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Abstract. In this article, concerning parabolic equations, we give self-contained
descriptions on:

(1) derivations of Carleman estimates
(2) methods for applications of the Carleman estimates to estimates of solutions
and to inverse problems

Moreover limiting to parabolic equations, we survey the previous and recent results
in view of applicability of the Carleman estimate.

We do not intend to pursue any general treatments of the Carleman estimate itself
but by showing it in a direct manner, we mainly aim at demonstrating the applica-
bility of the Carleman estimate to estimation of solutions and inverse problems.
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61. Introduction.

For an inverse problem, in spite of the ill-posedness, one can prove conditional
stability estimates which assure that one can restore the stability if one can restrict
a class of solutions within an a priori bounded set. In practise, such an a priori
bounded set can be interpreted as a physically acceptable constraint set. The
conditional stability is not only theoretically interesting but also is important for
stable numerics. There are several methods for proving the conditional stability,

and a method by Carleman estimates is one of them.

Recently in the fields of the inverse problem and the control theory, Carleman
estimates are applied in various ways to produce remarkable results. The purposes

of this article are

(1) self-contained descriptions for deriving Carleman estimates

(2) discussions of typical methodologies for the application of a Carleman esti-
mate in establishing the uniqueness and the stability for estimation prob-
lems of solutions and inverse problems of determining coefficients and source
terms.

(3) an overview of classical and recent results for Carleman estimates and the

applications to the estimation problem and the inverse problem

There have been already rich amounts of works for the theory of Carleman esti-
mates, and a general theory is completed but here we will expose a direct method for
proving a Carleman estimate. Such a direct derivation may give hints for Carleman

estimates for other types of partial differential equations.

Moreover there are many works under process as well as established works in

various fields even for equations of parabolic type, and so we will not intend a
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perfect list in overviewing and we will make an overview in terms of the inverse
problem.

It is a common and important feature that we should discuss the theory of Carle-
man estimate and the application to the inverse problem uniformly for a wide class
of partial differential equations including equations of hyperbolic type. However in

the current article, we will restrict ourselves to equations of parabolic type.

Notations.
2 C R™: a bounded spatial domain with smooth boundary 99, Q@ = Q x (0,T).
We understand x = (21, ...,2,) € R™ and ¢ > 0 respectively as the spatial and the

time variables. 2’ = (29, ...,1,) € R*7 ! ¢ = (&, ...,&,) € R

V=0, .0), A=+ -+

w: an arbitrarily fixed subdomain of Q. Let @ = (a1, @, -+ , ) be a multi-index
with o; € NU {0}. We set 0 = 077052 ---09™, |a| = a1 + az + -+ + a5, and
v=v(z)= (r(z), - ,v,(x)) is the outward unit normal vector to 9 at x. Let

2 =v-V. Let D C Qx (0,T) be a domain with smooth boundary D and let ¥

be the outward unit normal vector to 9D. On 0D, we set % =v- -V, u,

1
~ 2 2

% is the orthogonal component of (Vu, dyu) to %. For example, |6mtu| =

2

du
v

du
o7

where

1 ~
(]8tu|2 +|2|? 4 |Su 2) > on 90 x (0,T) € 9D and |V, pu| = (|8yul? + [Vul?)? on

Q x {t} C ID, where % is the orthogonal component of Vu to %. We use usual

function spaces C1(Q), H?(Q2) (e.g., Adams [1]),

HYY(Q) = {u e L*(Q); Vu € L*(Q)}
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and for m € N,
H2m’m(Q) ={ue LQ(Q); 020, " u € LQ(Q), la] + 20,41 < 2m}

and || - || grzm.m(q) is the corresponding norms. For a € R", by a we denote the
transpose vector, and by [a], we denote the k-th component of a. By C(\) we
denote generic constants which depend on other parameter \.

If we will not specially state, then we always that
(1.1) ai; €CHQ), aij=aj, 1<i,j<n,

and that the coefficients {a;;} = {ai; }1<i j<n satisfy the uniform ellipticity: there
exists a constant o7 > 0 such that

n

(1.2) D@ 0)6& > onlC)?, E= (&, 8) ERY, (2,1) €Q,

ij=1
Let bg,c € L™(Q), 1 < k <n. A typical parabolic operator which we will discuss,
is

(Lu)(z,t) = Opu(z,t) — Z a;;j(x,t)0;0;u(x, t)

4,5=1

(1.3) = be(a, t)Oku — c(z, thu, (z,t) € Q.
k=1

§2. What is a Carleman estimate?

A Carleman estimate is an L2-weighted estimate with large parameter for a
solution to a partial diifferential equation. Here in place of a statement of a general
theorem for the Carleman estimate, we start with a very direct derivation for a

simplest heat equation:

(2.1) ou(z,t) = Au(x,t) + f(z,t), x€Q,t>0.
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Our aim is to find an L?-weighted estimate with large parameter s in some domain
D C @, which is called a Carleman estimate: We choose a suitable function ¢(z,t)

satisfying: there exist constants C' > and sg > 0 such that
(2.2) / s(|Vu(z, )| + |u(z, t)})e2? @D dedt < C'/ |f(, t)[2e2*? @ dadt
D D

for all s > sp and all w € C§°(D). We note that in (2.2), the estimate is valid
uniformly for all large s > 0, i.e., s > sg: a fixed constant. In other words, the
constant C' > 0 is independent of s > so and u € C3°(D). For applications, the
parameter s plays an essential role and it is also important how to choose a weight
function p(x,t).

The Carleman estimate was first established by Carleman [30] for proving the
unique continuation for a two-dimensional elliptic equation. Since then there have
been great concerns for the Carleman estimate and the applications, and there
are remarkable general treatments by Egorov [43], Hérmander [65], [66], Isakov
[81], [82], [86], Tataru [128], Taylor [129], Tréves [130]. However, here for easier
understanding not only by speacialist, we will give a heuristic derivation, which
may be useful for the insight for the characters of a Carleman estimate.

We first consider a simple heat equation (2.1). Let us assume that we alreay find

a weight function o(x,t). For treating the weighted L?-norms, we introduce
w(z,t) = e?@EDy(x 1), Pw(x,t) =e*?(d — A)(e *fw).
Then we rewrite the right-hand side of (2.2) by
/ fre**Pdxdt = / | Pw(x, t)|*dxdt.
D D
Therefore our task is a lower estimate of ||Pw||%2( py- Direct calculations yield

Pw = w — Aw + 25V - Vw + (—s9pp — $%|V|? + sAp)w.
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Let us consider formally. That is, assuming that u € C5°(D), we will take inte-
gration by parts as we like. One traditional way for obtaining a lower estimate
for HPwH%Q( py is the decomposion of the operator P into the symmetric part Py
and the antisymmetric part P_: Pw = Pyw 4+ P_w. See e.g., Bukhgeim [19] for a
one-dimensional Schrédinger equation.

We consider the formal adjoint operator P* to P:
(Pw,v)r2(p)y = (w, P*v)r2(py, v,w e C5°(D).
For example, we have
(Osw,v)2(py = —(w, 0¢v) 2(D)

and

(—Aw,v)r2(py = (w, Av) p2(p)

by integration by parts, the Green theorem and v,w € C§°(D). Hence we see that
P*w = —0pw — Aw — 25V - Vw — (sAp + s%|V|? + 5(0y0) )w.
We define the symmetric part Py and the antisymmetric part P_ of P by
P, = %(P—i—P*), P = %(P _ P,
Then we have Pw = Pyw + P_w, and
Piw = —Aw — (s*|V|? 4 50;0)w

and

P_w = 0w +2sVy - Vw + s(Ap)w.
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Hence

/D fPe**?drdt = || Pyw + P-w|72(p)

(2.3)
= PrwlZepy + I P-wl r2(py + 2(Prw, P_w) r2(p) > 2(Pyw, P-w)r2(p).

That is, we will estimate the right-hand side of (2.2) from the below by means of
2(Pyw, P_w)r2(py. We note here that we discarded other terms |]P+w|]%2(D) and
HP_wH%Q( D) although there may be better possibilities for decomposing of Pw (see

section 3 for a general parabolic equation).

We have

2(Pyw, P_w)p2(py = 2(—Aw — (s*|Vo|* + sdp)w, Gw + 25V - Vw + s(Ap)w)r2(p)
:2(—Aw, 8tw)L2(D) + 2(—Aw, QSVQO : V'LU)LQ(D) + 2(—Aw, s(Agp)w)Lz(D)
=2((5*|Vep|* + s9pp)w, dw) 12(py — 2((s*|Vepl” + sdup)w, 25V - V) 12 (p)

—2((s*|Vg|* + sOpp)w, s(Ap)w) 2 (py-

By the integration by parts and w € C§°(D), we will reduce the orders of derivatives
of w. Henceforth C' > 0 denotes generic constants which are independent of s and

may change line by line. For example, the calculations are as follows:

— 2((s*|Vg|* + s0yp)w, 25V - Vw) r2(py = —432/ {(s?|Vp|* + s0rp)w} (0s0) (Osw)dadt
i=17D
— 2% / (2| V|? + 500) (Bi0) s (w?)dawdlt
i=17D

:232/ 9i((8*|Vp|? + s010)0sp)wdadt
i=17D

:28/ {V(s*|V|? 4+ 50:p) - Voo + (52| V| + s0r0) Ap}w?dadt.
D
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Next the Green formula yields
2(—Aw, s(Ap)w) r2(p)

=25 /D Vw - V((Ap)w)dxdt = 25/

(Ap)|Vw|*dzdt + 25 / V(Ap) - wVwdzdt,
D

D

and

s/ V(Ago)-wdea:dt' < Cs/ |w||Vw|dzdt.
D D

Hence
2(—Aw, s(Ap)w)r2(py > 28/ (Ap)|Vw|*dzdt — Cs/ |w||Vw|dxdt.
D D
Next, noting 2(9pw)(9x0;w) = 9;(|0xw|?) and integration by parts, we have

2(—Aw, QSVQD : VU))L2(D) =2 Z (—8;311}, 28(ajw)8j30)L2(D)

J,k=1

=2 Z (Okw, 23(6k8j’w)((9j(,0>)L2(D) + (ka, 23(8jw)(8k8j90))Lz(D)

Jk=1

=—25 ) / (020)|Opw|*dadt + 4s ) / (8;w) (D w)(9; 0k p)dadt.
D D

J?kzl ],]C::l

Therefore, noting that s is the maximal order of the term w? and s is the maximal

order of the term |Vw|?, we have

%(Per, P_w)r2(p)
ZSS/D{V(]Vgo]Q) - Volwidrdt + 2s i /D(ij)(akw)(ﬁjakgo)dxdt
jk=1
—C’/D 32w2dxdt—Cs/|w||Vw|dxdt
ng/l){V(]VgoP) - Volw?dzdt + 2s i /D(ij)(akw)(ajakgo)dxdt
k=1
—C’/D(|Vw|2+s2w2)dmdt.

At the last inequality we used also

1 1
s|Vuw||lw| < 582]10\2 + §\Vw]2.
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Hence, since we can consider only sufficiently large s > 0, noting the maximum
powers in s for the terms of |w|? and |[Vw|?, we can absorb terms of lower powers,

so that if ¢ satisfies
(2.4) {0:0;0}1<i,j<n is positive definite

and

(2.5)  there exists a constant r; > 0 such that V(|V¢[?) -V >7r; on D,
then there exist constants C' > 0 and sg > 0 such that
/ (5| Vw|? + s |w|?)dxdt < C/ fre*s¢dxdt
D D
for all s > s¢ and all w € C§°(D). Noting w = e*fu, we rewrite in terms of u, and
(2.6) / (5| Vul* + s%|u|?)e**?dzdt < C/ fre**?dxdt
D D

for all s > s¢ and all u € C§°(D).

The next important step is the choice of the weight function ¢. The weight
function has to satisfy not only (2.4) and (2.5) but also some geometric condition
for meaningful applications to the unique continuation and the inverse problem.
More precisely, in applying a Carleman estimate, as D we usually consider a level
set defined by {(z,t); ¢(x,t) > §} with some constant § > 0, and such a level set
should be a bounded domain at least (see sections 5 and 6).

For Carleman estimate (2.6), our possible choice is not flexible. That is, we are

restricted to the function:

(2.7) o(x,t) = |z — z0|* — B(t — to)*.
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Here we assume that |z — x| # 0 for any (x,t) € D, and 8 > 0 and t, € (0,7)

are arbitrarily fixed. Then we have V(|Vp|?) - Vi = 16|z — x9|?> > 0 on D and

10 --- 0
01 - 0

{0:0;9}1<ij<n = 2E,, where E,, = Co That is, the conditions
o0 --- 1

(2.4) and (2.5) are satisfied.

As is seen from sections 5 and 6, the Carleman estimate produces the uniqueness
and the stability in a level set {(x,t); ¢(z,t) > 6}. Let I' C 9 be a subboundary.
By the choice (2.7) in applying a Carleman estimate, we can see that near I", the
domain €2 has to be convex for proving that the solution to dyu — Au = 0 satisfying
lu| = |Vu| = 0 on I' x (0,7), vanishes in a subdomain including I". However by
the parabolicity, we can expect that the uniqueness should hold without such a

convexity assumption.

§3. A direct derivation of a Carleman estimate for a parabolic equation.
Let D C @ be a bounded domain whose boundary 0D is composed of a finite

number of smooth surfaces. As is discussed in detail in section 7, there are many

papers deriving Carleman estimates even though we are restricted to parabolic

equations, and as for derivations, I refer to:

(1) general way: Eller and Isakov [45], Isakov [80, 82, 84, 85], Tataru [128].
(2) direct way: Chae, Imanuvilov and Kim [32], Fursikov and Imanuvilov [58],
Imanuvilov [68], Lavrent’ev, Romanov and Shishat-ski[107], Yuan and Ya-

mamoto [136].

As for the direct derivations for hyperbolic equations, see also [100] and [107], but
we will not discuss the hyperbolic case.
In this survey, we will mainly explain a direct method, because of its flexibility.

The key tool of the direct method is the integration by parts and suitable grouping
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the terms according to the orders of the parameter s in a Carleman estimate. Here
we will make motivating explanations for the grouping in order that the explana-
tions may be more friendly to the readers and they may be able to apply the direct
method to other types of equations to obtain possible Carleman estimates.

Before starting the derivations, we note that it is sufficient to prove a Carleman

estimate for one of two types of parabolic equations:

p(x, t)0pu(z, t)— Z 0i(aij(x,t)0ju(x,t)) Zbk z, t)Opu(x, t)—clx, t)u(z, t) = f(x,t)

1,j=1 k=1

and

n

Opu(z,t) — Z i(x,1)0;0ju(x,t) — Z (x,t)Ou(x,t) — c(z, t)u(z, t) = f(z,t).

Here p € C*(D) with p > 0 on D and bk,gk, ¢, ¢ € L*°(D), we assume that

Ziij & Cl(ﬁ), 'dij = Ziji, 1< ’i,j <n,
n

Z Eizy(x7t)£z€j 2 g1 26125 (l’,t) € Ea 517"'7571 e R.
1=1

1,j=1

This is seen because:

p(x, t)0pu(z, t)— Z 0i(aij(x,t)0u(x,t))— Zb (2, )Opu(x, t)—c(x, u(z, t) = flx,t)
4,j=1 k=1
if and only if
n az‘j n E }T
Opu(x,t) — Z 781-8]-11 — Z bk + Za a;r | Opu — ;u = ;

ij=1 =1 P

Let us set

3

n

Lu(z,t) = Opu— Z a;j(x,t)0;05u(x,t) — > br(x,t)0pu(z,t) —c(z, t)u(z,t) inQ

i,5=1 k=1

and

n

Lou = Opu — Z a;;(x,t)0;0;u(x,t) in Q.

1,j=1
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Here we assume that a;;, 1 < ¢,7 < n satisfy (1.1) and (1.2), and by, c € L*=(Q),
1<k <n.

We consider a parabolic equation Lu = f. Our purpose is to establish a Carleman
estimate

1 n
/ — [ |0,ul® + Z 10:0;ul? | + s\2p|Vul* + s A pPu? 3 e**Pdadt
D | S¥

ij=1

SC/ | Lu|?e**?dxdt
D

for all large s > 0 and A > 0 and all v € H?'(Q) satisfying suppu € D For it, it
suffices to prove the estimate for Ly. Because |Lou|?* < 2|Lu|*42| >")_, biOgu+-cul?

in @, that is,
/ | Lou|*e**?dxdt
D
sz/D|Lu|2e%%dt+4/D (Z ||bk||%oo(D)|vu|2+||c||ioo(D)|u|2> 2% ddt.
k=1

Hence the Carleman estiamte for Ly yields

1 n
/ — [ |0sul? + Z 10;0;ul? | + s\2p|Vul* + 2 X pPu? § e?*Pdxdt
D | S¥

4,j=1

SC/ | Lu|*e**?dxdt
D

+C’Z kuH%OO(D)/D |Vu]262wdxdt+C’||c||%oo(D)/D |u|?e**? dxdt.
k=1

Therefore we choose s > 0 sufficiently large and we can absorb the second and the
third terms on the right-hand side into the left-hand side. Thus for the Carleman
estimate, only the terms with derivatives of highest orders in x and ¢ are important
if the coefficients of lower-order terms are in L>(Q).

The simple method in section 2, is based on the decomposition into the symmetric

and the antisymmetric parts and may be transparent, but for the general parabolic
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equation with variable coefficients, it does not work. In this section, we explain a
direct method for deriving a Carleman estimate for a general parabolic equation.
Here, for a weight function ¢, the important factor is the second large parameter
A > 0 and we search for the weight function ¢ in the form of e*¥. This form
has been recognized as useful and see e.g., Hormander [65], section 8.6, and is
essentially used in several references: Eller and Isakov [45], Imanuvilov [68], Isakov
[80], Isakov and Kim [87], [88]. Also see section 7.4. Thanks to the form e*¥, it is
easier to guarantee the positivity of the coefficients of |w|? and |[Vw|? in estimating
HPwH%Q( py- This kind of form is very useful also in section 9.

Let d € C?(D) and |Vd| # 0 on D and let us set
U(w,t) = d(x) — B(t — t0)* + co
with tg € (0,7, co, 8 > 0 such that inf(, ;ycq ¥(x,t) > 0 and
o(z,t) = e M (@t),

It is not essential that ¢ > 0 in @), but the positivity is convenient in the succeeding

arguments.

Remark. For Lu = f, we consider a Carleman estimate, and our argument holds

also for the parabolic inequality
Deu(z,t) = Y aij(w, )Didjule, )| < C(|Vu(z, t)| + |u(z, )] + f(z,1)])
ij=1
in Q.

First we assume

ue (D).
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We further set
o(z,t) = Z aj(x,1)(9;d)(2)(9;d)(x), (a,t) €Q

and

w(x, t) = e*?@EDy(x,t)

and

Pw(z,t) = e*?Lo(e” *Pw) = €*? Lyu.

The derivation argument consists of

(1) the decomposition of P into the part P; and P», where P; is composed of
second-order and zeroth-order terms in x, and P; is composed of first-order
terms in ¢ and first-order terms in xz. Here the terms in Pw are classified
by the highest order of s, A and ¢, and not by the symmetric and the
antisymmetric parts. Compare P;, P» (see (3.1) and (3.2)) with Py, P_ in
section 2.

(2) Estimation of [, (|Paw|? + 2(Piw)(Pow))dxdt from the below.

(3) Another estimate for

/ Pw X [the term u with second highest order of s, A\, ¢ among Pw].
D

By our decomposition, we have to estimate the L2-term of d;u, and so we need
to estimate also the term [, |Pow|*dzdt in step (2). Moreover the estimate in the
second step produces the estimate of u with desirable order of s, A, ¢ but not the
term of Vu. This is a natural consequence with different orders of the derivatives
of terms of under consideration. Therefore another estimate in the third step is

necessary. This kind of double estimates is also used in section 9 and in proving the
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observability inequality by the multiplier method. As for the multiplier method, see
e.g., Komornik [102], pp.36-39 where the wave equation is considerd but a principle

is similar: the two estimates are obtained from
/ (02u — Au — c(z)u)(h(zx) - Vu)dzdt
D

and

/ (02u — Au — c(z)u)udzdt
D

with a suitable vector-valued function h(z), and added them to obtain an LZ2-
estimate of u. The second estimate for the wave equation by the multipiier method
has a purpose similar to step (3) in our case.

