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CALCULUS OF PRINCIPAL SERIES WHITTAKER FUNCTIONS ON
SL(n,R)

TAKU ISHIT AND TAKAYUKI ODA

ABSTRACT. We study Whittaker functions for the principal series representation of
SL(n,R). We derive a system of partial differential equations characterizing our Whit-
taker functions. We give explicitly power series solutions at the regular singularity of the
system, and integral representations of unique moderate growth Whittaker function.

INTRODUCTION

In this paper we explicitly determine the radial parts of Whittaker functions for the
principal series representations of SL(n,R), by extending our previous works for n = 3,

4 (MIO], [HnIO)).

According to the celebrated result of Shalika [Shal, Fourier expansions (along a maximal
parabolic subgroup) of cusp forms on GL(n) can be described in terms of Whittaker
functions. Therefore precise information of local Whittaker functions plays important
roles in various aspects of automorphic forms on GL(n), for example, analysis of local zeta
integrals. The well-known formula of Shintani [Shi] asserts that the class one Whittaker
functions over non-archimedean fields can be written by using the character of finite
dimensional representations of GL(n,C). Combined with some facts on representation
theory of GL(n,C), one can perform unramified computation for non-archimedean zeta
integrals. This is a first step for a study of automorphic L-functions via Rankin-Selberg
method.

Our interest here is archimedean Whittaker functions. Let G = SL(n,R) and N the
standard maximal unipotent subgroup of G' consisting of upper triangular matrices. We
fix a nondegenerate unitary character n of N and consider the induced representation
C>-Ind$(n), whose representation space is

CX(N\G) = {p € C*(G,C) | p(xg) = n(z)p(g) for all (z,g) € N x G}.

For an irreducible admissible representation 7 of G, a realization of m in Cp°(N\G) is
called a Whittaker model of .

When 7 is the principal series representation 77, (see Definition 2.1), Kostant [Ko, §5]
proved that the dimension of the intertwing space

W(ﬂ-l,w 77) = HOHI( C,K)(ﬂ-l,m CSO(N\G))

is n!, the order of the Weyl group &,,. Here K = SO(n) is a maximal compact subgroup
of G and g = gl(n,R). For a nonzero vector v in 77, and a nonzero intertwiner ® in
W(mr,, 1), we call the function ®(v) the Whittaker function. We will give explicit formula
of ®(v) for the vectors v belonging to minimal K-types of 7y ,,.
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The local multiplicity one theorem of Shalika [Sha] or, more specifically, its variant
by Wallach [Wa, §8] says the dimension of the space of moderate growth Whittaker
functions is at most one. We refer to the unique moderate growth Whittaker functions
as primary Whittaker functions. Jacquet [Jal] introduced an integral expression of the
primary Whittaker function:

/N )y (n)dn.

By means of the Jacquet integral, Jacquet, Shalika and Piatetski-Shapiro (cf. [Ja2])
developed the archimedean theory of automorphic L-functions on GL(n).

On the other hand, the Jacquet integral is not adequate for direct computation of
archimedean zeta integrals. For that purpose, more explicit formulas of Whittaker func-
tions on GL(n,R) have been developed by Vinogradov, Tahtajan [VT], Bump [Bu] (n = 3)
and Stade [St1], [St2] for the class one principal series mp,. Starting from the Jacquet
integral, Stade [St1] reaches a recursive formula between the primary Whittaker functions
on GL(n,R) and GL(n — 2,R). We call such recursive formulas propagation formulas.
Based on the result of [St2], Stade and Ishii [IS] obtain a propagation formula between
GL(n,R) and GL(n —1,R) (Theorem 4.5).

Let us recall the simplest case G = SL(2,R). The radial part of the primary Whittaker
functions for the class one principal series is essentially the K-Bessel function K,(y). Up
to elementary factors, K, (2my) has integral representations

(K) /000 exp{—my(t +t ")}’ 'dt,

(J) y,,/ (z® + y*) "2 exp(2miz)de,

o

o 55 [R5 s

—100

The first expression (K) is the definition and, the second one (J) is the Jacquet integral.
The expressions (K) and (B) are easily transformed each other, and they are suitable for
computation of some archimedean zeta integrals. Actually by utilizing formulas in [St1]
and [St2], Stade [St2], [St3] proves the coincidence of the appropriate archimedean L-
factors and the archimedean zeta integrals for the convolution L-functions on GL(n) x
GL(n) and GL(n) x GL(n + 1), and the exterior square L-function on GL(n). For the
exterior square L-functions on GL(n), Miller and Schmid [MS] gives a new approach for
archimedean theory via automorphic distributions.

We mention a work of Hashizume [Ha|. Keep 7 being the class one principal series 7 ,,.
Let v be a spherical vector in 7. The Whittaker function w = ®(v) (& € W(my,,n)) is
characterized by the properties

(i) w(zgk) = n(x)w(g) for all (x,9,k) € N x G x K,

(il) Zw = x,(Z)w for all Z € Z(gc).
Here Z(gc) is the center of universal enveloping algebra of gc, and x, the infinitesimal
character of my,,. In view of the Iwasawa decomposition G = NAK and the condition (i),
w is determined by its (A-)radial part, and can be regarded as a function on (R;)"'.
Then the second condition leads to a system of partial differential equations of (n — 1)
variables. In a similar way to Harish-Chanda’s study for spherical functions, Hashizume
gives a way of construction of the power series solution at the regular singularities of the
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system of partial differential equations. We call this basis functions secondary Whittaker
functions, and they mutually transformed by the Weyl group &,,. The important fact
is that Whittaker functions are essentially controlled by the Casimir operator. This is
a consequence of right K-invariance of Whittaker functions. Hashizume also gives a
factorization formula, that is, a decomposition of the primary Whittaker function (=the
Jacquet integral) as a linear combination of the secondary Whittaker functions.

The aim of this paper is to study the non class one principal series Whittaker functions
and establish explicit formulas of types (K) and (B). For some properties of Jacquet
integrals such as analytic continuations and asymptotic behaviors, see [GW] and [Cal,
for example. In the case of SL(2,R), our Whittaker functions are nothing but classical
Whittaker’s functions. But for higher rank cases, they take values in a representation
space of K. To handle these vector-valued Whittaker functions, we need more precise
description of the principal series. As far as we know, explicit formulas have established
in the case of SL(3,R) ([MIO]), SL(4,R) ([HnlO)), Sp(2,R) ([12]), and GL(3, C) ([HO]J).

Let us explain our strategy toward explicit formulas of Whittaker functions.

Step 1. Determine the (gc, K)-module structure of the principal series representation
around its minimal K-types, and give the system of partial differential equations for the
principal series Whittaker functions (Theorem 3.3). To characterize Whittaker functions,
in addition to generators of Z(gc) (Capelli elements), we need first-ordered differential op-
erators called Dirac-Schmid operators. Historically speaking this kind variants of the Dirac
operators were used in the papers of Schmid, Okamoto-Narasimhan, Hotta-Parthasarathy
from late 60’s to early 70’s in the construction of discrete series. See Sections 2 and 3.

Step 2. Construct a propagation formula for the secondary Whittaker functions. The
difficult part is to find a right answer, though the dirty remains of this procedure are
under the carpet. Once we can arrive at a desired formula, our task is only to check the
compatibility with the Dirac-Schmid and the Casimir equations established in step 1. See
Sections 5 and 8.

Step 3. Find a working hypothesis for explicit formulas of the primary Whittaker func-
tions. A point is an analogy of propagation formulas for the secondary Whittaker functions
established in step 2 and Mellin-Barnes integral representations of the primary Whittaker
functions. We prove the conjectured formulas by utilizing factorization formulas recur-
sively.

Our explicit formulas given in steps 2 and 3 are propagation formula with respect to
n, and helicity h = (1) which represents the complexity of principal series. Our main
results (Theorems 8.7, 9.1 and 9.2) are natural extension of the class one case, though the
statements and their proofs look like quite complicated at the first sight. At now we can
not avoid these long calculation for the non class one principal series. To lighten readers’
burden, we first explain our inductive argument in the case of helicity 1 in Sections 5 and
6. We note that our proof does not rely on Jacquet integrals and thus it gives a new proof
for the propagation formulas of [IS].

Acknowledgment: We thank Tatsuo Hina who is coauthor of our previous work [HnlO]

for SL(4,R)-Whittaker functions.
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1. PRELIMINARIES

For a Lie group G with the Lie algebra g and a maximal compact subgroup K, the
algebraic structure of a quasi-simple representation of G is known by its associated (g, K)-
module structure. This section is devoted to recall some basic results on K-modules and
the generators of the center Z(g) of the universal enveloping algebra U(g) of g.

Throught this paper we denote by G = SL(n,R) and fix a maximal compact subgroup
K = S0O(n). We denote the Lie algebra of a Lie group by the correpsonding german letter:
g =sl(n,R), t =s0(n). Weset p={X €g|'X = X}. We denote by E;; the matrix
unit of size n with 1 at the (7, j)-th entry and 0 at the other entries. For 1 <i,j <n we
put

B 1B, i
Kij = Ey — By, Xij = s lz#j

2E; — (2/n)E, ifi=],
where E,, is the unit matrix of size n. Then &€ = @1§i<j§n RK;; and p = @19‘9’@ RX;;.

For our combinatorical arugements we often use a notion of colors.
Definition 1.1. For a pair of positive integers (n,h) with 1 < h < n, a sequence X =
{z1,...,2,} of cardinality h satisfying a condition
1<y <z <---<zp <n

is called a color of type (n,h). Or equivalently, for a strictly monotonous map z : T}, =
{1,2,...,h} = T, = {1,2,...,n}, the image x(7},) = {z(1),...,x(h)} is a color of type
(n,h). We denote by ,Cp, the set of colors of type (n, h).

In this paper we use the same bracket { } for a color and a set, and we sometimes
understand the set T}, as a color of type (n, h).

Notation 1.2. For a pair of positive integers (n,h) with 1 <h < n, let A ={ay,...,an}
be a sequence satisfying 1 < a; < n (not necessary a color). For 1 < k,l,c,d < n we
define sequences Ay . and Ay (c,a) by
Ape=AHa1,...,ap1,¢ 41, ., an}
and
A(kJ),(c,d) = (Ak,c)l,d = {ah ey Q15 Cy g1y - - 5 A1, d,y Qg - ~>ah}-
1.1. The structure of K-modules. We regard R" as a R-vector space consisting of
column vectors on which G and g act on V,, via left multiplications. By restriction we can
consider the action of K and £ on the same space. Let V,, = R"® C and {v, | 1 <a <n}
be the standard basis of V;,. Then the action of K;; on V,, is given by
Kz‘jva = 0jqU; — 5mvj-

Here ¢;; is the Kronecker symbol.

For 1 < h < n, we consider a K-module A"V,,. The standard basis of A"V, is given by

{vai=vy Ao Ny, | A=AHar,...,an} € ,Ch}

with the g-action
h

KZ‘]‘UA = E (5jakvAk,i — (5iak1),4k,].).

k=1



Let pc = {X € M(n,C) | *X = X, tr(X) = 0} be the complexification of p. By the
adjoint action Ad , the space pc becomes a K-module:

(11) Ad (Kij)Xab = 5jaXib — 5ianb + 5jme — 5iija-

We study the tensor product pc ® A"V, and describe a subspace isomorphic to A"V, as
K-module.

Proposition 1.3. For A= {a1,...,ar} (1 <a; <n), we set

:Z Z Xage ® V4, = ZXGWk@UA_}_ZZXakc@UAMEpc®/\hV

k=1 c¢ A\{ar} k=1 c¢ A

Then the set {v'y | A € ,Cy} is the standard basis of K-submodule A"V, in the tensor
product pc @ N'V,.

Proof. Our task is to show

-

(12) (5]'0%’014&1, — 5mkUA/Ak7j>.

k=1

By (1.1), we have

UA—Z Z Ad z] Xakc®UAk +Xakc®K VA . )
k=1 c¢ A\{ar}

LS e X Ko 8X) © 0,
k=1 cgA\{ay}

+ § : § : Xaye ® { VA, — Oica,; + § : (0jar VA1) (o) — 5i@lvf4<k,z>,(c,j>)}

k=1 c¢A\{ax} 1<I<h,l#k
h

Z (5J%X - 5kajC) ® VA,
k=1 c¢gA\{ay}

h
+ Z Z Z Xare ® (0ja,VAu 0,00y — Vit VAgpy (o))

k=1 c%A\{ak} 1<I<h,l#k

i Xml®UA+Xalal®vA“ ifj:alGA,
Zk 1 ka ® VA, + Xjak ® vAk,i) ifj ¢ A

]az®UA+Xazaz®UAzg ifi=a € A,
Zk 1 Jak ® VA, + ka ® UAk,j) if 4 ¢ A.



Then we have

Jak - kajC) ® VA,

+

oy

(1.3)

E E Xage ® ( ]alUA(k,l),(c,i) - 5ial”A(k,l>,<c,j>)
\{

k=1 c¢ A\{ax } 1<I<h,l#k
Zlgkgh,k;ﬁl Xakaz ® VA if i =a and j ¢ A,
+9 - Zlgkgh,k;ﬁl Xapa, ® VA, ifi ¢ Aand j=q,
0 otherwise.

Let us consider the right hand side of (1.2). For i ¢ A\{ax} we can see that

/ —
Va: = Z Z Xare @ VA o) T Z Xie @ va,,

1<I<h,l#k e¢ Ay \a} e Ar i\ {1}

- Z Z Xare @ VA o) T Z Xie @ vy,
1<I<h,l#k c¢ A\{ay,a;} cgA\{ay}

= Z {Xal“k Q@ VA p) 0y T Z Xape ® UA(k,z),a,c)} + Z Xic ® Vay,
1<I<h,l#k cg A\{ar} c¢g A\{ar}

= Z {_Xazak ® VA, T Z Xalc ® VA1), 6,0) } + Z Xic ® VAy,c-
1<I<h,l#£k c¢ A\{a;} cgA\{ax}

Then the right hand side of (1.2) is sum of

Z Z Z Oja Xaze @ VA i) T Z Z Ojay Xic @ VAg,c

1<k<h 1<I<h,l#k c¢ A\{a;} 1<k<h c¢ A\{ax}
- Z Z Z Oiay Xaje @ YAw,G.0) — Z Z Oia Xje @ VA
1<k<h 1<I<h,l#k c¢ A\ {a;} 1<k<h c¢ A\{ay}

and

§ : Jjak akal®vAl,i+ E : 5iakXdWl ®UAL,J"

1<k,I<h 1<k,I<h
Kt kot

We can check that the latter is equal to the third term of (1.3), and thus we get (1.2). O

1.2. Capelli elements. The Capelli elements are known to give generators of the center
Z(gc) of the universal enveloping algebra U(gc) of gc ([HU, §11]). We set El, = E; —
(1/n) Z?Zl E;; and define an element £ = (£;;)1<;j<n of M(n,U(gc)) by

e El.—(n—2i+1)/2 ifi=j
* E; if i £ j.

Then the Capelli element Cy, (2 < k < n) of degree k is defined by the following identity
in a variable x:

Det(z - E,+ &) =a" + Z Cra™™*
k=2



Here Det means the vertical determinant:

DetX = " sen(r) [[zire), X = (@ijr<ij<n:
=1

TE n
2. THE (gc, K)-MODULE STRUCTURE OF THE PRINCIPAL SERIES

In this section we describe the (gc, K)-module structures around the minimal K-types
of the principal series representation of G.

2.1. The principal series representations. We recall the definition of the principal
series representations of G. Let P be a minimal parabolic subgroup of GG consisting of the
upper triangular matrices in G and P = M AN the Langlands decomposition of P with

N ={(nij) € Gl nii =1, ni5 =0 > j)},

A = {diag(a1,...,a,) | a; >0, [}, a; = 1},

M = Zg(A) = {diag(my,...,m,) € A | m; € {£1}}.

We firstly define a character of o; of M parametrized by a color I = {iy,...,i,} of type
(n,h) as
or(m) = Hmi, m = diag(my,...,my,) € M.
il

Obviously for the complement 7€ of I we have o; = ojc. Then we may assume h < [n/2].

Here [z] is the largest integer which does not exceed .
Let a be the Lie algebras of A. For a linear form v € a* ®g C = Homg(a, C), we set

Then v is identified with n-tuple of complex numbers (14, ..., 1,) satisfying the condition

i Vv; = 0.
1=1

Let p be the half-sum of (standard) positive roots of (g, a):

172 ol ,
af = eros?) = H (az> = HaZ-H, a = diag(ay, ..., a,) € A.
i=1

L1 g,
1<i<j<n
Definition 2.1. Under the data above, we call the induced representation
T, = Ind%(o; @ exp(v + p) @ 1y)

the principal series representation of G, and the cardinality h = #([) the helicity of the
principal series 77 ,.

The minimal K-type T, of the principal series 77, of helicity h is A"V, if n # 2h,
and two irreducible representations whose direct sum is A"V, if n = 2h. We describe the
generators of the minimal K-type in the representation space L?(K), where

LK) ={f € L*(K) | f(mk) = o;(m)f(k) form € M,k € K}.
This means to determine explicitly the image of the unique K-homomorphism
L AW, — LA(K)

as functions on K.



Lemma 2.2. Fiz a color I = {iy,... iy} of type (n,h). For a sequence A ={ay,...,an}
(1 < a; <n), we define a function fi on K by

fa(k) = det(ki, o) 1<pq<n:  Jor k = (Kia)i<iazn-

Then under the K-homomorphism v, the standard basis {va | A € ,Ch} is mapped to
{fi| A€, Ch}, that is, L(va) = f4.

Proof. We have to check the compatibility of the action of K;;. It is enough to show

>

d
(2.1) dt o Fa(k exp( tKij)) Z JazfAl 5ialf£l7j(k>)'

=1
Since the (iy, a,)-component of kexp(tK;;) is
+ (8ia, + 0ja, ) ki
the right left hand side of (2.1) is

(1 = ia, — Ojag )k

1p,Qq

cost + (—0ia, kiyj + Oja,ki,i) sint,

ip,Qq

d
% o det (k?ip,aq(l — 5mq - 5jaq) + (_6mqkip,j + 5jaqkip’i)t)1§p,q§h
fjm(k) ifi ¢ A j=a,
= —fjm,(k:) ifi=a;,j¢ A,
0 otherwise.
Then we can get the claim. O

2.2. The eigenvalues of the Capelli elements. Let X, , : Z(gc) — C be the infin-
itesimal character of the principal series. We compute the eigenvalues X, (Cjy) at the
Capelli elements Cy.

