oo0.

4.1. Complex geometrical optics solutions for the adjoint operator. Consider the
operator Ly(x, D) =422 + 2A2% + 2328% + ¢o. Its adjoint has the form

0z 0z
0 0 — 0 — 0 0Ay, 0B,
Lo(z, D) =4—— —2Ay— —2Bo— 4+ @ — 2—— — ——
o0, D) =iy g 2y~ g TR 2
o — .0 — DAy
=2——-4)2—-B —2—— — AyB
( Oz 2)( 9z 2)+q2 07 22
o —— .0 — 0By, —
=2=—=—-By)2——-A —2—— — Ay Bs.
gz ~Bo)lg; — A+ e =257 — A,
Next we construct solution to the following boundary value problem:
(4.24) Ly(x,D)*v =0 in§, w|p, =0.
We construct solutions to (4.24) of the form
(4.25) v(x) = by (2)eP T + ¢, (2)e™ T + vy1e T + vipe TP, vlp, = 0.
Here Ay, By € Ct(Q) satisfy
0 — oBy, —
2% = A2 in Q, ImAg‘I‘O = O, 28—; = B2 in Q, ImBQ\po = O,
and b, (2) = b(z2) + blT(z) + bQ’TT—Q(Z),cT(Z) =c(Z) + CITE + 02%2(2) and
— b
(4.26) b,c € C°T*(Q), % =0in, % =0ing,
(4.27) (b(2)e?? 4 ¢(2)e™?)|p, = 0,
b okc
(428) @h—{ﬂaﬂ - O, ﬁ")—(mag - 0 k € {0, ‘e ,5}
The existence of the functions b and c is given by Proposition 2.5. Denote
0Ay —— OBy ———
g3 = P_E(<62—26—;—A232)b682)—Mg(z)eng, gs = T_E((q_2a_;_AQBQ)CGAZ)_M4(2)6A2,

where the polynomials M;3(z), M (Z) are chosen such that
9"gs 9" g4

(4.29) gk M= G

’H:O Vk€{0,75}
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By (4.29), (4.28)

oFti ok+i
(4.30) W!J:«;hmaﬂ 9405 J94!Hna§z 0 Vk+j<5.

Observe that by (4.30) 7%, 89‘; € C**(Q). Using Proposition 2.5 we introduce a holomor-

phic function b;(z) € C?(Q) and an antiholomorphic function ¢;(z) € C?*(Q) such that
4.31 b 4 oot = 295 4 0o p
(4.31) €%+ cre 9.5 " e

Let

R _ 04y, — . X 0B, —
93:P_E((Q2—28—;—AQBz)blesz)—Ms(z)eBQ> g1=T 5 ((q— 28—;—A232)016 2)— M, (2)e,

where the polynomials Ms(z), My(z) are chosen such that

9" gs 9" s
4.32 = =0 Vked0,..., 3}
The function vy; is defined by
; - ~ e~ Ve g3/ T i ~ et™Ve Ga/T
o == TR {enlgs + s/} + g B — R p{en(o+ 9a/7)} + TSGR

6*7;7"‘[) * e eiTiZ) % e
(4.33) i (1, D) (57%5)‘472@@“(55’1)) (a_gé)

Here we set

Bs 67’(6—<I>)a—1

= (96_8267—(@_6))

1
R, mi9} = 2¢

~ 1 —
R—ﬁ—/TQ{g} — 5B.AQ eT(CD @)a <g€fA2 eT(<I>f<I>)>

provided that Ay, By, As, By satisfy (3.2). By Proposition 7.1 the following asymptotic for-

mulae hold:
(4.34)
1 —82 2110 ¢ 21Tw(xk)7-1 e gjk) eQiTw(ik){{l k('%k) o
R o — : W )
7,—B2 {6193} |F0 27-2 |d t Im q)// xk |% ; ( Z — Zk * (Ek - Z) > - "
(4.35)
_ 1 *A2+2TMZ) ¢ ( *27477? "Ek 1 k’ k’) 672i71/)(:fk)t1 k(fk)) A,
'R,iT . _ - —+ — : +W. \T
Ay 19} Iy = 272 |det Tm @ (7|2 kz_; (2 — Z)? (2 — 2) i
where
oo Ol 10 030(3)  O2a(in) | O2u(E)
VT 42d () T8 E 2 |

(Z1)
D20(iy) 20()  2D(iy) (i)
(Z1)

) 0.:(F1) 1(_az§3<fk>a§¢<zk>+a§~3

Tl,k__=7 1.k — =

IZTEN N

D20 (7y) 02®(3y,)  O20(Fy)  O29(Tw)
G3 = e®gs, gy = €P2g,. Here the functions WTl, W, o€ H %(FO) satisfy

— 1
(4.36) Vel 3 gy + Weall, =o() asfr| — +oo.

HZ ()
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Using Proposition 2.5 we define the holomorphic functions by ;(z) € C?(£2) and antiholo-
morphic ¢y x(Z) € C?(2) such that
(4.37) boi(2)eP? + cop(2)e =P, onTy, Vk € {£1,---+ ¢},

where p,, is defined as

Pe(z) =e B2 ((flk(%k) + fi’k(jk) ) Vk e {1,...,¢},

z2—2k)? (2 —2)

P(z) = e (“ ’f@_’“) UGS ’“)> ke{-1,..., -}
(-2 (o —2) o
Similarly to (4.15) we obtain
Ly(x, D)*((b(2) + 22)eBamm2() 4 (b(z) 4 2E)eA2=mE) gy 779)

TP T

(4.38) _ 923:8;@ (G — 2% — AyBy) — 924:(;& (Gy — 2% — AyBs) + 0r4(Q) (%)

We are looking for vy5 in the form vis = vy + v_;. The function v_; is given by

eﬂw 6*7'“11

439 ea= R glag) - R mlan} + ot + oo

where

(4.40) - B

g — P_5;((q2 — 292 — A3 By)gs) — My(z)eB s — T 4 ((q2 — 2%2 — A3By)gs) — Ms(2)e?

20,9 20.D
and Mz (z), Mg(Z) are polynomials such that

(4.41) g7ln = g8l = Vil = Vsl = 0.
Using Proposition 2.5 we introduce functions by, c29 € 02(9) such that
gr gs

4.42 b Bz 2)etr = Z To.
( ) 2.0(2)e™? + c20(Z)e 28ZCI>+252(I> onT'y

Similarly to (4.19) we have

1 1~ 1
(;RT,—§2{6197} + ;R—T,—ZQ{GIQS}”FO = O(ﬁ) as ‘7_| — +00.

Now we finish the construction of the functions b, - (%) and ¢, ,(Z) by setting

¢ .
1 b QlTW(fEk) by . (Z —2iT(T)
(4.43) b2.r(2) = b20(2) + 5 > 242 D42 e(Z)e —
Pt |detIm<I>”(xk)| |det Im ®”(z,)|2

and

Vi . ~ . ~
1 c 217'¢’(Ik) o (2 G*ZZT’I,D({L‘k)

(4.44) Cor(2) = Cap(2 +_Z 2 L k(2) N
24—\ |det Im @”(azk) 2 |det Tm & (i) 2

where by i, o, are defined in (4.37).
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Consider the following boundary value problem

(4.45) Loy(z, D)*(e7™vy) = hee™ ™ in Q,
(4.46) e”"?vg|r, = mae” 77,
where
hy = —e™? Ly(x, D)* (b (2)€%2 77 + ¢, (2)e™ ™ 4 vyye” ™ +u_je %)
and
my = —ew(bf(z)eAQ_Tq’ + 67(5)682_76 +ope " +u_1e 7).

By (4.38)-(4.40) we can estimate the norm of the function hy as
1
(4.47) P2l o) = 0(;) as|T| — +oc.
By (4.43), (4.44), (4.37), (4.36), (4.26) we have
1
(4.48) HUOHH%(FO) = O(ﬁ) as |1| — +o0.

Thanks to (4.47), (4.48), by Proposition 2.6 and Proposition 3.8 for sufficiently small positive
e there exists a solution to problem (4.45), (4.46) such that

1

1
(4.49) \/mllvollmm) HVIlllvollza) + llvoll im0 = o(2) - as|7] — +oo.

5. END OF THE PROOF OF THE MAIN THEOREM

Let u; be a complex geometrical optics solution as in (4.2). Let us be a solution to the
following boundary value problem

. ou ou
(5.1) Lo(z,D)uy =0 in Q, usloq = uiloq, a—;yf = a—;|f.
Setting v = uy — us,q¢ = ¢ — ¢o We have
o) )
(5.2) Lo(2, D)u + 2(A, — Ag)% +2(By — Bg)% Yqu =0 inQ,
ou
(53) u’aQ = O, %‘f = 0.

Let v be a solution to (4.24) in the form (4.25). Taking the scalar product of (5.2) with T in
L*(Q2) we obtain

B ouy ouy _
(54) 0= /{;(2(141 — AQ)E + 2(31 — BQ)E + qul)vdx.