We have

Pw=0w— Y ai;(x,t)0i0;w+25Ap Y az;(x,)(0d)jw

i,j=1 i,j=1

—s2X\2p%0w + s\ pow + sApw Z a;;0;0;d — shpw(0p)in D.
i,j=1

Here we note that we have specified all the dependency of coefficients on s, A and

p. We set

A = sA\2po + she Z a;;0;0;d — sAp(0p1))
ij=1
=s\2pai(z,t;5,\).

Then

Pw = 0w — Z a;;j(x,t)0;0;w + 25Ap Z a;;(x,t)(0;d)0;w
i,j=1 i,j=1
—s?\2p%0w + Ajw  in D.

We note that a; depends on s and A but

lai(z,t;5,\)| < C  for (x,t) € D and all sufficiently large A > 0 and s > 0.
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Here and henceforth by C, (', etc., we denote generic constants which are inde-

pendent of s, A and ¢ but may change line by line.

Then taking into consideration the orders of (s, \, ¢), we divide Pw as follows:

n

(3.1) Piw=— Z ai;j(2,1)0;0;w — 2 X2 p*wo(x,t) + Ajw
ij=1
and
(3.2) Pyw = 0yw + 2sAp Z a;j(x,t)(0;d)0jw.
ij=1

By ||fes<p||%2(D) = || Pyw + PQUJ”ZLQ(D), we have
(33) 2/ (le)(Pgw)dxdt + HPQwH%Q(D) S / f2€2s§0d$dt.
D D

We estimate:

/ (Pyw)(Pyw)dadt
D
= — Z / a;;(0;0;w) (Opw)dadt — Z / a;;(0;0;w)2s A Z age(Ord)(Opw)dxdt
ij=17D ij=17D k,0=1
—/ szkzgozaw(atw)dxdt—/ 253 \3 30w Z a;;(0;d)(0;w)dxdt
D D =

—|—/D(A1w)(3tw)dmdt+/D(Alw)Zs)\cp Z a;;(0;d)(0;w)dzdt

1,7=1

(3.4)

6
Z Jg.
k=1

Now, applying the intregration by parts, a;; = aj; and v € C§°(D) and assuming

that A > 1 and s > 1 are sufficiently large, we reduce all the derivatives of w to
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w, O;w, Oyw. We continue the estimation of J, k =1, ...,6.

|| = |- Z / a;;(0;0;w)(Opw)dxdt
D

=1

3 /D (Bhasy) (050) (Ow)dardt + 3 /D a1 (90)(Bidyw)dadt

i,5=1 i,j=1

2: /;@%aw)@%uﬁﬁ%uﬁdxdt

4,j=1

+<Z /D ai;((0;w)(9;0,w) + (Oiw)(9;0pw))dadt

1>7

+/DZa¢¢(8iw)(616tw)dxdt>‘

=1

SC/ |Vw||6?tw|dasdt—|—1 / Z(@taij)(@w)(ajw)d:ﬁdt
D 2\/p,

1,7=1

(3.5)
gc/ \anatw\ddeC/ |Vw|?dzdt.
D D

Here we used

(Z /D a;; ((0;w)(0;0w) + (O;w)(9;0,w))dadt

i>j
+/ Zaii(ﬁiw)(ﬁi&gw)dxdt> :% Z / a;;0¢((0;w) (Oyw))dxdt.
D= ij=17D
Next
Jo = — Z Z / 25 \pa;jane(0rd)(Opw)(0;0;w)dxdt
ij=1kt=1"D
:23)\/ Z Z A0id)pa;jare(Ord)(Oew)(0;w)dxdt
Di=1ke=1
+28)\/ Z Z ©0;(a;;a1e0kd)(Opw) (O;w)dxdt
Di=1ke=1
+2s)\/ Z Z 0a;jare(Okd)(0;0pw)(0;w)dxdt.
Di=1ke=1
We have

2
n

Y ai(0id)(9;w)

4,j=1

first term| = 23)\2/ @ dxdt > 0,

D
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and similarly to J;, we can estimate

[third term] = s\ Z Z /D a0k (0rd) 0 ((O;w)(05w))

6,j=1 k=1
= s)\Z/Dgoa Z a;;(Oyw)(0;w)dzdt — s)\/Dgp Z Z O¢(a;jare0kd)(0;w)(0;w)dxdt.
ij=1 ij=1k,0=1

Hence

Jy > —/ sA\2po Z a;;(O;w)(0;w)dxdt
D

1,j=1
2

dxdt

n

> ai;(0id)(95w)

i,j=1

—C’/ s)\g0|Vw|2dxdt+2s)\2/ ®
D D

(3.6) > —/ s\2po Z a;;(O;w)(0;w)dzdt — C/ s\p| Vw|?dzdt.
D D

ij=1
I 5.2 o 2
|J3| = |— 25 AN o0 (w*)dxdt
D
1
— / 32)\2g0{)\(8tw)gp}aw2d:vdt+§/ 52)\2g02(8t0)w2dxdt‘
D D

(3.7) <C | $#N@*w?dxdt.
D

e o 5
D

1,j=1

= —/ s3\3p? Z 0a;;(0;d)0;(w?)dxdt
D

ij=1

- / SN 30 (A(0id)p}oa; (did)w’ dudt
D

i,j=1

+/DSS)\3Q03 Z 6j(aaij<?id)w2dxdt

1,j=1

(3.8) 2/ 353)\4go3a2w2d:cdt—0/ s3 A3 pPwidzdt.
D D

| J5| =

/D (Alw)(c‘)tw)dacdt‘ -

/ s)\2<pa1w(8tw)dxdt’
D

/ sA%pa1 0y (wz)d:cdt’
D

/s/\Qgp((‘?tal)dexdt—k/
D

D

2

s)\scp(é?t@b)aleda:dt‘

(3.9) SC’/ sA3pw?dzdt.
D
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| J6| = / sA%pay X 2sApw Z a;;(0;d)(0;w)dxdt
D

,j=1

= / 20,182/\3@2 Z aw(&d)w(ajw)dxdt
D

1,7=1

= / alsz)\?’goz Z aij(aid)aj(wz)dxdt
D

1,j=1

= —/D8j(a182>\3<p2aij(&-d))de.rdt’
(3.10) <C / s\ p?w? dadt.
D

We remark that in estimating |Js|, we need integration by parts. If we will apply a
simpler way by the Cauchy-Schwarz inequality to estimate like [, 2 X3@? | Vw||w|dzdt,
then we lose orders of s, A and we can not continue the estimation.

Hence, by (3.4) - (3.10), we obtain

N3 o?w?dzdt —/ s\2po Z a;;(O;w)(0;w)dzdt
D

/D (Prw)(Pyw)dadt > 3 /

D ij=1

—C/ sAp|Vw|*dxdt — C’/ (3N30% + 2N wdadt — C’/ |Vwl||0yw|dxdt.
D D D
Consequently

S/Ds3)\4<,0302w2da:dt—/Ds)\2<pa Z a;;(O;w)(0;w)dzdt
ij=1

< / (Pyw)(Pyw)dxdt + C / sAp|Vw|*dxdt
D D
(3.11)
+C’/(53)\3g03+52)\4g02)w2dmdt—|—0/ |Vw||Oyw|dxdt.
D D

Moreover for all large s > 0, by the definition of P, and an inequality: |a+ 3]? >

+lal? — |B]2, we obtain
2

1 1 =
/|P2w|2d:vdt2/ —|P2w|2dxdt:/ — |Oyw + 25X Z a;;(0;d)(0;w)| dxdt
D D S¥ D S¥ i=1
2
L[ 1 =
>= [ —|0ww|Pdzdt — C [ s\? 15(0;d)(8;w)| dadt
>3 | Slowpdsat—c [ %] Y a@a)@yw)| dea,

1,7=1
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that is,
1
6/ — |Qyw|*dzdt < C/ \Pgw\Qda:dt—l—C’E/ sA2p|Vw|*dxdt
D S¥ D D
for any € > 0. Hence by (3.11) and (3.3), we have

3/1733/\4g0302w2da:dt—/[)s/\2g00 Z a;; (O;w)(0;w)dxdt

4,j=1
1 2
+e | —|Ovw|*dzdt
D ¢

gc/ f2625‘pdxdt—|—C'/ sAso!Vw|2dwdt+Cs/ s\ 2| Vw|*dudt
D D D

+C/ (33)\3903+32)\4902)w2d:1:dt+0/ \Vw||Oyw|dzdt.
D D

Now we note that the factor with the maximal order in s, \, ¢ of w? is s> \*p302,
the maximal factor of [Vw|? is sA?¢0, and the maximal order of |O,w|? is é. For
example, since we can choose s, A large, the term (s2A3¢3 + s2A*p?)w? is of lower
order.

Here, since the Cauchy-Schwarz inequality implies

|Oyw||Vw| = s_%go_%)\_% |8tw|s%<p%)\% V|

1

1
<= 10w|? + = s 2
_28)\(p18tw] + 28 | Vwl|=,

we have

3/1733/\4g0302w2da:dt—/[)s)\2g00 Z a;;(O;w)(0;w)dxdt

4,j=1
1
+ (8 — 9) / —|0yw|*dxdt
AJ Jpse

SC/ f2625‘pdxdt—|—C'/ sAso!Vw|2dwdt+Cs/ s\ | Vw|*dxdt
D D D
(3.12)

+C/D(83A3903 + s* X Jwdudt.
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The first and the second terms on the left-hand side have different signs and so

we need another estimate. Thus we will execute another estimation for

/ s\2po Z a;; (O;w)(0;w)dxdt
D

t,j=1

by means of
/ (Prw + Pow) x (sA\*pow)dxdt.
D
Here we have chosen the factor sA\?@ow for obtaining the term of |Vw|? with

desirable (s, \, ¢)-factor sA%p. That is, multiplying

yw + 28\ Z a;;(0;d)(0;w) — Z a;;0;0;w — 52)\29020-11) + Ajw = fe®?
i,j=1 ,j=1

with sA\2pow, we have

/(8tw)(s)\2<paw)dxdt+/ 25 p Z ai;(9;d)(0;w) s \*powdzdt
D D

i,j=1
—/ Z a;;0;0;w s)\2goawdxdt—/ SN 302 widadt

+ / (A w) (s\*pow)dxdt
D

(3.13)

5
Zlk :/ fe*? s\2powdzdt.
k=1 D

Now, in terms of the integration by parts and w € CZ2(D), noting that |9,p| =

IA(Or))p] < CAp and 0, = A(0;d)¢p, etc., we estimate the terms.

(3.14) 1] =

1
/ —skzgoa(?t(w2)da:dt‘ < C’/ sA3pw?dxdt.
D 2 D

|| = l/D 2\ Z ai;(0;d)0; (w?)dzdt

ij=1
:'_/ > SEX2N0;d)p" Yo ai; (0;d)wdadt
D=1
— 3" X020, (0 (9id))widrdt
ij=1

(3.15) §C’/ A\ 2w dedt.
D
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I = —/ sA? Z woa;jw(0;0;w)dxdt
D

ij=1

:/ sA? Z cpaaij(aiw)(ajw)d:vdt—l—/ sA\? Z 0i(poa;;)w(0;w)dxdt
D

ij=1 D=1

(3.16)

2/ sA\2po Z aij((?iw)(ajw)d:cdt—(}'/ sA3p|Vw||w|dzdt.
D D

i,j=1

(3.17) Iy = —/ SN 3 o?wdadt.
D

(318)  |nl<cC

/ sA2p x S)\QQOO"LUQCZ:L’dt‘ < C/ s\ 2w dadt.
D D
Hence, by (3.13) - (3.18), we obtain

/ sA\%pa Z aij(@-w)(@jw)dwdt—/ P\ 3o w? dadt
D ) D

SC’/ |fes‘ps)\2g00w|dxdt+0/ 82)\4<p2w2dxdt+0/ s\3p|Vw||w|dzdt
D D D
(3.19)
SC/ fzeQS“"da:dt—}—C/ 82)\4g02w2dxdt+0/ )\2]Vw|2d:1:dt.
D D D

At the last inequality, we argue as follows: By
3 2 Lova 22, 1o 2
sA%[Vullw| = (sAplw)(A[Vw]) < 5s"A g w” + SATVwl,

we have

1
/ s\3p|Vuw||w|drdt < 5/ (A% w? + N2 |Vw|?)dadt.
D D

Furthermore

| fe*?sA2pow|

1 1
§§f2628“’ + 532)\430202102 < = f2e%5° 4 02N 2w,

DN | —
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Finally we consider 2x (3.19)+(3.12). Using (1.2) and 0g = inf(, 4)cq o(z,t) > 0,

we obtain

/ A3 odw?dadt 4 (ogor — Cs)/ sA\2p|Vw|*dxdt
D

D
+ <6 — g) / i|8,5w|2d51:d15
A D S¥

<C / fre*dadt
D
(3.20)
+C’/ (A + \?)|Vw|?*dzdt + C’/ (s3X3p3 + 52\ w? dxdt.
D D

Therefore, first choosing € > 0 sufficiently small such that cgo; — Ce > 0 and then
taking A > 0 sufficiently large such that ¢ — % > (0, we can absorb the second
and the third terms on the right-hand side of (3.20) into the left-hand side and we

obtain

/83)\4<p3w2dxdt+/ s)\2g0|Vw|2dxdt+/
D D

1
—|Oywl|?dadt
D S¢¥

(3.21)
<C / fzeQWd:Udt.
D

Noting w = ue®¥, we have

1
/ (%‘815“'2 + 52 2| Vul? + 83)\4g03u2> €25 dxdt
D
(3.22) <C / f2e*Pdxdt.
D

Moreover we assume that for ¢t € [0, T], the boundary of the domain DN {t} C R"
is composed of a finite number of smooth surfaces. Then we can include the terms
of 0;0ju in the Carleman estimate by means of the a priori estimate for an elliptic

equation as follows. By the representation of P and |A;(x,t)| < CsA?¢, we have
. 2
Z aijaiajw
ij=1
<C(|oyw]? + s2X2* | Vw|? + s A ptw?)  in Q.
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Hence, by (3.21),

2

1 n
/— Zaij&-@jw dzdt
D

5¥ 1,7=1
(3.23)
1
<C / (Eratwrz+3A2w\w|2+s3x4<p3w2) drdt < C / fre***dudt
D D

for all large s > 0 and A > 0.

Moreover we have

w 0;0;w  0;0;p
0;0; | — | = L - “Lw
’ (ﬁ) N

(3.24)
1

2¢

(O0)0i0) + O)0,)} + L OBy, 1<ij <m,

3
2

and

i w
3 w00 (75)
g 2ij—1 005 3 1
- 5 w+ —w aij(0ip)(05) — —5 a;;j(0;w)(9;)
VP 2¢3 dp2 321 ’ ’ P2 ;1 ’ ’

n n

where we set g = >, a;;0;0;w. Since w(-,t) € HY (DN {t}) for all t € [0,T], we

apply a usual a priori estimate for the Dirichlet problem for the elliptic equation
(e.g., Gilbarg and Trudinger [60]), so that

0:0; (%) '2 (z,t)dx

n

/Dﬂ{t} ”2_:1

2
)Zi,j:l aij0;0;¢p

t2
SC’/ Mdaz—FC’/ 3 lw(z,t)|*dx
pnfry ¥ DN{t} 14
2
w(z,t)? | &
+C a;;(0i)(0; dx
- ”2221 i(0i0)(0;0)

(3.25)

2
n

1
+C’/ — a;; (O;w)0;p| dx.
DA{t} S03 Z J( ) J

3,j=1
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On the other hand, (3.24) yields

/ |3 Ojw(z,t)*dx
pn{t} ¥

2 9.2
DN{t} Ve ©

1 1
+E(’8jw|2|ai90|2 +10;w*19;01%) + E|3i90|2|3j90|2w2}(907t)d$-

(3.26)

Since 9;¢ = A(9;d)p and 9;0;¢0 = N(9;0;d)p + N*(0;d)(0;d)p, we see by A > 1 that

10ip(z,t)] < Chop(z,t),

(3.27) 10:0;0(z,t)| < CN2@(x,t), 1<4,j<n, (z,t) € D.

Hence, by ¢ > 1, estimates (3.25) and (3.26) yield

2
Z/ ———10;0w(z,t)| dac<C/ J (x’t)d:v
gt P(@,1) pnfry P(x,t)

3,j=1

—I—C'/ (Mw? + X2 |Vw|?)(z, t)dx.
DN{t}

Integrating in ¢, we have

Z / —10;0;w(x, t)|?dxdt

2,7=1
2

1
<C Z a;;0;0;w dacdt+C’/ (Mw? + N2 Vw|?)dxdt.

s
D 5P \ii=1

With (3.21) and (3.23), we obtain

/ Z 10,0, w|*dzdt < C/ fre e dudt
D S¥

1,5=1

for all large s > 0 and A > 0. Thus we can complete the derivation of a Carleman

estimate for u € C§°(D). Noting that

68@8i8ju = &ij — SAQD((aZd) (8jw) + (8]d) (6Zw))

+{s*A\?¢?(0;d) (0;d) — s)\*p(0;d)(9;d) — s\p(9;0;d) }w
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and writing the estimate in terms of u, we state the Carleman estimate here as a

theorem.

Theorem 3.1. Let d € C?(Q) satisfy |Vd| # 0 on Q and let

Y(@,t) = d(z) — Bt — to)”

with B >0 and 0 < tog < T. We assume that 0D is smooth and for t € [0,T], the
boundary of the domain D N {t} C R™ is composed of a finite number of smooth
surfaces. There exists a constant \og > 0 such that for arbitrary A > \g, we can
choose a constant so(A) > 0 satisfying: there exists a constant C' = C(sg, A\g) > 0
such that
1 n
/ — [ |0,ul? + Z 10;0;ul? | + s\2p|Vul* + s* X pPu? § e*?drdt
D | 8¢ Q=1
(3.28)
SC’/ | Lu|?e**? dxdt
D

for all s > sy and all u satisfying

(3.29) u € H*Y(Q), suppu € D.

The constant C' > 0 in (3.28) depends continuously on maxi<; <y |laij|lc1 (g
16i]| o (@), llcll o (@)- This dependency holds also in Theorems 3.2 and 3.3.

Here we note:

(1) By a usual density argument (i.e., the approximation of any u satisfying
(3.29) by a sequence u,, € C3°(D)), we can transfer (3.28) for u,, € C§°(D)
to the Carleman estimate for all u satisfying (3.29).

(2) In the case of ¢(z, t) = d(x) — B(t—to)2 4o where inf(, 1)eq U(z,t) > 0, the

2se

proof is already completed. In the case of cg = 0, we have e*% = ¢
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exp(2(se_/\00)e)”z), so that by replacing so(\) by so(A)er<, we can reduce
the case of ¢g = 0 to the previous case.

Thus Theorem 3.1 follows.
Even if supp u C D does not hold, we can follow the previous argument without
omitting boundary integral terms which are produced by each integration by parts,

and we can prove the following Carleman estimate:

Theorem 3.2. Let d € C?(Q) satisfy |Vd| # 0 on Q and let ¢(x,t) = d(z) — B(t —
to)%. We assume that OD is smooth and for t € [0,T], the boundary of the domain
D N {t} C R™ is composed of a finite number of smooth surfaces. There exists a
constant Ao > 0 such that for arbitrary A\ > Ao, we can choose a constant so(\) > 0

satisfying: there exists a constant C' = C(sg, A\g) > 0 such that

1 n
/ — [ |0,ul® + Z 10;0;ul? | + s\2p|Vul?* + s* X pPu? § e5Pdxdt
D | S¥

ij=1
SC’/ | Lu|?e**? dxdt
D
(3.30)
+CeCWs / (50 cul? + [u]?)dSdt
oD

for all s > so and all uw € H**(D).

See Notations in section 1 as for the definition of |V, jul2.