Notation 2.3. For z = (21,...,2,) € C" and 0 < k < n, we denote by Si(z) =
Sk(z1,...,2,) the elementary symmetric functions of degree k, which are defined by the
identity in a variable ¢:

Ht+xl ZS )k,

We extend a map ac 2 H — H + p(H) € U(ac) to the homomorphism v : Z(gc) —
U(ac). From the definition of Capelli elements, we have

2"+ 3G+ = A(Det(diag(w + By, .7 + )

="+ > Si(E,. .. E,)a" "

k=2
Since v(E};) = v;, we can get the following.

Lemma 2.4. We have xr,,(Cx) = Sk(v) for 2 <k <n.



2.3. The Dirac-Schmid equations. In Proposition 1.3 we have described the injection
Tmin D U4 F— Uy € Pc @ Tmin. Consider the composite of this injection and a canonical
surjection

Tmin pC ® Tmin — 7T-I,l/(pC)Tmin C L%(K)
Since Tmin occurs with multiplicity one in 7y, |k, this is a scalar multiple of 7, — 77|k
Therefore Proposition 1.3 implies that

Zﬂ'[zz aaK fA+ZZ7TIV ajc fAkC_)‘fA

k=1 c¢ A

with some constant /\. We call this equation Dirac-Schmid equation. Let us determine
the constant A by comparing the values at the identity e in G (cf. [MIO, §3.2]).

Lemma 2.5. We have the Dirac-Schmid equation

Zﬂ'[zz apag fA+ZZ7TIV ajc fAkc (Zyl)fi

k=1 cg A iel
Proof. Since fi(e) =1 (if A=1),0 (if A # I), we have
10 (Xara ) F4(€) = 2(710 (oo, — 7 Enn)) Fa(€)

— 2<yak +n—ay— %i(n - i))ffl(@)

=1

2, —ig)+(n+1) fA=1,
0 if A+,

and, for ¢ # ay,
7T17V(Kcak)f£k,c(e) if a, < ¢,
mro K fh (€)  ifay>c

-1 ifA=1T1anda; <c,
=<1 if A=1 and a; > c,
0 if A#1.

WI,V(Xakc)ffIlkyc (6) = {

Then we get

—QZIJ% )+ h(n+ 1) +ZZ<Z 1)+Zl>

cgé[ k=1 ix<c i>c

_221/% k) + h(n+1 +Z{ )(n —ix —h+ k) + (i, — &)}

as desired. O

3. THE HOLONOMIC SYSTEM FOR WHITTAKER FUNCTIONS

In this section we derive a holonomic system for the radial parts of Whittaker functions.
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3.1. Whittaker models and Whittaker functions. Let us recall the notion of Whit-
taker models. A unitary character n of the maximal unipotent subgroup N of G is written
as

n—1
n(z) = eXp<27T v—1 Zcixwﬂ)’ z = (Tijh<ij<n € N,
=1

with real numbers ¢; (1 < i < n —1). In this paper we assume that the character 7 is
non-degenerate, that is, ¢; #0 for 1 <i <n —1.

The Whittaker model of an irreducible smooth admissible representation 7 of G is a
realization of 7 in the C'*°-induced module

Cr(N\G) ={p: G = C, C7 | p(zg) = n(z)¢(g) for all (z,9) € N x G},
on which G acts by right translation. We put
W(m,n) = Hom ¢ i) (7, CF (N\G)),

and W(m,n)™°d the subspace of W(m,n) consisting of the intertwining operators whose
images are moderate growth functions ([Wa, §8]).

For ® € W(m,n) and a smooth vector v € m, we call the image ®(v) the Whittaker
function (corresponding to v). Especially, for ® € W(m, n)m°d we call ®(v) the primary
Whittaker function. From now on we consider Whittaker functions corresponding to the
vectors belonging to minimal K-types of the principal series.

Definition 3.1. Let ® be a nonzero intertwiner in W(ny,,,n). Under the notation as in
Lemma 2.2, we denote by W, (A € ,Cp,) the Whittaker function corresponding to the
function f1:

Wa=(f3) = ®(t(va)), A E wCh.

Because of the Iwasawa decomposition G = NAK, Whittaker function is determined
by its restriction to the vector subgroup A of G, which we call the radial part of Whittaker
functions.

3.2. The holonomic system for the Whittaker functions. To write differential
equations satisfied by the radial parts of Whittaker functions, we introduce new coor-
dinates y = (y1,...,Yn—1) on A by y; = a;/a;y1. Then we can see that o = y? =
H?:_ll yz(nﬂ)/z. E;; and K;; on

Whittaker functions.

Lemma 3.2. (i) Let 0; be the Euler operator yig—y for each i (1 <i<n-—1). Then
for f € C*(A), we have

By using this coordinates we write the actions of E!

i)

Eif = (=01 +0)f.
Here we understand 0y = 0,, = 0.
(ii) For f € C7°(N\G), we have
0 ifg—1>1,
i) {QW\/—lciyif(y) ifg=1+1.
(iii) For Whittaker function W4 corresponding to f, we have
h

Kz’jWA = Z<5jatWAt,i - 5iatWAt,j)'

t=1

11



Proof. See [MIO, §4.1] for (i) and (ii). The last claim (iii) immediately follows from
Kij(W(fh)) = W((Ki04))- O

Theorem 3.3. Let {Wa(y) = prA(y)}Aench be the radial part of Whittaker function for

7r. Then the set {WA(y)}Aench satisfies the following system of difference-differential
equations.

(i) (Dirac-Schmid equation) If we denote by AF = Ay g,41 then we have
h h
Z(a‘“ — 0gy—1)Wa + Z <27r\/ —1catyatWAt+ + 27/ —1cat_1yat_1WA;> = (Z z/i) Wy.
t=1 t=1 i€l
Here we understand WA} =0ifa;£1=am.
(ii) (Capelli equation) For a variable x, we have

n

Det(z - B, +C) - Wa(y) = [[(@+vi) - Wa(y).
i=1
Here C = (Cij)1<ij<n is a operator matriz where each C;; acts on a set of smooth
functions {Fa(y)}ae,c, on R by

(0 ifj >i+2,
2y —1eyiFa(y) ifj=1i+1,
CijFaly) = q (=0i-1 + 0;) Fa(y) if j =1,
2nv—=1eiyiaFaly) = KicyiFaly)  ifj=i—1,
\_KjiFA(y) Zf] <i—2.
Here K;; (1 <'i,j <n) is a operator defined by
h
’CZ]FA = Z(éjatFAtﬂ' - 5iatFAt7j)-
t=1
Proof. In view of
2E,, .. if ¢ = ay,

Xope = 2Eq,c+ Koo ifag <ec,
2B, + Ko e ifar > c,
we can get the Dirac-Schmid equation from Lemmas 2.5 and 3.2. By expanding the

Det(z - B, + &) with respect to the first row we reach the Capelli equation by indunction
on n. O

To write the Capelli equations more explicitly, let us compute Det(x - E,, 4+ C).

Notation 3.4. For y = (y1,...,Yn—1), 2 = (21,. .., 2,) and k& = (K;;)1<i<j<n, We define a
polynomial A, x(y, z, k) by the identity

T+ 2 Y1
Y1 — K2 T+ 2 Y2 n
det —Ki13 Yo — Koz T+ 23 = Z x”_’“Amk(y, 2, K).
0
—Rin —Ran e Yn—-1 — Rnn-1 T + zn

Here is the explicit formulas of A, 4.
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Lemma 3.5. (i) We have

An,kw?z?m:g‘]{ YOI () CRTCTE]

q=0 t=1

where {ly,...,l,} ranges all the colors of type (n — 1,q) satisfying the condition
liyr =l > 1 foralll1 <t <q—1, and {l}...,1; 5.} is the complement of {1, +
Ll lo+1,...,0,0,+1} inT,.

(ii) We have

n/2]

nky72K3 ZAnkryaZ/i

where the polynomial A, ., (y, z, k) is wmtten by using A i (y, 2,0) as

Z H Kigj, * H Zt+jt+1(yityz‘t+1 . yjt—l)

{i1,eir} t=1

r+1

Z H Ait—jt71—1,l€t ((yjt—l‘f'l? cee ayit—2)7 (th71+17 ety Z’it—l)u O) .

{k1,..skrp1} t=1

Here the sets of positive integers {iy, ... i}, {j1,---,7Jr} and {ki,... k.1} range
with the conditions 1 < i1 < J1 < ig < Jo < +++ < ip < Jr <1 cmd ZTH =
k—r+>_ (it — j+). Note that we understand jo =0 and ;41 =n+ 1.

Proof. Exercise of linear algebra. O

By using A, x», we can rewrite the Capelli equations in Theorem 3.3.

Proposition 3.6. For2 < k <n, we have

h
|:Z An,k,r ((27T V —101y1, evy 27T \% _1cn71yn71)7
r=0

—~

(01, =01 + 0o, ..., =Op—2 4 Op—1, —On_1), (’Cz‘j)lgi<j§n):| V[N/A(y) = Sk()Wal(y).

Especially we have the Casimir equation:

{ 232 +Za Dy — Z (2mV=Tepy,)” ] ()

h

h
- Z 27TV Catyaz VV,LVL Z 27TV _]—Cat—lyat—l)WA; (y) = SZ(V)WA(y)

Proof. We note that KC;; commutes Ky for 1 < ¢ < j <4 < 5/ < n, and moreover
(Kisjr -+ Kinj )Waly) =0 for h+1<r <[n/2]. O
Remark 1. We remark a rank of holonomic system in Theorem 3.3. The system con-
sisting of the Capelli equations (ii), or Proposition 3.6 gives a holonomic system of rank

n!- ( ) For h > 1, this system is divided into (") subsystems by using the Dirac-Schmid
equations and so that each subsystem is of rank n!, the order of the Weyl group &,,.

13



4. REVIEW OF THE CASE OF HELICITY 0

The rest of this paper we will give explicit formulas for the secondary Whittaker func-
tions, that is, the power series solutions of the system in Theorem 3.3 at the regular
singularity y = (0,...,0), and the primary Whittaker functions, that is, the unique mod-
erate growth Whittaker functions. Throughout this paper we assume ¢; = 1 for the
character n for simplicity. We also assume that the parameter v is in a general position,

more precisely,
Vi = vy ¢ Za (27&]>

Since our explicit formulas will be recursive formulas with respect to the rank n as in
[IS] (we call such formulas propagation formulas), we relate principal series representations
of SL(n,R) and SL(n — 1,R).
Definition 4.1. For the principal series 77, of SL(n,R) with I = {iy,... i} € ,Cp, and
v=(v,...,v) € C" (3, ¥, = 0), we associate a principal series 7y, ; of SL(n —1,R)
by

[ ] ]0 = {2.0,1, ce ,2'07}1_1} S n_lch_l with 2'071, = ip+1 —1 (1 S P S n — ]_),

o U= (171, ey ﬁn—l) with

) {up+ M i 1<p<iy—1,

v, = n
i i ifg<p<n-—1
Upr1+ =7 L Sp=<n .

In the case of I =0 (h =0), we set Iy =0 and 7, = 41 +11/(n — 1) (1 < p <n).
Whittaker functions have symmetries under the action of the Weyl group. The Weyl

group of the restricted root system of (g, a) is the symmetric group &,,, and each element
7in &, acts on v = (vq,...,1,) as a permutation of v;:
TV = (VT(I), oy I/T(n)).
Notation 4.2. For I € ,Cy, let us define a subgroup &; of the Weyl group &,, by
6[:{7'66n‘7'([):[}§6h><6n,h.
Here we regard I as a subset of T},, that is, 7(/) = [ means that for each i; € I, there
exists iy € I such that 7(i;) = iy.

We collect some conventions which will be used hereafter.

Notation 4.3. e Fora € C and n € Z, we denote by (a), = I'(a+n)/I'(a) (Pochham-
mer symbol).
e We use symbols m = (my,...,m, 1) € Nt and k = (ky,..., k, o) € N"2
e We denote by e, (resp. d,) the p-th standard basis in R"™! (resp. R"?).
e For (z1,...,2,.1) €C" !, me N"! ke N"?and x € C, we set

n—1 n—2
Q(x1,...,xh_1) = in — Z:pppo,
p=1 p=1
n—1
Qm(T1, . Tpo1;6) = Q(my, ... ,my_q) + Z:ppmp + K,
p=1
n—2
Qx(z1, ... xy_9;k) = Q(k1, ..., kno) + prk:p + K.
p=1

14



e For a subset X of T,, = {1,...,n} we denote by yx the characteristic function of X.
If X is empty set then yx is identically equal to zero.

e We agree that the interval [a,b] means its intersection with the set of nonnegative
integers: [a,b] = {x € N |a <z <b}.

e For a subset (or a color) X of T,, we write X[£1] :={z £ 1|2 € X}.

e For a color X = {zy,...,2} of type (n,h), we denote by X¢ = {},...,2/,_,}
() <---<al_,) the complement color of X in T,.

e For a color X = {z1,...,7,} of type (n, h), we use a abbreviation X;" = X, 41 =
{z1,.. .21, m £ 1,41, ..., 2} (cf. Notation 1.2).

In this section we recall the explicit formulas for Whittaker functions for the class one
principal series representations obtained by Stade and Ishii [IS].

4.1. Secondary Whittaker functions. Let us start with the secondary Whittaker func-
tions. We have no Dirac-Schmid equations. The k-th (2 < k < n) Capelli equation in
Proposition 3.6 is

|:Sk(81, —01 4+ 09y, —0Op_g + On_1, —8n_1)
(4.1) [k/2] k—2q . N
D9 {H ot 3 Tt b = s,
a=1 {l1,... t=1 {4, oy} s=1

Here {ly,...,1,} ranges all the colors of type (n — 1,q) satisfying l;+1 — Iz > 1 for all
1<t<qg—1,and {l},... [ _,,} runs through all the colors of type (n, k — 2¢) such that
LeT \{l,i+1|1<t<q}forall<s<k-—2q.

Here is the propagation formula for the secondary Whittaker functions.

Theorem 4.4. [IS, Theorem 15] We introduce a power series M (y) = prf(y) with

M (y) = > Ga ][y,

m=(mq,...,mnp—1)EN?"1 p=1
where the coefficients are recursively determined by the relation

= S = G )

k=(k1,....kn—2) Hp:l (mp - kpflﬂ(% + 1>mp*kp

and CZ, (v) = 1/{m (%52 + 1), }. Here we set kg = ko1 = 0 and Y, means k =
(k1,. .., kn_a) Tuns through such that 0 < k, < myy1 for 1 <p <n —2. Then the set of
POWEr Series

{M2(y) | 7 € &,}

forms a basis of the solutions of the system (4.1) at y = 0.

Remark 2. According to the result of Hashizume, secondary Whittaker functions are
essentially determined by the Casimir equation. Actually Theorem 4.4 can be shown by
the recurrence relation

n—1 n—2 n—1 n—1
(4.2) <Z mIQ7 - Z myMys1 + Z %m» cn(v) = Z on
p=1 p=1 p=1 p=1
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4.2. Primary Whittaker functions. Here is the propagation formula for the primary
Whittaker functions.

Theorem 4.5. [IS, Theorems 12, 14] We inductively define a function W (y) = y”Wﬁ(y)

by
fVVV”(y)Z/(R+ W”l( \/7 s Yne 1\/7)

1 (n—pvy T o dt
Hexp{ (myp)? ;}H(ﬂyp) 1 Htﬁ( i
P P

p=1 p=1

(4.3)

and Wf(yl) = 2K (4, —1y)2(2my1). Here K, is the modified Bessel function:

dt
t

K, (2my) = %(Wy)”/ooo eXp{—(ﬂy)Qt }t”

Then, up to a constant multiple, W' (y) is the radial part of the primary Whittaker func-
tion of helicity 0. Moreover, let

n n N’n S dy
VI = Vs = [ W) [[ e 2
(Ry)n—t p=1 Yp
be the Mellin transform of vaV"(y) Then we have
21—71 1
VI(s) = —— |44 ey Zne
2 (8) = iy / ..... L i)
(4.4) = Sp—2p-1  (n—p) Sy — 2
A F( p P~ )F( p P ) d
g{ > om0 2 n—l H K4

and V2(s1) = 27'T((s1 + 11)/2)T((s1 — 11)/2). Here the paths of integration in each z,
1s a vertical line in the complex plane with sufficiently large real part to keep the poles of
integrand on its left, and zy = z,—1 = 0.

The proof of this theorem rely on Stade’s evaluation of the Jacquet integral ([St1]) and
a recursive formula between V" and V=2 ([St2]). Actually we first find (4.4) and then
arrive at (4.3) by using the Mellin-Barnes integral representation of the modified Bessel
function.

Our argument in this paper is different. In the later section, we give new proof based
on the factorization formula for the class one principal series Whittaker functions ([Hal).
In the case of SL(n,R), the explicit factorization formula is

(45) Wi = Yo T r(F%57) ao)),

We note that another approach to similar propagation formula for the primary Whit-
taker functions of helicity 0 is discussed in [GKLO] by using stationary phase integrals
called Givental integrals ([Gi]).
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5. SECONDARY WHITTAKER FUNCTIONS (1) -THE CASE OF HELICITY 1-

Before to discuss the case of general helicity h, to make our idea more understandable
we explain the case of I = {i} (h = 1) in this section. We express the secondary Whittaker
functions on SL(n,R) with helicity 1 in terms of those on SL(n — 1,R) with helicity 0
(Definition 5.6). Our main result is Theorem 5.7, which tells that the power series defined
in Definition 5.6 forms a basis of the solution of Theorem 3.3. To prove this, we will
confirm the power series is compatible with the Dirac-Schmid equations and the Casimir
equations in Subsections 5.5 and 5.6, respectively.

5.1. The recurrence relations. We first rewrite the system in Theorem 3.3. For A =
{a} (1 < a < n)we denote by A* = A[£1] = {a+1}. If we put Wa(y) = (v/=1)"®A(y),
then the Dirac-Schmid equation in Theorem 3.3 (i) and the Casimir equation in Proposi-
tion 3.6 read

(—0a—1 + 00 — 13)Pa(y) — 27Ya—1Pa- (y) + 27y, Pa+(y) =0

and

n—1 n—2 n—1

(X843 0000 + X em) - 5:0 foutw
p=1 p=1 p=1

— 279 1PA- (y) — 27y, P4+ (y) = 0,

respectively. As in the case of helicity 0, we consider a vector-valued power series solution
of the form

n—1
oy) = {o(Wh<acn = Y. Cul®) [J(myp)™ ",
m=(mi,....,Mp—1) p=1

where the coefficient Ci, (®) = {Ci3m(P), - . ., Cpnym (P) } satisfies the non-vanishing con-
dition Cin(P) # 0 = (0,...,0). We first write recurrence relations for Cy, ().