Our goal is to get the asymptotic formula for the right hand side of (5.4). We have
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Proposition 5.1. The following asymptotic formula is valid as |T| — 4o00:

(5:5) (qu,v)r2() = /(qace(“‘“*““?) + qdbe BB dg
Q

-
+1/ agze™ B 5926“472 B 5916? i dﬁi& dr
7)o\ 20,6 T 20.0 200 | 20.0

L (qab) (@) e +Be+2rime)@) | (qde) (7, )eBr =2 Ime)@,)
+2m Z |

+ / (L(arb + aer)e B 4 L(@h; + by )et 4B de
Q T

+

P 7|det Im®"(%},)|2
1 7 A 4By (v, V) 1 To—2rip (s V)
. b A1+Ba+21i) DV g — de B1+As—27it) A Y g
27 Jon " VOP T 27 o M o0

Proof. By (4.2), (4.9) and Proposition 3.3 we have

al(z) A1+1d = dq (2) Bi+1® 91676 ngT(I) 1
5.6 - ME)y d(z) + LEyBiere 9 2en(2).
(56) wa(e) = (a(2) + "D (d(s) 4 LT D B 00
Using (4.25), (4.33) and Proposition 3.3 we obtain
b1(2)\ By—ro LAl 4w, e gge ™ 1
5.7 = (b —)e 2T — e T 2( :
(5.7) wv(z) = (b(z) + . )e + (c(2) + . )e +27-8<I>+27'3<I)+0L )(T)
By (5.6), (5.7) we obtain
T TP
I My aire g Dy Bies _ 91E g2 (L
(g, 0)r20) = (a((a + Z)e 7 + (d+ e 258 2008 v
b1\ B, ro 1\ sy ew, 91€ T gse ™" 1
b4 LyeBe—T “1 9—T - _
(b+ T Je et T Je + 270,P + 2709 +OL2(Q)(T))L2(Q)

_ 1 L
/ ( (db+ — (dlb +dby))eP P2 + g(ac + = (aty + alé))6A1+A2) dx
Q T

1 — Ay = Ao E By da= By
+_/ agsc—  Cge T 916_ X 936 du

A Eir( (T 1
+/q (ab€A1+BQ+T(q>—q>) +d5631+A2+T(¢_¢)> dx+0<;)‘
Q

Applying the stationary phase argument to the last integral in the right hand side of this
formula we finish the proof of Proposition 5.1. 0

We set
(5.8) _
U(x) = a,(2)eM @172 g (7)ef HT(I)(Z) V(z) = b, (2)eP2@78E) 4 ¢ (7)eA2@) T



PARTIAL DIRICHLET-TO-NEUMANN MAP FOR GENERAL OPERATOR

Short calculations give:

ou
I =2((A — A2)%7 V)2
= — % a_CI) % A1+7d % Bi+1®
= (24 Az)(< 0z +T@z>a7+ 5’2) +dr 9z ¢ ’

3 1
67682_7—@ + CT€A2_T¢)L2(Q) —+ ;Il (39)

3
= Z 7 Ry, — /(A1 — A9)Byd(Z)c, (2)P T2V g
Q

0
— (2&(141 — Ay)a et bTeBZ_T@)

L2()

oB
—(2(141 — AQ)CLTGA1+T<I)7 a—;bTGBQ_Tq))[g(Q)

—|—/ (A} — A) (1) — ivn)azb e B2 0 4 g <—>
0

T

3
=St [ {—(A1 — Ay)Byd, (3, BB Ta2iry
k=1 &

(s = A B B o L (4 = A A
z

— B Lo 1 1
(59) +/ (Al — Az)(l/l — iVQ)aTbT€A1+BQ+QZT¢dO' -+ —Il (89) +o0 (—)
0 T

T

35
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and
ou
I, = ((31 - Bz)%7V)L2(Q)
= @By~ BarA T (4T b g
3
=> TR+ / 2(B; — 32)8—“fla£ef‘l+32—2”¢dx — (23(31 By)d P
k=1 Q aZ aZ
bTSBQ—T(I’ + CTeAQ—T‘P) . (2(31 . BQ)d7—€BI+T6, %CTeAz—ﬂI))
L2(Q) “ L2(Q)
1 1
+/ (By — Bo) (1 + in)dy ()¢, ()P H2 2 g 4 1'2(89) —1—0( )
a0 T
3 —_
Z MR + / {—(Bl — By)Aja,bei B2
k=1
B - S .
- 2@(31 - Bg)dT(E)CT(g)GBr’_'AQ_Q”w - (Bl - Bg)dT(E)CT(5>A2661+A2_2”¢} dx
5.10 + B — Bo) (v + in)d-(Z)e (Z BrtAe=2imy gy 4 11_2 o) +o l )
( T T
a9

Here ki, ki are some constants independent of 7 but may be dependent on A;, B;, ®. The
terms 7, (052), Zo(0N2) are given by formulae

¢ o
0P —27i)(Z) 271 (Zg,)
7(09) = [ (41— At RERGE 3 ( e ke
Q 0z — \ |det Tm ®” ()2 |det Tm & (7y)|>
k=1
¢ ——
—9d 273 (Zy,) —27i)(Z)
Q Oz &=\ |det Im " (34)|2 |det Im & (7|
¢ —2Ti) (2 T (T
_9 ﬁeAﬁAja_(I)C—Z) Qg € 27ip(Ty) n as, k€2 i) (L) i
o 07 0z =1 \ |det Im O"(Zp)|2  |det Im @ ()| 2
¢ ——
9 26A1+Tza_@a(z) Co k€27 (k) n Co, e 2T (@x) do —
Q0% 0z = \ |det Im &(Z)|z  |det Im ®"(Z)]
— 0P —— ¢ —27iY(Z) 271 (Zg)
—2/ (v1 + iy )et A2 ¢ Z)Z B2.k€ _ G2kC | do
o9 0z "=\ |det Im ®"(7y,)[2  |det Tm & (7y)|2

0z |det Im & (i)|z  |det Im & (&

¢ —
— 0P 271 (Zy) 27 (&
(511) _2/ (Vl + Z'V2)€A1+A2_a(z) ( Co,k€ i Co —kE 1> do
o0 1 2
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d2 kG*QTZ'TZJ(CEk) d2 k€27'“/1(33k

l
7,(09 :/B—B BB 2 4 :
2(09) = [ (Bi= By)e™ Bl )Z; et Tm & (7,)|5 | |det Tm &"(Zy)[>

=00 : by 2T () b o 2ri(er)
+ / (B — By)e® TP ——d(z) Z 24 o 2kC do —
Q det Im ®(7)|2  |det Im & (&,)]

o[ 9 651“32@()_@2 dy e L b RePTE
0z 2 |det Tm & (7,)|2  |det Im ®” (7|2

14
=1
¢ i) (X (T
_2/ 2681+F28—®d(2) bQ ke27—zw(2k) 4 b2 e 279 (T dr —
00z 0z |det Im & (i;)|z  |det Im & ()]
786_ ¢ d —27ip(Ty,) d 27ip (&)
_2/ (1/1 _Z‘VZ)QBH-BQ__I)(Z)Z 2,k€ _ 2,—k€ i
09 0z |det Im ®”(Zy)|z  |det Im @ (Z)|2

— Y, —
BﬁBanCD ( ) < b2’ke2mw(mk) b2 ke—Z’mw(xk)
1

(512) —2/ (yl—iyg)e gd Z Z

U

g

+ do.

det Tm @”(%)|z  |det Im " (&y,)]

Denote
Uy = —€T¢R—T,A1{€1g1}, Uy = —67¢R7,31{6192}-
A short calculation gives

oU w
(513) 26__1 - (_elgl + AIR—T,Al{elgl})eT(b
and

oU,

(5.14) 25 = (—e192 + B17€T,Bl{6192})€@

We calculate

0 0A

(9(13
5, R-rateig} = 25— Rora e} +75-

—-R- TAl{elgl_} —TR_ TAI{ 6191} R*T 1{
o | 20 - )
27T QO C—
A B 8A1 8A1 2,2
S / - ik 2 >(@191€ A (&1, £)em OO gg, de,.
27T Q C — Z
Denote P(z, D) = 2(A; — A3) L& + 2(B; — By)£. Let

@(m p 7.) B _i ( (C) + 3A(C C)) ( 645(22) + aAégji))
797 9 - 27_‘_ C_ >

We set Q§1(1‘77—> = 6(1',91,./41,7—), @2(ZU,T) = 6(1‘,@2,8_1, 7_)7 63(3:77—) = 6(3:7%7?27 _T)a 64 =
&(x, g3, By, —7).

—7' Al{elgl} + R—T A1{

(61291)}
(6191)}

+7 (exgie™) (&1, &)e” Ddg,de,

(5.15) +

erge eV dg, de,,
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By (3.15), (4.6), (5.15) and Proposition 3.3 we have

o 8(61g1) y _— 1
(5.16) a—R_TAl{ 1g1} == o7 a D — € 16_T( B )61(',7') + OL2(Q)(;).
Simple computations provide the formula

J 5 0B oD ~
a TBl{elg2} — E 731{6192} + 77— B 731{6192} + RT Bl{ (6192)

}

TRTBl{ 6192} RTBl{ 6192} RTBl{ (6192)}

b @ “’(o 52(z) _
—i—Tz—WeT(fbfb)/Q oc Z_; < (elg2e (&, &)e” (C))dfldfg
331 881
(5.17) _I_%er(‘b—@) (C Qz - (Z Z) (61926_61>(§1ﬂ§2)6T(©(<)_@)dfld€2‘
Q J—

By (3.15), (4.6), (5.17), Proposition 3.3 we have

a 8(6192) 5 T 1
(518) az 731{6192} = 2 8 @ — € 167—( N )62(',7') +0L2(Q)(;).
Denote 7
Vo=—e¢ "R, _p{eigs}, Vi=—eT"R_ 4 {erga}.
We have

Proposition 5.2. There exist two numbers k, kg independent of T such that the following
asymptotic formula holds true:

(P(x, D)(Uy + Uy), beP27™® 4 CT€A2_T6)L2(Q) + (P(z, D)(ae™*™® + d B H7®) V) + Va)r2(q) =

L / (1n + iv2) A R (3)6 (2, 7)o — 2 / (1n — i) B+ P (2)B4 (z, 7)do
o0

T o0

(5.19) —2/(99 a,(2)B3(x, 7) (11 + ivy)e 2 do — 2/89(1/1 — i) ePr B2 ()&, (x, 7)do

The proof of this proposition is given at the end of Section 7.
By (5.13), (5.14), (5.16), (5.18) and Proposition 3.4 there exists a constant Cy independent
of 7 such that

d(e1g1)
YA _ 1 —
( Pz, D)(Uy 4+ Uz), Vi + Va) r2(0) = (A1 — Az)(—2 (Jﬁ — M@0, OLQ(Q)(;)> e
Bje 1
+ (—e192 + 10192 + OLQ(Q)(_»eTq))vVl + Va) 120
270,
1 _
A —Ne™®, V, + Vi
+ ((B1 — Ba)(—e1g91 + 127@@ + OLQ(Q)(T))G , Vi+ 2)L2(Q)
8(6192) 1 CO 1
— (2(31 BQ)( 661 7( @2 + OLQ(Q)( ))67—@, ‘/1 —+ ‘/Q)LQ(Q) = — 4+ 0(—) as |7'| — 4-00.
2T3Z<I> - -
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Next we claim that

1
(5.20) (P(x, D)(uo€™),v)r200) = 0(;) as |7| — +oo,
and

1
(5.21) (P, Do)z = of2) a5 [r| = +oo.

Let us first prove (5.21). By (4.23) and (4.49), we have
1
(522) (P(l’, D)u, er_Tgo)lﬂ(Q) = (P(l‘, D)Z/{, er_T(p)LZ(Q) + O(;) as |T| — +00.