Thanks to the large parameters A > 0 and s > 0, we can derive a Carleman esti-
mate for a weakly coupled parabolic system whose principal parts are not coupled:
Let u = (uq,...,un)? and afj € CHQ),1<i,7<n,1<k<N,satisfy (1.1) and

(1.2), and b¥ ¥ € L>=(Q), 1 <i<n, 1 <k, /< N. We set

n
E L
1,j=1
N n N

(3.31) - Z befaiuk — chéuk, 1<¢<N.

k=11i=1 k=1
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Then

Theorem 3.3. Let d € C?(Q) satisfy |Vd| # 0 on Q and let ¢(x,t) = d(z) — B(t —
to)%. We assume that D is smooth and for t € [0,T], the boundary of the domain
D N {t} C R™ is composed of a finite number of smooth surfaces. There ezists a
constant Ag > 0 such that for arbitrary A\ > Ao, we can choose a constant so(\) > 0
satisfying: there exists a constant C' = C(sg, A\g) > 0 such that
1 2 - 9.2 2 2 .3y4, 31,2 25
|Opul|” + Z |0;0;ul* | + sA%p|Vul* + s X |u?| p e**Pdadt
D | S¥ =1
(3.32)
SC’/ |0yu — Aul*e**?dxdt
D

for all s > sg and all u satisfying

ue H*Y(Q)N, suppue D.

§4. Global Carleman estimate.

In sections 2 and 3, we prove Carleman estimates in a domain D which is not
necessarily same as Q x (0,7"). Moreover for applications to inverse problems (see
sections 5.1 and 6.1), D is given by . In other words, when we apply the Carleman
estimate in section 3, first we have to choose ¢ and then D is determined where the
results concerning the inverse problems are valid, and not vice versa. Imanuvilov
[68] proved a global Carleman estimate which holds over € x (0,T) for functions
without compact supports. See also Chae, Imanuvilov and Kim [32], Fursikov and
Imanuvilov [58], Imanuvilov [67]. The global Carleman estimate is very useful for
proving an observability inequality which yields the null exact controllability and a
stability estimate in determinining coefficients over ). In this section, we present

the global Carleman estimate by Imanuvilov.
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We recall that
Hz’l(Q) ={ue LQ(Q); Oyu, Oju, 0;0u € Lz(Q), 1<14,5 <n}.

We consider a boundary value problem for a parabolic operator:

n

Lu(z,t) = Oyu — Z a;;j(x,t)0;05u

ij=1
(4.1) - i bi(z,t)0;u —c(z,t)u=f in @
i=1
ou
(4.2) ll(a:)M +la(z)u =0 on 92 x (0,7).

Here we define the conormal derivative with respect to a;; by 8‘9711 =37 =1 @ij (Oiu)v;.

We assume (1.2) and

a;; € cH(Q), a;; = aji, bi,ce L7(Q), 1<4,j5<n.
Suppose that I1,lo € C?(992) and
(4.3) either [{ >0 or [ =0andl; =1 on 99.

For the global Carleman estimate, we need a special weight function. The existence
of such a function is proved in [58], [68], [73]. Let w C € be an arbitrary subdomain.
Lemma 4.1. Let wgy be an arbitrarily fived subdomain of Q) such that wg C w. Then

there exists a fucntion d € C?(Q) such that

(4.4) dlz) >0 z€Q, dlpgo=0, [Vd(x) >0, ze€Q\wp.

Example. Let Q = {z; |z| < 1} and let 0 € wy. Then d(z) = 1 — |x|? satisfies

(4.4).
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We set

eAd(2) (@) _ p2Aldll ¢,
- t) =
oy @ HT —1)

(4.5) o(z,t) =

where A > 0. Moreover we set

(46) o2= Y laijllcr o) + ) billze(@) + o=@y o5= Y laijllor @)

1,7=1 =1 i,j=1

The following is the global Carleman estimate:

Theorem 4.1. There exists a number \g > 0 such that for an arbitrary A\ > Ao, we
can choose a constant so(\) > 0 satisfying: there ezists a constant C' = C(sg, Ag) >

0 such that

1 n
/ s |Opu)® + Z 10;0;u® | + sA2p|Vul? + s A1 [ul? § e*5*dadt
Q

4,j=1

SC'/ |Lu\2625adxdt+0/ s* A p3u2e? s dadt
Q wx(0,T)

for all s > s and all w € H*Y(Q) satisfying (4.2). Here the constant C > 0
depends continuously on oo, \g, but independent of s and the constant \g depends

continuously on 3.
By (4.5), we note that

li k 2sa(z,t) _ li k 2sa(z,t) _
tllnélcp(x,t) e tlTI%lQO(SU,t) e 0

for any k > 0 and near t = 0, 7T, the weight function e?**(®?" behaves with the same
order of exp ( — %) with C' > 0. Thanks to the this decay of the weight function,
we need not assume that w vanishes at t = 0,7. Moreover for the Carleman
estimate, it is sufficient that u satisfies one boundary condition (4.2) on the lateral
boundary 02 x (0,7"). Therefore this Carleman estimate holds over Q x (0,7T) for
u without compact supports.

For the case where we are given overdetermining data on an arbitrary part

I’ C 99, we need another weight function and see [68], [74].
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Lemma 4.2. Let T' # () C 9Q be an arbitrary relatively open subset. Then there

exists a function dg € C%(Q) such that

do(z) >0, ze€, Vdo(x)| >0, z€Q,
(4.7) > aij(x,t)(0ido)(x)v(x) <0, z€dQ\T,0<t<T
i,j=1

if a;; € CHQ), 1 <4, <n satisfy (1.1) and (1,2).

We note that dy satisfies (4.7) for all a;; satisfying (1.1) and (1.2). In other
words, dy does not depend on choices of a;;.

We set

Ao (@) (ot eAdo(z) _ p2Alldollo )
g b= HT — )

(4.8) po(z,t) =
Example. Let us consider a special case where a;; = 0 if ¢ # j and a;; = 1 and
Q= {zx eR"; || < R}, I'={z€9Q; (z —x9,v(x)) >0}

with an arbitrarily fixed zo € R™ \ Q. Here (-,-) denotes the scalar product in R™.
Then we can take do(x) = |z — x0]?.

By a, we have

Theorem 4.2. There exists a number A\g > 0 such that for an arbitrary A > Ao, we
can choose a constant so(\) > 0 satisfying: there exists a constant C' = C(sg, Ag) >

0 such that

$¥o

1 n
/{— |Opu)® + Z 10;0;ul* | + s\%pg|Vul? +s3)\4gog|u|2}62m°dxdt
Q

4,J=1

SC’/ | Lu|?e**0 dxdt + Cec()‘)s/ (|0su|?® + |[Vul?* + |u|*)dSdt
Q I'x(0,T)

for all s > so and all u € H*>Y(Q) satisfying (4.2). Here the constant C > 0
depends continuously on oo, \g, but independent of s and the constant \g depends

continuously on 3.
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Here on T x (0, T') we note that |[Vu|? = ‘g—z |2 + |% ‘2 where 2% is the orthogonal
component of Vu to %.

The proof is done on the basis of the decomposition of the operator Pw =
e**L(e™*%w) into P; and P» defined by (3.1) and (3.2). In fact, the proof in section
3 is an imitation of the original proofs of Theorems 4.1 and 4.2.

We conclude this section with the corresponding Carleman estimates to Theo-

rems 4.1 and 4.2 for a weakly coupled parabolic system:
J;u= Au in Q

with
(4.9) h(z) Y af(Oue)v; + la(x)ug =0 on dQ x (0,T), 1 <L <N.
ij=1
Here A is defined by (3.31) and let g, o, ¢ and a be defined by (4.5) and (4.8).

Then

Theorem 4.3. There exists a number A\g > 0 such that for an arbitrary A > Ao, we
can choose a constant so(\) > 0 satisfying: there exists a constant C' = C(sg, Ag) >

0 such that

1 n
/ pp |Opul? + Z 10;0;u)? | 4+ sA2p|Vul? + 3 X3 |ul? 3 e2**drdt
Q

1,7=1

SC/ |0yu — Aul*e**“dxdt + C’/ s A3 [u|2e®  dxdt
Q wx(0,T)

for all s > sg and all u € H>Y(Q)N satisfying (4.9). Here the constant C > 0
depends continuously on oo, Ao, but independent of s and the constant Ay depends

continuously on 3.
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Theorem 4.4. There exists a number A\g > 0 such that for an arbitrary A > Ao, we

can choose a constant so(\) > 0 satisfying: there exists a constant C' = C(sg, A\g) >

0 such that

1 n
/ {J |0pul? + Z 10;0;u)? | + sA\%po|Vul? + 83A4g08|u\2}625a0dxdt
Q 0 i,j=1

SC’/ |0pu — Aul?e?s 0 dxdt + C’eco‘)s/ (|0puf* + |Vu|? + [uf*) dSdt
Q T'x(0,T)

for all s > sg and all u € H>Y(Q)N satisfying (4.9). Here the constant C > 0
depends continuously on oo, Ao, but independent of s and the constant Ay depends

continuously on os.
As for the derivation of a Carleman estimate, see also Choulli [33], section 3.2.

§5. Applications to the unique continuation and the observability in-
equality.

Originally the Carleman estimate has been invented for proving the uniqueness in
a Cauchy problem for an ellitpic equation by Carleman [30] and as first application
of the Carleman estimate in this secion, we will discuss the methodology for the
uniqueness and the conditional stability for a parabolic equation by a local version

of Carleman estimate: Theorem 3.2.

§5.1. Conditional stability for the Cauchy problem.
Let I' C 02 be an arbitrary subboundary of 9¢€2. That is, let I' contain a non-
empty set {z € R"; |x — xo| < p} NI with some zy € R™ and p > 0. We consider

a Cauchy problem for a parabolic equation:

n

(Lu)(z,t) = Opu— > aij(x, )00

t,j=1

(5.1) — Z bi(z,t)0u — c(z,t)u = f, (z,t) € Q,
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ou
(5.2) ulrx(0,1) = 9 %h‘x(ﬂ,T) =h,

where a;;, 1 <1i,j < n satisfy (1.1) and (1.2), and
(5.3) bi,c € L=(Q), 1<i,57<n.

Remark. As is seen in Theorem 7.4, we have an H ! Carleman estimate if a;; are
Lipschitz continuous on (), and so for all the discussions in section 5, we can relax

the regularity (1.1) to the Lipschitz continuous a;; on Q.

Cauchy problem. Determine v in some domain D C Q by u|rx o,r) and 3‘971; It (0,7)-

As for the uniqueness results, there are very many works. Therefore we will not
list up comprehensively even though we restrict to parabolic equations. Mizohata
[116] is one of early papers for the parabolic case, and we refer to John [89], Landis
[105], Saut and Scheurer [124], Sogge [125]. See also the monographs Egorov [43],
Hormander [65], [66], Isakov [81], [86], Klibanov and Timonov [100], Zuilly [138],
and a survey paper [133] by Vessella, and the references therein. In this subsection,
we give accounts for methods for applying Carleman estimates for proving stability
results in the Cauchy problem. One introduces a suitable cut-off function and
extend Cauchy data in a suitable Sobolev space to reduce the problem to functions
with compact supports and then one can apply a local Carleman estimate (e.g.,
Theorem 3.1). This argument is quite traditional and is valid for other types
of partial differential equations, and see e.g., sections 3.2 and 3.3 in Isakov [86].
However the extension argument for gaining compact supports, breaks the best
possibility of the regularity of Cauchy data. Therefore on the basis of Theorem
3.2 which is a Carleman estimate for functions without compact supports, we show

other version. Moreover our choice of subdomain for the stability is more flexible.
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Theorem 5.1 (conditional stability). Let M > 0 be arbitrarily given. For any
e > 0 and an arbitrary bounded domain Qo such that Qp C QUT, 9Qy N ON is a
non-empty open subset of 02 and 02y N OS) ; I', there exist constants C' > 0 and

0 € (0,1) such that

[ull 21 (@0 x (e, 7—2)) < Cllull o o) (1 2(@) + 9l (x0.1)) + 1Bl L2 0x 0.17))°

+C (I fll2@) + gl ar (ox0,m)) + 1”20 x 0,1))-

In the theorem, we are given Cauchy data u, Vu on I" x (0,7"), and we estimate
u in an interior domain Qg such that 99y N 9N G T over a time interval (e, T — ).

This is a kind of interior estimate and usually the interior estimate is of Holder

type.

Proof. We choose a bouned domain €2; with smooth boundary such that
Qo S, T'=00nQ.

We note that Q; is not a subset of Q and ©; \ Q contains some non-empty open

set. Choosing wy C Q1 \ Qo, we apply Lemma 4.1 to obtain d € C?(€;) satisfying
dz) >0, z€Q, dz)=0, 2o NQ, |Vdx)>0, zcQ N

Then we can choose a sufficiently small § > 0 such that

(5.5) {x € R"; d(z) > 45} N QD Q.

Moreover we choose 8 > 0 sufficiently large, so that

T Y
(5.6 il —45+5 (5 <) <o
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We set ¢(x,t) = (@1 with parameter A > 0, pj = exp ()\ <k6 - f (% — 8)2)>,
k=1,2,3,4, and

w(w,t)zd(x)—ﬁ<t—z), D={@thoel, ot)>

Then, by (5.6) we can verify that
(5.7) Qx(0,T)D DD x (,T —¢).

In fact, by (5.5) and the definition of p4, it directly follows that D D Qg x (¢,T —¢).

Next if (z,t) € D, then

2 2 2
||d”c(91)—ﬁ(t—§) Zd(:v)—ﬂ(t—g) >45—ﬁ(§_5) 7

which implies 0 < t < T by (5.6).

By (5.7) we have

0D =¥, U 3o,

(5.8) ¥, CcI'x(0,7), Xo=A{(z,t); x €Q, p(x,t) = ua}.

We apply Theorem 3.2 in D with suitably fixed A > 0 and C' > 0 denotes generic
constants depending on A, but independent of s and a respective choice of g, h, u.
For it, we need a cut-off function because we have no data on 9D \ (I' x (0,7)).

Let x € C°(R"1) such that 0 <y <1 and

17 gO(.%’,t) > 3,
07 gD(CL',t) < H2.

(5.9) ) = {

We set v = yu, and have

Lo=xf+Xu—2) ai;(0x)0u

i,5=1

- i aij@-@jx u — (i bzazx) u in D.
i=1

1,j=1
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By (5.8) and (5.9), we see that
v=|Vv|=0 on Xs.
Hence Theorem 3.2 yields

1 n
/ = |0s0]? + Z 10;0;0 | + s|Vv|* + s*|v]? » e**¥dadt
D S

4,j=1

<C / f2e®*Pdxdt
D

+C/ Xu—2ZawaXau— Zawa@]X U

,5=1 1,7=1

(Soan) 2

2P dadt
i=1

(5.10)
+CeCS/ (|10:v]* + |Vul* + |v]?)dSdt
D]

for all s > so. By (5.9), the second integral on the right-hand side does not vanish
only if s < (z,t) < pz and so

/ X'u—2 Z a;;(0;x)0;u — Z a;;0;0;x | u— (Z bi(?ix> u| e®* dxdt
D

3,j=1 3,j=1 =1
2sus3 2
<Ce™lullfroq)-

By (5.5) and (5.6), we can directly verify that if (z,t) € Q¢ x (¢,T — ¢), then

o(x,t) > pg. Therefore, noting (5.7), we see that

[the left-hand side of (5.10)]

T—e n
/ / = 10w+ Y 18050 | + 5|Vl + s uf? b e2*¢dadt
Qo

3,j=1

T—e n
1
> / / 10w + 3 805u? |+ s[Vul + 5*|ul® ¢ dadt.
13 QO S

3,7=1
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Hence (5.10) yields

T—e¢
625#4 / /
g QQ

SC/ f2625(’0dxdt + 0628“3 HU’H?—[LO(Q)
D

|Opu)® + Z 10:0;ul* | + s|Vul* + s3|u|?® p dzdt

ij=1

+Cecs/ (|0;ul? + |Vu|* + |u|?)dSdt.
I'x(0,T)
Setting

(5.11) F=|fllc2q) + ll9llz1x©0,1) + [Pl 20x0,1))>

we have

T—e n
/ / Dl + 3 10:05uf? + [Vl + [ul? b dudt
g QO

4,5=1
SCSG_QS(/M_MS) ||u||i[l,O(Q) + CGCSFQ
for all s > sg. By sup,~q se~sma=13) < o0, we estimate se”25(Ha—13) by e=s(Ha—ps)

on the right-hand side. Moreover, replacing C by Ce®*, we can have
(5.12) [ullfr2.s @ (e r—epy < Ce™ 7 [ullfo(g) + Ce™*F?

for all s > 0. First let ' = 0. Then letting s — oo in (5.12), we see that u = 0
in Qy x (0,7), so that the conclusion of Theorem 5.1 holds true. Next let F' # 0.
First let F > [Ju|| gr2.1(q). Then (5.12) implies ||u| 2.1 x (0,7)) < CeC*F for s > 0,
which already proves the theorem. Second let F' < ||u| g2.1(g). We choose s > 0

minimizing the right-hand side of (5.12), that is,

e_S(“4_“3)||u||§{1,0(Q) — oCsp2.

By F # 0, we can choose

2 ul| g1,
o |ul| 71.0() -

s = 0.
C+ pa — p3 F
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Then (5.12) gives

e < 20|ul gy PP
H21(Q0%(0,T)) S HY0(Q) '

The the proof of Theorem 5.1 is completed.

For better estimation, we used Theorem 3.2 for functions without compact sup-
ports. If we use a Carleman estimate for functions with compact supports, then
we have to extend g and h to functions H in @ such that H|r. ) = g and
gTIi|Fx(o,T) = h. Setting u = u — H and taking the cut-off function x defined by
(5.9), we can obtain a stability estimate for the Cauchy problem with stronger norms
and /A

of data: Hg||L2 see, e.g.,

(0,T3H 2 (1)) H(0,T;L2(T")) L2(0,T;H 2 (1)) N H (0,T;L(I')) (

Theorems 3.2.2, 3.2.3 and 3.3.10 in Isakov [86]). One can apply Theorem 3.2 locally
with generous choice of ¢. More precisely, one can apply Theorem 3.2 by dividing
Qo into a family of subdomains €7, but as an a priori bound, ||u|/gr.0(g) is not
sufficient. In that case, the choice of the weight function can be generous and ) is
defined by a level set {¢(x,t) > §}. However, for each step in a domain @7, we need
to estimate ||ul|g1.1(aq,) for estimating ||u| g2.1(gsy and so the repeat of estimation
can not be continued without a priori bound by a stronger norm than ||ul|g1.0(q).
For one-time estimation, we need a special weight function in Lemma 4.1.

Next we consider an estimate of u(xg,tg) for zp € 0Q\ T and t; > 0. An
argument for obtaining an estimate on the boundary seems not popular. Here we

consider a simple case for convenience. Let
Q= (0,2) x {2'; [2'] < R}

and let us be given data of u in (1,2) x {z/; |2'| < R} x (0,T"). Then we would like
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to estimate u (0, 0, %) We set

Dr ={(2',t); |2'| < R, 0 <t < T},

(5.13)

F = sup (Hu(xla'a')HHl(DT)+H81u(x1a'v')HL2(DT))'
1S131§2

Let m € N satisfy
{n+1 }
m >max< ——,3 .
2
Then our estimate is

Theorem 5.2.

A

U (0,0, Z)‘ < CMmf?) .
(o ) 557

provided that F' < 1 and

[ull m+z(q) < M.

Since we are interested in the rate of the stability estimate as F' — 0, it is
sufficient to consider the case of F' < 1.

The estimate at a boundary point is of logarithmic rate and much weaker than
the interior estimate given by Theorem 5.1, and we need an a priori bound of
solutions in Sobolev space H™%2 of higher order. We note that F is not a norm
of boundary data but by the method of Theorem 5.1, we can estimate F' in terms
of boundary data on z; = 2 after we enlarge the domain () in x and ¢ and assume
the parabolic equation with Cauchy data for the extended domain. Moreover we
can repeatedly apply the argument here to obtain an estimate for u(0,z’,t) for
|z'| < R—¢ and € < t < T — ¢ with arbitrarily fixed e > 0. For this kind of
estimates on a subboundary for elliptic equations, see Eller and Yamamoto [46],

Takeuchi and Yamamoto [126].
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Proof. The proof consists of two steps:
(1) Holder stability estimate in a subdomain with distance p from the sub-
boundary x; = 0 whose Holder exponent depends on p. See (5.23).
(2) integration of the Holder estimates over the distance variable p.
The step (i) is a direct consequence of the Carleman estimate Theorem 3.2 in view
of a suitable cut-off function.

We choose 3 > 0 and v > 0 such that

pI?