Lemma 5.1. (i) The Dirac-Schmid equation implies
{—(ma_l + la—l) + (ma + la) - l/z‘}CA;m(@) - QCA*;m—ea,l(cD) + 20A+;m—ea(¢)) = 0.

(ii) The Casimir equation implies

—_

n—2

{0y + 1) = " (my + )1 + 1) + Sa(v) } Ca(@)

1 p=1

3

S
Il

n—1
+2C A m-co 1 (®) + 2Cutm—e,(P) =4 Caim—se, (D).
p=1

5.2. The coefficients with total degrees at most one. We want to determine the co-
efficients Cp, (®) with the total degree |m| := | Zz_l my| at most one. From the recurrence

relations in Lemma 5.1 we can prove the following:

Proposition 5.2. The characteristic indices | = (ly,...,l,—1) at y = (0,...,0) are given
by
l=vry+-+vp (1<p<n-—-1)
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for some T € &,,. If we put j = 71(i) then we may choose Ciay,0(®) = 0, and

2
Crore (B) = — a1,
{ }7ea( ) Vr(a,) . V7-(g,+1) + 1 J—1

2
C{a};ea_l(q)) = - . 5a,j+17

Vr(a—1) = Vr(a) +1
C{a};ep(q)) =0 pr 7é a—1,a.
Proof. Let us substitute m = 0 in Lemma 5.1. The Dirac-Schmid equation gives
(=lp-1+ 1 = vi)Cippo(®) =0 (1 <p<mn).
Here [y = 1,, = 0. From the Capelli equations, we have
Sk(ll, —ll + lg, ey —ln,1 + ln, —ln)C{p}p(qD) = Sk(I/)C{p}p((I)) (1 S P S 77,)
for 2 < k < n. Since Cypy,0(P) does not vanish for some p, we have
_p—l_'_lp_]/izo,
Silliy —b + Iy —ly 1 + Ly 1) = Se(0).
Then we have
lp_lpflzl/’r(p)a 1§p§n
for some 7 € &,,. Hence (—l,—1+ 1o —1;)Clay;0(P) = 0, that is, (v7(a) — V+(j))Ciay0(®) = 0.
Then we may set C{a}:0(®) = da,;-
Similarly we substitute m = e, to find
(14 vr(@) = V() Clapies () + 2C(ar13:0(P) = O;
(=14 V@) = V() Clayiea1(P) = 2C(a-13,0(®) = 0
(Vr(@) = V7(3))Claye, (®) = 0 (p # a,a — 1).
Hence we have the assertion for the coefficients with total degrees 1 except for the proof of
Claye,(®) = 0 for a = j and p # a — 1, a. To see this we substitute m = e, (p #a —1,a)
into Lemma 5.1 (ii):
(2lp — lp_l — lp—i-l + 1)0{(1};%(@) = 0.
O

Corollary 5.3. For two colors A = {a} and J = {j} of types (n, 1), we define a function
J
ey on'T,_q by
£y = X[1.5-1] * XJa,n—1] T X[jn—1] * X[L,a—1]-
Fix 7 € &,. The power series solution corresponding to the characteristic indices | =
(li, .. lyer) with 1, = vrqy + -+ - 4 vy s of the form

n—1 L
2l W) =3 Crapm H(Wyp)Qm”“T“)*‘“*"ﬂm*eil} R

p=1

Proof. From Proposition 5.2, the coefficients Cra;m(®) with |m| = 1 vanish unless

m = (55;1(@}(1), . ,55;1@}(71 — 1)). Then the recurrence relation in Lemma 5.1 im-
plies that non-vanishing coefficients C{q};m(®) should satisfy the congruence condition
m = (e, (1), P - 1)) (mod 2). O

For our later use we give some identities for the function &%.
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Lemma 5.4. For 1 < p < n, we have the following.

(i) eh(p) —ehp — 1) = (Xra—1(®) = Xfat1.0(2)0jp + (X(15-11(2) = Xj+1.01 (D)) dap-
(ii) (25A(P) 1)X[Lj*1} (p) = ealp) — X[1,a—1] (p).
(iil) (2¢4(p) — Dxpjn-11(P) = £4(P) = Xfan—1(P)-

Proof. (i) From the definition the left hand side gives

<

X[t,j-1] * X[a;n—1] T X[jn-1] * X[La—1] = X[2,4] * X[a+1,n] = X[j+1n] * X[2,0]
= Xfa+1,n-1](X[1,5-1] = X[2.41) T X{a} * X[1.j—1] — X[2.4] - X{n}
+ X1 (Xpjn—1] = Xi+1,01) = X{a} " Xpj+1,0
= (X[1,a-1] = Xfa+1.0]) X5} + (X[15-1] — X[j+1,0)) X{a}
as desired. Here we omitted (p) from x.(p). (ii) The left hand side can be written as
2X(an-1] * X[Lj—1] — X[1j-1] = Xfan—1] * X[1j-1] T (Xfan—1] — 1)X[1,j-1]
= Xla,n—1] " X[1,5—1] — X[l,a—u(l - X[j,n—l])
= d — X[1,a—1]-
Similarly we can show (iii). O
5.3. Explicit formulas of the secondary Whittaker functions. Now we give explicit
formulas for the secondary Whittaker functions in the case of I = {i}. Since there are

(n — 1)! possible choices of 7 such that 7(j) = ¢ for a given color J = {j}, we specify an
element 757/,

Definition 5.5. For I = {i}, J = {j} (1 < i,j < n), we define an element 777 of the
Weyl group &,, by
TIJ(j) = ’i, TIJ(p + X[j,n—l] (p)) =P + X[i,n—l] (p>7
that is,
p) =i if p=j,
P=1+Xin-ylp—1) ifj+l<p<n-1

7_I,J(

Definition 5.6. Under the notation above, we introduce a power series M™/(y) =
y”M"IJ {y” v—1)" GMZ I{‘i} )}1§a§n with
n—1
n I J Z Cn[ J H ﬂ_yp)2mp+1’7—1,J(1)+"'+V7_I,J(p)+€,{}(p)'

p=1

Here the coefficients are described by using the coefficients Cy'~'(7) for the secondary
Whittaker functions on SL(n — 1, R) of helicity 0 as

n—1/~
it =3 %0

1,7
k PA;m,k
where
j—1
—v; + v a0+ 1
plJ C1EA®) (e — ke !< (D) )
A mk pgl( ) ( P P) 2 mp—kp71+€£(p)
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: H(_l)ei(p)(mp _ k:p_l)!<yi — Vrrigpn) + 1)
. 2 mp_kp'f‘f,{;(p)

(ko = kn—1 = 0), and >, means k = (ky,...,k,_2) runs through such that Pj’;fn,k does
not vanish, that is,

0 <k, <min{m,, my41} ifp=j—1,
0 <k, <mpyy ifj<p<n-—2.

Theorem 5.7. The set of power series
(M) [1<j<n, 7€ Gy = 6,1}
forms a basis of the space of solutions of the system in Theorem 3.3 with [ = {i} aty = 0.
From now on we show this Theorem. In view of Lemma 5.1, the Dirac-Schmid and

the Casimir equations uniquely determine the coefficient Cy.;m(®) of the power series,
once characteristic indices are given. Then it is enough to check that the power series
M1 (y) satisfies the Dirac-Schmid equations and the Casimir equations (Proposition
5.8 below). Actually the Capelli elements C} commutes with the Casimir element C5, the
compatibility with the Capelli equations follows as in [Ha].

5.4. Recurrence relations for C%’ (v). In view of Lemma 5.1 and Corollary 5.3, the
recurrence relations we should Conﬁrm are the following.

Proposition 5.8. To abbreviate our notation we introduce new symbols m* by

m =m-c} (a—1)-e,; =m— Xi,j-11(a —1) - e,_y;
m" =m — 5,{& (a) €, =m— X[jvnfl](a)  €q.

I I, , ,
Then CToh7 = =Cy LI () satisfies the recurrence relations:

(5.1)  (=mac1 +ma+ (V) Chl = Cl Ol = 0;
-1

(52)  Qu({Niy () hspen1i w47 () Ol + (Cn”f + Ome) = ) Ol

Am ep’
=1

for 1 <a<n. Here
/L,IL{J(V) = (VTI*J(a) -V — gil(a - 1) + Eﬁ(a)%

Nyt (V) = = (Vrragy = Vera ey + 265 (p) —eh(p— 1) —exlp+1)) (1<p<n-—1),

N~ DN —

R W) = 5 {Zaj (Vrr1) = Vets i) + QER(D), 2 = 1)) |

=1

Lemma 5.9. A more explicit expression of /11]4"](1/) is

IJ —V; + I/TI,J(a) + 1 V; — I/TI,J(a) + 1
Ky (V) = 1 “X[1,j-1)(@) + 4 “Xjjn-1(a —1).
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Proof. By using Lemma 5.4 (i), we have

n—1

Z €i(p)(VTI,J(p) — VTI,J(p+1))

p=1
n

= Z UTI,J(p)(&‘i‘(p> - 5,{;(27 - 1))

= V1.9 (X11,a=11 () = Xjat1,0 (7)) + Vrr7(0) (X-11(@) = X[jn—1y(a — 1))
= vi(X(jm-1(a) = Xpj-1(a)) + vrs @ (Xj-11(a) = Xpn-1(a —1)).

Let us evaluate Q(g%(1),...,e4(n —1)). Since
> (ealp) —ealp —1))?
p=1

=Y eAPEAp) —ealp = 1) + )i~ Dkl — 1) — €4p)

=2Q(ea(1),...,ex(n — 1)),
Lemma 5.4 (i) implies that 2Q(¢%(1),...,e%(n — 1)) is

n

Z X[1,a— 1 + X[a+1,n] (p))(sj,p + Z(X[l,jfl] (p) + X[j+1,n] (p))éa,p

p=1
= X[1,a— 1]( )+ Xla+1, n]( )+ X[1,5— 1]( ) + X[j-i—l,n](a)
= 2(xj-1(a) + Xn-1)(@ = 1)),
Hence we get the desired expression. a

5.5. Compatibility with the Dirac-Schmid equations. We start with the proof of
the recurrence relation (5.1).

Lemma 5.10. We have

Pj;; Kk —V; + V1 J(a) — 1
Pj’jmf } = —Mg_1+ ka—l + 9 X[j nfl]( ]-)a
PI{XTJ K Vi = VrlJ(q) — 1
i Mg + kafl + X[1, 1}(@)
Pi‘im* k 2
and
1.J Vi + Vrli(q) — 1 Vi = Vrl(q) — 1
pa(v) = 5 Xpin-1(a = 1) + 5 “Xi-(a) = 0.
Proof. 1t easily follows from the definitions of PA mx and ph’(v), and 757 (5) = i. O

Now the compatibility is immediate since we do not need to count the contribution
from Cy'~ (7). Indeed Lemma 5.10 implies

1,J 1,J
P ) P )
1,J A;m.k Amk
(—ma—1 +mg + " (V) — e +PI’J =0.
A-m~— k At;mt k
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5.6. Compatibility with the Casimir equations. Next we consider the Casimir equa-
tions. The idea of proof is similar to those of [I1, Theorem 4] and [IS, Theorem 15].

Lemma 5.11. We have the key identity:

n—1  plJ n—2  pl,J 1,J 1,J
Z Py _ Z Py 1 Py 1 Pimxk
7,7 7,7 I,J T,
(5.3) =1 Dhim—epie =1 Daimketa, 2 Py k 2 Pyfimtx

= Qu({N550) hpen 13 6 () @4{—7¥f}gﬁn;®‘

Proof. Since
Vit 10y~ 1 )

1,0 - . .
P yimx :{(mp—kp)(mp—kp1+ej(p)+ > if1<p<j—1,

1,J V=V, -1 e
PAm epk (mp_kpfl)(mp_kp_'_gj(p)_'_#) lfj Spgn_la
and
—vitv_g, -1 . .
pLI (my = kp) (M1 — b +e4(p +1) + ——52—) i 1<p<j-2,
PI,J7 = =9 (my — kp)(mpi1 — k) - » ifp=j—-1,
Anmlerdy (Mmp1 — kp) (mp — kp+ 5£(p) + %) ifj<p<n-2

the left hand side of (5.3) equals

n—1

Vi — Vil (p1) — 1
Z{mp — kp+ <€j(p) + 2(p ) )X[j,nfl] (p)}

p=1

—V; + Vpragy — 1
) {mp — kp1 + (dx(p) + 5 ®) )X[l,j—l](p)}

n—2
Vi = Vil (pa1) — 1
- Z{mp —kp+ (6,{1(@ + 2(p ) )X[j,nfl] (p)}
p=1

—V; + I/TI,J(erl) —
2

- {mp+1 — Ky + <5il(p +1)+ 1)X[Lj—u (p+ 1)}

1 —V; + Vi) — 1

5 <_ma—1 + ko1 + 9 @ “Xpm-1)(a — 1))
1 V; — Urna(g) — 1

5 <_ma + ko1 + 5 @ : X[l,j—u(a))

= Qum({Mh1pen—13 657 (1) — Qu({ M hi<pzn—2;0),
(see Lemma 5. 9) where
(24(p) = Dxpg-11(p) + (264(p) — Dxpjn-11(p)
= @Ap+ 1) — D+ 1) — @4 — 1) = Dxgay(p — 1)
(Vi = Vet ) (=X(j-1(P) = Xpjn—1)(p — 1))
(Vi = Vrra o)) (X in—11 () + X(1j-1(P + 1)) + dpa—1 + 0pa

+ +

and

25‘1) (25£(P) - 1)(X[1,j71}(p) - X[j,nfl](p))
+ (2e4(p+ 1) = D) (—xpj—up+ 1) + Xpm—y(p + 1))
+ (_Vi + VTI’J(p))X[Ljfl} (P) + (Vi - VTI*J(p-FQ))X[j,nfl] (p + 1)
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+ (Vi = Vg (o)) (Xj—1 (P + 1) = Xpjn—1)(P)) + Op.a—1-

In view of Lemma 5.4 (ii), (iii) and the definition of 77/, we find that A, = A} (v) and
By = (7 — 5pe0)2 5

Returning to the proof of the recurrence relation (5.2), we compute

n—1

n,l,J 1 n,l,J 1 n,l,J
CA;mfep - §CA*;m* - §CA+;m+

n—1 I,J n—1/~
(5.4) Sy e G

I1,J 1,J
p=1 k PA;mfep,k PA;m,k

1,7 - 1,J 1~
3 Pimik  G'(0) 1 3 Pimi  G(9)
1, 1,7 1,7 J
k Pal%m-a Paimx 2% Pyrmty Phimx
By using Lemma 5.11, we can see that (5.4) is a sum of the three terms:

(5.5)
Qum({Nah () h<pen—; 557 (1)) 207() = Qum({N () hepen—13 657 (1)) Clis

1,0
PA ;m k
Qx( {)\ ) h<p<n—2:0) C (D)
59 D) = ,
A;m.k
n—2 I1,J 1~ n—2 ~m—1 [~
Pimx Cr ' (0) > p1 Cia, (D)
(5.7) Z Z plJ ' plJ = Z plJ :
k p=1 " Amk+d, A;m .k k A;m k

In view of the recurrence relation (4.2) for Cy'~!(%), the second term (5.6) cancels the
third term (5.7) and thus the compatibility Wlth the Casimir equations is confirmed. This
settles the proof of Theorem 5.7. O

6. PRIMARY WHITTAKER FUNCTIONS (1) -THE CASE OF HELICITY 1-

In this section we discuss integral representations of the primary Whittaker functions.
Here is the main result for the case of helicity 1.

Theorem 6.1. Define a function W™ (y) = y?Wml(y) = = {y*(vV-1)~ ‘IW{”G}{ N coen
by using the primary Whittaker function of helicity 0 on SL(n — 1,R): o

Wﬁfﬁ(y)Z/ e 1(y2\/ o Yne u/ )
(R+)" 1

(n—p)v;
: H exp{ (7ryp) — t_} H(m/ ) T X (L1 (P)

pfl Po op=1

e X[1,a— 1](10 ~Xla,n— 1(10
'Ht2< 1 Ht_p
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Then W™L(y) is the radial part of the primary Whittaker function of helicity 1, and we
have the factorization formula

(6.1 W) = 37| 3 T b,

TE | 1<5<n

where
; vy F U\ A Vi g NS v
TZ,I,{ } _ 7 2 . K] 7 7 (3
e =11 P( 3 q) HP( > )HP< N )
1<p<g<n—1 p=1 p=7j
Here {d,...,i_4} (i) <---<il_,) is the complement of I = {i} in T,.

The rest of this section is devoted to the proof of Theorem 6.1 by a similar argument
as in [HrIO, §7]. Since the function WZ,{(y) is of moderate growth, it is enough to show
the factorization formula (6.1). Indeed, thanks to the multiplicity one theorem of Shalika
[Sha] and Wallach [Wa], we may conclude that the function W™ (y) is the radial part of
the primary Whittaker function.

In Subsection 6.1, we first apply the factorization formula for Whittaker functions of
helicity 0 and derive a certain factorization formula (Lemma 6.2). As stated in Proposition
6.3, the factorization formula in Lemma 6.2 contains ghost solutions, that is, the power
series which does not contribute to the factorization formula (6.1). In the successive
subsections the proof of Proposition 6.3 is given.