We remind that the function & and V are defined by (5.8). By (4.49) we obtain from (5.22)

(5.23)
0P 0P , 1
(P(z, D)u,voe™ ™) 2() = T/ X(5 (A1 = Az)a et 55 B B2)b€BI_ZTw)U_0d$+0(;)

as |7| — +oo. Here x € C§°(Q) is a function such that Y = 1 in some neighborhood
of suppey, H \ 9Q C suppes. The functions vy, = e ™75 and vy = €7, satisfy
e Ly(x, D)* (e~ ™0y 4 ) = hee™ and e™®Ly(z, D)*(e=™®vy_) = hee ™. More explicitly
there exist two first-order operators Py(x, D) such that

= — 0d  0vg+ 1
eTq)LQ(ZL‘; D)*(G_T¢U07+) A1)0+ 2T — pp (2%—142@0 +)+7D1(CL' D)U0+ = OL2(Q)(;) as |T| — +00
and
ob , Ovg = 1
€™ Ly(z, D) (e vy _) = ATg_— 275(2 802 —Byvy, - )+Pa(x, D)o - = OLQ(Q)(;) as |7| — +oo.

Let x; € C3°(Q) be a function such that x; = 1 on supp x. Taking the scalar product of
the first equation with ;g where g € C?(Q) we obtain

8(I> 0 1 0 0
O (22— Ay)gdr = o(1)— / (W (A4 P2, DY) xag) 7055 b g2~ Ag)x1)da.
7z bz A 527 5z

By (4.49) we have

(5.24) / 7'8—@1)0 +X1(22 — Ay)gdx = 0(1) as || — +oo.
o 0z 0z T

Taking the scalar product of the second equation with y;g where g € C?(Q) we have

0o 0 1 od, 0
/TFUO X1(2%—Bg)gd£€:0(;)—/9(K(A+'P2<x,D)*)(Xlg) 7'?}0 ga_ (28__32)X1)d

By (4.49) we obtain
0P 0 1
(5.25) /Q 55 V0. o —x1(2 5 By)gdx = 0(;) as |1| — +oo.

Taking g such that (2.2 — Ay)g = (A1 — As)e*a(z) in (5.24) and g such that (22 — Bsy)g =
(B1 — By)b(z)ePt in (5. 25) from (5.22) we obtain (5.21).
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In order to prove (5.20) we observe:

(P(x, D)(upe™),v) = (P(x, D)(uoe™), V)2 + o(l) = (P(x, D)(upe™), xV)r202) + 0(1)

T T

(5.26) — (uwe™, P(z, D) (3O 120 +0(%) as 7| = +oo.

Then we can finish the proof of (5.20) using arguments similar to (5.23)-(5.24).
Denote M, = 15 q)Ll(a: D)( 2gl) My = 45 (I)Ll(x D)(ngQ) Ms = —45- <1>L (x,D)* (6822—9(;’),

My = -5 q)LQ(x D)* <3294>. Then there exists a constant C independent of 7 such that
(5.27)
3 3 C 1
(P(z, D)(eﬂb%—l-eﬂb%),U)Lz(g)—i—(P(x,D)u,e_ﬂb%—i—e_@%)g(g) = ;—1—0(;) as |7| — +o0.
Denote X} = — 2, X, = —;5;‘%, Xy = ;;zg;;, Xy = 2% Then, using the stationary phase
argument we conclude
X. X X. 5 X
(5.28) (P(x,D)(e@?? +er? 2t . 1), )2 + (Pz, D)u, e—@f + e—ﬂ’?“)m(m -
C, 1 o0 — 5 o 0P T orios (VU V)
Co+ — Ay — Ay)——Xpbe® ¥ — (B — By)——Xbe?e ) 2d
- +T/F(( 17 ) g Aebe e — (B = Bo) o dabe e )

oD
0z

1 0P

2 [ = ) SRt — (B, — o) e ) EL D 4 0(2) a7 — oo,
r

2i| V|2
Next we show that

Proposition 5.3. Under the conditions of Theorem 1.1

(529) Al = AQ, Bl = BQ onT

and

(5.30)
od  — 00— s
J(P,a,b,c,d) = / {(V1 + ivy)=—a(2)c(2)eM A2 4 (1) — @'Vg)—d(%)b(z)elglJrBQ} do = 0.
P 0z 0z
Proof. Let ' be an arbitrary point from [ ntT and T, be an arc containing  such that

I', cc I. By Proposition 2.2 there exists a weight function ® satisfying (2.4) and (2.6).
Then the boundary integrals in (5.9), (5.10) have the following asymptotic:

/f (By — By)d, (3)e (B)eBr A2t g 4 / (A1 — A3)(1n — iva)an ()5 (Z) M H B H2im0 gy —

2m : _ e~ 2ri(x) omr 3 _ 27 ()
Z <Za2—w($)) (ab(Bl - BQ))(CU) \/F + (W) (ab<A1 - A2))($) \/F

zeG\{z_, x4} o2 o72

(5.31) +0<%) as 7] — +oo.
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We remind that the set G is introduced in (2.4). Moreover, in order to avoid the contribution

from the points x4 we chose functions a, b in such a way that
(5.32)
o8l 98l o8l ool

———a(zy) = ————=b(ry) = ———c(ry) = ———d(z4) =0 Vke{0,...,5}.
D D . D D . A dx +) dr 9 () { J

Let x1 € C*®(092) be a function such that it is equal 1 near points x+ and has support
located in a small neighborhood of these points. Then

/ X1(By — By)d,crePr A2 g / X1(AL — Ao)(v) — ivp)a by e BT g —
I I

/ 5@(31 _ BQ)dTaeBH-fTQ 86—2i7w o +/ 561(‘41 _ A2)<I/1 _ in)aTE€A1+E ae2i7-¢

S —do =
—2i7’% orT 22’7’% ot
d [ x1(B1 — B2)d75681+72 —2ir1p
97 5790 e do
L. 1oz

_/ 0 <)21(A1 - A2)(V1 _ iVZ)aTEeA1+B2> €2iT1j)dO. — O(l)

r. ﬁ 2T % T
In order to obtain the last equality used that by (5.32) and (2.7) the functions

3 Xl(Bl — B2)dTa€BI+A72 2 )21(141 - AQ)(Vl - Z'VQ)aTEeAl“‘BT’
or 2i5s ’ 2i%%

or

are bounded. By (5.5), (5.9)-(5.12), (5.19)-(5.21), (5.27) - (5.28) and (5.31), we can represent
the right-hand side of (5.4) as

1

1 It 6—27i¢(m)
O(-) =7k + Fy+ > (W) (@h(By — Bs))(x) NG
eeg\{a—a} \ \'o72 T

oIt % _ 627'1'111(:0)
+ (m) (ab(A; — As))(x) NG ) :

— o

Taking into account that F is equal to the left-hand side of (5.30) we obtain the equality

(5.30). Using (2.6) and applying Bohr’s theorem (e.g., [3], p.393), we obtain (5.29). O
Denote
0
Q, - _<Bl - Bz)Al — (A1 - AQ)BQ — 2&(141 — AQ),
0

75
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Thanks to (5.5), (5.9)-(5.12), (5.19)-(5.21), (5.27)-(5.29), (5.31), we can write down the
right-hand side of (5.4) as

L + L= ZTQk/ik‘i"fk + K

+ / (A1 — Ag) (1 — iV2)arE€A1+EdJ —I—/ (B, — Bs) (1 + i10)d.(2)er (2)eP T2 do
To

o
_ l Q+_b Bi+As (V'(ﬂ, )d Q beAH-Biz(v{/}’ V) do
T

g
To [Vi[? To V|2
) €(A1+Bg+2n‘lmq>)(5k) +(Q_de) (@) 6(51+,T2_2¢71m<1>)(5k)

7|det Im®" (7, ) |2

b oy (LG

I ACOEE AT )

ﬂ

— 2/ (11 + ive)e T2 (2)B, (z, 7)do
0N

- 2/ (1 — ivg)eP P24 (2)B 4 (z, 7)do
o0N

— 2/ (11 + ivy)e® 12 a, (2)B5(z, 7)do
o0

(5.33) —2/89@1 — ip)eB B (2B, T)da—i—o(l) as || — +o0.

We note that s, and kK denote generic constants which are independent of 7. In order to
transform some terms in the above equality, we need the following proposition:

Proposition 5.4. There exist a holomorphic function ¥ € H%(Q) and an antiholomorphic
function U € Hz(Q) such that

(5.34) Ulp = Mt Pln = HitBe
and
(5.35) R A

Proof. Consider the extremal problem:

s —0d =00 - .
J(U, W) = ||6A1+A2Eac — 0| + ||661+82£bd — V)2, 5 — inf,

oV o
(5.36) 5 = 0 inQ, 5 = 0 inQ, ((1n—ivg)V(2) + (v1 +ive)¥(2))|r, = 0.
Here the functions a, b, ¢, d satisfy (4.3), (4.4), (4.26) and (4.27). Denote the unique solution

to this extremal problem as (\if, ¥). Applying the Lagrange principle to this extremal problem
we obtain

— 0P S
(5.37) Re(eAl+Aza—aa bd — W, 6) 2y =0

. 7 00 -
Bi+B2
8,2 — \I/, (S)Lz(f\) -+ Re(e + ?

z
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for any 0 from Hz(Q) such that

)

96 -
; =0 in Q, — =0 1in Q, (Vl - iy2)6|F0 = —(Vl + iV2)5|F0
z

0z

and there exist two functions P, P € Hz () such that

oP . opP .
(5.38) g_o in €, 5—0 in Q,

~
A ~ ~

— 0P . 9P =
(5.39) (11 + irp) P = eArtA g—aé — U onl, (1 —in)P = eBlJrBZde — W onl,
2 z

(5.40) (P — P)|p, = 0.

Denote Wy(z) = 5:(P(z) — P(2)), ®o(z) = 3(P(z) + P(%)). By (5.40)

Hence
(5.41) P=(®+iV), P = (- ily).
From (5.37)
— 0P _ Aa ) *2867 ==
(5.42) Re(eAlJ’AZ&ac =W, U) e + Re(eP1 18 %bd — W, V) o5y = 0.