(5.14) YR? > 1, —- > L
We set
T\ 2
@ZJ(IL‘,t) =1 — ’Y|$/|2 — ﬁ (t — E)
and

Q&) ={(z,t); 21 <1+& W(x,t) > £}

Then, by (5.14), we see that Q(§) C Q2 x (0,T) for £ € (0,1). For applying Theorem

3.2, forn € (0, %), we need a cut-off function x, € C*°(R™"1) satisfying 0 < y,, < 1

and
1, (z,t) € Q(3n),
(5.15) Xn(z,t) = { e
0, (z,t) € R™\ Q(2n).
Such x, can be constructed as follows. Let ¥ € C*°(R) satisfy 0 < ¥ < 1 and
0, <0, ~ [ (a,t)— L
X&) = { ) 2; - By setting x,(z,t) = X (W), the condition (5.15)

is satisfied.

Moreover

Ve, ixn (2, 1)] <

Y

IlaslQ

(5.16) 10:0;xn(z,t)] < —, 1<4,5<n, (z,t) € R".
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We set
Uy = XnU-
Then
(5.17) vy = |Vu,| =0 ondQ(n) \{(1+n,2',t);(z',t) € Dr}.

Direct calculations yield

n
Lvy = xpu — 2 Z i (0;Xn)0ju
1,j=1

_ Z a;;0;0;xn | © — (Z biﬁixn> u in Q(n).
i=1

4,j=1

In terms of (5.16), fixing A > 0 we can apply Theorem 3.2 to have

1
/Q( | (g|8tvn|2 + 8|V, |? + 53|Un|2> e*? dadt
n

<c /
Q)

(Soon).

=1

n n
Xt — 2 Z a;j(0iXxn)0ju — Z a;;0;0;Xn | u
2

2% dudt

(5.18) +Ce“ F?

for all s > sg. Here F is defined by (5.13). Here and henceforth C' > 0 denotes
generic constants which are dependent on A but independent of s and a respective
choice of u.

By (5.15) and (5.16), the first term on the right-hand side of (5.18) is bounded

by
C

FeQSMIHUH%ILO(Q)J

where we set j1 = €22 and pp = 3. Since

625“2/ |u|2dacdt§/ lv|2e?*?dxdt
QEBMNQ(N) Q)

C s Cs
<77_462 HIHUH?'—ILO(Q) +C€ F2
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for all s > sg. Hence

C —2s — s
(519) Hu”%2(Q(3n)ﬂQ(n)) S 77—46 2s(p2 Ml)MZ + C@C F2

for all s > s¢. Since Q(3n) = (Q(3n)NQ(N))U(QBn)N{1+3n >z, > 1+n}) and

Hu”L2(Q(377)ﬁ{1+377>!171>1+77}) <F by (513) and 0 < n < %, we obtain

C
lullZ2(qeany) < n—46*2‘”(“2*’“)M2 + Ce% F? + OF?

go_ie—%(m—m)MQ 4 CleC1sF2
n

for all s > s9. Replacing Co by C1e%°¢", we have

C
(5.20) HUH%P(Q(S,U)) < n_ze—2s(u2—u1)M2 4+ 026025}72

for all s > 0.

Let first F' = 0. Then Theorem 5.1 implies that u (O, 0, %) = 0, and so already
the conclusion of the theorem is verified. Next we assume that F' # 0. Without
loss of generality, we can assume that M > 1. Since pug — p; = e2*(e’M — 1) >

eM — 1 > \p, in terms of (5.20), we have
02 —sA Css
(5.21) ||u||L2(Q(3,7)) < FG TM + Coe™~?°F

for all s > 0. We choose s > 0 minimizing the right-hand side of (5.21): e " *M =

eC25F that is,

1 1 M >0
s=———1log— >0.
Cot vy BF
Then
C Co A
(5.22) Hu||L2(Q(3n)) < 77—23M Ca+An Fczﬁkn,

where C'3 > 0 is independent of n € (O, %)
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We apply the interpolation inequality and the Sobolev embedding in terms of

2m >n+1 (e.g., [1]), we see that

ull Lo (@esn)) < Callullmam@eny)

§C5||u||[ﬁ0-1(Q(3n)) ||u||7LnT+(lQ(377))'

1

, 3) by translation in z1, the

Here, since Q(3n) is congruent each other in 1 € (0
constants Cy and C5 are independent of n € (0, %) Consequently noting M > 1,

we have

_m_ _9 _Co  xm m1+
sup_[u(a, )] < CoM T (™M @F%n i)
(ﬂﬂ’t)GQ(i’m)
2 An
<CyMn~ mFt FnFD(CFan) |

1

Since F' < 1, we see that

FaFnesm < FOsn
with some constant Cg > 0 which is independent of 1. Hence

sup  |u(x,t)| < CoMn~ w1 FOs,
(z,6)€Q(3n)

Let & = (&, ...,&,) € R*™L In particular,

T 1
. (3n+7!£'!2,§’, —)\ < CoMy FTFCN, (&) < R0 <y < L

(5.23) > .

In terms of the change of independent variables: (x1,2') — (n,¢’) defined by
z1=3n+E, o' =¢,
we have

2
dx

T
ulx, —
vz’ |2<z1<1,|z'|[<R 2

1 ’Y|$l|2 T
u (377 +91¢'1%, ¢, —)

L
" Jier<r \ o 2

2
dn) dg’.
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Therefore by (5.23) we obtain

2 1
dr < %Cg /3 n*m%lM2F208ndn_
0

T
(5.24) / u (ac, —>
v|e'|2<z1<1,]2’|<R 2

Here by noting that F' < 1 and miﬂ < 1, we see that

1 1
/3 n—ﬁFQCsndn — /3 n—#ﬂe—ZCs(log %)Udn
0 0

_m=3

Xt _Cu(log R (M3 Ly

< m+1 0 F)ldn =T —— Ciolog — .
_/0 n € n (m+1 100gF

Here I'(+) is the gamma function. Consequently

m—3
T 1 T 2(m+1D)
R < M [ log — .

Applying the interpolation inequality in Q(0) N {%}, we obtain

L2(@n{%})

T T
sup u <$7 5) < Cia||u ('7 5) ‘
+€Q(0)n{ %} H™(QO)n{F})
e ( T) AT < T) T
Gz j|iul - = u\-, = .
2/ lamsi(Qon{5}) 2/ M2 (@on{z})

Since (0,0) € Q(0) N {Z£} and

T
u ( 5) H < Cisllulleo,mam+i@)) < Cisllullm o, mme @)
Hm+1(Q)

by the Sobolev embedding, proof of the theorem is completed.

§5.2. Observability inequality.

In section 5.1, we consider Cauchy problems where we are not given boundary
values on some part of the boundary 0€2. In this subsection, assuming that we know
the boundary condition on the whole lateral boundary 92 x (0,7), but not initial
value, we discuss the estimation of solution by extra boundary data or interior data

of solution.
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We consider a boundary value problem for a parabolic operator:

n

Lu(x,t) == Opu — Z a;j(x,t)0;05u

ij=1
(5.25) — Z bi(z,t)0iu — c(z,t)u =0 in Q
i=1
ou
(5.26) Lh(x)=— +l2(z)u=0 on 02 x (0,T).
ova

We assume (1.2) and
a;; € C’l(a), a;j = aji, bj,ce L7(Q), 1<4,5<n.
Suppose that I1,ls € C?(992) and
either [y >0 or [ =0andly, =1 on 0f).

Estimation of solution.

Let 0 < tg < T be given, and I' C 9092, w C ©Q be a subdomain. Let u satisfy
(5.25) and (5.26). Estimate u(-,tp) in £ by means of data of w on T" x (0,7) or in
w x (0,7).

The global Carleman estimate in section 4 provides answers. That is, by (4.5)

and (4.8), we see in Theorems 4.1 and 4.2 that for any € > 0,

ap(x,t), a(z,t) > m,

e<t<T —e¢,

i(GZAHdHc(ﬁ) _ e)\d(m’)).

2\||d o)
*(6 I 0||C<Q) _ e)\do(ﬂf)) or cop = maXIGQ

where ¢p = max_ g

Therefore Theorem 4.1 and Theorem 4.2 imply

(5.27) lwll zr (e r—es22(0)) < Cllull L2 wx 0,1)
and
ou
(5.28) ull g (e, 7—es22(0)) < C | ullgr(ox o) + o
VAllL2(rx (0,1))
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respectively. These establish the Lipschitz stability in determining u(-,%g), to > 0.
As for other types of results on the estimation of solutions, see section 8. We
note that a Carleman estimate yields an energy estimate called an observability
inequality for conservative systems such as hyperbolic equations and see Kazemi and
Klibanov [91], Klibanov and Malinsky [98], Klibanov and Timonov [100], Tataru
[127].
Finally we should mention the null exact controllability as very important ap-

plication of the global Carleman estimate. More precisely, we consider

(5.29) Ly(z,t) = q(x,t), (x,t) € Q

with the same boundary condition (5.26) and

(5.30) y(z,0) = yo(z), x € .

Null exact controllability.

Find q € L*(Q) such that supp ¢ C @ x (0,7T) and y(x,T) = 0 for z € Q.

This problem has been considered comprehensively for many years and Fattorini
and Russell [52], Russell [122], [123] are early papers. We can discuss the null
exact controllability also for semilinear parabolic equations, and the Navier-Stokes
equations, the Burgers equation, the Boussinesq equation. Imanuvilov [67], [68]
applied the global Carleman estimate to prove the null exact controllability: there
exists such a control ¢ and the norm is estimated by yo. See also Lebeau and
Robbiano [108] as an early paper.

Also for hyperbolic equations which we do not treat in this survey, there are
many results on the exact controllability. See Ho [64], and Komornik [102], Lions

[114] and the references therein. Since Imanuvilov [67], there have been substantial
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amounts of works for the null exact controllability for the parabolic equations on
the basis of the Carleman estimates. As very limited references on the basis of the

Carleman estimate, we refer to the following papers:

(1) Parabolic equations: Coron and Guerrero [36], Ferndndez-Cara and de
Teresa [53], Ferndndez-Cara and Guerrero [54], Glass and Guerrero [61],
Gonzdlez-Burgos and de Teresa [62], Rosier and Zhang [121].

(2) parabolic equations whose principal coefficients are discontinuous or of bounded
variations: Benabdallah, Dermenjian and Le Rousseau [13] - [15], Doubova,
Osses and Puel [41], Le Rousseau [110].

(3) the Navier-Stokes equations:Coron and Guerrero [37], Fabre and Lebeau
[51], Fernandez-Cara, Guerrero, Imanuvilov and Puel [55], Fursikov and

Imanuvilov [58], Guerrero [63], Imanuvilov [69], [70],
§6. Applications to inverse problems for parabolic equations.

§6.1. Local Holder stability for an inverse coefficient problem.

We consider
(6.1) Oru = div (p(z)Vu(z,t)), (x,t) € Q.

Let 0 < tg < T be fixed arbitrarily and let 25 C € be a subdomain such that
Ty =009 N 0N # () is a subboundary (i.e., a relatively open subset of 912).

Now we discuss

Inverse Coefficient Problem. Determine p(z), z € Q from u(-,tp) in ©Q and
U|F0><(0,T) and VU|F0X(0,T)'

Our subjects are the uniqueness and the stability for the inverse coefficient prob-
lem. This is an inverse problem with a finite number of measurements which re-

quires a couple of a single input of initial value and boundary value (i.e., u|r,x (0,7))
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and the measurements of the corresponding data of u(-,tg) and Vu|p, (o). On the
other hand, we can consider other formulation with many boundary measurements
which is based on the Dirichlet-to-Neumann map, and such inverse problems have
been studied comprehensively. However the inverse problems by the Dirichlet-to-
Neumann map are outside of the scope of this article and see e.g., a monograph by
Isakov [86] as a reference book.

The inverse problems with a finite number of measurements have been solved
firstly by Bukhgeim and Klibanov [20], whose methodology is composed of a Carle-
man estimate and an integral inequality by the maximality of the weight function
at t = top when we are given spatial data u(-,tp). For a wide class of partial differen-
tial equations, their method is valid to yield the uniqueness in the inverse problem,
provided that a suitable Carleman estimate is prepared. Since [20], there have been
many works by their methodology: [74], [77], [78], [80], [81], [83], [92-95], [101] and
see more references in section 8. As for the parabolic case, Isakov [81] is one of
earlier works on the uniqueness, and Imanuvilov and Yamamoto [74] proved the
Lipschitz stability which holds over the whole domain 2. For the determination of
p(x) in a hyperbolic equation 9?u = div (p(x)Vu), see [101].

In this section, we present a method on the basis of Carleman estimates for
inverse coefficient problems with a finite number of measurements. Imanuvilov
and Yamamoto [74], [77], [78] modified the method in [20] and proved the Lipschitz
stability for an inverse coefficient problem for a hyperbolic equation. We modify the
method in [77] to discuss an inverse parabolic problem. We will apply two versions
of Carleman estimates shown in sections 3 and 4, and the local Carleman estimate
in section 3 yields the local estimate of Holder type in determining a coefficient,

while the global Carleman estimate in section 4 produces a global Lipschitz estimate
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over ).

Let u satisfy (6.1) and v satisfy
(6.2) O = div (q(z)Vu(z,t)), (z,t) € Q.
We define an admissible set of unknown coefficients p, g by
(6.3) A={pecC?*Q);p>00nQ, ||p||02(§) < M},

where M > 0 is an arbitrarily fixed constant. This means that unknown coefficients
are uniformly bounded by the C?(Q)— norms. Moreover we assume that the both
solutions u, v are sufficiently smooth, so that we can take t-derivatives necessary
times.

For the application of the Carleman estimate Theorem 3.2, we introduce a weight
function and a subdomain defined by the weight function. We set 2’ = (xa, ..., z,),

x = (z1,2') € R", and
/ 1 /12 g
(6.4) Q0) =< (z,2"); 0< 21 < —;|m |“ + 5

with some v > 0 and § > 0. We assume that Q(46) C Q and 'y C {x; = 0}. For a
given {2, we can apply the argument in §5.1 with the special choice d for the weight
function, but for simplicity, we consider the domain in the form €2(9).

Our weight function is:
(6.5) p(x,t) = D (a,t) = —ymy — [2')> = Bt — t0)*.
We set

Q) = {(z,t); x1 > 0, p(z,t) > e_>‘5}

(6.6) ={(z,t); xr1 > 0, ¢Y(x,t) > —0}
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for § > 0. We note that Q(5) N {t = to} = 2(d). We choose > 0 and 6 > 0 such

that

(6.7) max{tZ, (T — to)?} = %

Then, noting that Q(49) C Q, we see that Q(45) C Q.

We set
y=u—v, f=p—q, R=v inQ.
Then
(6.8) Oy = div (pVy) + div (fVR) in Q.

Since y has not a compact support, we need a cut-off function. By Q(46) D Q(39) D

Q(26) D Q(9), there exists x € C°°(R™*!) such that 0 < y <1 and

(L (z,1) € Q(20),
(6.9) X<w=t>—{o, (2,8) € Q(46)\ Q(3D).

Thanks to the sufficient smoothness of u and v, we can take

21 = X0y, Z2 = Xafy-
Direct calculations yield

Oz — div (pVzi,) = xdiv (fVOFR)
(6.10)
+(0:x)(9)y) — p(AX)Iyy — 2p(VX) - V(0Fy) — (Vp - VX)Oiy, k = 1,2.

Setting

Gr(Vax, Ax)(z,t) = Gr(x, t)
(6.11)
=(0:x) (0fy) — p(AX)OFy — 2p(VX) - V(OFy) — (V- VX)OFy, k=1,2,
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we see that

Gr(z,t) =0 if Vyx(z,t) = Ax(z,t) =0,
2
k=1
Moreover (6.4) and (6.9) imply

(6.13) 2z =|Vzp| =0 on 0Q(46), k =1,2.

We set

k=1
2 2 2
9 P
+ —OF (u —v) +' —OF (u —v) .
kz::l ( vt Laox(ory) 10T L2(Tox(0,T))

Hence, by fixing A > 0 large, Theorem 3.2 implies

/Q(45)(S|V2k|2 + 8327)e** P dxdt

gc/ X2 |div (fvafR)Femddec/ G2e?*dxdt + Ce“*F?, k=1,2
Q(46) Q(44)

for all large s > 0. By Vz, = (Vx)0Fy + xVOFy, we have

| eIVt + 5oty edus

Q(49)

SC/ (IVF? + f2)e**Pdadt + C’/ (G2 + 5|V x|?|0Fy|?)e**Pdadt + CeC°F?, k=1,2
Q(49) Q

(49)

for all large s > 0. By (6.9) and (6.12), we see that

[the left-hand side]

<C [ (VP + P ededt + CMF 4 OO F,
Q(49)
where
2
1
My =Y (10Fyll20) + IVOFYlT20) 7 + M,
(6.14) =0

M1 = e 2 > .
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Therefore

/ C(IVO2YP + 8|V + %0212 + 5%|0y )22 drdt
Q(49)
(6.15)

<C Q(45)(|V(xf>|2 + |xf1?)e**?dadt + CMPe* + Ce“* F?

for all large s > 0. We set
(6.16) a(z) = (u—v)(z,tg), blx)=0v(x,ty), =€
Equation (6.8) yields

div (fVb) = 0wy(-, to) — div (pVa),

Vdiv (fVb) = Voy(-,ty) — Vdiv (pVa) in Q.
Hence

div (xfVb) = x0y(-, to) — xdiv (pVa) — Vx - fVb,
(6.17)
0;div (x fVb) = x0:0:y (-, to) + (0ix) 0y (-, to) — i (xdivpVa) — 0;(Vx - fVb).

Moreover by (6.9) and (6.12), equations (6.17) yield

/ (div (xS VB + |[Vdiv (x fVB)[2)e>*# 1) da
Q(45)

<C X210y, t0)|* + [V Oy (x, to)[?)e? ¢ 10) da + C M7 e
Q(46)

(6.18)
+C€CSHGH§J3(Q(45))-

On the other hand, without loss of generality, we may assume that tg > T — t,.

Then (6.7) implies 3 = %. Therefore the set {(z1,2'); z1 > 0, yr1 + |2/|* <

46 — B(t — to)?} is empty for t = 0, and we have

[ (o)t P o
Q(46)

to 8 ‘
:/ o / IX(V78,y) (x, t)|2e®*?@ Dy | dt, j=0,1.
o Ot x1>0,yz1+|2'|2<46—B(t—10)?
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Hence

[ (o)t e
Q(46)

to . . .
/0 / 0,ya1+|a’ |2 <46 —B( )2{2X2(V”3ty-Vjafy)+x2|V]3ty|228(3t90)}625‘pdfvdt
x1>0,yx1+|x’|[2<40—-B(t—to

to '
+/ / 2x(0:x)| VI Opy|?e**? dadt
0 J21>07z1+|2!|2<45—B(t—t0)?

SC’/ X2 (s|VI0wy|? + |V 02y|*)e* P dadt + CMEe*sH,
Q(49)

Here we used the Cauchy-Schwarz inequality: |(V70;y - VI02y)| < [VI0wy||VI02y.

Consequently (6.15) implies

/ |X(Vjaty)('7t0)|2625‘p(x’t°)da:
Q(46)
(6.19)
SO/ (ISP + V(X )IP)e* P dadt + CM7e** 4+ Ce“*F?,  j=0,1
Q(43)

for all large s > 0. Equations (6.18) and (6.19) imply

/ (|div (xfVD)|? + |Vdiv (x fVD)|?)e?*? @ to) gy
Q(46)

<C [P+ VO dndt
Q(49)

(6.20) +Ce“(F? + lallFrs oas))) + C M.

We have to estimate || f H%Il(ﬂ( 5y by the left-hand side. For it, we need an estimate
for the first-order partial differential operator. This can be done by the method of
characteristics, but we use another Carleman estimate because we have to estimate

with the weight e25¢(@:to)

Lemma 6.1. We set

(Pog)(x) = div(gVb), x € Q(49).
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Assume that

~vO1b(x) +2 ) (0:b)x; <0, x € Q(49),
(6.21) ' ;

916(0,z") > 0, (0,z") € Ty.

Then there exists a constant C' > 0 such that
/ 82(|Vg|2 _,_gQ)GQSSO(m,to)dx
Q(46)
(6:22) <C [ (VR + |(Pug)(a) )
Q(46)

for all large s > 0 and all g € H*(2(46)) such that |g| = |Vg| = 0 on 9Q(40)\{z1 =
0}.
For the proof, we will show the following lemma for a general case.