6.1. A certain factorization of ng(y) By inserting the factorization formula (4.5)

for Wf’l(y) and changing the order of integrations and infinite sums, which can be
justified as in [HrIO, §7], we get

- I (% T aro

TE T 1<p<g<n—1 k
n—2 2k,+ P v+
1 t+1 P t=1 i n—1
S oot 0} T (e )
p p=1 P

nl | (n—p)v; +Xn Ja—1 (p) nl | 2(n—1) nuj] Q(X[ af]](p)*)([a 1](p)) i di

: T X I ¢ ) ' o -
v n—1 t )
( y ) P

p=1 i 17,

Vz ‘I‘l/Z )
=S| II n(). >

TE 1 1<p<q<n—1

n—1 1

. H(ﬂ_yp)%p—l—i—w—l— f;l Vi;"'x[l,a_l](p)

p=1

n—1 00 1 1

1 kp—1—kp+3 Wi—v )+5(x[1,a-1](0)—X[a,n] (P)) dt

2 5 ; 1 )

. exp{—(ﬂyp) t, — _} 1 i,

ol s tp

Here we understand kg = k,,_1 = 0.
The integrations with respect to ¢, are carried out by using the formula

o 1 dt
/ exp{—(ﬂy)zt — —}t“”—
; / ;
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= 2(my) "V Ky (2y)
)Z(m—k)—QV &

_ ™ (my B
~ sin(k + )7 <T;)m!F(m—k—y+1) Z «m!l(m+k+v+1)

=T (v) - (my)2m—k)—2v Ty)*"
(6.2) = (-1)f <Z (m)'(ﬁyyi Ds +Z=o be( )+(1):ryn)+k

m=0

00 ) - ( 2(m—k)—2v v Ty)2m
(63) :(_Dk(Z F( ) ( y) _ZF( +1) ( y)

m=0 m!<y>m+k+1

" m'(—y—l— 1)mfk

for k € Z and v ¢ Z. Then the expression (6.2) implies that

—~ — U + V;r
n,I . 'p g n—1/~
Wil = 3 [ I r(—5—)Xa'w
TE 1 1<p<g<n-—1 k
nl{ . F(ViVi/p+X[1,a1]2(p)X[a,nl](p)> ) (ﬂ_yp>2(mp+kp)+ leuig-l—)([a’n_l](p)
’ H Z —Vi+Vi —X[1,a—1] (p)+x[a,n—1] (p)
2
p=1 Ump=0 mp!< 5 +1)m -
p—FRp— P
_Vi+Vi§) —X[1,a—1] (p)+x[a,n—1] (p) 2(mp+k'p—1)+l’i+ __11 V1 +X[1,a—1] (p)
2 ' (Wyp> ¢
+ Z Vi~V +X[1,a—1](P) = X[a,n—1] (P) ’
myp=0 mp! P D) +1
mp+kp—1—kp

In view of Xj1,4-1(P) + Xan—11(p) = 1, we find
r <V7$7V7;/p+x[1,a71] (p)*X[a,nfu(p)> I <Vﬁv s +1

2

— Xfan—1] (p)>

< _Vi+Vi§) —X[1,a—1] (P)+X[a n—1] (p)

) n 1) - <71/Z+1//+1 n ( ))
D) oy 1 Xla,n—1]\P k1

(_1)X[a,n71](p) . P( -

= —I/i—f—Vi;?-f—l
2

and similarly

< _Vi+Vi§) —X[1,a—1] (p)+x[a,n—l] (») )
2

) mp_kpfl"'kp‘f'X[a,n—l] (p)

(_1)X[1,a71](17) .T (#

Vi_Vi%“l‘l

<Vi7Vi;7+X[1,a71] (P)—X{a,n—11(P)

: +1) (=)
mp+kp—1—kp mp+kp—1—kp+X[1,a—1](P)

By using them, we arrange the order of summation (and replace the indices m, — m, —

or my, — k,_1) to get the following expression.

Lemma 6.2. We have

(6.4) =3 > A ML)

7€ 1 RCTh—1

Here R ranges all the subsets of T,,_1 and

PLR() = H F( 1/2+VZ> H ( VZ+1>HP<

1<p<g<n-—1 cR¢ pER
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(R¢ means the complement of R in T,,_1) and

i v, _
Milj(y) ZC ( ) H(Wyp)Qmp+ ?:1Vi2+X[a,n—1](P) H(Wyp)Qmp'i‘VH‘ b1 i TX[1a 1](10)’

pERC PER

where the coefficients are given by

crl(
o) =30 G )

k A;m,k
with
vi + vy +1
Pj’ﬁlk:H( 1)X[an l(p m _k < )
T pERE mp—kp—1+X[a,n—1](P)

L0, — byt (2 “) .

PER mp—kp+X[1,a—1](P)
Here ), means k, runs through such that 0 < k, < m, if p € R® and 0 < k, < mpqq
ifp+1€R. Note that if p € Rand p+1 € R the index k, ranges all nonnegative

integers.
Remark 3. We define a function 55} on T, 1 by

5§ = X[a,;n—1] " XRe T X[1,a—1] * XR-

By using the function £ff we have

n—1
_ LR 2mp+vixr(P)+ §21 vy vy Xee(p)+el (p)
- § :OA;m(V) H(ﬂ'yp) A :
p=1

6.2. Vanishing of ghost solutions. The right hand side of (6.4) involves ghost solutions,
that is, some power series Mj’f in (6.4) cancel with their suitable partners. The next
proposition tells us that which subset R really contributes to the summation in (6.4), and
thus leads the factorization formula (6.1).

Proposition 6.3. For a subset R of T,,_1 put
E(R)={reT,o|r€Randr+1¢c R}.

Then only the subsets R satisfying E(R) = () contribute to the summation in (6.4). More
precisely we have the following.

(i) If E(R) =0, then R is of the form [r,n — 1] with somer € T,, (r =n <= R=10),
and we have M fy) = le{ {T}(y) and TTE(v) = T} (),
(ii) Forr € E(R) we have a cancellation of power series:

D) - Myg(y) + T (rv) - My, (y) = 0.
Here 1] is the permutation (i.,4, ) in &,.

The first claim (i) is obvious. Let us explain our idea of proof of (ii). Since we can see

that the characteristic exponents of M Ay( ) are invariant under the permutation of vy
and vy, we have only to show the cancellation of the coefficients:

(6.5) ) . C’IR L () + TR () - C’i’;ﬁl(dy) =0, for all m and A.
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Our proof of (6.5) is a little bit indirect. We first derive recurrence relations for the
coefficients C’i’fn(l/) in Lemma 6.4, which uniquely determine C’i’ﬁl(y) from the initial

values C’i’fg(u). In Lemma 6.5, we will check that these recurrence relations are invariant
under the action of 7/. This means that Cj’;ﬁl(u) and C’fl’;ﬁl(n’u) are characterized by the
same recurrence relations. Therefore our task can be reduced to confirm the cancellation
of the initial values for the edge components {1}, {n}:

(6.6) PIR() - CRR(w) + TR () - CLR () = 0, for A= {1}, {n}.

Actually Lemma (ii) 6.4 and (6.6) imply the vanishing (6.5) for A = {1}, {n}. By using
the recurrence relations in Lemma 6.4 (i), we can find that (6.5) holds for all A.

6.3. Recurrence relations for Ci’;ﬁl(u).

Lemma 6.4. We set

—R +,R

m "=m-— xgr(a—1)-e,.1, m""=m— xg(a)-e,.

Then we have the following recurrence relations for CYE = CLE (1),
(i) For 1 <a <n, we have

(6.7)  (=ma—1 +ma + g () Clim — O3 on + Ol e = 05

n—1
1
IR IR IR IR IR IR
(6.8) Qm({AA,p(V)}lfpfn_lﬁ K4 (’/))CA;m + B (OA—;m—,R + OA+;m+,R) = Z CA;m—ep’

p=1

Here

_Vi+Vi:l7 —1 _Vi+yi’+1
i (v) = —— - xr(a—1) + ———"— " xge(a),

2 2

Aii(v) = %{Vi(QXR(p) —xr(p+1) —xr(p—1))
+ vy o xr(p— 1) + vig (Xee (P) — Xr(D) — Vit - XRe(P+ 1)
+2e5(p) —eflp—1) —eli(p+1)} (1<p<n-—1),

Vi_i__'_l —v; +vy +1
H{L{R(V) = Tal -xr(a —1)+ T“ - Xge(a)
vi — vy — 1 vi— vy o —1
i it 1 iyt
Y (T ) (T e+ ).
pEE(R)
(ii) For a =1 and n, we have
n—1
IR . JLR IR IR
(6.9) Qun (N () hspen—1; KT (W) Climy =) Cli o
p=1

where

)\/I’R(I/) — /\1147,1;_% Zf(a'ap) = (1,1),(71,71—]_),
AP )\1{{71; otherwise,

1
IR § :
I{i4 (l/) = Z (Vi — Vi’p — 5a,1 —+ 5a,n)(yi — l/i/p+1 — 5a,1 + 5a,n)'
pEE(R)
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Proof. The proof is similar to that of Theorem 5.7. By changing the roles of [j,n — 1] and
(1,7 — 1] by R and R° respectively, the same identities in Lemma 5.10 hold for P,fxf-mt R

and then we get the recurrence relation (6.7).
The relation (6.8) can be shown by using the key identity (cf. Lemma 5.11):

n-1 plR n—2 pIR LR LR
Z Pyimx B Z Pyimx 1 Pymx 1 Pimx
T.R T.R TR TR
p=1 PA;mfep,k p=1 PA;m,kerp 2 PA*;m*vR,k 2 PA+ ;mt Rk
— V; — Vi;, —1
= > {m— ko + (Xtran) + ——— ) xlp) }
p=1
—V; + Vi;, -1
A = ko1 + (om0 p) + ——5— ) xwep) }
n—2

_ Z{mp —kp + (X[l,afl} (p) + %)XR@)}

2 + Vi;?-»-l -1
2

: {mp+1 —kp + <X[a,n—1] (p+1)+ )XRC(p * 1)}

1 —v;i+uvy  —1
- = <—ma,1 + ka,1 + - . XR(CL — 1))
2 2
1 V; — Vyr — 1
— = —-m, kai e . " )
2( mg + kq—1 + 5 Xre(a)

= Qn (i) hepenri " 0) - Q{22 L),

The relation (6. 9) follows from (6.7) and (6.8) with a = 1 and n, by eliminating the
terms C'LH (o) and C Sy respectively. Or we can derive it directly by using the identity

—1 I,R —2 I,R

\ PA;m,k X PA;m,k

Z I,R o Z plR
(610) p=1 = A;m—ep k p=1 " A;mk+d,

Vi — Vy
= Qu({N1) () hepen-1; 64 (W) — Qk“%}x ) 2;0>-
Spsn—

Note that v; — Vo = Vp = Upt1. O

Lemma 6.5. For r € E(R), the values ;" (v), )\1{{7 (v), )\/IR(V), kL) and KR (V)
are invariant under the permutation of vy and vy e Then the coefficients C’A;m( v) and

C n(Tiv) are characterized by the same recurrence relations.

Proof. Tt is immediate for p;"(v). The values /\Ap(l/) contains vy or vy only when
p =r,r+ 1 and we can see the invariance easily. Our claim for /’ii’R (v) is obvious for
a#r+1. When a =7+ 1 we have

I,R 1

1
Ripp1y = 4(Vi - Vi;)(”i - ’/z‘;+1) + 1

Vi—Vi/—l V; — Uy —1
+ Y wen®) (e + 1),
PEE(R),p#r
and finish the proof. a
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6.4. Initial values C'jg(v).

Lemma 6.6. We have

I.R (_1)X[a,n—l](p)
CA;O(V) = H <*Vi+'/i’p+1

peR® 2

(_1)X[1,a_1](p)

H (V'L*Vi/p+1

pER 2

>X[a,n1](17) >X[1,a1](P)

Vzé, Vi —|—2
‘pt
II < I/Z+I//+1 —vy  F1

peE(R) I’ + Xan-1](p + 1)>F<Z% + X[,a—1] (p)>

In particular,

vy —vV., 42
IR 2 P( - 2p+1 )
0{1} 0( ) H H —vi+v., +3 vi—vy

. — ) N
pere V1T Vi 1p6E(R)F< 7 >F< SH )

{”}0 H_ _ H —vitvy +1 Vi—Vy 3N
Vit vy 1peE<R>F( 7 )F( 5 )

Proof. From the definition of P mx: We can see that k, = 0if p € R or p+1 € R. Then,

in case of E(R) = (), we have Cf;o( V) = 1/Pj;§‘70 and our claim follows. When E(R) # ()
we find that

(6.11) ChE(w) = Zw.

I,R
k PA;O,k

Here k = (K1, ..., ky—2) runs through such that k, = 0if p ¢ E(R) and k, > 0if p € E(R).
Then the coefficient CJ"(#7) in (6.11) satisfies the recurrence relation

S (;gz up+1k>c;—1(ﬁ): S ol ),

pEE(R) pEE(R)

and which can be immediately solved:

n— ~ 1 n— ~ 1
C(k 1(I/> = vy —vy 42 ’ C(0 1(1/) = Vi =V +2 :
peE(R) k! <%) peE(R) k! <%)
kp kp
In view of
Pf;gk _ H (—1)Xan-1 (») (M) H(_l)x[l,a—l](p) <LZ;’+1>
JeRe 2 X[a,n—1](P) Ve R 2 X[t,a—1](P)
_Vi+yi;+1+1 Vi—Vi;)—i—l
H < + Xfan—1](P + 1)) (7 + X[1,a-1] (P)) )
2 —kp 2 —kp
pEE(R)

we get
(_1)X[a,n71] (p) (_1)X[1,a71](p)

I,R
CA;0<I/> = H <_Vi+yi§,+1) H (Vi—Vi%-f—l)
X{a,n—1](P) X[1,a—1](P)

pGRC 2 pGR 2
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1
’ H l/i/pflji/ +1+2 7V¢+I/i/ +1+1
pEE(R) kp=0 kp'( 2p >k ( QP + X[a,n—1] (p + 1))
P
1
’ vi—V;1 +1 .
< 5 T X[1a-1] (P)) ;

P

kp

By using the formula

e(b+1) k(c+1)x T(a+b+1I(a+c+1)

= 1 Fla+ 1)l (a+b+c+1)
63

which is a consequence of Gauss’s formula, we reach the desired formula. O

6.5. End of proof. Now we show the cancellation (6.6). From Lemma 6.6, we have

—y, Vg
RN | r(f)

1<p<q<n-—1
v — vy — 1 —v; +uvpy +1
) I (——5—)
) (3
peERC PER

GO Gt

) —vit+v. +3 Vi—vu +1
ng(R)F( oh )F( h )

Then, for r € E(R) we can see that

IR _Vi’H_l"‘Vi’T vi—vy —1 _Vi"‘Vi’H_l"'l
riey) Chifolr) D) T(=2)r(——==)

LR I,R Vv vy vi—vy —1 —vi+tvy
PRV Clipev) - p () P ()

2 2

r Vit o Vi t2 r —vitvy +3 r vimvy L
2 2 2
F<_Vi+Vi;+1+3> r (yi—yi,ﬁl) r <Vi;”_yi{r+1+2>
2 2 2

v Vs

= sin(—5— )7 T, T ! Vit +l
Sin( ife 2i;+1)ﬂ_ Vi—Vi/T—l —VZ'—FVZ'/TH—Fl
=—1.
The proof for A = {n} is similar. Hence we can finish the proof of Theorem 6.1. O

7. BASIC NOTATION FOR SOME COMBINATORICS

From now on we consider the case of general helicity. We first prepare some notation
to describe power series, such as subsets in T,, = {1,...,n}, characteristic functions of
subsets and some elements of the Weyl group.
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7.1. Colors and palettes. We have defined the notion of color of type (n,h) in section
1, and utilized three kinds of colors, I, J and A to describe the secondary Whittaker
functions in the case of helicity 1. In addition, it is better to introduce a notion of palette
to discuss the case of h > 2.

Definition 7.1. For a color X of type (n —1,h—1) and an integer z,, in T,,, we call the
set IT = (Xo, z,,) a palette of type (n,h).

We define some subsets of T;, attached to a color.

Notation 7.2. Let X = {x1,...,2,} be a color of type (n,h).
(i) We denote by

Xe=X""={a; |1 <t<h,t:even},
Xo=X9 = {3, ]1<t<h, t:odd}.

We also denote by T¢ (resp. 7)) the set of even (resp. odd) integers in T,,.
(ii) Let X¢ be the complement color (of type (n,n — h)) of X in T,,. We regard X¢ as a
union of intervals and denote it by 1(X):

X=1(X)=[Lz;-1JUx; +Lza —1]U--- = U [z + 1, 2040 — 1.
0<t<h

We divide I(X) into two subsets 1¢(X) = I****(X) and [°(X) = [°¥(X) with

IF(X)=[La—1U [z + Las—1U-- = |J o+ Ly — 1],
0<t<h
t:even
P(X)=[t1+ Lay— U [eg+ Lay = U= (| [+ 1,200 — 1],
ogtdgdh
t:o

Here we understand z¢p = 0 and z,.1 = n + 1. We also set
ID(X) =I¢X) U X°, IN(X) =I°(X) U X°,
X)=I(X)uUX°, I'(X)=I°(X) U X°.
(iii) Let Y be a color of type (n',h’). We define characteristic functions xx,y, Xx,7(v)
and x7(x),r(v) on T;, by
Xxy = (Xxe — Xxo)(Xye = Xvo),
Xx.1(v) = (Xxe = Xxo)(Xre(v) — Xro(v)),
XI1(X),I(Y) = (XIe(X) - XIO(X))(XI@(Y) - XIO(Y))~

Definition 7.3. For A = {ay,...,a,} € ,Cp and B = {by,...,bp_1} € n_1Ch_1, We say
that A and B interlace if

(]_ §)a1 S bl < a2 S bg < - < Ap—q S bh—l < ah(§ TL)
We denote by B < A when A and B interlace.

Notation 7.4. Assume that A = {ay,...,as} € ,C, and B = {by,...,bp_1} € n_1Ch_1
interlace. We define subsets of T,, by

I(A,B) = [a2,by = | U fag, by — U+ = | J [ar, b, — 1],

1<t<h
t:even
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I°(A,B) = [a1,b1 = 1] Uag, bs — U+~ = | J [ar, b, — 1],

1<t<h
t:odd
I“(B,A)=[l,a; = 1]U[by+ Lag = 1JU---= | [b+1 a1 — 1],
O%Itgh—l
IO(B,A):[bl—f-l,ag—l]U[b3+1,a4—1]U"': U [bt+1,at+1—1].
Ogtgd}zi—l
t:o

We further set
I(A,B)=1°(A,B)UI°(A,B) and I(B,A)=1%B,A)UI°(B,A).
We note that by = 0 and b, = n.

Since we will sometimes switch the role of 1¢(X) and I°(X) depending on ¢ € Tj, modulo
2, we use the following notation.

Notation 7.5. For 1 < ¢ < h, we use the subscript (e(t),€(t)) as (e, o0) if t is even, and
(0,e) if t is odd.

7.2. Characteristic functions. Let us define three kinds of characteristic functions &,
¢ and 7 attached to colors or palettes. In this subsection we use the following notation.
e Ac ,Cy, Be€,_1C,_1 such that B < A.
o A°€ ,C,_p and B° € ,,_1C,_, (= the complements of A and B).
e Jc ,Cyand JC € ,C,hp.
o Jo €, 1Ch1, JOC € n1Chp, jn €T, and Il = (Jo,jh).
e RC T, 1, R° (= the complements of R in T,,_1).

We first define an integer ¢ty and a color Jy associated to a palette II.