By (5.38), (5.39) and (5.41), we have

< 0P - 0P 500 2 500
Hl = Re(eAlJ“A?EaE - ‘If, €A1+A2£CLE)L2(1:\) + Re(681+82£bd - ‘I/, 681+82£bd)[/2(f\)

N 500 _ I 500
Re((v1 — ivy) P, 6A1+A2$ac)y@) + Re((v1 +in) P, eBlJrBngd)LQ(f) -
o 4+ 0P , , 515 0P~
2Re((vy — ive)(Po + iWp), e™ ZECLC)Lz(f\) + 2Re((v1 + ivg)(Pg — W), et 2Ebd)L2(f).

We can rewrite

J— — 0P _ , = 0D
2Re((v1 — i) Po, eAlJ“A?EaC)Lz(f) + 2Re((v1 + ivg) Py, €BI+B2£bd)L2(f\) =

(543) j(q), (I’QCL, b, C, (I)()d) + j((I), (I)()CL, b, C, q)od)
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and
2Re((1y — ivy) (10), eAlJrA?g—(fac)Lg(f) + 2Re((v1 + ivn)(—i W), eBlJrBQ%bd)LQ(f) =
—2Im((vy — ivg)ac¥y, e“‘h*“‘bg—f)p( £y — 2Im((v1 + 1v2)bd Wy, € Bi+B: gf)p(r)
—% /Q((yl — il/z)ac\I/_oge“‘h_““2 —(n + in)vafog—(feAﬁAQ)dx
—% /Q((Vl + iVQ)bquog—(f6&+B2 — (1 — iug)bdlll_ogelsﬁ&)dx =
(5.44) L300, aWy, b, ¢, dTy) + 3(T, allg, b, c, dy)).

7

Then by (5.43), (5.44) and Proposition 5.3, H; = 0. Taking into account (5.42) we obtain
that J(¥, ¥) = 0. Consequently (5.34) is proved. From (4.3), (4.4), (4.26), (4.27) and (5.36)
we obtain (5.35). The proof of the proposition is completed. 0

Thanks to Proposition 5.4, we can rewrite equality (5.33) as

(5.45) 0(%) _ Z .

l

{((Q+ + (¢ — qz))ab)(:ck) (A1 +Ba+2rilme) (F,)

N

Z Y 7|det Im®” (7})|

T e .

9 _ oD ¢ 2rin (i) —2rig (@)
- _/ (Vl —|—Z'V2)(e“41+“42 _ )a a(g)z ( C2,k€ : 1 C2,—k€ )da
Ty z

T — |detIm(I>”(xk)|% |det Im ®”(zy,) |2
2 0P — dy e 2T (k) €2 @)
= 2 [ = i) - )220 L | do
7 Jr, 0z Pt |det Im " (74) |2 |detIm<I>” Ty)|2
9 OP 4 =270 (&) 21 (%
- _/ (v1 + ivg) (e 2 ‘1’)—0(5) G2 T+ 22, hE T |do
T'o 0z — \ |det Im ®"(Z))|z  |det Im ®”(34)|>
2 _ ~ 66 ¢ b 271 (Zg) b 27 (Zy,)
— —/ (v1 — i) (P52 — W) ——d(2) 2.k€ - 2,7k€ do
7 Jr, 0z =1 \|detIm ®"(z4)|2  [det Im O (T} )|z
~ / (11 + iva) (78 — W)er ()6 (2, 7)do — 2 / (1r — i) (54T — 0)d, (2)&1(z,7)do
T'o a9

— a.(z)(v1 + iy eitAs _ slx, 7)do — V1 — il BBz _ ~(2)Bs(x, T)do.
2/F0 (2) (1 + i) (e = W) By(x, 7)d 2/39( ) V)b (2)Gs(z, 7)d

Here F}, denote constants which are independent of 7.
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Observe that
0P 0P
(546) (1/1 + iVQ)% = —(1/1 — Z-Vz)g on Fo.
dp 0 oo | 0 o _ 0 dp _ _ 00
Really 2 = L2 i) (oit) = §(38 —82) 4 5(82 +82). Honco 22 = 22 b2 = &0,
g—f = —% and aﬁ’ = af. Observe that (1/1 +ivy) 2 = %(Vla%l + 1/28%2) + %(VQa%l - Vla%g) =
HZ +i2) and (1) — i) L = 1(Z —iZ). Hence
op 1,0 0 1 dp Oy, i dp Oy O  Op
ity =5, iRt =5, 5 T3 % T o) T TR Tiar
Therefore
0P 8¢ oy Oy
(v =) 5= 9z  OF i (97' or o7

Taking into account that ¢|p, = 0 we obtain (5.46).
Then, using (5.46), on I'g we have

‘I’( A1+ Ay aa e 2T

0
—(1y +ivy) o 1

6( BB _ dape” 2TV

¢
(=2 Pt
=y \|det Im " (24 |2

as, k62‘ru/) k)
|det Tm & (7, ) |2

dg & eQTzw(xk

(i

NG,
—(1 — wg)g e
k=1

|det Im " (i) |2
a2 7]6627-11/)(1%)

681 +Ay
|det Tm @ ()| 2 (

E -
> 2 (( ~W)e(z)

a27k€—27'i¢(5;k)

B1+B2 T
e —
|det Tm ®" (7, )2 (

Z p—
P _ o
- Z(m - iV2)aa—2b<Z) ((€A1+82 — Web2mAz)
¢ o
0D AT Qg eX (@)
— vy +ive)— [ (e = W)e(Z : T
S i (1 e

e J—
z

+ (eB1+«‘TQ

|det Im cp"(;z«k)ﬁ

e_Al)

— \ife“‘TQ_Bj)c

|det Im " (i) |2

dg k627—z'¢1 k)
Z) ;
|det Im ®” () |2

d2 ke—QTM/)(:Ck

+ (BB — )

|det Tm ®” ()| 2

_\IJB*A1+B1)C(Z) d2 k62nw Ze)
|det Tm @ (7 )2

|det Im &7 (7|2

c(Z)p—r

1

d2 kefQTzw(a:k )

627’17,[1 (Zx)

— N |det Im @//(xk)\%

(5.47)

|det Im & (z;,)|2
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and

)

—(Vl + ZVQ)(€A1+A2 \I/)a—a( ) Z 2k — T 2,-k - T
z =1 \|detIm ®"(z4)|2  [det Im ®”(Z)|2
= £ — —
A od b .27 (Ek) by e 2mit(En)
(o — i) (4B — )22 (z) L. i
0z =\ |det Tm @ (7)]2  |det Tm & (i)

02,7k€27—i¢(5k)

A1+B2
e R
|det Im & (i) 2 (

Z = a7~ N T A =~ N
P _ —27i)(Tg,) _ 5 =271 (Z)
- (- wz)a—_d(z) (B _ e ArtBry 2kC (PP o | =
= 0z [det Tm @ (,)| 2 |det Im @ (7|
Z a7~ N T A =~ N
oP _ _.e2mip(Zk) _ . by .. e2Ti(Ek)
— E (Vl + ZI/Q)a—UJ(Z) ((6A1+A2 — €2,k — (€A1+Bz o 682*./42\1] 2,—k€ ~’“ 1)
1 z |det Im &7 ()| > |det Tm " (i,)| 2
e T = a7~ N T A =~ N
O __ . =270 (Zy) __ _ b —278)(Zy,)
=S i) oo d(z) | (P et By A (BB ) 2k )
1 0z |det Im @ () |2 |det Tm @ (7|2
£ —
0P - _e2Ti(Z)
= (v ive) (et — T a(z)p-per )
k=1 0z |det Tm @ (7|2
l — =
o L)) - — d(z —271(ZTk) B
(5.48) S (1 —ivy) (P — Ve P2 (2)e pli '
= 0z |det Im & ()3

6*31 +Aq ‘if

)-
)

b2 7]{:627'1'1[)(5%)

|det Im & ()2
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Using (5.47), (5.48) and Proposition 7.2 in Section 7, we rewrite (5.45) as

3
1 ~
o(=) = E TR +
k=1
’ 1 B 1
2 7 { Q.+ (g1 —¢ ab) (7)) e A1+ Ba+2rilme) (zy)
;ﬂdetlmfb”(@ﬂ ((Q+ + (01 = 2))ab) (@)

£ ((Q + (@ — @)de) (@) B |

VI

e2iTY (&) 82(936_A2)(1~7k)

1 . Bi4+B: _ d\ (=
- — vy —ivg)(e” T2 = W)d(z ~ do
el Ol ) )kzl det Tm ®7 (7)[2 2k — 2
¢ (3 -
1 - “2r(@) 9. (gre—M
— — [ (n+im) (et —0)e(2) ‘ . (gl~e )(xk)do'
A7 Jry 7 |det Im ®”(Z,)|2 Zk— 2

‘ - N
1 — —2iT(Zy) B —Bs
_ (Vl + Z'Vz)(eA1+A2 o W)CL(Z)E : € k 82(946 )(xk) do

47 Jr, “\det Tm " (iy)|7  Zr—Z
¢ ir(E -
1 I 26 . (e
S A DI i 1TB) B S
AT Jry  |det Im & (F;)|2 2 — 2
1
(5.49) + o(=) as|1| — +o0.
T
Using Proposition 5.3 we take a = a,,d = d, and b = b,, c = ¢, such that
_ 1 .
/ (v1—ivy) (P P2 Wb, (2)=—=——do = 0 and / (v14ivy) (M T2 —W)a, (2) = do = 0.
Ty 2k — X To Rk — <

Then we obtain from (5.49)
i (O + (@1 — q2))anb,) (T )eMArtBer2rilme) @)
s |det Tm®” ()2

On the other hand using the Proposition 5.3 again we can take a = a*,d = d* and
b = b*, ¢ = ¢* such that

(5.50) = 0.

B, = 1 P — 1
/ (v1—ivy) (PP W) d* (2) =———do = 0 and / (v14ivy) (M2 —T)ex(2) = do = 0.
FQ 1—‘O

Zr — 2 2y — 2
These equalities and (5.49) imply

(5.51) ZE: (Q- + (¢ — q2>>d*c_>k)(Ek)e(BlJrAiQfQiTImq))(Ek)

ot |det Im®” (%) |2
Let z be an arbitrary point from 2. Consider the sequence of the functions ®. given by

Proposition 2.1. Applying Bohr’s theorem (e.g., [3], p.393), we obtain from (5.50) and (5.51)
we have

=0.