Lemma 6.2. Let Q C R™ be a bounded domain with smooth boundary 02 and
let v = (v1,...,vp) be the unit outward normal vector to O and let us consider a

first-order partial differential operator
(Pog)(z ij
where p; € C1(Q), j =1,....,n. We assume that oo € C1(Q) satisfies
(6.23) ij djpo(x) >0, =z €.
Then there exists s1 > 0 and Cy = C1(so,2) > 0 such that
| 290l +19P)e o < €1 [ (VRugl? + Pugl?)e = o
for all s > sg and g € H*(Q) satisfying

(6.24) Vgl =gl =0 onqzed ) pix)yx)>0
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Proof of Lemma 6.2. We set w = e*¥°g, Qow = e°?° Py(e*?°w). Then

[ 1Rt = [ jQuupds.
Q Q

We have
Qow = Pyw — sqow,
where go(x) = Z?lej ()0;¢0(x). Therefore, by (6.23), (6.24) and integration by

parts, we obtain

1Qowl|Z2(0y = [Powll72q) + s*laowllZ2(q) — 28/92173‘(@10)610106156
j=1
282/ qo(z)*w( dw—S/ Zpgqoé‘
Q
20252/ w(:z:)Qd:z:—s/ ijq0w2l/jd5’+s/ Zaj(quo)dex
Q o0 % Q
71=1

j=1

2(6’282—6'33)/ w2da:—s/ ijyj qow?dS
Q oQN{3>-7_, pjv; <0} \ =

7j=1
> (05 — Cgs)/ widz.
Q

By (6.23), we have gqo > 0 on 02, so that the right-hand side is greater than or

equal to (Cys% — C3s) Jo w?dx. Thus by taking s > 0 sufficiently large, we have

/52\9]2623¢0(x)dx < 04/ ]Pog\Qe%“"O(w)d:z;.
Q Q

Next, setting h = Pyg, we observe
Py(Okg) = Oxh =Y _(0kp;)(@)(959) (), k=1,...,n,

j=1

By (6.24), we can apply the previous argument, so that we have

s2 / |Vg|?e?s¢0dx
Q

n

§C4/ |Vh|2€28¢0d$+ 04/ Z (akpj)(x)(ajg)(g;) eQSLPOdl.
Q

2 1jk=1

Scs/ |V(Pog)|2625‘p°dx—|—6’5/ IV g|2e25%0 dz.
Q Q
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Consequently, choosing s > 0 large, we can absorb the second term on the right-

hand side into the left-hand side, so that we can obtain

52/ |Vg|?e*?odr < C’G/ |V(Pog)|?e**0du.
Q Q
Thus the proof of Lemma 6.2 is completed.

In Lemma 6.2, we set Q = Q(40), p; = 9;b, j = 1,...,n, po(x) = —yz1 — |2']?,

and Lemma 6.1 follows.

Applying Lemma 6.1 to xf and Pyg = div (¢Vb), in terms of (6.20), we have
[ SR + ) da
Q(46)
SO/ (IVO)I? + Ixf1P)e**Pdadt + Ce“ (F? + ||al|7s qusy)) + CMie®
Q(49)
for all large s > 0. Since
(6.25) o(z,t) < plr,tg), 2€Q,0<t<T,
we see that
(VP + P
Q(45)
<CT / (VO + Ixf e ? 0 dadt + Ce (F? + lal frs qqas))) + CM7e>",
Q(46)

and taking s > 0 sufficiently large such that s > sg, we can absorb the first term

on the right-hand side into the left-hand side, and
(TP + P
Q(46)
<Ce®*(F? + lallFs (oasy)) + C M7 et
for all s > sq. We set F2 = F2—|—||a||%13(9(46)). Since Q(8) C Q(40) and e?s¥(@:t0) > 1

for z € Q, by (6.9) we obtain

—2é
/ (V2 + 1f2)da < / (V)P + e f?)e2e @) da
Q(6) Q(46)

SCecst + C’M’fe%“1
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for all s > sog. We set us = e~ Then
(6.26) / (V12 + | f12)da < CeCoF2 4+ CM2e=25(na—m)
Q(6)

for all s > sg. We note that ps — g > 0.
Replace C by Ce®*0, we obtain (6.26) for all s > 0. We can assume that Fy # 0.

We choose s > 0 minimizing the right-hand side of (6.26):
eCSF12 = M12€*2S(,U127/,L1)7

that is,
2 M,

s = lo .
C+2(p2 — 1) s Fy

Then by (6.26), we obtain

2(po—pq)

C
||f||H1(Q(5)) S \/ECMIC+2(#2—#1) F1€+2(#2—#1) )

To sum up, we state

Theorem 6.1. Let u and v satisfy (6.1) and (6.2) respectively. For 0 < 6§ < ¢/,

let Q") € Q, Ty C {z1 =0}. We assume

2
> 10Full=(q) + 10F vl L= (@) + VOFull L= (q) + VO V]| L~ (q)) < M
k=0

and let A and Q(9) be defined by (6.3) and (6.4) with § > 0. Moreover we assume
that b = u(-,to) orb = v(-, to) satisfies (6.21). Then, fore > 0, there exist constants

C >0 and 6 € (0,1) such that
lp = qll iz (2e)) < CMl_e{H(u —v) (o) 3 (2e61))

3
+ > 1108 (u =)l 2o x0.1))

k=1
(6.27)
2 0 B ’
k k
k=1 (Tox(0,T)) L2(Tpx(0,T))
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forp,qg € A.

In the estimation in €2(d), we need data of solution at t = t; > 0 in a larger
domain Q(¢”). For the uniqueness, we need not take such a larger domain. That is,
the above argument produces the uniqueness: if u = v and Vu = Vv on I'g x (0, 7))
and u(-,tg) = v(-,tp) in Q(6), then p(x) = g(x) for x € Q(J). Estimate (6.27)
of coeflicients holds if unknown coefficients and solutions are in a priori bounded
subsets in suitable norms and (6.27) is called a conditional stability estimate. The
exponent # in (6.27) depends on the a priori bound M, and § — 0 as M — oo,

which means that (6.27) becomes worse if M is larger.

For applying a Carleman estimate, we can not choose ty = 0. Therefore this
is not an inverse problem to a usual initial value/boundary value problem. The
uniqueness in the case of {5 = 0 is a longstanding open problem. If the coefficients
are independent of ¢ and the observation area is sufficiently large, then one can
change the inverse parabolic problem to an inverse problem for a hyperbolic equa-
tion by an integral transform in ¢, and prove the uniqueness and the stability for
the case tg = 0 (see Klibanov [95], Theorem 4.7, and Klibanov and Timonov [100]).
Also see Isakov [86], section 9.2. Moreover for the inverse problems by Carleman

estimates, we always need a positivity condition such as (6.21).

We can apply the global Carleman estimate Theorems 4.1 and 4.2 to prove the
Lipschitz stability over € in determining p(z). As for the Lipschitz stability in
determining principal coefficients in hyperbolic equations, see Klibanov and Ya-
mamoto [101], but for the parabolic case, the argument for the Lipschitz stability
is simpler than those hyperbolic case, thanks to the global Carleman estimate with

a singular weight function.



60 M. YAMAMOTO
§6.2 Global Lipschitz stability for an inverse source problem.

In this section, as one example of the application of the global Carleman estimate
in section 4, we discuss an inverse source problem for a weakly coupled system of
parabolic equations. In particular, if a boundary condition is given on the whole
082 x (0,7, then the global Carleman estimate gives the Lipschitz stability rather
directly.

We consider

n

opu(x,t) = Z x)0;0ju1, ... Za”68u1\]

7,7=1 2,7=1
(6.28)
+3 " Bi(z,t) - 0pu(x,t) + Cla,thu(z,t) + Rz, )f(z), (z,t) €Q,
=1
(6.29) uloaxo,r) =0,

where u = (uy,...,un)?, £ = (f1,...., fn)¥, and B;, 1 < i <nand C are N x N
matrix functions and af; € C*(Q), 1 <4,j <n,1 <k < N, satisfy (1.1) and (1.2),
B; € L®(Q)N*N C € L*(Q)N*N | Ris a given N x N matrix function. A weakly
coupled parabolic system (6.28) appears for example, as linearized reaction-diffusion
equations.

For describing an application argument by a global Carleman estimate to an

inverse problem, we discuss

Inverse source problem. Let I' C 02 be an arbitrarily fixed subboundary and
let to € (0,7) be any fixed time. Determine f(z), z € Q by u(x,ty), x €  and
2 (z,t), s €T, 0<t <T.

The main result is stated as follows:
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Theorem 6.2. We assume that u,0;u € H>(Q), R,0;R € L*(Q) and that

(6.30) detR(z,t9) #0, x €.

Then there exists a constant C > 0 depending on ), R, afj, B;,C such that

0
63)  [flleaey <C (Huc,to)nm(mw oo 00w

L2(F><(0,T))N>

for any £ € L2(Q)N.

Proof. The proof is a simplification of Imanuvilov and Yamamoto [74]. Setting

z = Oyu and

T

Au = Z agjﬁiﬁjul,..., Z aﬁ@iﬁjuN —|—ZBZ(9111+CU,
i,j=1 i,j=1 i=1
we have
(6.32) Oz = Az + (O,R)f in Q
(6.33) z=0 onodQx(0,T)
and
(6.34) R(x,to)f(x) = Opu(x, to) — (Au)(x,tg), x € Q.

For the proof, it is sufficient to prove the estimate of f by the Neumann data over

a shorter time interval centred at tg:

0
Ifll L2y < C (||u('vt0)||H2(Q)N + H%(atu)

Lz(FX(to—t17t0+t1))N>
with 0 <ty —t1 < tp+1t1 <T. Hence by the change of t-variables, it sufficient to

prove (6.31) in the case of ty = L.
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Fixing A > 0 in Theorem 4.4 and applying to (6.32) with (6.33),

1
/ (—Sgp 102u)? + 50| VOul? + s33|0pul?)e? 0 dxdt
Q S%o

(6.35)

0 dsdt

——(0pu)

<C / (0, R)f|?e**0dadt + Ce* /
Q r Ova

x(0,T)

for all large s > 0.
On the other hand, in terms of (6.34), for estimating of f, we have to estimate

opu(+, to) with the weight function:

ffoe(-2)

By lim;_,q 250t = 0 for z € Q, we have

/ diu (x,z) e2so0(®: %) gy = /2 9 (/ |3tu(w,t)|2€2sa°(x’t)dx> dt
Q 2 o Ot \Jo

:/(2/02(2(8tu(m,t) - 0%u(z, b)) + 25(Dra0)|Opulz, 1)) e2 0 dzdt

2
e25a°<x’%)dx.

2

< / (2l00u(z, £)]|02u(z, £)] + Csiel| O, £)[2)e2 0 dasdt.
Q

Here we used |0;ao(x,t)| < Cpg(x,t)?, (z,t) € Q. By the Cauchy-Schwarz inequal-

ity, we have

|Ovu(z, t)||07u(z, t)] = ﬁ@u(mn x s\/poldFu(z, )]

1
§2—|3t2u(x, t)‘2 + 82g00|8tU(I, t)|27
§7%0

and the application of (6.35) yields

ffoe(-2)

gg/ \(GtR)f]2628a°dxdt+Cecs/
S Q r

2

1
(2—|8t2u|2 + 32<p8|8tu|2) e dydt
$7%0

2
dsdt.

62sao(m,%)dx S C/
Q

0
N (Opu)

x(0,T)
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By (6.34), (6.30) and 0;R € L*°(Q), we see that

/\f(x)\%%ao(%?)dxg Q/ If () |2e*** 0 dxdt
Q s JQ

2

Cs T ? Cs 0
+e flu |- = +Ce ——(Opu)| dSdt.
2 ) a2y rx(0,1) | OV

By the definition of g, we have
T _

(6.36) ap(z,t) < ag (x, 5) , (x,t) € Q.

Therefore

/ ()220 @) gt < T / () 22500 (2 5) g,
Q Q
that is,

(1—g)/g\f(a:)\ze%ao(x’g)dx

2 2
<Ce“* ( U <~, g) det)

for all large s > 0. Taking s > 0 sufficiently large, we can complete the proof of

0
o (Opu)

H2(Q)N /FX(O,T)

Theorem 6.2.

Technical comments I.

Although the both are based on Carleman estimates, the original method since
Bukhgeim and Klibanov [20] is different from ours and does not work in our inverse
problems.

We explain their method for the determination of p(z) in

Oyu = LAu in Q.
p(z)

Let u satisfy

8l = — AT in Q.
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We assume that w = wand Vu = Vuon I'gx (0,7) and u(-, tg) = u(-,to), Au(-, tg) #

0 on Q. Setting y =u —u, R = A% and f = p — p, we obtain

Oy = LAy-i— iNR in Q
p(z) pp

and

y=|Vyl=0 onTqyx (0,7T).

By Au(-,tg) # 0 on Q, we choose t; > 0 such that R(z,t) # 0 for z € Q and
0 <to—tg <t<tg+t; <T. The key in Bukhgeim and Klibanov [20] is first

division by R and second differentiation in ¢ as follows: Setting y = Rz, we obtain

1 OR 2VR 1 AR fo.
Oz = —Nz— o 2T Ve e+ L in QX (b — t,to + t1).
2 IO(;C) z RZ+ pR Z-|—p R2+pp m X(O 1,to + 1)

Since % is independent of t and z(x,t) = f;; Orz(x,m)dn by z(-,tg) = 0, setting

w = O;z and differentiating in ¢, we obtain

t
Gtw:LAw—%uH—E-VuwFl%w—@t <815_R>/ wdn
to

p(x) R pR p R R
(6.37)
2 ¢ 1. (A t
+ 25, (@) | Vwan+ Lo, (—R) / wdy in QX (tg — t1,to + ).
p R to p R to
and

w=|Vw|=0 onIlyx(0,T).

Equation (6.37) is a parabolic equation with memory term. Thanks to an inequality

[ sty

to

2

C
e*Pdxdt < — lw(x,t)]2e**Pdxdt.
5 Q)

(6.38) /Q(5)

where ¢ € C%(Q) and

90('1:7t) < 90(.’13,750) T € ﬁ? t % to,
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we can apply the argument by a Carleman estimate in proving the unique contin-
uation also to (6.37) and we can conclude that w = 0 in (6) with 6 > 0, which
implies that p = p in Q(). In fact, inequality (6.38) is crucial in the paper [20] by
Bukhgeim and Klibanov and essential for the application of a Carleman estimate
to inverse problems. As for the proof of (6.38), see Klibanov [95], Klibanov and

Timonov [100].

prove

Remark. Under a weaker condition ¢(z,t) < ¢(x,tg) for (x,t) € Q(J), we can
2
e*Pdxdt < C/ lw(z,t)|*e**Pdxdt

/6»2(5) Q(9%)

([95]). For this inverse problem, the factor + on the right-hand side of (6.38) is not

/t w(z,n)dn

to

necessary. However for some inverse problems, the factor is important (see, e.g.,
Cavaterra, Lorenzi and Yamamoto [31]).

The above is the original argument in Bukhgeim and Klibanov [20], but their
method does not work for the inverse problems with a single measurement for (6.1)
involving derivatives of an unknown coefficient and a parabolic system (6.28). It is
easy to understand the situation for (6.1). As for (6.28) we will explain below. By
(6.30), we can choose t; > 0 such that det R(x,t) #0, 2 € Q, 0 <ty —t; <t <
to —t; < T. For simplicity, we assume that u(z,tp) = 0 in . Setting u = Rv and

dividing by R, we obtain
(6.39) Ov=R1'ARv — (R'O;R)v+f inQ.

Let R = (rij)lgi,jgn and Ril = (Tij)lgi’jgn. Then

n N
[R_lARV]p = Z Z afjrpkrkg 0,0jv + [lower-order terms].
ij=1 \k,f=1

If a,’fj depend on k € {1,..., N}, then R"'ARv can not be weakly coupled, so that

we can not apply Theorem 4.4 to the resulting system (6.39).
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Technical comments II.

For the inverse problem, it is essential that the weight function ¢ attains the
maximum at ¢t = ¢y, where the spatial data of solutions are given. See (6.25) and
(6.36). The maximality at t = ¢y is an alternative essential fact to inequality (6.38)

and the corresponding part in the method by Bukgheim and Klibanov [20].

§7. Overview for Carleman estimates for parabolic equations.

§7.1. pointwise Carleman estimate

§7.2. general treatment

§7.3. global Carleman estimate

§7.4. Carleman estimate with second large parameter

§7.5. H~'-Carleman estimates

§7.6. Carleman estimates for less regular principal terms

§7.7. Carleman estimate for degenerate parabolic equations

§7.8. Carleman estimates for parabolic systems

In sections 5 and 6, we show how to apply the Carleman estimates in sections 3
and 4 to estimation of solutions to parabolic equations and inverse problems. We
know that relevant Carleman estimates produce stability results for these problems.
In this section, also for possible novel applications, we summarize the existing results
on Carleman estimates themselves for parabolic equations. Carleman estimates are
used for various subjects and the number of related papers is very large, so that
we do not intend any perfect list of the papers. Moreover it is reasonable to treat
Carleman estimates not only for parabolic equations but also for a wider class of

partial differential equations, but we concentrate on parabolic equations.

§7.1. Pointwise Carleman estimate.
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In Lavrent’ev, Romanov and Shishat-skii[107] (also Klibanov and Timonov [100]),

a pointwise Carleman estimate was proved for a parabolic equation. According to
[100], [107], we will present the pointwise Carleman estimate. First we choose a

weight function similar to (6.5) whose level set is of a parabolic shape:

(7.1) blot) =z, + L L G-t 1

C1 Co 4

3
(7.2 D={(0s > 0, v < 2,
where ¢; > 0 and ¢y > 0 are suitable chosen constants. The boundary 0D consists

of two parts:

0D =T, UTs,

112 t—t 2 1
Flz{(.f,t);xlzo, |x| +( 0) <_}7

C1 Co 2

12 (t—to)® 1
F2={(w,t);w1>0,x1+|w‘ G0 :—}.
(&1 C2 2

We set

(7'3) 90($7t) = w(%t)_A

where A > 0 is a large second parameter in the Carleman estimate in a different

form from the Carleman estimates in sections 2-4. We note that ¢» < 1 on D.

Theorem 7.1 (Klibanov and Timonov [100], Lavrent’ev, Romanov and
Shishat-skii[107]). There exist sufficiently large positive constants Ao and so which
depend on on o1, maxi<; j<n ||aij||cl@), v, D, such that if X\ > Ao, then for all
u € C*Y(D) and all s > sq, we have the following pointwise Carleman estimate:

| Lu(x,t) |2625"/’7A

-

1 n
>C B |Opu(z, t)|? + Z 10;0;u(x,1))? | + s|Vu(z,t)]* + s3|u(z, t)]? | e*¥
ij=1
(7.4)
+divU + 0,V in D,
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where the vector-valued function (U, V') satisfies

(U, V)(,8)] < Cs*(10pul + [Vul? + [uf?)e>*

C < 2 25~
(7.5) + > |di0ulx, t)e :

i,j=1
and the constant C' > 0 depends on o1, maxi<; j<n Haincl@); Y, D.

The estimate without the terms Oyu(x,t) and 0;0;u(x,t) was proved in [107],
and in Klibanov and Timonov [100] the estimate with such terms is shown thanks
to the a priori estiamte for a boundary value problems for the elliptic equation.

If we take the integrations of (7.4) over D, then in terms of the Gauss theorem
for the last two terms on the right-hand side of (7.4), we can obtain a Carleman
estimate similar to (2.6) and Theorems 3.1 - 3.2. The pointwise Carleman estimate

is very useful because

(1) one can estimate the boundary terms and so we need not assume that
functions have compact supports.

(2) it holds also for a parabolic inequality:
Lu(z,8)] < Clu(z, D] + [Vu(z,8)]), (2,8) € D.

For other types of equations, such pointwise Carleman estimate were proved in [107]
and see also Amirov [5], Fu [57], Klibanov and Timonov [100], Zhang [137]. In [5],

Carleman estimates are proved for ultrahyperbolic equations.