Definition 7.6. For II = (Jo,jh) = ({jl, Ce ,jh_l},jh), let tH (0 S tH S h — 1) be the
unique integer such that j;; < jn < ji;+1. We define a color Ji of type (n, h) by

JH = {jl?“‘?jt]‘[?jh?jtn+l + 17"'7jh71 + 1}

Definition 7.7. We define characteristic functions %, ¢ and e on T,,_;.
° 5= XIe(J) * XIp(A) T XI9(7) * XIF(A)-
Jo.R
o e = (Xup(a0) - Xapa) + Xap(o) - Xap(a))Xre + (Xag(ao) - Xap(a) + X1g(00) * X1p(4)) X B-

Jo,J Jo,[Jn,n—1
o 6226540Jh):8A0[]hn }.

Lemma 7.8. We have the following.

(i) e4(p) —ealp — 1) = —xase(p) — Xac,s(p)-

~—~
—e
—
—
~—

M s

(xa,5¢(p) + xac,4(p)) = 0.

Proof. 1t is immediate from the definition. The last claim (iii) follows from (ii) and
>on_i(ealp) —eilp—1)) =0. 0

- - . Jo,R  Jo,R
Definition 7.9. We define characteristic functions (4 g, 74 5, Ci'5> 15 Cip and Nl 5

on 7,1 as follows.
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¢ CiB = —XIg(J) " XI¢(A,B) — XIg(J) * XI°(A,B) T X[jn,n—1] X gy
b 77}]13 = XI¢(J) " XI°(A,B)uB° + XI°(J) * XI¢(A,B)UBe — X[jn,n—1] "X gy
. 10}3 = (" yge + (B xg with
CRC = —XIf(Jo) " XI¢(A,B) — XIP(Jo) * XI°(A,B)s
CR = XIe(JO) * XI¢(B,AyuBe + XI°(Jy) * XI°(B,A)UB° — XJg * XI°(A,B) — XJ§ * XI¢(A,B)-
o nn =0 g+ xg with
77RC = XI¢(Jo) * XI°(A,B)UB® T XI°(Jo) * XI¢(A,B)UBe — XJg * XI°(B,A) — XJ¢ * XI¢(B,A)s
n't = —XIg(Jo) * XI°(B,A) — XI2(Jo) * XI¢(B,A)-
° g = (Jo,jn) _ CJ07[jh7n_1]
AB = 6AB AB
o 77AB = 771(47%%) _ ;f‘ogjh,n 1]

For our later use we prepare some relations.
Lemma 7.10. (i) For R and its complement R®, we have
CR =" = xrey) - XIg(A) + XIo(Jo) * XIP(A)s
nt =" = —xgs + ¢ = ¢
(ii) For adjacent indices p,p £ 1, we have
B(p) = 0" (04 1) = X1e(0) (XBe — Xacl=1]) + X1o(o) (XBe — Xa0[-1])
+ Xe(X1o(B,A) 1] — X1e(B,A)) + Xag(X1e(B,A)-1] — XI°(B,A)),
¢ p) = ¢ (p = 1) = Xre(a) (XBe — Xaa¢) + Xro(g0) (XBe — Xao)
+ Xs (XIO(A,B)[H] - XIE(A,B)) + XJg (XIe(A,B)[+1] — XIO(A,B))-

n

Here we omit (p) from x.(p) in the light hand side.
(iii) We have
e (p) — (22" (0) — xug(p) - Xa(D) = X14.8)(P) + £, (D),
e (p) — (2005 (0) — xsg(P) - Xr(P)) = X184 (D) + 5 (D = 1)
Proof. We can directly check from the definition of characteristic functions. For example,
ex = (200 — xu5 - XR)
= Xre(X1g(Jo) * X10(A) + XIp(J0) = X1g(4)) + XR(XIE () = Xag(a) + Xio(Jo) * XIP(4))
+ 2XRe (X1e(J0) * X1e(A,B) + XIe(Jo) * XIo(A,B))
+ 2XR(=X1e (o) * XT¢(B,A)UBe — XI°(Jo) * XI°(B,A)UB® + XJg * X1e(A,B) T XJg X1°(A,B))
+ XR(X1e (o) + X1o(0))
= Xre{X1g (o) (X1p(4) + 2X1¢(4,B)) + X19(s0) (X1p(4) + 2X10(4,)) }
+ Xr{X1e () (X12(4) + 2X1e(A,B)) + X1o(s0) (X1 (4) T 2X10(4,B))
+ Xag (Xrp(a) + 2X1o(a,8)) + Xug (Xrp(a) + 2X1eA,B)) }
= X1p(a0) (X1p(4) + 2X12(A,8)) + X1p(30) (X17(4) + 2X10(4,))
= X1¢(Jo) (X10(4,B) T X10(B) T X1e(A,B)) + X10(J0) (XTe(A,B) + XIe(B) + X10(4,B))
= XI(A,B) T XI¢(Jo) * XI?(B) T XIP(Jo) * XI¢(B)

= X1(4,B) + Eljgo-
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7.3. Weyl group. Let I = {iy,...,i,} be the color of type (n,h) defining the principal
series 77, of G. As in the case of helicity 1, we specify elements 71/ and 75! of the
Weyl group &,, satisfying 75/(J) = I and 751 (Jyy) = I, respectively. Recall that we have
defined the color Iy = {ig1,...,i0n-1} of type (n — 1, h — 1) in Definition 4.1. For I and
I(), let

I° = {2,17 s 7i;z—h} (le << iiz—h) and [8 = {2{)717 s 7i/0,n—h} (ié),l <0< Z'E),n—h)
be the complements of I and I¢in T;, and T),_1, respectively.

Definition 7.11. For a color J = {ji,...,jn} of type (n,h) and its complement J¢ =
{3,y Uy < --- <4l _,), we define an element 77/ of &,, by

TI’J(jt) =ip1 (1 <t < h), TIJ(J;) =iy (1<t<n—h).

Remark 4. For p € J¢, if we take an integer ¢ (0 < ¢ < h) such that p € [j; + 1, ji11 — 1],
then 77/ (p) =i/ _,.

Next we define an element 701 of &,, related to a palette IT = (Jo = {J1, ..., Ja_1}, Jn)-

Definition 7.12. Under the same notation as in Definition 7.6, we set

= (i dg, i) T

I,Jn
Here (i, 42, ...,95—¢y) is the cyclic permutation of length h — 1.

Lemma 7.13. (1) Forp=ji € Jy (1 <t < h—1), we have 7" (p + xj,.n-1(p)) =

ins1-t, and TV () = iy
(ii) For p € J§, we take an integer t (0 <t < h—1) such that p € [Je + 1, jey1 — 1] if
p < jn_1, andt =h—1if p > ju_1. Then we have 7! (P+X[jh,n 1(p) =i,

Proof. 1t easily follows from the definition. a
Here is a relation between 7700 € &,,_; and 70" € &,,.
Lemma 7.14. We use the abbreviation
7o(p) = 777 (p) + Xpir ) (T (p))
for1 <p<n-—1. Then we have
7o(p) = 7" (P + Xiga—1)(P)-

Proof. When p = j, € Jy, we find 7707 (p) = i(,_1)11-¢41 — 1, and our claim follows from
Lemma 7.13 (i). When p € Jg, the identity 44, + X{in-1)(i,) = 7 (1 <t <n—h) and
Lemma 7.13 (ii) imply the assertion. O

8. SECONDARY WHITTAKER FUNCTIONS (2) -THE CASE OF GENERAL HELICITY h-

Similarly as the case of helicity 1, we express Whittaker functions on SL(n,R) with
helicity A in terms of (a sum of) those on SL(n — 1,R) with helicity A — 1 (Definitions
8.4 and 8.5). Our argument is analogous to section 5, though we need more complicated
combinatorics.
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8.1. The recurrence relations. As in the case of helicity 1, we set

Waly) = V=1 ),

and consider a power series solution of the form

n—1

Du(y) = Z Caym(P) H(Whﬂ)mpﬂp'

p=1

with C4,0(®) # 0 for some component A. We can derive the following recurrence relations
for Cym(P):

Lemma 8.1. (i) The Dirac-Schmid equation implies

h
Z{_(mat—l + lat—l) + (mat + lat) - Vit}CA;m(q))
t=1

h
+2> (~Curinen, 1 (®) + Carom e, (@) = 0.
t=1

(ii) The Capelli equation of degree two implies

[y

n—2

{3+ 1) = 2 (4 )1+ i) + Sa(v) } Can(@)

1 p=1

3

S
Il

h n—1
+ 2 Z(CA;;mfeat_l ((I)) + C(Azr;mfeat ((I))> =4 Z CAJH*er((I))'
t=1 p=1

8.2. The coefficients with total degrees at most one. We can determine the coef-
ficients C'a.m (®) with total degrees 0 and 1.

Proposition 8.2. The characteristic indices | = (Iy,...,l,—1) at y = 0 are given by
lp:VT(l)—l—"'—l—VT(p) 1<p<n-1)

for some T € &,,. If we denote by J a color of type (n,h) satisfying 7(J) = I, then we
may tmpose the normalizing condition:

1 ifA=J
CA?O@):{O ZZA;&J

Vr(p) “Vr(p+1) T

Che (D) =
ey (®) 0 otherwise.

{_—2 if(va):(Az:,’—aat)v(At_aat_l) fOT’ some t,

In view of this proposition we can show the following:

Corollary 8.3. We fixr 7 € &,,. The power series solution corresponding to the charac-
teristic indices | = (Iy,. .., l,—1) with l, = v,y + - - + vy is of the form

n—1

) (y) = Z Cam(®P) H(Wyp)2m1’+”f(1>+“'+'/r(p)+6:2(p)_

p=1
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8.3. Explicit formulas of the secondary Whittaker functions. Now we give explicit
formulas of the power series M™!/ which can be described in terms of M ~tloJo Though
we can construct the solution space only by the power series MZ,{] (Theorem 8.7), to
make our proof more understandable it is better to introduce yet another power series
solutions MZZI,H parametrized by palettes, each of which are connected to the solutions

MZ£J by palette symmetries (Proposition 8.6).

Definition 8.4. We define a power series

n,I,J _ pNn,I,J P/ t 10t n,I,J
MV (y) =Y My {y M }AEnCh
by
N n—1 ,
Mzzi,](y) Z Cm A, ]( ) H(ﬂ_yp)Qmeru_r],J(l)+...+V7_1,J(p)+sA(p)
m p=1
where the coefficients are given by
Cn 1[0,]0(]/)
el Z Z B; k
B<A k A B m.k
with
n—1
P£7é'mk — H(_l)CX,B(p)Jrnth(p)
I ) K p:1
Jn—1
Vi, + V) + 14 X5 (P)
D
=1 mp—kp—1+103 p(P)
n—1
Vi, = Vrra(p1) + 1+ X0 (D)
T (= Fpr + niB(p))!( : — : :
p=jn mp—kp+C1 p(p)
Here in the sum 4, B runs through colors of type (n —1,h — 1) with B < A, and in
the sum Y, , k = (k1,..., kno—2) € N2 ranges over vectors of nonnegative integers with
non-vanishing PAI:‘];;mk, that is,
kp < myp — X1e(a,B) (D) if p € I (Jo) N [1, jn — 1],
kp < my — XIO(AyB)(p) ifp € IZO(JO) N [Ljh - 1]7

kp < Mpir — Xpempay(p+1) ifp € [jn—1,n—2].
Definition 8.5. For a palette II = (Jy, jn) of type (n h), we define a power series

n,I,I1 _ pNn,IH P/ t 14t nIH
MI/ (y) - y Mz/ {y M }Aench
by
n—1
Nn,[ H n, I H 2m +VTI,H “F""‘FVTI,H JrEH(p)
M) = 2 Cim' W) Lm0 o+l
p=1

where the coefficients are given by

Cha ™" 9

nIH ZZ :

B<A k ABmk
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with
n—1
11 T
G | (G T
p=1

Jjn—1
—Vi, + Ve + 1+
. H (mp . k?p + C}:‘[’B(p))‘< 1 LI (p) XJo(p)

p=1

o (Vil — VrL(p41) +1+ X Jo (p)

2 ) mp—kp—1+n4 (p)

: H (mp - kpfl =+ UE,B(P))!

P=Jn

Here >, means k = (ky,...,k,_2) € N"2 runs through such that

2 ) mp—kp+CE,B(p)

ky < my + Ci p(p) if 1 <p<jy—2,
kp <min{my, + (Y g(p), mpe1 + 10l plp+ 1)} ifp=jn—1,
kp < mp + 14 g(p+1) if jp, <p<n-2.

Here is a palette symmetry, that is a relation between M™0(y) and M™H7 (y).
Proposition 8.6. For a palette I1 = (Jy, jn) of type (n, h), we have
M (y) = M3 (y).
cy

Here we denote by rgf the cyclic permutation (i1,1g,...,ih_4y). In particular, if ty = h
then {J1,...,Jn} is a color of type (n,h) and we have

M) = MO ).

In the case of t; = h, our claim is obvious from the definition of the power series.
When t; < h, our proof is indirect. We will show that by checking the coincidence of
recurrence relations characterizing the coefficients of both of the power series (Lemma
8.9). Note that at the level of the characteristic exponents, our assertion can be seen from
the definition of 77" and Lemma 7.8 (i).

Now we state our main result in this section.

Theorem 8.7. The set of power series
(M () | J € nCh, 7€ G126y x Gppy)}
forms a basis of the space of solutions of the system in Theorem 3.3 at y = 0.
The rest of this section is devoted to the proof of Theorem 8.7. Our argument is an
induction on n and h. The difference of the proof with the case of helicity 1 (Theorem

5.7) is use of the power series parametrized by palette. Indeed, assuming Theorem 8.7 for
I = Iy, we firstly prove the set

{]T/[/f;l’(‘]o’jh)(y) | Jo € no1Cho1, 1 < jp, <n, 7€ Sy}

forms a basis of solutions, by showing the coefficients CZ;fr’lH(u) satisfy the recurrence
relations coming from the Dirac-Schmid and the Casimir equations (Proposition 8.8).
Then we may also confirm Proposition 8.6 by Lemma 8.9. Hence we conclude our proof.
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8.4. Recurrence relations for CZ;{;IH(I/). By Lemma 8.1 and Corollary 8.3, the recur-
rence relations we should show is the following.

Proposition 8.8. For abbreviation we denote by

+

m;:m—sg;(at—l)-eat_l, m, :m—sgj(at)-eat.

Then the coefficients CZ;fr’lH = C’Z’;ﬁln(z/) satisfy the following:

h h
110 n, 1,11 n, 111 n, 1,11 )
51 {3 ) 400 JOR D2 (<CR + CEL) =0

t

t=1
h n—1
1
I oI n, I, n,I,11 n,I,I1 . n, I,
(8:2) QN hepen1imE"0) Ch + 5 Yo (Cr 0+ opi ) =S cnl,
t=1 p=1
Here
1 h h
1) = 5{ D enniay = )+ 3 an) = it = 1)
t=1 t=1
1
Nip() = 5 (Ve = verngiy + 2e4(p) —calp—1) —e4lp+ 1)) (L<p<n—1),
n—1
1
10) = 1{ X ) — vormpan) +QEHW) i - )

p=1

Proposition 8.6 is deduced from Proposition 8.8 and the following Lemma.

Lemma 8.9. For a color J = {ji,...,jn} of type (n,h), we define u’’ (v), /\1147:;70(”) and
k5 (V) by replacing J = ({ji, .-, jn-1},dn) in wy(v), )\2:;(1/) and k%’ (v), respectively.
Then we have p'{" (v) = uQ’JH(TgéHV), /\Qg(u) = AQ;H(TCIZJHV) and k5" (v) = H{L{JH(TCIy’Hl/).
Proof. 1t can be seen from Lemmas 7.8 (i) and 7.13. O

Before to start the proof of Proposition 8.8, we remark that Proposition 8.8 is a special
case of Lemma 9.8. In our proof of Proposition 8.8, the key identities in Lemmas 8.15 and
8.16 will be shown in Lemmas 9.11 and 9.12 (ii), respectively. Based on these identities
and some relations for Pf‘:g;m’k given in Subsection 8.5, we prove the recurrence relations
(8.1) and (8.2) in Subsections 8.6 and 8.7, respectively.

For our later use we write £ () and k%’ (v) explicitly (cf. Lemma 5.9).

Lemma 8.10. We have
Jn—1
1,1
45" () =) (s (D) + Xae o () (Vi) — Vrrngy)
p=1

n—1
+ 3 (=xar1.5(0) = X(ar=1eso () Wi — Vring)
P=jh
+h—t(JuNA).
Proof. We denote by e}f = el{ | - X[1j,-1] + €42 * X[jn.n—1], that is,

52,1 = XIf(Jo) " X1p(A) + XIp(Jo) = XIg(A)s
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€2 = Xig(o) * XI£(A) T XI2(o) * XIp(A):
Then we have

eia(p) — el = 1) = —xas5(p) = xac.50 (),
(8.3) eha(p) —eha(P+ 1) = =xap1,0:(P) — X(ai-1)e.s0 (D)

o) = eli(p = 1) = (xre(P) = Xao) () (Xae (o) (P) = Xa2000) (P))
(cf. Lemma 7.8 (ii)), and

Zé‘g(p)(l/ﬂvﬂ(p) - VTI’H(p-H)) = Zgg(p>{(_yil + VTI’H(p)) + (v, — VTI*H(p—i—l))}

Jh1

= Z 5,4 1\p) — 52,1(? — 1)) (—vi, + VTI’H(p))

+ Z(sﬂ,g(p) —ea2(P+ )i — Vo))

P=Jh
Here we used 701 (j),) = ;.
Let us consider the term Q(e'}(1),...,e%(n — 1)). Since
> (Ehp) —h(p— 1))
p=1

=> ) Ehp) —hp—1)) + D _chlp— D(ERp — 1) — 4(p)
= 2@@2(”? s ,gg(n - 1))7

we get

Q). ..., eh(n — 1)) = 3{2@2,1@) ST (- 1Y

2
p=1

#ERai) = B~ 1)+ (ol 1) = o)
P=IJn
By using (8.3) we have
(i) —ehilp— 1)) = (xaug)” + (Xacs)?
= (Xae + Xa0) (X1e(g0) T X10(J0)) + (Xre(a) + X10(4)) (X5 + X8)
= XA+ XJo — 2XA " X
(Eha(p+1) = €42(p)® = Xar-1) + X = 2XA[-1]* Xdos
(we omitted (p) from y.(p) in the right hand sides), and
(eh2(n) = €41 (Gn — 1))* = 1= xa(jn)-
Hence we get

n

Q(eh(1),...,ei(n—1)) = h — xa(jn) — Z xa(p) - X1 (p) — Z XAP) - Xao[+11(D)

p=jn+1
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=h—4(JuNA),
and complete the proof. a

Corollary 8.11. We have

n

4657 (1) =) (xase(p) + Xac.s (D) (v, = veragy) +h — (AN ).

p=1

For a palette 11 = (Jy, jn) of type (n, h) we have
n—1
4'%1[30 o Z XB, JC + X Be,Jo (p)>(Vz'1 - I/Tlvn(er[jh’nfl](p))) + (h — 1) — ]j(B N JO).
p=1

Proof. The formula for ﬁﬁj(u) is immediate from Lemma 8.10 and then

n—1

4“§7J0(’7) = Z(XB,Jg (P) + XBe.so (P)) (Piy—1 = Uptounyy) + (h = 1) = 4(B N Jo).

p=1
In view of the definition of 7, and Lemma 7.14, we have
Digfl — DTIOvJO(p) = Viy — I/{-O(p) = <—Vi1 + I/z'g) + (I/Z'l - I/’T'I’H(p-i-X[jh,n_H(p)))'

57()

Hence we can get the formula of k3 by using Lemma 7.8 (iii). a

8.5. Identities between P} .. We prepare some identities between Pf‘:g;m > Which
we will be utilized in the proof of compatibilities with the Dirac-Schmid and the Casimir
equations.