((Q-+ (@1 — @))d"c")(Z) =0, (2 + (@1 — @2))a:b.)(Zc) = 0.
The proof of the theorem is completed. [J
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6. APPENDIX I

Consider the Cauchy problem for the Cauchy-Riemann equations

L0600 06 00 _
(61) LG.0) = (50— 5o g+ 5 =0 i@ (6.9) |, = (@), ba(a))

o4 o :
@(qﬁ%—w)(xj):coﬁj, Vje{l,...N} and Vi€ {0,...,5}.

Here Z1,...2Zx be an arbitrary fixed points in 2. We consider the pair by, b, and complex
numbers C' = (¢g1,€11,¢21,€31,Ca1,C51 - - - Co,N5 C1.N, C2.N, C3 N, C4 N, C5 N) as initial data for
(6.1). The following proposition establishes the solvability of (6.1) for a dense set of Cauchy
data.

Proposition 6.1. There ezists a set O C (C%(T4))2 x CN such that for each (by, by, C) € O,
(6.1) has at least one solution (¢,) € (C°(R))? and O = (C*(T))? x COV.

Proof. Denote B = (by, by) an arbitrary element of the space C7(Ty) x C7(Ty). Consider the
following extremal problem
3

— 4
(62) J(6.) = 6 ¥) = Bll |+ Z M || .
1 A N 5 8’“
—i—z“A3L(¢,¢)||L4(Q)+ZZ|azk ¢+ i)(i5) — cpy|* — inf,
j=1 k=0
(63) (¢,) € W{(Q) x W[(Q).

Here B! denotes the Besov space of the corresponding orders.

For each € > 0 there exists a unique solution to (6.2), (6.3) which we denote as (qge, {Z)\e)
This fact can be proved by standard arguments. We fix ¢ > 0. Denote by U,; the set of
admissible elements of the problem (6.2), (6.3), namely

Usa = {(6,0) € W[(Q) x W[ (Q)]Je(¢, ) < o0}
Denote J, = inf (4 pyew7@)xwi@) Je(@; ). Clearly the pair (0,0) € Uyq. Therefore there exists
a minimizing sequence { (¢, ¥%) 122, C Wi (Q) x W (Q) such that
Je - k1—1>I—‘,I-100 Je(¢k7 wk)

Observe that the minimizing sequence is bounded in W[ (Q) x W[ (£2). Indeed, since the se-
2
quence {A3L(dr, ¥r), L(dr, Yr)loq, - - - ayg, L(¢x, ¥x)|oa} is bounded in L*(Q)xII3_ Bt " (09)
the standard elliptic LP-estimate implies that the sequence {L(¢y, )} is bounded in the
space W9(Q) x W5(Q). Taking 1nt0 account that the sequence traces of the functions (¢, ¥y)
is bounded in the Besov space B, i (092) x B, i (02) and applying the estimates for elliptic
operators one more time we obtain that {(¢x,1)} bounded in W[ (Q) x W] (Q). By the
Sobolev imbedding theorem the sequence {(¢y, %)} is bounded in C®(Q) x C%(Q). Then

taking if necessary a subsequence, (which we denote again as {(¢x,?r)} ) we obtain

(dr, i) — (de, ) weakly in W] (Q) x W (Q),
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<8j¢k DIy, 0”<be 8%
ovi’ Ovi ovi ' Ovi

k

0
5. (gzﬁ + ) (2;) — ck; — Crje, k€{0,...,5},

SL(¢n, V) — 1 weakly in L*(Q),  L(¢p, ¥r) — 7 weakly in W7 (Q).
Obviously, r. = A?’L(gbe, @De), Te = (¢6, wg). Then, since the norms in the spaces L*(Q) and

Ak : . . .
Bt "(09Q) are lower semicontinuous with respect to weak convergence we obtain that

Je(&;e’l;e) S k1—1>r—&{1<>o Je(¢k;7¢k) - je

-) weakly in B, i (89) Vi € {0,1,2,3},

Thus the pair ((}5\6, @E) is a solution to the extremal problem (6.2), (6.3). Since the set of an
admissible elements is convex and the functional J, is strictly convex, this solution is unique.
By Fermat’s theorem we have

T (¢, 0)[0] =0, V6 € W(Q) x W](Q).

This equality can be written in the form

(6.4) 12075(( € 6) - B)[é] + EZI(/?Q,EJC(_

ko » ok~ N k

=1 k=

.
o

where p, = ((A?’(gf; — Deyy3 (AB(Doe 4 87’b€)) ) and It. () denotes the derivative of the

dz‘g 01'2
functional w — ||wHB;;(r*) at .

Observe that the pair J, (¢, 0.) < J.(0,0) = ||B||Z;g[7(F : + Zjvzl S lerj|?. This implies
4 0

~ o~ 27 ~ ~
that the sequence {(¢., ?.)} is bounded in B, (Fo) the sequences {%w6 + 1)) (25) — ¢y}
are bounded in C, the sequence € 3 >_, BQ 2 k(auk (e, ¢5))[ayk 0] converges to zero for any

0 from B44 (012). Then (6.4) 1rnphes that the sequence {p,} is bounded in L3 (€2).

Therefore there exist B € B4 (To), CojyChjs...,Cs; € Cand p = (pr,pa2) € L3(Q) such
that

~ o~ 27
(6.5) (¢, 1) — B—B weakly in Bjf (Ty), p.—p weakly in L3(€),
k

0"~ o~ ‘
(6.6) @(qbe +ipe)(2;) —ek; — Cr; ke {0,1,...,5}, 7€{l,...,N}.

Passing to the limit in (6.4) we obtain

(6.7)

: S S O << S
o, 21 (B)[0] + (p, A®LO) 20 +2Re >N Cijg (01 +iby)(2;) =0 Vo€ WIQ) x W(Q).
j=1 k=0

Next we claim that

(6.8) A’p=0 inQ\UL {2}

E S Bt () — k) g 5o+ )(05) + (e B+ i0(5) cm{f,ﬂ(mwa)(%) 0.
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in the sense of distributions. Suppose that (6.8) is already proved. This implies

N 5 —ar
N oF - - L .
(p, A3L(S)L2(Q) + 2Re Z Z Ok,j@(él + 252)<17j) =0 V51, 62 S CO (Q)

j=1 k=0
If p = (p1,p2), denoting P = p; — ipy, we have
8k

N 5
Re (A°P,0:(0 +i02)) 12y + Re » > Chj Crimx

j=1 k=0

(61 +ib2)(3;) = 0 V1,35 € C°(Q).

Since by (6.8) supp A3P C Uéyzl{fj} there exist some constants mg; and EA]- such that
A3P = Zjvzl me:l m/gij%(x — Z;). The above equality can be written in the form

5 k

—ngj—Dﬁéx—:vj :Z ij(fk (x — ).
18l=1 =0
From this we obtain
(6.9) Co;j=C1j=--=C5;,=0 je{l,...,N}.
Therefore
(6.10) A’p=0 in Q.
This implies
(p, ALO) 2y =0 Vo € W(Q), Lbog = @Im a;[’jlm 0.

This equality and (6.7) yield
(6.11) fo%(B)[S] =0 YoeW[(Q)xWI(Q), L= %bg = a;’[ifbg =0.
Then using the trace theorem we conclude that B = 0. Using this and (6.5) we obtain
(6.12) (Dos o) — B —0 weakly in Bt (T).
From (6.6) and (6.9) we obtain

ok

@(&ﬂ'&&)(:@) ~ep; kef0,1,....5}, je{l,....N}.

By the Sobolev embedding theorem B:77 (Ty) CC C3(Ty). Therefore (6.12) implies
(6.13) (beprthe) — B — 0 in C°(Ty).

Let the pair (ggek, 126,9) be a solution to the boundary value problem

(6.14) L(bes ) = Lo b)) In Q, dhfon = ¢

Here ¢} is a smooth function such that 9} |r, = 0 and the pair (L(égk, QZJ%), » ) is orthogonal
to all solutions of the adjoint problem (see [20]). Moreover since L(@, , e, ) — 0 in W5(€)
we may assume ¢} — 0 in C°(9€2). Among all possible solutions to problem (6.14) (clearly
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there is no unique solution to this problem) we choose one such that fQ éek dx = 0. Thus we
obtain

(6.15) (her,Ue,) — 0 in W](Q) x WI(Q).

Therefore the sequence {(q/gek — ngek, {Z)\Ek — 126,6)} represents the desired approximation for the
solution of the Cauchy problem (6.1).

Now we prove (6.8). Let z be an arbitrary point in Q \ U ' {%;} and let X be a smooth
function such that it is zero in some neighborhood of I'y U U i=117;} and the set A = {z €
Q|x(z) = 1} contains an open connected subset F such that T € Fand I'NF is an open
set in 0. In addition we assume that Int(supp x) is a simply connected domain. By (6.7)
we have

(6.16) 0= (p, A*L(X0)) r2(0) = (Xp, A*L0) 120y +(p, [A°L, X]0) 120 VO € W () xW(Q).

Denote Lé = §. Consider the functional mapping & € W2(supp ) to (p, [A?’L,)HS)LQ(Q)

where
Lé=46 inQ, Im(§|3:0,/ Re ddz = 0,
supp X

where S~denotes the boundary of supp Y. For each 5 € W2(supp X), there exists a unique
solution § € W3 (supp X). Hence the functional is well-defined and contlnuous on W4 (supp X)-
Therefore there exists q,r,qy € Ls(supp X) such that fsupr Z]k 1T3kax i 5+ (q, 5) +
QO‘;)dI - (p7 [A3L7 ﬂé)LQ(suppS{)'

Consider the boundary value problem

IS ~ ) %P
AP =[ insuppx, Pls=—7-ls=775ls=0.
Here f = 2div (Vq) —qo — Zf 1 %rﬂc. A solution to this problem exists and is unique,
) J

since f € (W2(supp¥)). Then P € Wl(supp¥). On the other hand, thanks to (6.16),
3
P = Xp € Wi(supp X).
Next we take another smooth cut off function y; such that supp Y1 C A and Int (supp x1)
is a simply connected domain. A neighborhood of = belongs to A; = {z|x1 = 1}, the interior

of A, is connected, and Int A; NI contains an open subset O in 992 Similarly to (6.16) we
have

(X1p, A’L0) 12(0) — (p, [A°L, X]0) 2y = 0 V6 € W(Q).
This equality implies that Y;p € W3(), using a similar argument to the one above.
Next we take another smooth cut oﬂ?3 function s such that supp X2 C Ay and Int (supp x2)
is a simply connected domain. A nfzighborhood of = belongs to A3 = {z|Y2 = 1}, the interior
of A; is connected, and Int A3 NT contains an open subset O in 9€2. Similarly to (6.16) we
have
(Xap, APL6) 20y — (p, [APL, Xo)0) 120y = 0 Vo € W[ ().
This equality implies that Yop € W3(£2), using a similar argument to the one above. Let
w be a domain such that w N Q =0, 811 N 02 C O contains an open set in 2.
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We extend p on w by zero. Then
(A3(Xap), L) 2wy + (s [A3L, X2)0) L2 0y = 0.
Hence, since [A3L, X2]| 4, = 0 we have
L*A%(Xop) =0 in Int AyUw, pl|, =0.
By Holmgren’s theorem A®(Xop)|pg 4, = 0, that is, (A%p)(Z) = 0. Thus (6.8) is proved. [

Consider the Cauchy problem for the Cauchy-Riemann equations

8¢ oy 88 By, )
(617) L(¢7 w) - (81'1 81‘2’ a$2 + a$1) =0 in Qa (¢7 ¢) |F0 - (b(l’),O),

o4 v :
g(qﬁ—l—uﬁ)(xj):co,j, Vie{l,...N} and Vi€ {0,...,5}.