§7.2. General treatment.
According to Isakov [86], we overview the general treatments. Let m = (mq, ..., my,11) €

N"*+1 such that

mp = -+ =Mg > Mgy1 = 2 Mn+1, vq = (817---7aq707“'70)
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with some ¢ € {1,2,...,n + 1}. Moreover let t = x,41, @ = (Q1,...,p41) €
(Nn{o})"*! and |af = aq + -+ + g1, 0% = 97 - 990,111 We set |a: m| =

n

m1+ +mn+1'

We consider an partial differential operator:

(7.6) A= > aalz,1)d".

la:m|<1

If m; = -+ = my41, then the operator (7.6) is called isotropic and otherwise call
(7.6) anisotropic. For hyperbolic and elliptic operators, we have m; = mg = -+ =
Mp+1 = 2, while in the parabolic case, my = --- = m,, = 2 and m,+; = 1. For
the isotropic case, a general theory for Carleman estimates has been completed for
functions with compact supports (Hérmander [65]): a Carleman estimate holds if
a quadratic form made by the weight function and the coefficients of (7.6) satisfies
some positivity condition called the strong pseudo-convexity (e.g., Hormander [65],
section 8.5). For the anisotropic case, Isakov [82], [86] established a general the-
ory for Carleman estimates for functions with compact supports. For the partial
differential operator (7.6), we set

(7.7)

An@t,0) = 3 aala, OV=T G ¢ C= (Gl Gag) € T

|am|=1

We assume that a, € C1(D) if |a : m| = 1 and a, € L>®(D) if |a : m| < 1. Let

¢ € C?(D) such that V,¢ # 0 on D. Then
Theorem 7.2 (Isakov [86]). Suppose that either

Ap(@,6) 0 for all € € R™1\ {0}

or

the coefficients of A,, are real-valued.
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We assume

g aA oA, 1 aA
(7.8) Z_( 10;0) 3 agj) + —Im (Zak %) >0

for all (x,t) € D, if

C:£+ v—lquQO, 47&07 Am(wag) = 0.
Then there exists a constant C > 0 such that

(7.9) / |0%u|?e*Pdadt < C / | Au|?e?*? dxdt

lom|<1
for all large s > 0 and u € C3°(D).

See also Isakov [84] and [85]. It is not always simple to find a weight function
satisfying (7.8). For the realization for a parabolic equation, one can apply the
Holmgren transform of the variables (e.g., Saut-Schereur [124]). We can easily
show that our choice (6.5) satisfies (7.8) if v > 0 is sufficiently large. As is seen in
section 6, the stability can be proved in a level set bounded by ¢ (z,t). The level set
by 1 with large ~ is a flat paraboloidal domain whose volume is proportional to %,
and for large ~y, the volume is small. Therefore the subdomain where the uniqueness
holds, is smaller if we choose large v > 0, and in terms of the parabolicity of the
equation, it is not desirable to choose large +. In order to prove the uniqueness in
a larger domain, we need to divide such a domain into several congruent parabolic
subdomains and repeat the estimates (see e.g., pp.63-64 in [86]). However, as is
remarked after the proof of Theorem 5.1, such a patchwork argument may lose the
best regularity. Thus, for Carleman estimates, we have to choose ¥ not only for
validating a Carleman estiamte but also for gaining a desirable shape of the level
set where we can work for inverse problems. As for a general theory for Carleman

estimates for functions without compact supports, see Tataru [128].
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§7.3. Global Carleman estimate.

In section 4, we stated a global Carleman estimate by Imanuvilov [68] and here
we refer to the succeeding papers. In the general theory, under requirements for a
weight function, we can deduce a Carleman estimates. In other words, it is another
difficult task to verify that a Carleman estimate holds true for given (z,t)-domain
(e.g., 2x(0,T)). Thus it is usually necessary to construct a special weight function.
Among the achievements after [68], we present a Carleman estimate with a regular
weight function, which is proved in Yuan and Yamamoto [136]. More precisely, a

global Carleman estimate with the same type of Theorem 4.2 is proved similarly:

Theorem 7.3. Assume that T C 0Q is an arbitrary subboundary, a;; € C*(Q),

ai; = aji, 1 < i,j < n satisy (1.1) and (1.2). Let dy € C?*(Q) be a function

constructed in Lemma 4.2 and 0 < tg < T. Let o(t,z) = eMdo(@)=Blt—to]*+ M)
where My > supg.,or B(t — to)?. Then there exist positive constants \o, so and

C = C(Xo, S0) such that

1 n
/ — [ |0,ul® + Z 10:0;ul? | + s\2p|Vul? + s> MNP |ul? » e**Pdrdt
Q | %% ij=1

2

ﬂ 259 4%

gC/ |Lu\262s@dxdt+03)\/
Q r al/A

d
% (0,T)

for all s > 59, A > X\g and all u € H*>Y(Q) satisfying
u(,0)=u(-,T)=0 mQ u=0 ondQx(0,T).

The constants Ao, so and C' continuously depend on Z?jzl ||aij||01(§), T, Q, 0;.
We recall the definition of oy in (1.2).

§7.4. Carleman estimate with second large parameter.
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Carleman estimates are valid for parabolic systems such as a thermoelasticity
system and a elasticity system with residual stress. For this system, by the cou-
pling in terms of the highest-order derivatives, when we use a weight function with
only a paramter s > 0, unlike a weakly coupled system (6.28), we can not obtain
a Carleman estimate. As the weight function ¢, we search for ¢ = e*¥ with large
parameter A > 0 (see e.g., Theorem 3.1), and A is the second large parameter. With
the Carleman estimate with the second large parameter A > 0, we can still manage
the highest-order terms to obtain a Carleman estimate. As general treatment prov-
ing a Carleman estimate with the second large parameter, see Isakov and Kim [87],
[88]. By our direct derivation, Carleman estimates with second large parameter are

direct consequences (Theorems 3.1-3.3, 4.1-4.4 and 7.3).

§7.5. H~1-Carleman estimates.

So far, we establish Carleman estimates for Lu = f by L?(Q)-norm of f and we
call it an L2-Carleman estimate. For the exact null controllability for a semilinear
parabolic equation with nonlinear term F'(x, ¢, u, Vu) and an inverse source problem
of determining f € H~*(Q) with ¢ > 0, an L?-Carleman estimate does not work.

Let the right-hand side of Lu = f be given by

F=To+)_0ifis fi,ofn € IX(Q).
=1

We are interested in a Carleman estimate where the right-hand side is estimated by
1 foe*? || 20,7 m-1(0) + 2oieq |1 fillL2(Q), which we call an H~!-Carleman estimate.

More precisely, we consider

7‘7.7:1

(7.10) — Z Oi(bi(x,t)u) — c(z, t)u = f in Q,
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(7.11) uloax o) =0, u(:,0) = uo.

In addition to (1.1) and (1.2), assume

( . . . . . -~
aij, 1 <1i,7 <n are Lipschitz continuous on Q, a;; = a;;,

(7.12) bi € L=(0,T;L7 (), r>2n,1<i<n,

o _ 1 2n
ce L0, T; W, #(Q)), 0<u< 50 1 >max{3_2u,1}.

\

We say that u € L?*(Q) is a weak solution to the problem (7.10) - (7.11) if for
any z € L*(0,T; H*(Q)) with L*z € L*(Q), z|loax@o,r) = 0 and 2(-,T) = 0, the

following equality holds:

(u, L*2) 2(qy = (f5 2)12(@) + (10, 2(+, 0)) 12(0).-

Let d be given in Lemma 4.1 and let ¢, o and o3 be defined by (4.5) and (4.6).
In Tmanuvilov and Yamamoto [76], [79], the following H~!- Carleman estimate is

proved.

Theorem 7.4.
(i) There exists a positive constant \g such that for an arbitrary A > Ao, we can

choose so(N\) > 0 satisfying: there exists a constant C > 0 such that

/ {(s9) | Vul® + (s)* > Jul*}e*** dudt
Q
(7.13)

SC (ersaH%Z(o’T;H—E(Q)) ‘|’/ (8@)3_2€‘U’2623ad$dt)

x (0,T)
for all s > sg, £ € [0,1] and each solution u € L*(Q) to (7.10) - (7.11). Here the
constants Ao, so and C' are continuously dependent on oo and independent of s.
(i) If
Fa.t) = o)+ 30 0ufia.)
i=1
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with f; € L?(Q), 1 <i < n, then for £ € R, there exists a positive constant \g such
that for an arbitrary A > Ao, we can choose so(\) > 0 satisfying: there exists a

constant C > 0 such that
[ (o)1 Tul + 5) ) dade
Q
£ so - Lt sa
§C<|\f0(390)2€ H%Q(O,T;H—l(Q)) + Z | fi(sp)=e H%%Q)
i=1

(7.14) +/ (s0) T ul?e?** dadt

wx(0,T)

for all s > sg, and each solution u € L*(Q) to (7.10) - (7.11). Here the constants
Ao, So and C' are continuously dependent on o9 and independent of s.
Moreover if we further assume that a;; € WH*(Q) and b; =0, 1 <i < n and

Uy 0,y = 0, then

1 S
3 VT — )0 (ue*) 1720101 )

T -1 2 s 2\ 2
SR 2 SO e it
+/Q< . |Vul® + t(T—t)|u| e *dx

(7.15) <C|\fe** 22015102
for all s > so and each solution u € L*(Q) to (7.10) - (7.11).

Moreover we refer to Imanuvilov, Puel and Yamamoto [73] which proves an
H~! Carleman estimate for functions with non-zero Dirichlet boundary values on
002 x (0,7). In the Carleman estimate in [73], the term <$|Vu\2 + sgp\u|2) e2se
is estimated with sharp norm of u[gox(,7). Furthermore we refer to Imanuvilov,
Isakov and Yamamoto [72] as for a transferring argument from an L? Carleman
estimate to an H~! Carleman estimate for functions with compact supports. See

Imanuvilov [71] for H~!-Carleman estimated for hyperbolic equations.

§7.6. Carleman estimates for less regular principal terms.
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For the direct derivation of a Carleman estimate in section 3, we assume that
a;; € C1(Q). In H~! Carleman estimate, we relax the regularity of a;; to the
Lipschitz continuity on @Q (see (7.12)). In applications, it is also significant that the

coefficients of the principal term are discontinuous. We consider
Owu = div (a(z)Vu(z,t)) in Q

where a is of piecewise C!. Under some geometrical constraints on the interface
of the break of the continuity of a, Carleman estimates are proved: Benabdallah,
Dermenjian and Le Rousseau [13], [15], Benabdallah, Gaitan and Le Rousseau [16],
Doubova, Osses and Puel [41], Le Rousseau and Robbiano [111] - [112], Poisson
[120], Especially Le Rousseau and Robbiano [111] is a most updated work which
establishes a Carleman estimate with generous geometrical constraints on the in-
terface. See Benabdallah, Dermenjian and Le Rousseau [14], Le Rousseau [110] for

a case of coefficients of bounded variations.

§7.7. Carleman estimate for degenerate parabolic equations.

So far, we assume that {a;;}1<; j<n is positive definite, that is, that (1.2) holds
with o1 > 0. In some applications such as laminar flow on flat plates and popu-
lation genetics, degenerate parabolic equations appear and see Cannarsa, Fragnelli
and Rocchetti [21], [22], Cannarsa, Martinez and Vancostenoble [23], [24], where
Carleman estimates are proved for degenerate parabolic equations and applied to
the controllability. Here we state it according to Cannarsa and Yamamoto [25] in
a simple case.

Let 1 < o < 2 and let us consider

o ( ,0u
(7.16) Ou(z,t) = e (x %> + fz,t), 0<zx<1,t>0,
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0
(7.17) u(1,t) =0, (xo‘—u> (0,t) =0, t>0.
ox
We set
a(x) = z%, 0<z<1,
H}(0,1) ={u € L*(0,1); u is absolutely continuous in (0, 1],
ou 9
\/a_ €L (07 1)7 u(l) = O};
Ox
and

D(A) = {u € L*(0,1); a% c H'(0,1)},

2—a_2

0 ou x
= - L = <x < X
Lu = Ou pe (ac &U)’ o(z,t) G 0<x<1,0<t<T

— Q)24 (T — t)*’
In terms of the classical Hardy inequality, we can prove a Carleman estimate for a

degenerate parabolic equation (7.16).

Theorem 7.5. Let 1 < oo < 2. There exist constants so > 0 and C > 0 such that

47 o) s () oot (g ) o

+572(H(T — t))®|0pul? }eZs‘pdxdt

T 4
1
< Lu|?e®*?dxdt + L(1, 1)1t gy
C’/Q| ul|“e“*?dx C’l/o S(t( t)) luz(1,t)]e

for all s > sy and u € C([0,T]; H:(0,1)) N L?(0,T;D(A)) N H*(0,T; L*(0,1))

satisfying (7.16) and (7.17).

§7.8. Carleman estimates for parabolic systems.

For weakly coupled parabolic systems (i.e., (6.28)), as is seen in sections 3 and

4, Carleman estimates are easily derived under the assumption that the coefficients
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of terms of lower orders are in L*°(()). However the Carleman estimate is very

difficult for strongly coupled systems whose principal terms are different:

(7.18) Opug = ZZ “(2,0)2i0up, + fr, 1<L<N.

k=11,5=1

Only a general theory by Calderdn is available for proving Carleman estimates for
systems of partial differential equations (e.g., Egorov [43], Zuilly [138]), but the
Calderén theorem seems not applied to general strongly coupled parabolic systems.
The difficulty for proving a Carleman estimate for a general parabolic system (7.18)
consists in that the estimate in step (2) in section 3 does not work, so that we can not
obtain an estimate similar to (3.12) unlike a single parabolic equation. However the
estimate in step (3) in section 3 can be executed to obtain a estimate corresponding

0 (3.19). Here we will show it. We first assume conditions for a”

(7.19) aff € CY(Q), 1<i,j<n, 1<k <N,
there exists a constant o4 > 0 such that
(7. 20)

ZZ O, )¢ §>a42215k\2 (z,t)€Q, FeR,1<i<n, 1<k<N,

k=14,5=1 k=1 i=1
(7.21) aff =aff =alf, 1<ij<n 1<ke<N.

Condition (7.20) means that the part of second-order derivatives in x is uniformly
elliptic and satisfies the Legendre condition (e.g., Giaquinta [59]). Condition (7.21)
is the symmetry of a ¢ also in k, £, and is satisfied for example by a parabolic system
describing a compressible fluid dynamics.

As in section 3, let D C @ be a domain with smooth boundary 0D, d € C?(D)

with |Vd| # 0 on D, and let

U(w,t) = d(x) = B(t — to)* + co

with 9 € (0,7, 8 > 0, ¢o > 0 satisfying inf, yyeq ¥(x,t) > 0. Then we have
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Proposition 7.1. There exist constants \g > 0 and sqg > 0 such that we can choose

C =C(s,\) > 0 such that

/ sA\2p|Vul|?e?*?ddt
D
2

N N n
<C Z Opy — Z Z aff@iﬁjuk e25P dxdt

Dy k=114,j=1

+C/ s\ P |u|?e** P dxdt
D
for all s > 59, A > \g and u € H>*(Q)N such that supp u € D.

This is not a Carleman estimate because the right-hand side contains the zeroth
order term [}, s3A*p3 |ul?e**¢dxdt. This is similar to (3.19) and unlike a single par-
abolic equation, we can not estimate in step (2) in section 3 (i.e., (3.12)) by means of
more coupling with aff , so that we can not absorb the term [, s*A%¢?|ul?e**?dudt
into the left-hand side. The proposition corresponds to the pseudoconvexity in
Hormander [65] (p.203). Similarly to Theorem 8.7.1 and Corollary 8.7.1 in [65], by
our proposition we can prove: Let aff € C*(Q). There exists a finite dimensioncal
space M in H>'(D)" such that if u € H>!(D)" satisfies

N n
Oue = Y a¥o0u, in D, 1<C<N

k=11i,j=1

and

lu| = |Vu|=0 on dD,

then u € M. If we have a Carleman estimate, then we can conclude that M = {0},
that is, the unique continuation from 9D holds. Moreover if M = {0}, then we can

prove a conditional stability estimate by an argument in section 5.

Proof. We set
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Moreover we set

n n

ou(x,t) = Y aff (@,1)(0id)(2)0;d(z),  par(z,t) =) aff(w,1)0:0;d(x)

i,j=1 4,j=1

and

N N
Ap=s\0) onwi + 5o Y povwi — sAp(Orp)wg, 1< L<N.
k=1 k=1

Direct calculations yield

[Pw]g—atwg—ZZa Gawk—l—Qs)\goZZ afy (9;d)(0;wy)

k=11,7=1 k=11,5=1

(7.22)
N

—SQAQQDQZO'gkwk-i-Ag, 1</ <N.
k=1

Here we recall that [Pw], denotes the ¢-th component of Pw. Now as in step (3)
in section 3, for 1 < ¢ < N, we multiply [Pw], = fee*? with sA2pw,, sum up over
¢ =1,...,N and integrate by parts over (z,t) € D. The estimation is done by using
(7.19) - (7.21), similarly to estimates (3.14) - (3.18). Henceforth let A > 1 and

s > 1. For example, we have

N n
- Z Z/ ff(ﬁz‘@jwk)8>\2gowgdxdt
4=1i,=1"D

=Y i /D sA2(0;p)alt (0jwy,)wedzdt + Z Z / sX*pall (9w ) (Oywe)dadt

k,4=11,j=1 kl=11,7=1

204/ 3)\2g0|VW|2dxdt—C’/ sA3 | Vw||w|dzdt
D D
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and
Z ake 0;d)we(0jwy,)
k,t=114,5=1
N n N n
=) ) alf(9:d) (we(O5wr) + wi(Dwe)) + Y Z R (Did)wy (D5wy,)
k>f0i,5=1 k=1i,j=1
1 N n 1 N n
=3 >N alf(0:d)0; (wewe) + 5 > alf(0:d)0; (wiwy)
k#L1,5=1 k=(1,5=1
1 N n
25 Z aff(ald)aj(wkwf)a
kf=11,5=1
so that

Z Z/ 2)\3g02aff 0;d)we (0w )dxdt

k£=11,j=1

1

=3 S 3 N @), (g
kt=11,5=1

1

=3 33 N0 (et (0t wwedadt
kt=114,5=1

SC/ 2\ o2 |wdadt.
D
Hence we have

04/ s\2p|Vw|*dxdt — C’/ s\3p|Vw||w|dzdt — C’/ (s3A%% + 52 M p?) | w | dadt
D D D

S/ s\2|(fe*? - w)|dxdt.
D
Moreover
s\3p|Vw||w| = sA2p|w|A\|Vw| < = 2/\4g02|w|2 + = )\2|VW|2

and

1 1
]s)\zgo(few -w)| < §\fes¢]2 + 532A4g02]w],
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noting that s > 1 and A > 1 we can choose only terms with the maximal orders in

s, A to obtain

(04—£>/ sA\2p|Vw|*dxdt
8¢/ JD

gc/ \f|2625"°dxdt—|—6’/ s3\p3 |w|2dadt.
D D
Choosing s > 0 large, we can
/ sAN2p|Vw|?dzdt < C’/ If|2e2P dadt + C/ 3\ | w|?dadt.
D D D

Rewriting the obtained estimate in terms of u, we complete the proof of the propo-
sition.
Here we look over other types of parabolic systems which are not strongly coupled

but important in the mathematical physics.

I. the Navier-Stokes equations.
We consider the linearized Navier-Stokes equations describing the velocity field

v = (v1,v2,v3)T in the incompressible viscous fluid:

(7.23) v — YAV + (b(z,t) - V)v+ Vp =f(z,t), (x,t) €Q
(7.24) divv(x,t) =0, (x,t) € Q
(7.25) v(z,t) =0, red, 0<t<T.

Here Q C R? is a bounded domain with smooth boundary, v > 0 is a constant

describing the viscosity, and for simplicity we assume that the density is one, and
we set b= (b1, ...,0,)7, [(b-V)v]e =327 bjdjuy.

Setting b = v, equation (7.23) is the Navier-Stokes equations. We assume that

b e LOO(O, T, Wl’OO(Q))S, HbHLoo(O’T;WLoo(Q))S <M
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with arbitrarily fixed constant M > 0. Let w C  be a subdomain such that
Ow D 0Q. Let d € C%(Q) be constructed in Lemma 4.1 and let a be defined by

(4.5).