Definition 8.12. We define functions a = aﬁ,’n and 0 = ﬁf"n on T, 1 by

a(p) = %{Vil — Vrln(pyr) + (XI&(JO)(p) - XIO(JO)(P))(XIf(A) (p) — X1y A)( ))}X [jnn—1] (p),

1
Bp) = g{-vi + vrrng) = (Xrewo) (P) = Xro00) () (Xap ) (P) = Xy (P)) IX 11 11 (P).
Here is an analogue of the former part of Lemma 5.10.

Lemma 8.13. For each 1 <t < h, we have the following relations.
(i) Let B € ,—1Cp—1 be a color of type (n — 1,h — 1) satisfying B < A; .
e If B also satisfies B < A, that is, bj_1 € [a;_1,a; — 2] and by € |ay,apy1 — 1]
(t' #t—1), then we have

pla
A,Bmk
PI’I_E - = _<mat—1 - kat—l + a(at - ].))
Ay, Bim; k
e If B does not satisfy B < A, then we have B = Byq,—1 (1 <t <h—1) and
plu _ pll I
A7 .Bm; kT 4 B karEB (be)-d A,Bt ay; mk+X (at 1)-day—1°

(ii) Let B € ,_1Ch—1 be a color of type (n — 1,h — 1) satisfymg B < Af.
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e If B also satisfies B < A, that is, by € [a; + 1, a;51 — 1] and by € [ay, apy1 — 1]
(t' #t), then we have

plu
A,B;m,k
10 = _<mat - kdt—l + ﬁ(at))
Af,Bm} k
o [f B does not satisfy B < A, then we have B = By_1,, (2<t <h) and
plll _ plI _ plI
Af,Bm} k A,B;l;m,k+z—:é0(bt_1fl)-dbt_l,1 A7Bt—1,at—1;m7k+xllg(z)(JO)(atfl)-datq'
Proof. (i) From the definition, the ratio P2 /phI is
’ A,Bimk/ " A= Bim; k

(matfl - kat—l + CXB(at — 1))'
(mdt—l - k:at—l - 82; (a't - ]-) + CE;,B(at — 1))'
(84) (_Vil+VTI,H(at_1)+1+XJO(at—1))
2 mat—lfkat—Q‘i’ng,B(atfl)

)

' (—Vil+VTI,H(at_1)+1+XJO(at_1))
2 mat-rkat-rsgt_ (at71)+n§t_’3(at*1)
ifa; —1€[l,5, — 1] and
(May—1 = kay—2 + 104 pla — 1))!
(May—1 — Kay—2 — eg;(at 1)+ ngt,’B(at —1))!

5) (Pt P,
2 mat—lfkat—l‘FCE’B(at*l)
(”il _VTI’H(at)+1+XJ0(at_1)) 7
2 = el _ 11 —
May—1 kat 1 €At_ (CLt 1)+CAt_ B (at 1)

if a; — 1 € [jp,n — 1].

For a; —1 € [1,jn — 1], we have (§ g(a; — 1) = 0, =€} (a; — 1) + [ (ar — 1) =
’ t t o

_XIlE(t)(JO)(at_1)_Xlle(t)(J0)(a/t_1> = —land 7} g(a;—1) = —52;(%—1)4—771_73(&15—1) =
—X ;e (a; — 1). Then we find that (8.4) is equal to —(mg,—1 — kqa,—1)-
0

Similarly, in the case of a;—1 € [j, n—1] we have i} g(a;—1) = —€'{_(a;—1)+n'{ (a—
’ t t o

1) = —Xlﬁ(t>(JO)(at —1), (i pla—1) = X1 (gy) (@ — 1), and —52, (a;— 1)+CE;,B(‘”_ 1) =

— X1 (Jo)uso (@t — 1). Then we have (}f p(a; —1) +€£1[t_(at —1)— E;,B(at —1) =1. In view
of
Vip = VrlLl(g,) — XJg(at - 1) I I
5 +Caplar—1) =ay (a — 1),
(8.5) is equal to —(mg,—y — kq,—1 + @y (a; — 1)) and we have confirmed the first part of
(i). The others can be similarly checked. O

Lemma 8.14. Let B = {by,...,by_1} be a color of type (n — 1, h — 1) satisfying B < A.
For1 <t < h—1 we have the following.
(i) If B also satisfies B < A then we have
pia
T = —(my, — ky, + a(by)).
A,B:;m,k—i-eéo (bi)'dbt
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(ii) If B also satisfies B, < A then we have

Pj’g'mk
- ,Bym, — _<mbt — kp,—1 + ﬁ(bt))

AB; mkte)0 (bi—1)-dy, 1

Proof. In the same way as in Lemma 8.13, we can check these relations. a

8.6. Compatibility with the Dirac-Schmid equations. To prove the Dirac-Schmid
relation (8.1), we connect the coefficients CZ;fr’l‘]( ) with C; kl 10:70(57). The following is the
key identity in the proof of (8.1), which will be settled more generally in the next section.

Lemma 8.15. For A € ,C, and B € ,,_1Cy—1 satisfying B < A, we have

h
+Z Bla) = 30 =g = g™ (7) +Z

t=1

Proof. This is a special case of Lemma 9.11 (R = [jn,n — 1]). O

Now let us prove (8.1) by induction on (n, h). Our task is to confirm that

{ h (— 101+ ma,) + 15 }chn k()

t=1 B<A k ABmk

h CTL 1,1o, Jo Cm 1,1o, JO(I;)
S EE G s e

t=1 B=<A; k A Bmt k B=<Af k A+B Tk

(8.6)

by using the induction hypothesis

h—1
b )+ w00 b

t=1

(8.7) -
_ m—1,10,Jo n—1,1p,J; _
+;{ C ety -ty )+ O i o G )} =0, (B€1Ch1).

We divide the summations over B in (8.6) as ZB<A§E = Y .p<aar T2 ap<at- In

view of the relations in Lemma 8.13, the left hand side of (8.6) can be written as the sum
of the following five terms:

(8.8) {i( May—1 + Ma,) + i ( }Z >~

Cn 1,1o, J0(17>

t=1 B<A k A B m.k
h n—1,1p,Jo
(mq,—1 = ka,—1 + a(ar — 1))Cpy "7 (V)
S 55 3> D),
t=1 B<A,A; k A,B;m.k
h—1 Cn__LIO’JO(];)

B:k .
(8.10) - Z pll ’

t=1 B A,B<A; k " ABtmk+e)(by)- dy,
" (M, = ka1 + B(ar)) ™ (9)
(8.11) -> i ;

pLI
t=1 B-<A,At+ k A,B;m k

I
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h
(8.12) Z Z Z phi

t=2 B AB<Af k " AB; imkte(bio1-1)dy,_, 1

Let us compute (8.8) + (8.9) + (8.11). Note that, for B = {by,...,bp—1} € n-1Ch_1,
e BLAA <— g 1<b1<a—2anday <by <apy —1fort #t—1,
[ B%A,A;_ <~ at—l—lgbtgat“—landat/ Sbt/ gat/+1—1f0rt’7ét.

Now we divide the summations ) ,_, and S S, <a,ax for given A. Let
= {t e T ‘ Ay = Qg1 — 1}

Ifty € Sp and B < A, then by, = ay, = at,+1—1 and there is no color B of type (n—1, h—1)
such that B < A; ., or B < A} . That is, if B < A; (resp. B < Af) thent —1 ¢ S,
(resp. t ¢ Sp). Let us consider a decomposition of the set Tj,_1\Sp into three disjoint
subsets S; (i = 1,2,3) and put

S={5=1{51,52,5}|Th-1=So 115 I1 S5 IT S5}.
For each S € § we define a set D(S) of colors of types (n — 1,h — 1) by
D(S) = D({S1,52,53}) ={B={b1,...,bn_1} € n_1Ch_1 | B satisfies (1)},

with
by = a; if t € Sy U .Sy,
(B) S by € [ag+ 1,a401 — 2] ift € Ss,
by =a;q — 1 if t € SoUSs.
Then we find

IIEDDD IR

B=<A SeS BeD(S)

Y- Y Y y-ryiy- ¥ |

1<t<h p<AA; S:{Sl,SQ,Sg}eSt %;KSS BeD(S) SeS BeD(S) F1<t<h  t—1€59US3
O 3

SED JEEIED SEEED SED SIE S Sl DOEED ol

1<t<h B<A7A£F S= {Sl Sa, 53}68 té;tjg BED(S SeS BeD (S) 1<t<h t—1€SpUS1
0 1

Hence the sum (8.8) + (8.9) + (8.11) is

Z Z Z |:Z{ —May + maz) + (mat—l - kat—l + Oé(at — 1))

SeS BeD(S) k
— (M, = kapo1 + Bla))} + 15" (v)

n—1,1o,Jo / ~
Bk (I/)
- Z (Ma,—1 — kg1 +afa; — 1)) + Z (Ma, — ka,—1 + Blay)) Tphm
t—1€S0US3 teSpUS, A,B;m,k

By using the identity in Lemma 8.15 and

May—1 — kay—1 +alay — 1) =my,_, — kp,_, +a(b—1) t—1€ SyUS3 and B € D(S),
Mg, — kat—l + B(at) = My, — kbt—l + ﬁ(bt) te SouUS; and B € D(S),
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we find that the contents in the bracket [ | in the above yields

Z (au(be) = B(be) + g™ (D)
1<t<h—1
- Z (mbt - kbt + a(bt)) + Z (mbt - kbt—l + ﬁ(bt))
1<t<h—1 1<t<h—1
teSHUS3 teSHUST

1<t<h—1

p>

1<t<h—
t¢SoU53

for B € D(S).

Hence, in view of Lemma 8.14, we can find that (8.8)

following three terms:

(X0 (S B + ()}t o (7)
IBPIPD m
(8 13) S BeD(S A,Bimk
{Z kbt 1+kjbz)+/‘LB§J JO( )}Cm -l JO(V)‘
- Z Z pho ;
B=<A k A,B;m,k
(8.14)
DRI e M N
S BeD(S) k t¢SoUS3 AB+mk+sBO(bt) t=1 p<aA;, k AB*kareB (be)-dy,
(8.15)

Z (_kbt—l + kbt)

(my, = Ky, + a(br)) —

+ (o)

> (my, = k1 + B(D))

1 1<t<h—1

t¢SoUS1

+(8.9) +

Cn 1,1o, JO(]/)

2.2 2.2 5

S BeD (S) k t%SoUSl

A B, mk+eB (bg—1)- dbt

h—1 Cn 1,1p,Jo

()

(8.11) is the sum of the

Y

2. g

t=1 p<aAf k

Let us consider the sum (8.10)4(8.14). In view of

e B<AA,,

by € [ay, a1 —

e BAAB<A <= bi=a;—1andby €

we have

(8.10) +

:"

(8.14) =

t=1 Bf<A k

>

h—1

=1

oy
A
hS

Similarly we can find that

(8.12) + (8.15) =

2] and bt’ €

[ay, api1 — 1] (¢ # 1),
av, av1 = 1] (' #11)

On 1,1o, Jo(y)

ZZZ P

A B+ ;m k+€BO(bt) dbt
n—1,1p,Jo ~
By k—e”0 (by—1)-dp, 1 v

t By t

710
PA,B;m,k

n—1,1o,Jo
Bik—e70 (be—1)-dp, 1

1,11
P

A,B; ;m,k

()

A B, mk+eB (bg—1)- dbt



_ 7QJ
h—1 B k—aB?r(bt) dy,
= E : T11
B<At=1 k Py B mx

Thus, the hypothesis (8.7) implies that
(8.8) + (8.9) + (8.10) + (8.11) + (8.12)
= (8.13) + {(8.10) + (8.14)} + {(8.12) + (8.15)} = 0,
and we can finish the proof of (8.1).
8.7. Compatibility with the Casimir equations. As is the case of Dirac-Schmid

equations, we show the recurrence relation (8.2) by induction on (n,h). Here is the key
relation, which will be proved in the next section.

Lemma 8.16. We set
n—1 pl,I n—2 I
LI _ Py Bmx B Py Bimx
AB = E :PLH E :PI,H
p=1 ~ A,Bym—ep k p=1 ~ A,B;mk+d,
for B < A. Then we have

Qu (N33 h<pen-15 15" (1))
h

Il
—_

= t
1,11 Io,. Io.Jo/ ~

= X5+ O (B () h<pen—2; 0" (0))
h—1 h—1

1 1
—3 g my, = ke, + (b)) = 3 ;(mbt = Fp—1 + B(0r))-
Proof. This is a special case of Lemma 9.12 (ii) (R = [jp,n — 1]). O

Let us start our proof of (8.2). For abbreviation we denote by
Qm = Qu({Niy (W hspznird (), Q= Q({A5;" () h<pzn—2i k5™ (7).
Then our task is to show

Cm 1,10, JO(I;>
Om D> > —prm——

B<A k ABmk
(816) 1 Cm IIOJO Cm 1[0J0(~)
PRI D B
1<t<h \p<a; k A7 ,Bym; k B=<Af k AF.B;m; k

We divide the summations over B and use the relations in Lemma 8.13, the left hand side
of (8.16) can be written as the sum of the following five terms:

Cm 1,1p,Jo o
(5.17) OND PP PR

B<A k A,B;mk

] h n—1,Ip,J ~
(mat,1 katfl Oé(at - >>OB;] 0 O(V)

I

710
PA,B;m,k
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R

n—1,1o,Jo

1 Bik—e30(by)-dy, *
(8.19) 52 2. 2 pm ,

t=1 B=B; ,—1=<A; kK ABfmk
1 L mat - at 1+ B(at))cg;ilj’[o“]o (D)
(8.20) 9 Z Z Z pln ;
t=1 pzaAf k 4,Bim.k
h—1 TL 1 Io Jo ~>

1 Bk et bt 1)-dy I(V
(8.21) 5 > =
k

t=1 B:Bt,at+1<At+1 AB ;m k
In the similar way to the proof of (8.1), we can see that (8.17) 4 (8.18) 4 (8.20) equals
(8.22)

Z Z Z{Qm -5 Z (ma,—1 — kg,—1 + a(ay — 1))

SeS BED(S k t 1¢SOU53

1 Cn 1,1o,Jo
~3 Z (Mg, — kay—1 + 5(%))}%@)

t¢50U51 A,B;mk

h
= Z Z Z{Qm - %Z{(mat—l - kat—l + a(at - 1)) + (mat - kat—l + B(at))}

SeS BeD(S) k
1

+ 3 Z (May—1 — kay—1 + a(ay — 1))
t—1€SpuUS3
1 Cia ™ (9)
+5 > (M, — ka1 + ﬁ(at))}]’ﬂ,n—
teSoUST A,B;m k
By using the identity in Lemma 8.16, (8.22) equals
n—1 IH n—2 PI,H
A,B;m.k A,B;m.k
Z Z Z{ZPIH _ZPLH + Qx
SeS§S BeD(S) k A,B;m—ep .k p=1 * A,B;mk+d,
1 1 Cha " (#)
~ 5 Z (mp, — K, + a(by)) — ) Z (M, — kp—1 + 5(1%))}[’)1,11—
t¢SoUS3 t¢SoUS] A,B;mk
1 n—1,Io,J —2 n—1,Io,J n— 11 J
n— O 05 O CB S ((i) O Qk C 0 O( )
=22 i ZZZ Pmp iy y oot
p=1 B<A k A,Bm—ep .k p=1 B<A k A,B;mk B<A k A,B;mk
) n—1 Io JO ( n 1,IOJ,JO (ﬁ)
Bik—e?9 (b;)-dy kas 0 (by—1)-dp, 1
GY Y {z i D, 3 et D
SeS BeD(S) k \t¢Souss A,B; ;mk t¢SoUS1 A,B; ;mk

Here we used Lemma 8.14. By adding (8.19) and (8.21) to the above, we find that the
left hand side of (8.16) can be written as

n—1 n— 1[0 Jo n—2 ~n—1,Ip,Jo
ol C (7) = Z CBk d, ()

ICNURD S) e i

p=1 B<A k A,B;mk
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n 1 IQ,JQ h—1 n—1,Ip,Jo ~

Bk 70 (bt)dbt( v) 1 B;k-agO(bt—n.dbt_l(y)
T3 Z Z pln +§Z Z pl

t=1 pr<a A,Bfimk t=1 B~ <a A,B; ;mk

n—1 n—2
o n,I,I1 n—1,1p,Jo [ ~ n—1,1p,Jo
_ZOA;m— +§:§: pLI { 'CB;k (V)_E :CBkd (7)
p=1

B<A k ABmk p=1

>

~1
nil’IO"]O n 1[07 ~
i <CB1_;k el (bt—1)-dp, - 1( ) * CB+ k— (bt) dp, (V)> }

1 By

N | —

t

From the recurrence relation coming from Casimir equation for O, "7 (), the bracket
{ } is equal to zero and hence we conclude the proof of Prop081t10n 8.8. O

8.8. The recurrence relations for the edge components. For our later use we derive
auxiliary recurrence relations for C’Z;{I’IJ(I/) with a fixed A where A is eigher the edge
components A; (i =1,2):

A1:{1,2,...,h}, Agz{n—h—l—l,,n}

When A = A;, the components A do not exist except for AF. By eliminating the

; I,J . . ..
coefficients C’fﬁ'm(u) from the recurrence relations in Proposition 8.8, we can get
h

1,J 1,J ,I,J 1,J
({)\Al p( ) - %5P7h}1§1’)§n_1; K/Al (l/) - %/"LAl ( ) n Zczl sm— ep

where )\Q’ip(u), /ﬁﬁ,’f(u) and ,ui’f(u) are defined by )\Alp(u), /*iA’l () and NAl () with
IT = (Jo, jn), respectively. Similarly we have
n—1
IJ 17 17 n,1,J n,1,J
Qm({Na1, () = 30pn-nhrpen1; w4y () + 31 (1)) Chin (V) = > Clii e, ().
p=1
From now on we want to rewrite these recurrence relations by shifting the indices m
suitably to eliminate the constant terms /ﬁﬁ{;’( )—3 ,uif(u) and ﬁfég;}(u) +1 uﬁlj( ). Here
is the desired expression and this is a special case of Lemma 9.8 (ii) (cf. Lemma 6.4 (ii)).