Here z1,...2Zx be an arbitrary fixed points in 2. We consider the function b and complex
numbers C' = (¢ 1,€11,C21,C31,C41,C51 - - - Co.Ns C1.N; C2.N, C3.N, C4 N, C5 N) as initial data for
(6.1). The following proposition establishes the solvability of (6.1) for a dense set of Cauchy
data.

Corollary 6.1. There ezists a set O C C*(Ty) x CN such that for each (b,C) € O, (6.17)
has at least one solution (¢,1) € (C°(Q))? and O = C*>(T) x CV.

The proof of Corollary 6.1 is similar to the proof of Proposition 6.1. The only difference
is that instead of the extremal problem we have to use the following extremal problem

3 ak
6 =10 =g, + ) e,

ovk  pi*oq)

k

1 AR
AL )y + D0 D 15 (6 + i) (@) — cugl — int,

7=1 k=0

(¢,0) € Wi(Q) x W[(Q), |r, =0.
We have

Proposition 6.2. Let a € (0,1), g1,...,g, be linearly independent functions from L*(Ty),
Yi,- .-, Y; be some arbitrary points from I'y and & be an arbitrary point from §). Then there
exist a holomorphic function a € C***(Q) and an antiholomorphic function d(z) € C5T(Q)
such that (ae* + de®)|r, = 0 and

ok o

a—x;f@a(yiﬂ) =0 k+j<5
2

/ agydo = 0 pe{l,...,m};
o

and

a(z) #0 and d(z) # 0.
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Proof. Consider the operator

Pa
R(v) = (/ agido, . .. ,/ agpdo, a(yy), . .. W(yl), e
Lo Ty Z

o). 2 ) ). L ). ). D). (), ()

Here v € C$°(I") and the functions a and d are solutions to the following problem

0 od

8—2 =0, I, =0 nQ (ac*+de)on =7.

Consider the image of the operator R. Clearly it is closed. Let us show that the point
(0,...,0,1,1) belongs to the image of the operator R. Let a holomorphic function a satisfy

Jr,a1do = - -+ = [. agydo =0 and

° | )
Drhion,m W) =0 VIBl€ {05} g e (L. .k}

Consider the function —e“=Ba(z) and the pair (by,by) = (Re{—e*"Ba}, Im{e*~Ba}). Using
Proposition 6.1 we solve problem (6.1) with [ = 0 approximately. Let (¢, 1) be a sequence
of functions such that

D oerivd =0 (@l = (bib) i O, (9 +iva) (@) — L
Denote d. = ¢, — i), B = ae + d.e®. Then the sequence {B} converges to zero in the
space C°T(T).

By Proposition 2.5 there exists a solution to problem (2.46) with the initial data (., which
we denote as {a,d.} such that the sequence {da,,d.} converges to zero in (C?(Q))2. Denote
by Y. = (a + de,de + d.)|p,. Clearly R(v.) converges to (0,...,0,1,1). The proof of the
proposition is completed. 0

7. APPENDIX II. ASYMPTOTIC FORMULAS

Proposition 7.1. Under the conditions of theorem 1.1 for any point x from the boundary
of Q0 we have

1 [ ey e @O-FQ) 1 uman 1
—= d&id& = 5= = 5 — to(5)+
T Ja (—=z 27 £~ (2 — 2)* |det Im " (3y,) |2 T
0:G1 (&) 03®(3y,) 0251 (%) 9241 (3) o
1 260 958G T ey e e 2@
(7.1) —QZ — —  as |7| — +o0.
Ar? = (2 — 2) | detIm ®" ()| 2
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¢ by o2 ()

1 [ e1goe™ 020 2d(2r)
7.2 e L deyde, = B
(72) T Jo (—2 27 QZ (B — 2)2 |det Im ®" (i) |2
_ 0:02(y) O3P(Ek) | 0202(Fr) _ 3z92(wk) s
_L ‘ 920(3y,) O2P(Zr) 2% (i) 02®(y) (@) I 0(i)
Ar? B—z |det Im@" ()7 T
as |t| — +o0.
(7 3) 1 / 61936—7'(‘1)(4)—@ d& df‘ 1 £ gz%;—g:)) e~ 2iT(Zk)
: - = 1082 =
T Ja (—2Z 2r? = (Zk — 2)? |det Im & (z},)| 2
¢ 0:93(Fk) 020(Z)  0243(Ek) | 02G3(Ew) s
Ly P0G %) 000G TdeE) e 1
dr? £~ Z—Z |det Im @ (&,)|2 T2
as |T| — +oo.
1 / 619467(‘1)(0_@) df dg 1 zé: %"2% ;E:)) 22'T7,Z)(ik)
- 1082 = —5—
T Jo (—= 272 £~ (2 — 2)? |det Im @ (i), |2
0294 (%) 03P (% 0254(% 0254 (% s
| LB B e
g o o)
P 2k — 2 |det Im " (Zy)|2 T
(7.4) as || — +o0.

Proof. Let 6 > 0 be a sufficiently small number and &, € C§°(B(Z,9)), €k|p@,0/2 = 1. We
compute the asymptotic formulae of the following integral as |7| goes to infinity:

L [ e i e-T(@(O-T0)
- [ dends =
Q

s (—z
' o .
1 —7(2(0)—2(¢)) 1
_ —Z/ €rgie d£1d£2—{—0(—2):
T = JB(i1.0) ¢— T

1 < / ; 991 (k) (¢ — Zk) + 50201 (Z1)(C — Z)?
B(zg,0) :

- =

0:0:1(T1) (€ — &) (C Eiki+ 5291<$k><C—5k)2}eT<@< e, des + o ) =

™
k=1




PARTIAL DIRICHLET-TO-NEUMANN MAP FOR GENERAL OPERATOR

) —Z / [ eSO - j0Re(a0(¢C — )Y + §ZREOT(C - F)
B(Zg,0 C— z

Bgazf]{(ik) (C Zk)@gq) + 1 o2 gl(Ik)aC(I)(C — gk)

P Ieey 2 920 () e EOTO e, de, + o() =
(—z T
.91 (T 0,9(z ~ 8§~ T B = -
1 / [ G0 - 150, 0(C - 2)) + 1500 - %)
— JB(ar.0) ¢(—z
020:91 (&) 1 0241 (k) ~
P20 k) (¢ 2V0:D + 0:P(( — 2z _
n 020 (i) (€ = Z) ¢ 2 920(3y) S (¢ k) @—T(‘I’(O_@(C))d&dfg+0(i) —
(—z T2
9:91(Zk) 02 (Zx) _ 0331(Fx) d: D30(% ~
1 / E 1_832(32:) 8§<I>(ilz:) B a;{i(:e:) 82%(( ))(1 B 182<I>§ i@ Z))
- - _
TT = J B(31.6) 2 C—2 (€ —2)?
9291 (Zk) 9291 (Zx) ~
L 306y _ Laaan C ) | e a0 1
T d&id —).
+ 2(-—2z 2 ((—2)? & §2+0(72)
(7.5)
By the stationary phase argument
—Z 1
/ ékw OO dgy = o( =) as |7 — +oo.
B(&1,0) ¢—2) T
Finally we have
- ¢ 0:41(Zx)
: / e1g1e”(P©O20) 1 . D200 (o 1
—= dédéy = €)= T(2(0)— da;+o( =)+
T Ja (—=z T ; Blans) (6 —2)?
) 0:01(%g) O29(Zx) | 9291(Z) _ 02g1(ix)
1 / g, BV T2 T 2a(m)  PE —r(a(0)-3(0) g —
27T i1 J B(#.0) (C - Z)
¢ 0:91(%k) (5
1 D20 (5 1) 6—227’7,[)(zk) 1
tog Y +o(=) +
272 ,; (Zx — 2)* |det Im @ (&) 2 =)

0:91(Fr) 03@(&x) | O201(&k) _ 0251(dk) o
028 (Zy) + 920 (ir) 028 (Zy,) e~ 2T (Ix)

- as |T| — +00.
Ar? i~ (2 — 2) |detIm & ()| d
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We compute the asymptotic of the following integral as |7| goes to infinity:

1 GoeT(2(0)—2(C))
_ _/ 61926 _ dé,dey =

- Z/ 5 — d§1d&s + 0(%) =
- —Z / { Zgz<f:k><2—z_k> + 5022(31) (€ — )?