Theorem 7.6. There exists a constant \g = Ao(Q,w,T) > 0 such that for X > Ao,

we can choose constants C' = C(X\, M) > 0 and so = so(Xo, M) > 0 such that

[ iV + s 9V + e gyalot?
— - |V - 52| VV — ;| TOlV
o\ B(T =1y BT — 1)3 (T — )t

82

2 2sa
+m|V’f‘0tV| >€ dl‘dt

S S S
SC/Q mmtﬂ262 dxdt + Ce® 106 (rot V)2 2w 0,1y + V1172 (0,723 )

for all s > so and all v € H>'(Q) satisfying (7.23) - (7.25) and rotv € H*1(Q).

In Theorem 7.6 we have to assume that dw D 02 and it is quite strong. For any
subdomain w C €2, we can prove the following Carleman estimate by a Carleman
estimate for a single parabolic equation giving also a sharp estimate of the boundary
value which is proved in Imanuvilov, Puel and Yamamoto [73]. See also Choulli,

Imanuvilov and Yamamoto [34]. We set
H={vel*Q)"; divv=0, (v-v) =0on 00}

and
V={veH}(Q)"; veH)}

t,

Theorem 7.7. Letl € C*[0,T], £(t) >0 for0 <t < T, and {(t) = { T

Bl O
N OIA

and

ekd(:r) _ 62)‘HdHC(5)

3(t)

ay(x,t) =

IN =

=+ IA
IN w15
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We assume that £ € L?(0,T; H). There exists a constant Ao > 0 such that for

A > Ao, there exist constants C > 0 and so > 0 satisfying

/scp|r0tv|2625a1dxdt+/ s2p?|v|? e dadt
Q Q

<C/ |f|2e** dxdt

/ / (sp|rotv|? 4+ s2p?|v|?)e** 1 dxdt
for all s > so and v € L*(0,T; V)N H>Y(Q)™ with v(-,0) € V.

These Carleman estimate can be applied to inverse problems by a method in
section 6 and see [34].

The Carleman estimates for the Navier-Stokes equations have been studied re-
lated with the controllability and see: Coron and Guerrero [37], Fabre and Lebeau
[51], Ferndndez-Cara, Guerrero, Imanuvilov and Puel [55], Fursikov and Imanuvilov

[58], Guerrero [63], Imanuvilov [69], [70].

II. Carleman estimates for parabolic systems by data of one compo-
ment.
Let (Cij)lgi,jSQ € LOO(Q> and (Aij)lgi,jSZ € LOO(Q)n Consider the following

reaction-diffusion system with convection terms:

'atu:Au+cll U+ c1o U—|—A11'VU+A12'V1}—|—f inQ,

(726) 8tv:Av—|—021 U+ C29 U+A21'VU+A22'VU+Q in Q7

u=v=0 on 082 x (0,7).
\

Our main interest is to derive a Carleman estimate of solution (u,v) of (7.26) by

solely observing u in w x (0,7). We assume

((Let w C Q with 0w NI =+ and |y| # 0,

(7.27) |Ara(,t) - v(z)] #0,  (x,t) €7 x (0,T),

<M,

HA12HC2(w><(O,T))"’ HcleCQ(wx(O,T)’ HAllHCl(wx(O,T))”
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where M > 0 is an arbitrarily fixed constant. Then in Benabdallah, Cristofol,

Gaitan and Yamamoto [12], the following Carleman estimate is proved:

Theorem 7.8. Let w C Q2 be a subdomain such that @ C Q. Under (7.27), there
exist ¥, € C*(Q) with v, < 0 on Q and two positive constants so and C which
depend on T, M, ), w and the L>°(Q)-norms of ¢;;, A;j;, such that there exist positive

constants C1(s) and C such that the following Carleman estimate holds:

/ (sp)"Le25% (|0,ul2 + |00 [2 + |Auf? + |Av[?
Q
+(sp)?|Vul® + (sp)?|VV|* + (sp)*|u* + (sp)*|v]?)dzdt

<C1(s)(lullFrza wx o,7y) + 12 x0.1y) + C/Q e (|fI? + |g]?)dadt

for all s > so and any solution (u,v) to (7.26). Here we set

(7.28) a,(z,t) = p(t) = ——

This is a Carleman estimate for a 2-component system with extra data in w x
(0,T) of only one component. In [6] and [38], it is assumed that A1; = A2 = 0, and
the proof can be completed by directly substituting v by means of u in w x (0, 7).
By the first-order coupling in the parabolic system (7.26), we need the first and
the second conditions in (7.27). In [12], also the following Carleman estimate for a
reaction-diffusion system with 3 components by one component observation. That
is, we consider

( Opu(z,t) = Au+ cr1(x, t)u + cra(x, t)v + ciz(x, t)w + f(x,t) in Q,

Opv(z,t) = Av + cor(x, t)u + coo(x, t)v + cos(z, t)w + g(x,t) in Q,
(7.29)
Ow(z,t) = Aw + c31(z, t)u + csa(z, t)v + c33(z, t)w + h(z,t) in Q,

(u=v=w=0 in 02 x (0,7).
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We assume
((cij)icig<s € W2(Q), leijllwze<q) < M,

w is of class C%, Ow N IQ = v and || # 0,
(7.30) !

(Vero — CEVclg) -v| # 0on vy x [0,T],
3

C1

[ler2llwes (wx(0.1))s lleisllwes wx o) <M, c13#0 on Q.

Then we show a Carleman estimate with extra data of one component.

Theorem 7.9. Under (7.30), there exist ¥, € C?*(Q) with 1, < 0 on Q and a
constant sg > 0 which depends on T, M,Q,w and the L>(Q)-norms of ¢;j, 1 <

i,J < 3 such that we can choose constants C1(s) > 0 and C > 0 satisfying:
/ (sp) "L (|0u|? + |0]* + |0w|? + |Aul? + |Av|? + |Awl|?
Q

+(5p)2[Vul? + (5p)*|Vol* + (5p)* | Vwl* + (sp)'u® + (sp)'0? + (sp) ' w?)dwdt

<C1(8)([ullFaz(ox0.ry) T 1122 wx 0.y + 19172 @wx 0,0 + 1R 2 wx0.))

4C [ (574 lgP + 0Py dade

Q

for all s > sg and all (u,v,w) satisfying (7.29). Here a, and p are defined by

(7.28).

We refer also to Ammar-Khodja, Benabdallah, Dupaix and Gonzalez- Burgos [7]
as for a Carleman estimate with observation data of a limited number of compo-

nents.
68. Overview of results by parabolic Carleman estimates.

§8.1. Estimation of solutions to parabolic equations.

Let L be a parabolic operator defined by (1.3) and let us consider a parabolic
equation Lu = f in @. In addition to a classical initial value/boundary value
problems, there are several possibilities of formulations, which are meaningful also

from the practial viewpoints.
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1. Continuation problem. Let I' C 02 be a subboundary and let D be a given

.. . 9
subdomain in Q. Determine u|p by extra data such as u|p (o, 1) or ﬁhx(o,ﬂ-

2. State estimation. Let boundary values be given over the whole 992 x (0,7).

Let 0 < tg,t; < T be given. Determine u(zx,ty), x € Q by extra data such as

u|w><(t1,T)'

3. Backward problem. Determine u(x,tg), x € Q by u(z,T), x € Q.

As other papers on related problems, see Cannon [26], Chapters 10 and 11,
John [89]. The continuation problem is important for example for the inverse heat
conduction problem (e.g., Alifanov [3]) and the state estimation is related with the
controllability.

For the continuation problem, as is stated in section 5, the Carleman estimate
is a main method. In the case of D C @, a Carleman estimate and the cut-off

technique yield a Holder stability estimate. As other cases, we have

(1) w(z,to), z € 0Q, to > 0.
(2) u(zx,0), z € Q.

(3) u(z,0), x € ON.

Case (i) is discussed in Theorem 5.2, and we can argue case (ii) similarly, and in the
both cases, the stability is of single logrithmic rate. Case (iii) needs more delicate
application of the method of Theorem 5.2 and we can expect the stability of double
logarithmic rate.

As for related results with the continuation problem, see Canuto, Rosset and
Vessella [27], Di Cristo, Rondi and Vessella [40], Escauriaza and Vessella [49], Ves-
sella [131-133]. In [40], assuming that w|py o,y = 0, the authors prove a Holder

stability estimate for ||ul|z2(px(o,7)) where OD touches I' and Ty < T, and apply
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the estimate for the determination of shapes of unknown subboundary. The situ-
ation in [40] is different from Theorem 5.2 because w|py (0,7 is given, and so the
stability is much better than Theorem 5.2.

For the state estimation, we refer to Klibanov [97], Li, Yamamoto and Zou
[113], Xu and Yamamoto [134]. In Li, Yamamoto and Zou [113], assuming the zero
Dirichlet boundary condition on 92 x (0,7"), a logarithmic conditional stability
estimate is proved in determining u(z,0), * € Q by u|,x@, ) or 5971:|1"><(t1’T),
where t; > 0 is given, w C 2 is an arbitrary subdomain and I' C 02 is an arbitrary
subboundary. In Xu and Yamamoto [134], the case of t; = 0 is considered. For a
parabolic inequality |Lu| < |f| in @, Klibanov [97] proves a logarithmic conditional
stability estimate in determining u(x,0), x € Q by u|sax(o,1) and %\aQX(O,T).

See also Klibanov and Tikhonravov [99].

§8.2. Inverse problems for parabolic equations.

Since Bukhgeim and Klibanov [20] applying Carleman estimates to inverse prob-
lems of determining coefficients or source terms, there are many papers not only
for parabolic equations but also for other types of equations such as hyperbolic
equations. However we here restrict the scope to inverse problems for parabolic
equations by Carleman estimates. A typical formulation for the inverse problem is
as follows. Let

Opu = i 0i(aij(x)0ju) + c(x)u + R(z,t) f(z) in Q.
i,j=1
Let w be an arbitrary subdomain, v,I' C 092 be subboundaries. Let 0 < tqg < T

and R be given. Determine f(x) or ¢(x) or a;;(z) by

{u(:,to)la, U|w><(0,T)7 U’FX(O,T)}
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or

ou
u(-,to)la, %lvx(o,T)a Ulrx(0,7) (-

After Bukhgeim and Klibanov [20], we should refer to Bukhgeim [19], Isakov [81],
[83], [86], Klibanov [93], [95], [100]. In particular, Theorem 6.4.1 (p.152) in [81]
proves the uniqueness in inverse problems for a parabolic inverse problem by the
method in [20]. Khaidarov [92] proves a stability estimate locally in © and also see
Isakov [83]. As monographs, see Choulli [33], section 3, Isakov [86], Chapter 9 as for
accounts for wider classes of inverse problems for parabolic equations. Imanuvilov
and Yamamoto [74] establishes the Lipschitz stability in determining f(x) over Q
in the case of I' = 0. The key is the global Carleman estimate (Theorems 4.1 and
4.2) and see the proof of Theorem 6.2 as a simplified argument in [74]. Yamamoto
and Zou [135] proves the Lipschitz stability in determining c(x), x € Q and for it,
the assumption u(z,ty) > 0 for z € Q is essential. This condition is very restrictive

and there are two disadvantages in the results by Carleman estimates:

(1) Some positivity at ¢y is indispensable.

(2) We can not choose ty = 0.

We can not choose ty = 0, because as is pointed in section 6, for the application
of a Carleman estimate, the weight function must gain the maximum at ¢ty when
spatial data u(-,tg) are given and so if we take ¢ty = 0, then the solution u must be
continued over ¢ = 0 but the parabolic equation is not reversible in time and the
continuation is impossible in general.

The condition that ¢ty > 0 means that we have to guarantee the positivity con-
dition at an intermediate time ¢y of the heat process. In the case of determination

of ¢(z), by positive Dirichlet boundary values, the maximum principle guarantees
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that u(-,tp) > 0 on Q.
In Yuan and Yamamoto [136], the determination of multiple coefficients a;;(x),
1 <i,j<n,zecQis discussed. Since we have to determine % functions a;;,
we need data by repeating observations suitably and keep some independency or
non-degeneracy of repeated u(-,ty) at tg > 0. The values of u at ty can not be
chosen directly, so that in [136], we add ¢-times control function h;(x,t) supported

inwx(0,T),i=1,..,¢

Lu:hi, Z.:L...,K,

in order that the corresponding solutions wu; satisfy the desired non-degeneracy
condition. The non-degeneracy conditon is achieved in view of the approximate

2
W—times suitable controls and

controllability. The Lipschitz stability requires
the corresponding observation data, and with special choice we can reduce the
number of the observations to @

As for the inverse problems of determining coefficients in parabolic systems with
data of limited numbers of components, we refer to Benabdallah, Cristofol, Gaitan

and Yamamoto [12], Cristofol, Gaitan and Ramoul [38], Cristofol, Gaitan, Ramoul

and Yamamoto [39]. The key Carleman estimates are Theorems 7.8 and 7.9.
Choulli, Imanuvilov and Yamamoto [34], Imanuvilov and Yamamoto [75] dis-

cuss inverse problems of determining source terms in the linearized Navier-Stokes

equations on the basis of Theorem 7.6.

As for works concerning the determination of nonlinearity in a parabolic equation
by Carleman estimates, see Boulakia, Grandmont and Osses [18], Egger, Engl and
Klibanov [42], Kaltenbacher and Klibanov [90], Klibanov [94], [96], Klibanov and

Timonov [100], Chapter 4. O
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As for the inverse problems for parabolic equations with discontinuous coeffi-
cients of the principal term, see Bellassoued and Yamamoto [11], Benabdallah,
Dermenjian and Le Rousseau [15], Benabdallah, Gaitan and Le Rousseau [16],
Poisson [120].

Finally we mention a method for the numerical reconstruction of a coefficient
by changing the coefficient inverse problem to the unique continuation for partial
differential equation (6.37) with integral terms. We refer to Beilina and Klibanov

(9], [10].

§9. Carleman estimates with z-independent weight functions.

In addition to a ”space-like” Carleman estimate considered so far, one can con-
sider a ”time-like” Carleman estimate. Such a Carleman estimate is discussed in
section 2 of Chapter IV of [107] and Lees and Protter [109] with different form of the
weight function (a —t)~2% with some a € R and applied to a backward parabolic
problem. In this section, we will prove Carelman estimates with z-independent
weight functions, and apply them to prove the conditional stability for a backward
parabolic problem in time and an inverse problem of determining a source term.

We consider the parabolic operator whose ellitpic part is the divergence form:

n

Lu(z,t) = Oyul(x,t) — > 0i(aij(z, 1)) = f(,1).

7,7=1

In this section, in place of (1.1) we assume
(9.1) aij € CH([0,T); L>(Q)), aij =aj, 1<i,j<n
and we keep the assumption (1.2).

Remark. By the density argument (e.g., Corollary 2.1 in Imanuvilov and Ya-
mamoto [79], all the following arguments work if a;; are Lipschitz continuous in

t €[0,T] to L>®(9).
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§9.1. Carleman estimate and an application to a parabolic equation

backward in time.

First we use a simple weight function: we set

o(t) = e

where A > 0 is fixed suitably. We note that 0;p = Aep.

Remark. As a method with a similar spirit, we can refer to the weight energy
method. On the weight energy method, there are many papers and see monographs
Ames and Straughan [4], Bloom [17], Lees and Protter [109], Payne [118], and the
references therein. Except for Murray and Protter [117] for equations of hyperbolic
types, all the papers use just ¢t as weight function, and do not use the second large

st

parameter. In Murray and Protter [117], the weight function e’*" is used to prove

properties for the asymptotic behaviour.

The serious diffference is only with the introduction of the second large parameter
A > 0. Such a second large parameter is very flexible and gains a lot of possibility
for better estimates. Also in this section, we see that the weight function e
gives estimate of Carleman type but the simple weight ¢ or another choice without
the second large parameter can not produce such estimates. As is shown in this
section, our Carleman estimate yields conditional stability estimates by a usual
cut-off argument (see e.g., Hérmander [65]) for parabolic equations backward in
time whose elliptic part is not symmetric and the coefficients are also dependent

on t.

Set

v=-e*%u, Pv=e*?Lie *fv)=e*?f.
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Assume that

(9-2) ulaax 0,1y = 0.

Then 5?9 (e™*¢v) = Qyv—sApv, €52 Y " . 0i(a;;0;(ve™5¢)) =S 7" . 9i(ai;0v),

ij=1 ij=1

and

(9.3) Py =e**L(e *v) = 0w — | sApv + Z 0;(ai;0v) | = e’?f.

27.7:1

We have

Hes@fH%z(Q)

:/ lﬁtv|2dxdt+2/(3tv) —SA\pv — Z 0;(a;;0;v) | dzdt
Q Q ij=1
2
+/ sApv + Z 0i(a;;05v)| dxdt
Q Q=1

n

2/ lﬁtv\zdxdt—i—?/ o | — Z 0;(a;;0;v) | dzdt
Q Q

1,j=1

—|—2/ (Opv)(—sAp)vdxdt
Q

(9.4) E/ 0w |*dxdt + I + Is.
Q
Thus
(9.5) / fre*Pdxdt > I + I
Q
and
(9.6) / |0;v|*dxdt g/ fre*Pdxdt + |I) + I).
Q Q

Henceforth C; > 0 denotes generic constants which are independent of s, \. We

assume that s > 1 and A > 1. By noting a;; = a;;, the assumption (9.2) and
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integration by parts yield

|| = —2/ (Opv) Z 0i(aij0;v)dxdt| = / Z (0:0:v)a;;0;vdzdt
Q

1,5=1 1,j=1

= / Za” ((0v)0;0pv + (0;v)0;0pv)dxdt + 22/ a;;(0;v)0;Opvdxdt
Q

1>7]

= /Zaw&g ((Oiv)(0;v)) dmdt+/2a“&g ((9v)?)dxdt

z>j

= Z a;;0¢((0;v)05v)dxdt
Q=1

n

== [ > (0eaiy)(@)0jvdrdt + > [ai;(0)(9v)],Zy dz

Q=1 i,j=1

9.7)
301/ |Vv|2dacdt+(]1/(]Vv(x,T)|2—|—|Vv(x,0)|2)dm.
Q Q

On the other hand,

I, = —s)\/ 2(0)vpdxdt = —s)\/ O (v?)pdxdt
Q Q
:s)\/ (8t<,0)712da:dt—s)\/ [govﬂzg dz
Q Q

(9.8) ZS)\2/ ov*dxdt — s)\/(e)‘T|v(ac,T)|2 + |v(z, 0)|*)d.
Q 9)
Hence

||es“0f||2L2(Q) > s)\z/ gpde:L'dt—Cl/ |Vo|2dzdt
Q Q
(9.9)
—s)\/ (e’\T|v(a:,T)\2 + |v(z, 0)\2)(1:)3 -] / (|Vv(x,T)\2 + \Vv(x,())F)da:.
Q2 Q

We have to estimate fQ |Vo|?dxdt. For it, we argue similarly to step (3) in

section 3, and we consider [, (Pv)vdzdt:

/Q(Pv)vdxdt:/Q(atv)vdxdt—/Qs)\gov2dxdt / Z v0;(a;;0;5v)dxdt

zyl

=J; + Jo + Js.
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We have
1
|J1| = ‘/ (atv)vda:dt‘ = ‘5/ 8t(02)da:dt‘
Q
1 t=T 1 2 2
=I5 [ .0P1=E de| < o [ (0@ TP + otz 0))da.
Q Q
Next
|Jo| = ‘—/ S/\g0v2d.fdt‘ < 02/ s pv?dadt
Q Q
and
Z / 0;(ai;j0v)vdxrdt = Z / a;;(0;v)0;vdxdt
2,7=1 2,7=1
(9.10)

201/ |Vo|*dzdt
Q
by (1.2). Hence

/A(Pv)vdmdtZal/ )\|VU|2dmdt—C’2/ sA\2pv2drdt
Q Q Q

(9.11) —%)\/Q(|v(ac,T)|2 + |v(z, 0)|?)d.