Proposition 8.17. Let us define functions 5;’11_ onT, 1 (i=1,2) by

min{p, h} —t t +min{n — h —p,0}
= [==5—] ane-| 2 J
where t (0 < t < h) is an integer satisfying j; < p < jiv1 — 1. If we set m' =

(m},...,m},_,) with m{, =m, — 64 (p), then we have the recurrence relations

-1
Qm’({)‘/IJ( ) hepen—1;0)Chli( Zfr;l] o, ( (i=1,2).

Here

NI () = V7 T Ve~ Xa () Fxa(p 1) =1,
Agp Vrld(p) = Vrld (py1) T xsp) —xsp+1) ifi=2.

h h
Remark 5. We note that 64, = >/, Xitge— 11X 720 and 0%, = >, Xljen—1]X 0 -
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To prove this proposition, we start with some identities for 5;]11-'
Lemma 8.18. (i) We have
04, (p) = 04, (p — 1)
_ )X (P) - xas (0) + Xao)(P) - Xag(P) = Xgew (P) - Xint1m)(P) - i 0= 1,
X7e(P) * Xin-n(P) — Xre()(P) - Xag(P) — Xzo()(P) - xa5(p)  ifi=2.
(ii) We have
J J J Lo
20, (p) = 0u,(p— 1) =05, (p+1) + 5(25&(?) en(p—1) —ei(p+1))
_ Jaxae) + xueup) + 0p0)  ifi=1,
(s (P) = Xory () + Gpnn) i i =2.
(i) We have
_ ZZ:}L(XF(J) () * X A¢ (p) + X10(.J) (p) - X Ag (p)) + ZZ:h-{-l Xgem (p)  ifi=1,
> ot Xae(P) + 2o (Xae) (P) - Xag(p) + Xro(y (P) - Xag(p))  if i = 2.
Proof. We can check (i) from the definition. By using (i) and Lemma 7.8 (i) we get
2(0%,(p) = 04,(p— 1)+ (e4,(p) =4, (p— 1)) = (=1)'(xs(p) — X, (p)) and then (ii) follows.
The evaluation of Q(d% (1), ...,d% (n—1)) can be done as in the proof of Lemma 8.10 by
using (i). O

Now let us show Proposition 8.17. Our claim for A; follows from

1 /
(823)  205,(0) =04, (p— 1) =04, (0 + 1) + AL, (1) = 50 = N (v)
for 1 <p<n-—1, and
(8.24)

3
—

Q3,13 = 1)+ 3 (VR 0) = 500 ) ) + w57 (0) = il ) =00

1

3
I

By means of Lemma 8.18 (ii), we get (8.23). To prove the identity (8.24), it is enough
to show

i
L

(Vrta(py = VrLd (o) )64, (p Z Xar,7¢(P) Wiy — Vrragy))
1

| —

p

1 n
5D O () = X () (Wi = Vi) me > vy =0,

p=h+1 peJ

(8.25)

and
n

QWA (= 1) 5 S (X 0) + o (), ()
(8.26)
=8N+ D Xaelp) =0

48



Here Vge applied Lemmas 8.18 (ii) and 7.8 (i) for )\i’ip(z/) and uﬁl’;’(z/), respectively. In
viwe o

i
L

n

(VT”J(p) - VT”J(erl))(S}]h (p) = Z((S}le (p) — 5}(1 (p— 1) (v, + VTLJ(p))v

1 p=1

S
Il

n

— Zy Ly + Z Vrla(p) = ZXJC (Viy = Vrrap)) — Z X (0)(Viy — Verip)),

peJ p=h+1

and Lemma 8.18 (i), we can get (8.25).
Finally let us confirm (8.26). By Lemma 8.18 (i), we have

=3 X7 () (Xre(n) (P) - Xas(P) + Xro)(P) - Xa3(P) — X e (P) * X(hy1.0(P))

Hence, in view of Lemma 8.18 (iii) and h —§(A;NJ) = 22:1(9(14? (P) +xa9(P)) (X1e() (P) +
X1o(s)(p)), we obtain (8.26).

The case of A = A, is treated similarly and thus we finish the proof of Proposition
8.17. O

9. PRIMARY WHITTAKER FUNCTIONS (2) -THE CASE OF GENERAL h-

Here is main result for the primary Whittaker functions. Similarly to the secondary
Whittaker functions our explicit formula is a recursive formula with respect to n and h.

Theorem 9.1. We define a function W™ (y { )}Ae e = {yPWZ:i(y)}AE e by
the following relation:

_ ty
WZi / Wgyll()( <oy Yn—1 )
;4 (Ry)" Vi, V i

H exp{ (pr) - t_} H(wy )n —viitxr(s,4)(p)
P

p=1 p=1

—1
vi,+3(x1(8,4)(P)—X1(4,B) (D)) dt
tQ(n )7
H 1%

p=1 P

Then W™I(y) is the radial part of the primary Whittaker function and we have the fac-
torization formula

o) W) = 3 - [zrw M:;m],

TE T JenCy
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where

Vi, — Vi, —Vir + Vi
mo= L5 T r5

1<p<q<h 1<p<g<n—h

h Jt+1—1 oy, h o ,

TLIT T () T r(- )
2 2

t=0 p=j++1 s=h—t+1

Here is a propagation formula of the Mellin transform of the primary Whittaker func-
tions.

Theorem 9.2. Let

n—1

Vi (s) = Vi (st, ..., sn1) = / ) [[w)>

(R+)n—1 p=1

be the Mellin transform of the radial part WZi Then we have a propagation formula

21771
n,I z : n—1,1
VA,Z/ (S) = (27_‘_2)71_2 Ll - VB,f/ O(Zl, e ey Z’I’L*Q)

B<A

' ﬁ F<Sp — Zp—1 1+ XI(B,A) (p) (n - p)Vz'1>

+
- 2 2(n—1)
Sp — 2p + X1(4,8)(P) PVu
;H I < 2 T 2(n-1) > H dzp.

From now on we will prove Theorems 9.1 and 9.2. Similarly as the case of helicity 1
our task is to show the factorization formula (9.1). Our argument is an induction on n

and h.

9.1. A certain factorization of formula for ng{ By inserting the factorization for-

mula (9.1) for Wg ~10(3)) and changing the order of integrations and infinite sums, which
can be justified as in [HrlO, §7], we get

(UED YD SN LI TD D) Werel)

TE Iy Jo€En—1Ch_1 B<A k

n—1

1
: eXp{—(Wy )t ——}
fo, 11 Pty 7

n—2 2k1’+5710w70(1)+"'+';TIO7J0(p)+5é0(p)
tpr1

H TYp+1 o
P

p=1

n—1 n—1

.H(Wy )n =Lvi +x1(8,4) (P Ht2(n nYiit3 3 (X1(B,4) (P)~X1(4,B) (P)) Hdt }
p=1 p=1 p=1 tp

(9.2 -y ¥ #mm ZzgﬁwlpJ

TE I Jo€En—1Ch_1 B<A k
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where

U, = (7Typ)2kpfl+”ifr P g+ R (=D H+X1(5,4) (P)

. /Oo exp{—(wyp)Qtp - %}tﬁp1_’“P+%(Vi1—V%o@)+X1<B,A>(P)—X1(A,B)(P)+61J3°(P—1)—€f;°(19))%.
0 P P

Recall that 7o(p) = 7707 (p) + Xji, n—1](7707"°(p)). We can see that

X1,4)(P) — Xra,p(p) +eR(p— 1) — R (p)

(
2(x1eB,4)(P) — X1e(a3)(P)) i p € J§,
) 2(xze3.a)(P) — Xream)(p)  ifpeJg,
) xisayuse(p) — XI(A puse(p) if p € I°(Jy),
X1(B,4)uB* (P) — X1(a,Buse(p) if p € I°(Jy).

Especially the above integer is odd if p € J¢ = I¢(Jy) U I°(Jy). Let us evaluate the
integrals U, by applying (6.2) for p € Jy, and (6.3) for p € J§.

When p € J§ we use the formula (6.2) with & = k,—1 — Kk, + Xre,4)(P) — X1c(4,B)(P)
and v = (v, — Vzp)/2 to find that

U, = (ﬂ-yp)2kp71+yi1+ o To(q)-i-SB (p—D)+x1(8,4)(P) . ( 1)kp—1+’fp+X16(B,A)(p)*XJE(A,B)(P)

Ar Vi — Vzy(p) i (Wyp)2(mp*kp—l+kp+X1€(A,B)(p)*XIE(B,A)(p))*l/il +vz0(p)
2 | ( Vi +V%o<p)+2)
’ 2 mp+kp+xrea,B)(P)—kp—1—X1e(B,4)(P)

_Vi1+y7~'o(l7)) = (myp) 2
() Y -

)mp+kP*1+XIe(B,A)(p)_kP_XIe(A,B)(p)
In view of 79 (j; — 1) = xze) (Ji) We get
Up — (_1)kP*1+kP+XI€(B,A)(p)_XIe(A,B)(p)
) F<Vi1 - Vq”-o(p)> i (Wyp)Q(mP+kP+XIe(A,B)(p))+ A Vg(a) TX10(4) (P)
2 *Vzﬁl’%o(p)”)
2

myp=0 mP! (

mp+kp+Xre(a,B)(P)—kp—1—Xre(B,4)(P)
)2(mp+kp—l+X15(B,A)(p))+Vzl+ 5%

—Viy + Vzy(p) - (Wyp
_'_F(_ 2 ) Z mp!(yil—ygo(p)-f—Q)

myp=0

(@) TXro(a) (D) }
mp+kp—1+xre(B,A)(P)—kp—Xre(a,B)(P)
for p € J§. Similarly for p € J§, we have

U — ( )kp 1tkpt+Xxro(B,a)(P)—Xr10(A,B)(P)

0 2(mp+kp+xroa,B)(P)+  _1 Vig(q)FX1e () (P)
: F<_W1 _—V%O(p—)> E ) om0
2 *w1+'/2+o<p>+2)

myp=0 mp! (

mp+kptxroa,B)(P)—kp—1—Xxro(B,4) (D)
)2(mp+kp—1+X10(B,A)(p))+l/z'1+ Z;% Vo (@) HX1g () (P) }

Vi T Vam)) o (1Y
_'_F( 1 2 0 ) Z lp(yil—y;o(p)‘i‘2)
2

myp=0 m

mp+kp—1+Xx70(B,A4)(P)—kp—X10(A,B)(P)
In the case of p € I¢(Jy), we get

U _( )kp 1+kp+3 (X1, 4)0Be P)—X1(4, ByUB (P)—1)
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2(mp+kptxrea,By(P)+  F_q viy(q)+X1oa) (D)
) q 0 i

Vi — V) + 1\ < (7yp
.{p< )y

)2(mp+kp—l+XIO(B,A)(p))JFVilJF ﬁ;ino(q)Jerf(A)(p) }

mp+kpt+xrea,B)(P)—kp—1+X10(a,B)UB (D)

—Viy + Vrp) 1) — (T
F( 92 Z '(Vil—'/%o(p)-i-l)
) 2 mp+kp—1+xr0(B,4)(P)—kpt+X1e(B,A)UBE (D)
When p € I°(.Jy) we switch the subscript e and o in the above.
By inserting the expressions above into (9.2) and replacing m, — m, — k, — xx and

m, — my — kp_1 — X«, we can find the following:

P

Lemma 9.3. We have

03 o= XX o[t ),

TE 15 Jo€En— 1Ch_1 RCTyh—1

where
(9.4)
Vi, — Vay(p) + X (P —Vi, + Vi) + Xue(p)
rlJo.R . IO,JO F< 1 o(p) ) F< 1 0 f; )
()= o 11 1T ‘ ,
pERC® PER
and
n—1
I JO: Z CI Jo, R H(Wyp)sz+XR(p)'Vi1+XRc(p)'V-FO(p)+ Py To(q)+€i;0’R(p).
p=1
Here the coefficients C’I TR (L) are given by
Cm 1, IO,JO(I;)
1 Jo,
W) =3
B<A k A B;mk
where
n—1
1,Jo,R Jo. 1t
Py Bimx = H(_l) A Wy @)
p=1
—V;, + Vs + 14
. H( k‘ _+_€J0, ( ))|< 1 o(p)2 XJo(p)> .
pERC mp—kp—1+n4'5 (P)
Vi, — Vayp) + 1+ X0 (P)
L my = by + g ()
PER mp— P+CA,B (p)
For our later use we write I''/0% (1) more explicitly.
Lemma 9.4. We have
vV, — U —Vy + Uy
FI,JO,R — F( p Zq) F( P q)
W= 11 (=) 1l ——
2<p<q<h 1<p<qg<n—h
h—1 jt+1—1 — 1, h . ,
LI {55 T (e
2 2
t=0 p=j;+1 s=h—t+1
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h—1

) Viiv = Vipy s . —Vi T Vi,
: H{XRC(]t) : F(%) + Xr(Jjt) F(%)}

t=1

h—1 jeg1—1 Vi, — Uy » + 1 —Vi + vV ., + 1
11 11 {XRc<p).r(+) +xR<p)'F( 5 )}

t=0 p=7j¢+1

Here we understand j, = n.

Proof. Let us compute I~ 100 () In view of the relations 7, — 7, = Vptx(iym1)(p) —

quX[’Ll n—1] (q and

. . . ./ ./ Y
i0p + Xfinn—1](Top) = Tps1, 10, + Xiirn—11(Go,) = 1,

for Iy = {do.1, .-, 90n—1} and I§ = {igy, ..., ig,, s}, We can get
Vi 1 — V4 —Vir + Vi
Pn—l,IO,JO D) = P( p+1 Zq-H) P( P q)
(7) 11 — 11 — 5
1<p<q<h—-1 1<p<qg<n—h
iﬁ Jtﬁ 1 H ( Vip_s1 T Vit , + 1) ]ﬁ F(Vih_sﬂ — Vi, + 1)
2 2 '
t=0 p=7¢+1 s=t+1

Because of 7y(j;) = iny1-¢ (1 <t < h—1)and To(p) =i, ; (e +1 < p < Jigr — 1), we
have the desired formula. O

In Proposition 9.6, we will see that only the terms R = [j,,n — 1] contribute to the
summation in (9.3). Let us compute the I''*/0f (1) for such R.

Corollary 9.5. For a palette 11 = (Jy, jn) of type (n, h) and the integer tr; and the color
Jn of type (n, h), we have

FI,JO,[jh,nfl]( ) ™ A, Jn( )
Cy ?

' is the cyclic permutation (iy, ..., i ).

where TI

Proof. From Lemma 9.4 we have

FIv]Ov[jhvn*l](y) — r‘)/l . ,.}/2 . *}/3

where
. Vi, — Vi, Viy = Vip 1y —Viy + Vi,
n= ]I P( 2 ) HP( 2 ) 11 P( 2 )
2<p<g<h 1<t<tn tn+1<t<h—1
_V’i’ + ]/Z'/
J— P q
w= I 7( 2 )
1<p<q<n—h
h—2je+1—1 — Ut -+ 1 h —v;. + V‘/ —'— 1
— Tp—t 1s 2%
73_HH{H < 2 ) 11 F( 2 )}
t=0 p= ]tJrl s=h—t+1
- Vi, + vy +1
H H < T ) * V4.
2
=jn—1+1 s=2
Here

trn—1 je+1—1

=T IT (=2t

t=0 p=ji+1
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L : 1—1
Jrn—1 Jtr+ V“ + Vjr + 1
p—tr >

Vi = Vit _, +1
11 P( 2 ) 11 P( 2

p=jt+1 DP=Jh
h—2  Ji+1—1 n—1 . ,
H tH ( y“—}—yz +1) H F( Vi, +Vzp—h+1+1>
, 2
t=tr+1 p=j:+1 p=Jnh-1+1
for 0 <tp <h—2, and
h—1 jt+1—1 . n . .,
IO r(™ =) I ()
A 2
t=0 p=j;:+1 p=jn+1
for tpy = h — 1.

When t; = h — 1 we can readily find that ['/:/obrn=1(y) = ™17 (). Let us consider
the case 0 <ty < h — 2. We have 73 = H?:1 v3; with

tn=1 i1l vi, — vy +1 h —v, vy +1
B is (- s bp—t
=11 11 {H () II r(—— )}
t=0 p=yji+1 “s=1 s=h—t+1
gl bt gy, 4] h S Z S Z A e |
— N "p—tp ‘s ‘p—tn
2= ] {HF( o) Il r(—— )}
p=jtg+1 * s=1 s=h—tr+1
Jtn+1—1  h—tg v, —us 41 —v v +1
1s 1 11 T,
na= [ {HP< > )F( 7 )
P=jh 5=2
h — Vi, + vy . + 1
[ (5=}
s=h—tn+1

h—2 Jt+1—1 ,h—t
B Vi — Vi, +1 —vy +vy , +1
o= 1T {TIR(" =) ()

wom I TIr( e
p=Jh-1+1s=1

L), Since 7

Now we compute I/ ([, DI

—
i) = i, we have

b (7B = A b - A4,

1% ,Hi —VTCI,Hi
’y:/L: H F< cy(P)Q y(q))j 75272

1<p<g<h

where

and ~4 = [, 7%, with

tr—1 je+1—1

Tcy (is) _Vi;_t+1 h l/TCIyHl +Vi;_t+1
wo T (e ett) f ey

t=0 p=j:+1 s=h—t+1
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p=Jitg+1 s=h—t+1

Jtp+1 h—tp—1 h
= I { “ r< R )
) 2 2 Y

p=jn+1 s=1 s=h—tp

Jt+1 ch—t—1 —— +1 h —V.In + vy +1

I F( Tcy (15 p—t—1 ) F( Toy (is) p—t—1 )
w= 11 11{T0 : 11 : ,

t=tn+1 p=j:+2 s=1 p=h—t

1/11‘[ —f-VZ —|—1>

wom T (e

p=jn—1+2 s=1

In view of
ipr1 1 <p<h—tyg—1,
(i) = qiy i p=h—tn,
we have
/ Vipr1 — Vigp Vip, — Vig Vipyn — Via
= I =( ) I0 r(™5=) 1T )
1<p<q<h—tn—1 2 h—tn<q<h 2 1<p<h—tn 2
st T (™)
}Lﬁféﬁfinzi h—tn+1<p<q<h
—t+1<q<
g ")/1
Similarly we can check that v3; = 73, for 1 <7 <5. O

9.2. Vanishing of ghost solutions. As in the case of helicity 1 (Proposition 6.3), we

delete those power series ]T/[/i:io’R (y) which do not contribute to the summation (9.3). Our
vanishing process is more complicated than the case of helicity 1.