(—z
i 0z 3zg2(:vk)(C — %) (C _ Z) + %83@2(@)@ — %) (@(g)—@)d&d& + O(i) _
(=2 72
0z T N R~ = = 8§~ T R =
1 i/ i a;;((i:)) (0e® — 302(21)(C — Z1)%) + 5 ag‘?((j:))ac@@ — Zk)
T B (-z
32@?)2(51@)((_2,)8 q)+1392 xka ( )(C_g)
20(21) ROP T 25 % B r@0-5) e g LR
T C_Z e &1 52—1-0(7_2)
0:92(%) (a7 1038(@n) 0T F = 10252(30) A (5 =
1 i:/ 5 Bian) (% ~ 35w, 2~ 2)) 2 5eE, %P~ A
— —_— k = —
T~ JB(i1.0) (-2
Bzazgz(ik)(c _3 )a o+ 13292 Z) ) (C )
20 (2, k)¢ 2 920(&,) ¢ T(2(O)-2(¢) Ly _
-+ C — e dfldég + O<§) =
_10:92(Fg) B2B(F) | 19232(Fk) 9z02(21) (1 _ 1 929(Fx _
1 « - 2 920 (3;,) 02%(dx) t2 2D () 8§<I>(ik)( 282<I>(xk)<< k))
T L - - C-2p
1 7 B(@r.0) < z
92(En) (F _ 3 92g2(Zk)
L o0 ) 15565 | s
P . N e’ d&1déy + o( —
2 (-2  2(-= Qe +ol)
(7.7)

Observe that by the stationary phase argument

- (€= 2 r@0-30) L
=€’ d&1dés = o(=) as || — +oc.
/J;(ik 5) (€ —%2)? 7
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Finally we have

57

)=

— 9592 (Zy)
1 GoeT(2(0)—2(0)) 1 ¢ ke -
_ _/ €192¢ " : e dey = _Z/ ékﬂfgef(é(@—ﬂ())d&d&
T™Ja C -z T k=1 Y B(Z1,9) (C - Z)
1 4 _10:2(%k) 8%?(% k) + 10252(Fk) 18%_‘72(9%) .
23203, 020(zy) | 2 020(z 2029(k)  (a(c)B(E
_ 1 / 52020 028G " 2 D) @) r(a() e dey + o
T 321 / B(@k.o) (—2 T
1 < Zaﬁ((f:)) (20T (Er)
+ ﬁ Z ~_Z ~\2 "{ 1
72 =~ (2, — 2)? |det Im & (7|2
¢ 0z52(Zk) 2P (dk) 02G2(Fr)  0252(Fx) s
1 D20(2p) 020(3) | 020(zp) | 02%(@k) e2im(T) 1
- = S —— +o(=) as 7| — +oo.
S kT F |det Im " ()| 2 T

We compute the asymptotic of the following integral as |7| goes to infinity:

1 [ n5.e7(®(0O-F0)
.- / agie g6, de, =
(—=z

™

1 / i {8294(9%)@ — Z) + 50294(7) (€ — %)
€k
B(‘rk’é)

d k=1 C —
9:0.94(T1) (¢ — Z)(C — Z) + 2020u (1) (¢ — Zk)? ) 1
L 0:0:0()(C — E)(C — F) + 5024(E) (€ — ) }ef@(wcnd&d& vl
C—z T
294\ ol bt 6§~ z _ - -
Z/ [ FEEH 02 — 302D(E)(C — 2)?) + 5 ag‘(g((@:))acq)@ )
Bl (—2
0:0:94(Zy) (C —3 )a (I) + 102 94(@9)8 (I)(C -3 )
o) k)O¢ 2920 () 9C k (D) 1
n 020 (i) e~ g, dey + 0(_2) =
(—z T
. Ga (T 3 (7 s 254(E) 0 FH(7F _ T
5 B - a0 T
T/ B(@0) (—=2
858z§4(ik)(< . Zk)a Q)-{— 10254(Zk) ) (I)(C —3 )
202 ¢ 2 920(zr) k ()BT 1
LG T eT (@O~ ge, de,y + 0(§) =

) =
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1 0z§a(Zx) O2®(8) | 1025a(Zx) 0,54 (3 530(z i
) / & d 2 220a) 000z k) t2 62£(m:) + 83%&:))( ;amg k; (€ —2))
I k
T B B(%,5) C (C _ Z)

92G4(Z1) 10294 (%x)
Foiy 1ot (6 — )

(=2 (€ —2)?

300 1
e~ ge, de, + 0<72)'
(7.8)

Observe that
—Z = 1
/ ékMeT@(Oi@(O)d&d& =o(=) as || = +o0.
B(&y,,0) z T

Finally we have

1 e p eT(é(C)_@)
- o d6yde, =
™ Jo C— z
¢ 1 0234(Fk) 02P(&x) + 1025a(8,) _ 1023a(@n)
1 / ~ 2 920(z1) 920(Z) 2 920(3y,) 2 029(Tw)
T 4= B0 ¢—=z
622§4((jk)) 1
8z¢‘ i‘k T(‘b
+ —F——= e d£1d§2 + 0( )
@—zv}
0234 (%) 03®(3y) 0254 (%) 02§4 (%) N
1 i B0(5) P00 T Gie)  Belm) eV
A2 e Zp— 2 |det Tm & (7, )|
l 82.@4(£k) ; 7
1 = 2iT(Zy,) 1
(7.9) S LG E—— o(=) as 7| — +oo.

272 £~ (Zk — 2)? |det Im " (i) |2 T2

We compute the asymptotic of the following integral as |7| goes to infinity:

d&1d8s =

N

1 / 61‘636_7—(@({)_w)
T Ja (—z
¢
1 m(2(¢)=2(¢)) 1
B _Z/ €kg3€ - a1ty + o L) =

™ —z
k=1

l

1 / B { 9:G3(7x) (C — 2x) + 30233(%1) (¢ — Z)°
€k
B(zg,0)

™

0:0-35 (k) (¢ = 2)(C — aﬂﬁ%@@m@—af}eﬂﬂ O

k=1
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] ) 82§3(fk)(a§6 _ 182_’)6(@,0(6 _ 5k)2) 4+ 1 0293(Zk

1 Z / 229 (7)) 27 2 9203
Q Ik, Z —Z

20.93(T 92g3(
aagdf(sri(k)k) (¢ - Z’f)aé“q) +3 82%3 k)3 e ®(C — Zk)

rYa) 1
e T2 ge, de, + O(ﬁ) =

(-2

Y 10293(Fk) 030 (&) 1 02G3(Ek) 82@3(5%)(1 B

¢
0:0,93(% 92g3(% ~
LB (¢ — 5)0c® + LEBEL)0(C — 7) }

€k =

1
1 / . ) 2520(z,) 020(Fk) 2 020(3k) | O20(n) 2 923(
+ =
B(#x.0) (C—2)?

Y

C_

923 (%) 3593(2@)(5*2) .
02 2(Zx) —7(®(¢

= + - —= e d dé, +

C_g 2 (C_Z)z 51 52 ( )

(7.10)

Observe that by the stationary phase argument

- (

fr e

Finally we have

1
k) e (@) d§1d§2 =o(=) as|T] — 0.
T

(\u

2

l\zl

] —r(B(0)-B ()
- o[ derde, =
a C

) 10:93(2y) 029(Zx) _ 1 9293(%k) 0293(Zx)
1 / 5 ) 220G TG 25205 | 920(n)
k —
B(mk’é)

¢—% (C—2)

v TP O Tty + of ) =

¢ 9:33(Fx) O20(Zk) _ 9293(Zk) | 0233(@x)
1 Z D20(3y) 020(ir)  020(Fy) | O20(Tw)

1 2k — Z |det ITm @”(:Ek)ﬁ

o~ 20T (Fk)

2T 1
5 - +o(=) as|t| — +oo.
272 £~ (Z), — 2)? |det Im @ (3|2

T2
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Proposition 7.2. For any x from the boundary of ), the following asymptotic formulae
hold true as |T| goes to +o0 :

¢ —2iT (& 6(9167’41) ~, 0P 0P
1 207 (@) Loe M) () 4 22y, o 1
(T.A1) Gy(z, 7)== -7 () £ g mk _duky; =] +o(2),
TS ]det]m@”(xk)]i k=2 (2 — 2) T
¢ i) (E d(gae~B1) /-~ 9% ~ 9%
1 (k) 12926 ) (3) + 22 1
(7.12) Gy(a,7)=—=> (e I i G ) oLy
T |det Im " (2y,) |2 k— Z (Zx —2)? T
l ; 5 d(gae B2) / ~ 1) L)
1 —2iT (%) 10(ga _ ) 4 8_‘{’?5 0@ 1
(7.13)  &3(z,7) —Z ‘ — | = T(xk)_ CERELNT Qk Z— ) +o(=),
T |det Im @ (Zy,)|2 k— % (Z — %) T
¢ iTY(T d(gze=A2) / ~ 0% 7 ~ 0%
1 2V (k) 18 (7)) + 228 7122 1
(7.14) &4(z,7) ——Z S (- h—:E “@) e ik, 5| +o(=).
T | det Im @ (%) |2 Zy — 2 (2 — 2) T
Here zj, = Zj,1 + 1Tk2. Moreover the following asymptotic formula holds true
(7.15)
12220 1 22T ) P2 D 1 P28 = 02 as el oo
Proof. Observe that the functions &;(x,7),...,&,(z, ) are given by formulas
1 [ (60 +75(0) — (% (2, 2) + 752(2))
& (2,7) =~ . : e (e ) (6, ) MO Odg d,
™ Jo C— z
oB 0% (7 oB 0% (=
1 [ 5260 +750) — (=2 + 757 (2) o
S s (e192675) (61, £)e7 O dey,
T Ja (—7Z
92(0) _ 9A2(¢0) 90(2) _ 0Az(2,2)
1 (T75¢ — o) — (T — =)
Balir 1) = o [ B T I g ), )T g
2 Q C— z

00(Q) _ 9Bs(¢)y _ (;08() _ 9Ba(2)

Gy(z,7) = %/ﬂ 2 8 z—i = = )(61936 B2)(€1.&)e™ O~ g, dg.