On the other hand,

)\2
A(Po, v>L2<Q>|<||Pv||L2<Q><A||v||L2(Q>> SIPulag) + 5 oy

Les
S 1Ie aigy + % Tl

Hence (9.11) yields

01/ AN Vo|2dzdt < C’g/ sA2pvidzdt
Q Q

1 A2 1
—l——/ |fe‘9“”\2da:dt+—/ vzda:dt+—)\/(]v(x,T)|2+|v(a:,0)\2)da:.
2 /o 2 Jo 2" Jq
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Estimating the first term on the right-hand side by (9.9), we obtain

01/ A\ Vo|2dzdt
Q
S(Jg/ \few|2dmdt+03/ |Vv|2da:dt+03/ A202dxdt
Q Q Q
+OA(v(, DIZ2q) + [10(0)I72(0)) + Ca(IVo (-, T)[Z2q) + IVU(-, 0)172(0)

(9.12)
+C03sA (e [o(, T) 20y + [0, 0)[[F2(0))-

Adding (9.12) and (9.9), we have

/s)\2gm)2dxdt+01/ N Vo|?dzdt

Q Q

<Cy / |fe*? Pdadt + Cy / [Vu|*dxdt + Cy / A2v?dxdt
Q Q Q

+Ca(|Vo(, T) 22 () + V(- 0)l[72(0)) + CasA(€ o, T[22 () + 00 0) 1 22(q))-

By noting ¢ = e > At, we take s > 0 and A > 0 large to absorb the second and

the third terms on the right-hand side into the left-hand side, and we obtain

/S)\QQOUQdIL'dt-i-/ )\|Vfu|2d:vdt§05/ | fes?|2dxdt
Q Q Q

(9.13) +C5e“ N2 ([|u(-, 0) 131 ) + lu(- D)3 @))-
Hence

/ (sA2pu? + M| Vu|?)e**¢drdt < 05/ | fe*¢ | dadt
Q Q

(9.14) +C5e“ N (|[u(-, 0) |31 0y + lu, T) 7 (o)-

for all large s > 0 and A > 0.
Next we will estimate |9;v|%. Since u = e~%%¥v, we have dyu = —s\pe *¢v +
e %¥0v, we have

1 2
—|Opul?e?5? < 25\ %pv? + — |02
Sp S¢
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For all large s > 0 and A > 0, we have

1 2
/—\8tu]26259"dxdt§/23>\2g0v2dxdt+/ —|0yv|*dzxdt
Q 5%¥ Q Q 5%¥
SC/ s)\2g0v2d:ﬁdt+0/ |00 |*dxdt
Q Q
<C / s\2pvidxdt 4+ C / f2e**¢dxdt + C|I, + I|
Q Q

by (9.6). By (9.7), (9.8) and (9.14), we have

1
/ —|3tu|2625‘pd:cdt§C’/ s)\2g0v2dxdt+0/ f262wdxdt+c/ |Vo|*dzdt
Q S¥ Q Q Q
+C€C(>\)S(HU(UO)H§11(Q) + luC T )

SC/ fre?®dwdt + Ce“M (Jlu-, 0)[[F () + lul Tl 7 q))-
Q

Moreover, in place of (9.2), we can consider other boundary condition:

(9.15) ﬂﬂo(ac)uzo, redN,0<t<T
Oova

where p € C(092) and p > 0 on 9. In the above arguments, only in (9.7) and

(9.10), we need to modify: That is,

n

Il = —2/ (8{0) Z ai(aijé?jv)dxdt
Q
Z (@&v)aij@jv - 2/ Z aij(ajv)m(@tv)det
. 8QX(O,T) i,7=1

ij=1
—9 /
Q
ov

:2/ aij(ﬁi&gv)@jvd.rdt—Q/ — (Opv)dSdt.
Q 3]

Qx(0,T) vy

ij=1

By (9.15), we obtain

— 2/ ﬁ(6?,51))al5dt = 2/ pv(Opv)dSdt
0% (0,T) OVA 0% (0,T)

- / POy (v2)dSdt = — / [pv?],—, dSdt.
0% (0,T) 1]9) -

Thus also in the case (9.15), we have

n-z
Q

Z (0;0pv)a;;0;vdxdt — / [pvﬂzg dSdt

ij=1 o9
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and by the trace theorem: ||u(|z2(90) < C||u g1 (q), we can obtain the same estimate
11 < C | [9ofPdadt + Ot 00 oy + 1T )

On the other hand, for J3 in (9.10), by (9.15) we have

J3: Z / aij(&;v)(ajv)dx—/ ﬁvdet
Q 9

i,j=1 ax(0,1) IVa

= Z / CLij(&iU)(@j'U)dx‘f_/ pv?dSdt
Q o0 x(0,T)

1,7=1

201/ ]Vv|2d33dt
Q

by p > 0.

Finally we apply an a priori estimate for the boundary value problem for

= > Oilaioju(-,t)) = f(-,t) — dwu(-,t) inQ

1,7=1

for t € [0,T], we prove the following:
Theorem 9.1. We set
o(t) = .

Then there exists A\g > 0 such that for any arbitrary A\ > Ay we can choose a

constant so(A) > 0 satisfying: there exists a constant C' = C(sg, A\g) > 0 such that

1 n
/{% |Oul® + Z 10;0;ul? +>\|Vu|2+s)\290u2}e2s“0dxdt
Q

1,j=1

SC’/ | Lu|?e**? dxdt
Q

+Ce“N(Jlu(-, 01710y + lul T) 7 ()
for all s > 5o and all w € H*1(Q) satisfying

(9.16) u=0 on 9Q x (0,7T)



98 M. YAMAMOTO

or

(9.17) Ou +p(z)u =0 on 9 x (0,T)
8144

with p € C(92) and p > 0 on ON.

Next we apply Theorem 9.1 to the backward parabolic problem and establish
a conditional stability estimate. Let a;; € C1(Q), 1 < 4,5 < n, satisfy (1.1) and

(1.2), b;,c € L*°(Q). We consider

(Lu)(x,t) = Opu(x,t) — Z a;;j(x,t)0;05u(x, t)
i,j=1
(9.18) - Z bi(z,t)0u(x,t) — c(z,)u =0, (2,t) € Q
with (9.16) or (9.17).

Parabolic equation backward in time. Ler 0 < ty < T. Determine u(x,tg),
x € Q from u(z,T), x € Q.

This is a determination problem of the history of a heat process, by means of
values at a final time 7', and there are definitely many applications in the math-
ematical physics (e.g., Ames and Straughan [4], Payne [118]). Moreover there are
numerical treatments (e.g., Baumeister [8], Eldén [44], Ewing [50], Lattés and Lions
[106]). In Escauriaza, Seregin and Sverdk [47], [48], a sharp backward uniqueness
result is proved: Let |0iu + Au| < C(|Vu| + |u]) in {|z] > R} x (0,T) and let
lu(z, )] < CeCl#* . If u(x,0) = 0, |z| > R, then u =0 in {|z| > R} x (0, 7).

As is well known, the backward parabolic equation is ill-posed: small errors in
data may cause huge deviations in solutions u(-,ty). However, if we assume an a
priori bound for u(-,0), then we can restore the stability. The conditional stability

can be formulated as follows. Let ¢ty € [0,7) and let us set

Uni,c = {a € Hy(9); lallgg @) < M}
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with M > 0 and ¢ > 0. Then by the conditional stability we mean: can we choose
a function w € C[0,00) such that w > 0, w is strictly monotone increasing and

lim,, ;o w(n) = 0 satisfying

[u(-sto)llL2) < w(llul, T)|lL2 o)

provided that u(-,0) € Uns,¢?

There are several methods yielding the conditional stability in cases of
(i) to > 0 and ¢ = 0.
(ii) to =0 and ¢ > 0.

In case (i), it is known that

Sl

) in case (i)

w(n) =0 (77

(e.g., Lavrent’ev, Romanov and Shishat-skii [107]). In particular, in Theorem 1

(p.99) in [107], it is proved that

[ull 2 (b, 7522(2) < Cllul, T)||Z2 (0
with 6 € (0,1), under an a priori boundedness condition on u(-,0) in Ups1. On the

other hand, in case (ii),

1
log %

0
w(n) =0 < > with 6 € (0,1)

(e.g., Exercise 3.1.2 (p.44) in Isakov [86] for ( = 2 and Theorems 3 and 4 in Klibanov
[97] for ¢ =1).
Among the methods for the conditional stability for the backward parabolic

equation, we shall firstly refer to the logarithmic convexity and see Agmon and

Nirenberg [2], Ames and Straughan [4], Carasso [28], [29] and Colton [35], Chapter
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7, Payne [118] and the references therein. See also pp.44-49 in Isakov [86] as for an
argument for the stability in the backward problem which was shown in Agmon and
Nirenberg [2], but that method does not work for a parabolic inequality |Lu| < |f|
in (). Our method on the basis of the Carleman estimate is more effective than the
logarithmic convexity: for example, we can treat also semilinear equations directly.

Secondly we refer to the method by the t-analyticity by Krein and Prozorovskaya
[103]. Hence the method requires the t-analyticity of solution u(-,t) which implies
that we have to assume that the coefficients a;;, b; and c are t-analytic.

Third we can refer to a weighted energy method or a method by a Carleman
estimate and see Ames and Straughan [4], Klibanov [97], Lavrent’ev, Romanov and
Shishat-skii [107], Lees and Protter [109], Murray and Protter [117], Payne [118],
for example.

Now we apply Theorem 9.1 to establish a conditional stability estimate for

|u(-,t0)||£2(q) in the case of ¢ = 0 and to > 0.

Theorem 9.2. Letu € H>Y(Q) satisfy (9.18). For anyty € (0,T), there exist con-
stants 0 € (0,1) and C' > 0 depending on to, maxi<; j<n |ai; || 01 (g), maxi<i<n [|billL=(q),

el o (@), T and 2 such that

(9.19) (s to)ll 2@y < Cllull (g lul, D)5 o)-

Thanks to the large parameters s, A in Theorem 9.1, we can argue similarly also
for a semilinear parabolic equation Lu = F(u, Vu,x,t) with suitable F' and an a

priori boundedness assumption.

Remark. As is seen from the proof, we can clarify the dependency of 6 on ¢y (see
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(9.25)), and after integrating (9.19) with respect to ¢y from 0 to 7', we can see:

=

1
0200 Jullroro. §c<1+uu<~,o>um>(log )
(Qx(0,T)) () HU(‘,T)HHl(Q)

In particular, (9.20) implies

1
2

1
lull L2 (2x (0,1)) = O <log )
(2x(0,T)) HU(',T)HHl(Q)

as ||u(-, T)|| g1 (o) — 0, provided that [lu(-,0)||z2q) < M.
By suitable regularity of a;;, b;, c, we apply the a priori estimate for the initial
value/boundary value problem (e.g., Friedman [56], Ladyzenskaja, Solonnikov and

Ural’ceva [104], Pazy [119]), we can have

ullzz(q) < Cllu(,0)ll2(),  [ul D)llaz@) < Cllul:,0)||L2)-

Hence thanks to the interpolation inequality:

s Tl oy < Cllel, T syl T 2y
we can improve (9.19) as follows: for any p € (0,2), there exists a constant C,, > 0
such that

2—p) 0(2—p)

1-«
(9.21) e to) Loy < Cullu 0) [y Il Dl oy -

Remark. Our result proves the backward uniqueness if a;; : [0,7] — L>(),
1 <i,7 < n, are Lipschitz continuous on t € [0,7]. This regularity in ¢ is the
best possible because in Miller [115], there is a counter-example constructed for
the non-uniqueness in a backward problem for a parabolic equation with Holder

continuous coefficient in t.
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Proof. In Theorem 9.1, we fix A and we choose t1,ts such that 0 < ty < t1 < tg.
We set 6 = eMr, k = 0,1,2. Since Theorem 9.1 requires u(-,0) as data on the
right-hand side, we need a cut-off function, which is a quite common technique.

Let x € C*°(R) such that 0 < x <1 and

(9.22) x(t)

1, t> 11,
0, t < to.

Setting w = xu, we have w(-,0) = 0 and Lw = x'(t)u in Q, and w = 0 or

ow
ova

+pw =0 on 9N x (0,T). Applying Theorem 9.1 and we obtain

1 n
/- w2+ 3 300 | + Vol + slef? b e dzdt
S

t,j=1

Q
<c /Q X ()2 a2 dadt + CeC® (-, T) 21 o
for all large s > 0. By (9.22), we see that

t1
/ I ()2 |u|?e**?dxdt < C’/ / lul2e?*Pdxdt < Ce?s% HUH%z(Q),
Q ty JQ

so that

T 1
2% / / (—\&u!z + s|u\2) dxdt
to JQ \S
r 1
SC’/ / (—|8tw|2 + s|w|2) P dxdt
o Jao \s

<O |u[Z2(q) + Ce*|lul, T)F o

for all s > sg. Consequently

r 1
/ / <—|8tu|2 + s|u|2) dvdt
to JOQ \S

(9.23) <Ce (0 =0) [ullZ2(q) + Ce®llul-, T) 3@



PARABOLIC CARLEMAN ESTIMATE 103

for all s > sg. Therefore we have

/Q|u(x,t0)|2dx
:_/:at </ﬂ |u(:r;,t)]2d:n) dt+/g|u(m,T)]2dx

T
- / / (e, 1) |0y, Bldadt + [u(- T2,
to

Hence (9.23) and the Cauchy-Schwarz inequality yield

T
1
[u(- to)172(q) < —|0wul® + slul® | dadt + |lu(-, T) |72
@= [ |3 ()
0
(9.24)
§C€_28(5°_61)HU|@2(Q) + Ce*lul-, T)|1 3 g

for all s > so9. Replacing C by Ce®*°, we have (9.24) for all s > 0. Choosing s > 0

minimizing the right-hand side of (9.24), we obtain

_2(050g=81)

(9.25) s o)y < Clull TS e, T ey 0.

Thus the proof of (9.19) is completed.

§9.2. Carleman estimate for a forward problem in time and an applica-
tion to an inverse source problem.
For simplicity, we assume that a;;, 1 < 7,5 < n are t-independent. In the

argument in proving Theorem 9.1, we choose

p(t) = e

with A > 0. Then we can similarly prove

Theorem 9.3. We set

o(t) = e M.
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Then there exists A\g > 0 such that for any arbitrary A > Ao we can choose a

constant so(X) > 0 satisfying: there exists a constant C = C(sg, A\g) > 0 such that

1 n
/ {% |Orul® + Z 10;0;u* | + A\ Vul|* + s)\zapuz}e%“”dxdt
Q

i,j=1

SC/ | Lu|?e**?dxdt
Q

+CCOS(u(,0) ey + [Tl Ol x) + € [ > dSdt

ou
sA(ul + 10w | 1
a0 x(0,T) VA

for all s > 5o and all w € H*1(Q) satisfying

u(+,T)=0 in €.

This Carleman estimate can yield a conditional stability estimate or u(-,t) with
t > 0 which is a solution to the initial value/ boundary value problem, but of
course, such an application of Theorem 9.3 is not interesting because other classical
methods for the well-posed forward problem produce better and well-known results.
Our interest here is the application of Theorem 9.3 to an inverse problem. For
convenience, we conside a simple case but the treatment for a general L is similar.
Let z = (z1,2') € R® and 2/ = (29,...,2,) € R"1, Q= (0,¢/) x D', D' c R*~!

be a bounded domain with smooth boundary 9D’. We consider

(9.26) Ou(z,t) = Au(z,t) + f(a',t)R(x,t), z€Q, t>0
(9.27) u(x,0) =0, x €
(9.28) @( t)=0 €N, t>0

: 5, (&1 =0, « : .
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Inverse heat source problem. Let R be given and let ¢y > 0. Determine f(2/,¢),
' e D', 0 <t <tgby ulanx(o,t)-

Although we can discuss the conditional stability, we consider only the unique-

ness:

Theorem 9.4. We assume that u,dyu € H*1(Q) and
(9.29) Re C*Q), |R(z,t)]#0, 2e€Q,0<t<tg.

If ulpax(0,t0) = 0, then f(2',t) =0, 2" € D', 0 <t < ty.

Proof. For arbitrary small € > 0, we choose t1,ts such that 0 < tg—ec <t; <ty <
to. We set 0y, = e+ k =0,1,2. Let y € C°°(R) be a cut-off function such that

0<x<1and

1, t<ty,
0, t >ty

(9.30) () = {

Setting u = Rw on  x [0, ts], we have

2
8tw—Aw+%w—¥-Vw
A
(9.31) —?Rw:f(:c',t), xeN, 0<t<ty,
and
ow
W90 x(0,t0) = %be(O,to) = 0.

Differentiating the both sides of (9.31) with respect to 1 and setting y = dyw, we

obtain
( OR 2VR AR
Oy — Ay + YT R -Vy—?y
O R 2VR AR
+61<%)w—61(7)-Vw—31(?)w:0, x€Q70<t<t0’
[ yloax(o,t0) =0
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Setting v = yy, we have

A
8tU—Av+at—;v—¥~Vv—?Rv
O:R 2VR
=x'(t)y — 01 (t?) xw + 01 (T) -xVw
A
(9.32) +01 (?R) xw, € 0<t<ty
(9.33) v]a0x (0,t0) = 0-

By y = Ohw, and u(0,2',t) =0, 2’ € D', 0 < t < tg, by the assumption, we see that

1
(9.34) w(a:l,a:’,t):/ y(n, 2’ t)dn.
0

Hence (9.32) implies

R 2VR AR
8tU—A'U+?'U—T'V’U—?U

T 2 T1
:X/y - 81 (at_R> / v(nu xla t)dn + a1 (E) : / vv(nv 'Tlu t>d77
R 0 R 0

A 1
+0h <—R) / v(n,2',t)dn, T e€Q,0<t<tg
0

(9.35)

R
(9.36) v(z,tg) = v(z,0) =0, x € Q.
Apply Theorem 9.3 to (9.35), in terms of (9.33) and (9.36), we obtain

to
/ /()\|Vv]2 + s\%p|v|?)e?*Pdxdt
o Jao

to to
§C/ /|X'y]2623"’da:dt+0/ /
o Jo o Jo
)
to 2
we [
o Jo

2
2% dadt

x1
/ v(n,a’,t)dn
0

(9.37

2% dxdt.

/ Vo(n, ', t)dn
0

Since

2 VA
<t / Viu(n, o, 8)|2dn
0

/ Viv(n, 2, t)dn
0
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for j = 0,1, we have

to 1
/ / / VZv(n, 2’ t)dn
o JalJo
¢ to ¢
SE/ dacl/ / (/ |Vjv(n,x',t)|2d77> 259 M) do! dt
0 0 +\Jo

to '
</? / / IV7u(n, 2, t)|?e25*® dndz’ dt.
o Jo

2
e25¢ () dadt

Hence, taking s > 0 and A > 0 large, we can absorb the second and the third terms

on the right-hand side of (9.37) into the left-hand side:

to to
(9.38) / /Q()\\Vvlz + s\%pv|?)e?*Pdzdt < C/ /Q IX'y|?e*$Pdxdt.
0 0

for all large s > 0 and A > 0. We fix A > 0. By (9.30), we see that

to
/ / IX'y|2e25Pdxdt < 5% / ly|?dzdt < C M2,
0 JQ Q

where we set M = ||01ul|12(q). Hence with (9.38), we obtain

to—e to—e
62856/ /(|Vv\2—i—s|v]2)dscdt§/ /(|W|2+syv\2)emdxdt
0 Q 0 Q

to
S/ /(|Vv|2 + slv|?)e**dxdt < CM?e?5%
0o Jo

—)\(to—E) .

for all large s > 0, where we set 6. = e Consequently

0] £2(0,t0—e; 11 (Q)) < CM?e=2500:=0)

for all large s > 0. Since 6. — 6; = e Mto=8) _ =M1 5 (0 by t; — e < ty, letting
s — 00, we obtain v = 0 in Q x (0,tp — €). Equation (9.34) implies w = 0 in
Q x (0,tp — €), with which (9.31) means f = 0 in D’ x (0,ty — &). Since € > 0 is

arbitrary, the proof of the theorem is completed.
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Remark. For the proof, the original argument in Bukhgeim and Klibanov [20]
works but the argument in section 6.2 is not applicable.

We conclude this section with strongly coupled parabolic systems: We assume
that aff € CY(Q), 1 < i,j < n, 1 < k,£ < N satisfy (7.19) - (7.21) and that

WM € 12(Q)

Then we consider a strongly coupled parabolic system whose principal parts are

different:
N n
[Lu](z,t) = dyuy(z, t) Z (2,)0juk(x,1))
N n N
—ZZbetaukxt Z (z,ug(x,t) = f(x,t),
k=1 1i=1 k=1
(9.39)

(z,t) €Q,1<L<N.

Since the strong coupling occurs only for z and for the Carleman estimates dis-
cussed in this section, the weight functions are independent of x, we can follow the
arguments for Theorems 9.1 and 9.3, so that we can prove Carleman estimates for

the strongly coupled system (9.39).
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