These explicit formulae and the stationary phase argument imply (7.15). Let z = 1 + izy

where x = (z1,25) € 0. The following asymptotic holds true

0P 1 1 0 _ &z
%/Q—é_(i)(elgle“‘“) m(@O-2() USTUSES e (ergre™) e (@O=2D g, d¢, =

¢
1 9 1 —A ) F(@0)-(0)) 1 o e~ 2@ 9, (gre~ M) (E)
— ergre "t d&d - — .
8§ (C (e191 ) §1d&e = Z < |det Im & (2|2 % — 2
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- [ 9D — 1 1 d 50
. EC 2(enge‘Bl)eT(‘I’(O“I’(O)d&dfg _ _%/5 —(e1g0e™ Bl)a_zer(é(o @) de de, =
0l —
4 ; = ~
1 [0 1 1 T O (gae ) ()
L0 L 50 g g el (@
o Jo ot c=z @9 ) Gudér = Z < |det Tm " ()| 2r— 2
0c® 1
T / ¢ (C)(el gse—A2)eT @O ge g, — / (ergse™42)De™ @O ge, de, =
2 Jo ¢ — 2 aC—=z
l ~
1 1 Az r(@(O-F(Q) 1 @), (gsem ) (i)
_— 2 déd i
5 984 (C — 2(61936 )> §1d&s = . ; det Im ©(70)]} 2
and
9:® 1 1
i | S e e O g = o [ (i) O e, -
oC— z
¢ —2i9 (31 (ane—B2)(7
R & 1 (61946 B2y ) 7(® ®(¢)— (D) d¢,de, = 1 € - az(g4~_6 _>(xk>
o C— 8T & |det Tm @ (Fy)[2  Zr—Z

Taking into account Proposition 7.1, we obtain asymptotic formulae (7.11)-(7.14) for the
functions &, (z,7), ..., &4(z, 7). O

Proof of Proposition 5.2. Using (5.14) and (5.16) we have
ol

£o = (2(A; — A2)E beP2mTe 4 cTeAQ’Tg)Lz(Q)
+ (2B - Bz)aail breP2m® 4 e g
= —2((A; — A2>€T¢%R_T7A1{Glgl}, beP2Te 4 C7—€A2_T6>L2(Q)
+ ((Bi— Bo)(—e1g1 + AR, {ergi})e™™, b e® ™ 4 e e 12
_ o4 _A2>€Tq>(% M@0 +0L2(Q)(%))7b7652—7@+CTGA2—T¢)L2(Q)

(7.16) + ((B1 — By)(—e191 + AlR_TyAl{elgl})e@, beBr T 4 CT€A2_T6)L2(Q).

By Proposition 3.4
gogm  F 1
(7.17) 2((A; — Ag)e” ﬁ,@e . )LQ(Q) = 0(;) as |7| — +oo.

By (7.11) and Proposition 3.4

_ _ 1
(7.18) —2((Ay — Ay)e™ete ™)@, bTeBTT(I))LQ(Q) = 0(;) as |7| — +oo.
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Integrating by parts and using (7.15) and (3.2), we have
2((141 —A ) e Al —T(2-®) 61,07— Az TCI)) L2(Q) = 2 A1 AQ) 161,@—6 )L2(Q)
= / 2 A — Ay)eH e (2)6, (x = —4/ et (2)8y (2, 7)dx
Q 9z°
1
(7.19) = —2/ (11 + ivy)e 1220 (2)B (z, 7)do + o(=)  as |7| — +o0.
o) T
By (7.11), (7.17)-(7.19) and Propositions 3.3 and 3.5, we obtain

Lo = ( (31 - 32)(—6191 + A1R77,A1{6191})7 bT€BQ)L2(Q)

+2 ((Al i A2)6756A16—7(5—<I>)®1’ CT€A2—7—5>L2(Q)
d(e1g1)

5 1
— 2((A1_A2)(27-8ﬁ_eAle—T({)—q’)@l),b7682)L2(Q)+0(;)
Ajerg B

= Bi — By)(— + ,b-€72) 2

((B1 — B2)(—e1qn 278Z<I>) e7?)2()

d(e1g1)

— 2((A; — A))—2&— b.eP?) .

((Ay 2)278Z<I> )L Q)

T 1
— 2/ (11 +iV2)€A1+A2CT(2)Q51(JZ,T)dU+ o(=) as|r| — +oc.
o0 T
(7.20)

Using (5.14) and (5.18) we obtain after simple computations

21 = ( 2(141 AQ) 8U2 b-relgzi?—‘1> + CT€A27T$)L2(Q)

+ (2B Bz)aa[f b2 e e ) g

= ((4 A2)(—€192+317%7,31{6192})6@,57632_7@+CT€A2_T$)L2(Q)

— 2(By— Ba) R ferga}e” e )

= (A1 — As)(—e192 + BiRr g {e1g2})em® b e ™ 4 ¢ e 12
8(6192)

D— 1 T —T 77'7
(7.21) — 2((By — By)(=—Z— — Brem® q’)@g—l—oLz(Q)(;))e ® 0,57 4 e ) 2.

27'(9 )
Then, by (7.15) we have the asymptotic formula
J(e1g2)

H e’ 1 T -7
(722) —2((31 - B2)(2T8W Bl (2-2) 62 + 0L2( )(T))e (I’, b7—682 (I))LZ(Q)

— 2(By — Ba)e® 6y, b,¢) 11 )+0(1) Q/Q(B1 — By)eB B ()6 (z, 7)da

_ _4/Q§Z BB )6 (2, 7)de + (i) _ —z/m(y1 i) BB () B, T)d0+0(71_)
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By (7.12) and Proposition 3.4 we obtain from (7.21):

9(e1g2) _
_2((‘81 B2)(27'8 P 681 7( 62) s T€A2_T¢’>L2(Q)
(6192) o 1 Y
(723) = —2<<B Bg)( ) CT€A2_T¢‘)L2(Q) + 0(—) —+ =.

27’0 ) T T

Here y is a constant which is independent of 7.
By (7.22) and (7.23) we have

L= ( (A —A)(—e192+ BlﬁT,Bl{6192}>a CT€A2)L2(Q)

d(e192) 1
- 2((B1 - BQ)(QTB T — 1T @V6,), e 2)LQ(Q)JFO(;)
Bie
= (A= A)(—e1g5 + Q;aiif),cfe&)p(m
OBy e1gs —a(i}gﬁ A
— 2((B1— B £ 2) 2
(B =B 0.0 T 2.0 @
1
(7.24) - 2/ (11 — ivg)eP P B2h_(2) B, (x, T)da—I—o( ) as || — +o0.
a0

Recall V} = —677@75,77_714*2{6194} and V5 = —e*TCDRT’?BfQ{elgg}.
By Proposition 3.2 we conclude

(7.25) 2% = (—e194 + AR g, {erga})e”

and

(7.26) 272 (ergs ~ iR, g er05)e
Similarly to (5.15) and (5.17) we calculate 92 and 272

(7.27) % — TR {8(631—54)} b, (1)

and

(7.28) % — ¢ *R__3, {8(2153)} b e (. 7).

Using (7.25) and (7.26) we obtain
0
L= ( 2(4A— Ag)&
= _((Al — Ag)d B1661 T® ‘/1 + ‘/YQ)L2

+ (A= A —im)a eV + Vi) 1200)
(

(aT€A1+T<I> + dTeBH-TE)? ‘/'1 + %)LZ(Q)

0
2&(141 A2)ar€A1+T¢, Vi4 Vo) 2

_ ( (Al A2)a7_ A1 +7d 2<a‘/1 + 22 Vs

oz Tz e
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We observe that by (7.27), (7.15), Proposition 3.3 and Proposition 3.4

oV, 0 —_— 1
A1+7P 1 _ A1+.A2 Z) —
—((A; — Ag)ae , 2 8_) ©Q = 4/ (2 )(92 Bs (a:,T)dquo(T)
(7.29) —2/ a,(2)B3(x, 7) (11 + ive)e T2 do + 0(1) as |1| — +oo.
o0 T

Hence, using (7.26) we have
L= ( (A - Az)dTBUSBl,7%_7722{6194}&2(9)
+ (A= A) (1 —ir)are™ T Vi + V) 1200
0
+ 25(141 - AQ)&TGAI,RT,_§2{€1Q3})L2(Q)
1
+ ( (A- A2)GT€A17 —e1gs — BaR - 32{6193})L2 + 0( )

— 2/ a,(2)®3(x, 7) (11 + ivy)e™ 2 do,
00

By (4.34) and the stationary phase argument

. T 1
((A; — A9)(vy — ivy)a et V) + Va)r200) = 0(;) as |7| — +oo.

Therefore, by Proposition 4.1

e
L=— ( (A —Ay)d Be?, Téf;))ﬂ(m
0 e
+ ( ER (Al AQ)(ITQAI’ Tézgfl))L2(Q)
—e1g
+ ( (A - Ag)ae™, —e1g3 + By— 95 )L2(©)
- 1
(7.30) — 2/ ar(2)&3(x, 7) (11 + ivy) e 2do + o(=)  as |T] — +o0.
a0 T

Integrating by parts we compute

0
23 = ( 2(B1 Bg)az

@ _
— 2—(31 Ba)d e Vi 4+ Vi) 12(a

(aT .A1+T<I)+d €B1+T<I>) Vvl +‘/2)L2(Q)

~~

(
(Bi — Bo)Ava, e Vi + Vo) 2o
(

+ ( (n+iw) (B BQ)dTeBW@,mJFVQ)LQ(m)
oV, OV,
_ — By)d, P t7® 2 2000
( (B1— By)de (82 + 5 - )2 @)

We observe that by (7.15), (7.28), Proposition 3.3 and Proposition 3.4:

—2((B1 - Bg)dTeBH—Ta, %)lﬂ(g) = —4/ 2661+Ed7<2)64($, T)dl‘ =
0z Q 0z

S 1
(7.31) —2/ (v1 — )P T2d (Z)& (2, T)do + o(=) as |7| — +oo.
o0 T
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Hence
L3 = (2%(31 - Bz)dvegl,757,722{6194})?(9)
— ( (Bi—By)Ajae™ R, _g,{e195}) 120
+ ( (By = By)d,e®, —ergs + AR 7 {e104}) 12
+ (v + i) (B — Bo)d P Vi + V) 12000
(7.32) + 2 /8 Q(yl — i) PP (2)B 4 (x, T)do + 0(%) as |7| — +o0.

By (4.34) and the stationary phase argument

1
((Vl + 'iV2)<Bl - Bz)dTGBlJrTq)’ ‘/1 + ‘/Q)LQ(BQ) = 0(;) as ’7-‘ — +00.
Therefore, applying Proposition 3.3 we have

0 B, €194
L3= — 2(@(31 — By)d.e”™, 78Z®)L2(Q)
B B—BATAl, €193
( (B 2)Arare 27_82(1))L2(Q)
Age
+ ( (Bi— By)d.e®, —eig4 — %)LQ(Q)
o 1
(7.33) + 2/ (v1 — ivy)eP P2 (2)B,(z, T)do + 0(;) as |1| — +oo.
o9

The sum Y, £ equal to the left hand side of (5.19). By (7.20), (7.24), (7.30) and (7.33),
there exist numbers &, k¢ such that the asymptotic formula (5.19) holds true. O
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