Proposition 9.6. For a subset R of T,,_1 we set
E(R)={reT,o|r€Randr+1¢c R}.
Then only the subsets R satisfying E(R) = 0 contribute to the summation in (6.4). More
precisely we have the following.
(1) When E(R) =0, the set R is of the form [jn,n — 1] with some j, € T,, (jn =n <
R = @)7 and we have MitiOvR(y) — MZ:ivH:(JOJh)(y> and FI,JO,R(I/> — FTZ,I,JH(TCIy,HI/>
Then we get

DD DD D L DRV )

T€01y JoEn—1Ch—1 1<jp<n

=33 A w) - )

TEOT Jench
(2) When E(R) # 0, we define subsets E;(Jy, R) (i = 1,2,3) of E(R) for a given Jy =
{1,y dn1} € naCha by
Ei(Jo, R) = E(R) N Jo,
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Ey(Jo, R) = E(R) N Jo[-1],
E3(Jo, R) = E(R)\(E1(Jo, R) U Ey(Jo, R)) = Ui (E(R) N [ + 1, jisr — 2)).

(a) The case of E3(Jy, R) # 0. Forr € E3(Jy, R) we take an integert (0 <t < h—1)
such that r € [j: + 1, ji1 — 2]. Then we have

DEIR () My TR (y) + THR(2) - MR (y) = 0.
Here 7). is the permutation (i,_,, i, 1_,).
(b) The case of E3(Jy, R) = 0.
(i) If Ex(Jo, R) N Ey(Jo, R) is not empty, there exists an integer t € T,y such
that j; € E(R) and j; = jip1 — 1. Then we have
TH 8 w) - M (y) + T8 () - My y) = 0.

A, v

Here 1; is the permutation (ip_¢, ip—t11)-
(i) We denote by J(R) a set of colors Jy satisfying E1(Jo, R) N Eay(Jo, R) = 0,
that s,

j(R) = {JQ € n_1Ch_1 | E(R) = El(JQ, R) (] EQ(J(), R)}
For Jy € J(R), we set
T1<J07 R) - {t € Th,1 | jt € El(Jo,R)},
TQ(JQ, R) = {t e Ty | jt —1€ EQ(J(),R)},
and define a color Jy ={jy,...,jy 1} of type (n —1,h — 1) as follows. Let
to be the smallest element of Ti(Jy, R) N Ta(Jo, R). We put j,' = ji + 614y if
to € T1(Jo, R), and j;' = ji—014, if to € To(Jo, R). Then we have Jy € J(R),
(J)Y = Jy and
DR () - ML (y) + DHR () - MR () = o.
Example Let us see the cancellation in the case of (n,h) = (6,3), I = {1,3,5} and
R={1,2,5}. Then Iy = {2,4}, I§ = {1,3,5} and E(R) = {2}.
We write the principal exponents of y, in Mi’,io’R, that is, v;, - Xr(P) + Vs ) - Xre(P) +

Z: Viy(q) i the following tabular.

Jo v Yo Ys Ya Ys

{L2} |vn |vi+uvs |vs+vs+ve | vs s+ a+ug | Us+Us+ e+ s+ 1
{L,3} |1 |vi+vs | vs+us+in | Us+us+ oty | vs+ s+ 1o+ g+ 1
{1,4} 1%} U1+I/5 V5—|—V2—|—l/4 V5—|—U2—|—V4—|—V3 V5—|—V2—|—V4—|—1/3+I/6
{15} |vi|vi+ws | vs+vatvg |vs+rvatug+ s | vs+vo+vs+ s+ 13
{2,3} ||+ |mtvs+us|vatvs s+ |+ vs + s+ s+ g
{2,4} 1%} U1+I/2 V2+V5—|—1/4 V2+U5—|—V4—|—V3 V2+V5—|—V4—|—1/3+I/6
{25} |1 i+ |va+us+uy | va+ s +vs+ g | Vot s +vs+ U6+ 13
3,4} |1 | i+ |va+vs+us | o+ s+ vs+vs | Vot s+ s+ s+ 1
3,5} ||+ |vat+vs+vs |votvs+us+ s | vat+vs+vs+ s+ 13
{45} v |vi+ v | v+t |vatvs+us+vs | va+va+vs+ s+ 13

Here is the list of the symbols in Proposition 9.6.
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Jo Ei(R, Jo) | B
{12} ] {52 =2}
{173} @ {]2 _

,Jo) Eg(R, Jo) (T, t) TT/, Tt J(\)/
@ — — — {17 3}
) ] — - -

R

0

1
{1,4} 0 0 {2} 2,1 ]2,4)] -
{1,5} 0 0 {2} 2,1D)]2,4)] - —
2,3} | {n=2} | {ir—1=2} 0 - — 1G5 -
12,4} || {1 =2} 0 0 - - — [ {3.4}
{2,5} | {n=2} [ 0 — | = — {35}
{3, 4} 0 h—1=2} 0 — =T =Ty
(3,5} 0 {(h—1=2} 0 — — — {25}
{4,5} 0 0 {2} (2,0)] (4,6) ] — —

From now on we will prove Proposition 9.6. It is obvious that MI olinn=l )y =

MZ’i’(JO’jh')(y) from the definition and then claim (1) follows from Pl"OpOSlthIl 8.6 and
Cor7ollary 9.5. To prove the cancellations stated in Proposition 9.6 (ii), we give recurrence
relations for Ci’{fl’R (v) in the next subsection. As a result of these recurrence relations, for
example, we can find that C’I 208 ()) and C470% (771) satisfy the same recurrence relations
from Lemma 9.9 (cf. Lemma 6. 5). 7

Thus our proof is reduced to show the vanishing of initial values for the edge components

(9.5) DR () - Oyt () + TR (rlyy - O (i) = 0;

(9.6) D070 R () - Oy (v) + THR () - O 70 (rw) = o5
Vv 1,JY R

(9.7) PR ) LR (w) + TR ) - o (v) = 0.

Here is the definition of the vector my in R* .

Definition 9.7. For i = 1,2 we define my = (5;’1‘2’R(p))1§p§n,1 by

020" (p) = (57 (p — 1) = ¢ () xae (0) + (575, (p) — 0" (P)) xR (D)-
Here B; is the color of type (n — 1, h — 1) such that B; < A;, that is, By = {1,...,h — 1}
and Bp={n—h+1,...,n—1}.

9.3. The recurrence relations for C;”" (). The aim of this subsection is to prove
the following recurrence relations, which 1nclude Propositions 8.8 and 8.17 as special cases.

Lemma 9.8. (i) For1 <t < h we set

mt_’R = m — z—jiloth(at — 1) *€a—1, m;L A= = - 510211%( ) *€q,

Then the following recurrence relations for C’I’.JO’P‘ = CI’.JO’R(I/) hold.

h
(9.8) {Z( May—1 + Ma,) + " (v) }”OR+Z< R oS ):0;

Ay my
t=1

({AUOR( V) h<pen—ts k3" (v ))Cfx{flR

IJOR IJoR 2: 1,Jo,R
T3 Z( Ay my, > OAm ep’

(9.9)
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where

h
1
NIAJOR( ) = 52{ Vi, — Vi) — (Viy = Vay(an)) XRe (@) — (Viy — Viy(a—1))XR(@: — 1)}
t=1
1 h
L LS — e 1)
t=1
Ny ) = §{Vfo(p—1>xR(p — 1) + Vs ) (Xne(P) = X2 (D)) = Vro(pan Xre (p + 1)

+ v (2xr(P) — Xr(P — 1) — xr(P+ 1))
+2e57 % (p) — e (0 — 1) — e+ 1)}
for1<p<n-—1, and

n—1

W) = 3 3 (Ocas®) + e () o)

p=1
+ (—XAH] 7¢(P) = X150 (P)XR (D) H Vi, — Vi)

1
+4Z Xa(®) - Xre(P) + xa-y(®) - Xa(®P))xss(0) + > &)+ 1),
pEE(R)
with
Viy — Viy(p) — XJC(P)
£(p) = — p2 = Xrea0) () - Xe(a)(P) + Xroa0) (P) - Xao(a) (P)-

(ii) For the the edge components A; (i =1,2), we have

(9.10) Quer (PN () gz K (0)) Cia (v ZC”& o

where m” = m — my and

Jo, Vi, = Viy(p) = X5 (P)
Ny () = === (ea(p) — s (1)
Viy = Viy(p+1) + XJg(P + 1)
Y pe 1
+ 2 Xre(p+1)
LTt e T® o
2 )
H;{i,Jo,R(V) _ Z Viy — Vi'o(p2) + xse(p) Vi — Vfo(p+1)2i Xue(p + 1)'
pEE(R)

Here + means + if 1 =1 and — if 1 = 2.

Lemma 9.9. Let X7 (v) be one of the symbols pu';"" (1), )\ﬁl’:;o’R(l/) kR (), /\i”‘;O’R(V)
or /{/AI YR (). Under the notation in Proposition 9.6 (2), we have X7 (v) = X7 (r/v),
X(v) = X7 () and X7 (v) = X709 (v).

Proof. We can check from the definition of X7 (v). O
Let us start the proof of Lemma 9.8.
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9.3.1. Proof of the recurrence relation (9.8).

Definition 9.10. We define functions o = o’ and g# = 57" on T,,_, by

a'(p) = {Vu Vio(p) T (X1e(s0) (P) = X1o(20) (P)) (X1e () (P) — X10(2)(P)) } XR(D),

B (p) = 5{—% + Viy(p) T (X10(20) (P) — X1e(0) (P)) (X715 (4) (P) — X1p() (D)) } X e (D)

We can obtain the same identities for Pj:?;;ﬁ,k as in Lemmas 8.13 and 8.14 by replacing
Pf‘:g;m,k, a(p) and G(p) b Pf“gﬁk, a®(p) and B%(p), respectively. Hence the proof of
Lemma 9.8 (i) is reduced to the following key relation (cf. Lemma 8.15). Actually, by
using Lemma 9.11, we can finish our proof of the recurrence relation (9.8) via the same

argument as in Subsection 8.6.
Lemma 9. 11 We have

>

-1

h
)+ 30 )= ) = 3 = ) + 3

=1 t=1
Proof. From the definitions of 1;”"(v), a® and %, we have

IJo ) + 22 (ap — 1) BR (ar)) Z Vi, — Vi)
t=1
_Z ar) — e (ay — 1))

+ Z(XI@(JO)(% — 1) = xro(m)(ar — 1)) (Xre(ay (ae — 1) = Xrp(ay (ae — 1)) xr(ar —
t=1

- Z(XIO(JO)(a’t> - Xle(Jo)(at))(XIf(A) (a:) — XI9(A) (at))xre(ar)
—Z’f — Xar-1(p ZXA[ 1.5 (p "‘ZXAJC

= Z (xr(p) + Xxre(p )){<XI$(J0)(p) “Xae(p) + Xr12(20) (D) = Xa0(p))

— (Xz£(20) (D) * Xae[-11(P) + X12(0) (P) - X011 (P) }

=0.
Let us consider the right hand side. We have
h—1 n—1
Z(géo(bt) - 53 P —1)) = ZXB,Jg(p)
t=1 p=1

from Lemma 7.8 (iii), and

S (@(t) — B700) = 5 S {(v ~ v (0) + x,50)}

from Definition 9.10. Then we can get the assertion.
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9.3.2. Proof of the recurrence relation (9.9). Similarly to the case of the Dirac-Schmid
relations, to prove the recurrence relation (9.9) it is enough to show the following key
identity (9.13).

Lemma 9.12. We set
n-1  plJo.R n-2  plJoR

XI,JO,R_ ABmk A,B;mk
AB T z : PI Jo,R z : PI Jo,R
p=1 © A,Bim—epk p=1 * A,B;mk+d,

for B < A.
(i) If we put
. 1 1
D5 (p) = (p) - 3Xs5(p) - Xr(P), i (p) =1y (p) — X7 (0) - Xr(P):

then we have

(9.11) Xy = Qm({Axp() hspen-150) — Qe({Axp(¥) h1<pen-2;0) + rx(v),
where

1
)\X,p(V) = a{yfo(p—l)XR(p - 1) + Viy(p) (XRc (P) - XR(]?)) — Vi (p+1) XRe (p + 1)

+vi,(2xr(p) — xr(p — 1) — xr(p+1))}
+ EAZ?BR( )+ 77}{03 (p) — ;AZOB (p—1)— 77}{03 (p+1),

~ 1 ~
Axp(V) = 5 Wn) = V) = G (0) + 05 (0) + Gl (0 + 1) = 705 (0 + 1),

2
and
wx () = 5 0" 0) 10+ 1) — v — X5(0)
PER
(9.12) + = Z ¢ () = ¢ (0 = 1) (=i + vat) — X (D))
+ Z Ep)Elp+1).

i1) We have the key identit
(ii) y y
Qum ({NG2 ) hpen—r: k5 ()

h h
1 B 1
- 5 ;(mdt—l - kat—l + ( 5 Zl Ma, — dt 1+ B (at))
(9.13) -
= X35 4 Q{5 (M) hicpen—2; 55" (7))
= =
- = my, — ky, + (b)) — = my, — kp,—1 + B%(by)).
tzl b b (br)) Qtzl( b be—1 + 87 (b))

Proof. (i) The formulas for Ax,(v) and Ax,(v) are immediate from

n—1

Vi, — V3
XEpT =" (my— by + =2 xalp) + C )

p=1
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—Vjy, + Vs -
(= e + IO ) 4 )

3
|

2
Vi, — V5 ~
- <mp — kp + %0(”) - Xr(p) + Ci?isR(p)>

1

. <mp+1 — kp +

3
I

_V’il + Vf'()(p—}—l)
2

re(p 1)+ R+ 1))

Then we have only to confirm that

Z
,_.

V; Vz — c
ox () = <1 o(p) — XJg(P)

; Xr(p) + Ci?isR(p))

S
Il
—

—Vi, + Vayp) — Xae(D)
: ( 0(2’3) o Xre(p) + (p)>
(9.14)

_ — <Vi1 — Vis(p) — XJS(p)

5 Xr(p) + CF )

S
[\

1

3
I

) <_Vi1 + Vzy(p+1) — XJg(p + 1)
2

In view of the relations ¢*(p)n®(p) = ¢* (p)n™ (p) = 0 and (*(p)n"(p+1) = ¢ (p)n"(p+
1) =™ (p)n™ (p+ 1) = 0, the right hand side of (9.14) is a sum of the following:

xre(p+ 1) 05 (0 + 1))-

n—1
1
(9.15) 2 Xr(P) - TIR(P)(Vil — Vi(p) — XJS(p))a
p=1
1 n—1
(9.16) 5 2 xre(p)- ¢ () (—viy + Vi) — xae(P)),
p=1
1 n—2
(9.17) 3 Z Xa(®@)xr(®@+1) -0+ 1) (v, + vae) — xus(D),
p=1
(9.18) . Z “(p+ 1)(—vi, + Vaym) — xae(D)),
eE(R)
(9'19) 5 Z gR VZl Vi(p+1) — XJS(p + 1))?
pEE
1 n—2
(9.20) 5 2 Xre(P)xne(p +1) - ¢ () (v = Vi) = Xs5 (P + 1)),
p=1
1 c
(9.21) {(viy = vaotw) — X5 () (3, — Vayorn) + X (0 + 1) + ()™ (p + 1)}

We divide the terms (9.17) and (9.20) by using xr(p)-xr(p+1) = xr(P) —Xr(P) X R (p+1)
and Xgre(p) - Xre(P+ 1) = xXre(p+ 1) — xr(P) - Xre(p + 1), respectively, we can see that

(9-15) + (9.17) = > (™ (p) = ™0+ 1)) (Vs — V) — x5 (P))

PER
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+ Z 1™ (P + 1) Wiy — V) — X5 ()

pEE(R)
and

(9.16) + (9:20) = > (¢™(p) = ¢*(p = 1)) (v, + va(e) — X (P))

pER®
+ Z ¢ (0 + 1)(=viy + Vi) — xug(p + 1))
peE(R)

Hence the terms p(r) are collected as

Vi —V%()—XJC(P) c
> (B R Gp) - ()
pEE(R)
Vi, — Vs —xslp+1 .

Here we used (¢"(p) — (™ (p))(n"(p + 1) =™ (p+1)) = =" (p) -0 (p + 1). By using
Lemma 7.10 (i), we can get the relation (9.11).

(ii) To conclude the proof of Lemma 9.12 (ii) we have to verify the following:

(9.22) M) = Ay ) = 2 (xa(p) + xar(p) — o (o).
(9.23) X85 (7) = Axp(v) = xar-(p) — %(XB(P) + xa-1(p),
and
(9.24)
I1,Jo,R Ip, Jo 1 " R 1 - R R
ki (V) — kx(v) = kg +§Z a; — 1)+ 5%ar) = 5 p_(a(be) + 57(br))-

From the definition of )\I o, R( ) and Ax,(v), we have
2Ny () = Axp(v)) = (€207 (0) = 2C0% (0) — (€7 (0 — 1) = 2005 (0 — 1))
+ (€0 (0) = 203 (9) — (e (0 + 1) = 2005 (0 + 1)),
In view of Lemma 7.10 (iii) and
X1(A,8)(P) — X1a,8) (P — 1) = xa(p) — xB(P),
X1(8.4)(P) = X1(8,4) (P + 1) = Xxar-1(p) = x5(P),
we can get the identity (9.22).

Now we consider (9.23). Since

Io,J,
205" () = Viyp) — Vanpen) + 268 (D) —en(p— 1) + R (p+ 1),
we find

2(\g5"(7) = Axp) = 20005 (0) — 145 (0) + €5 (p) — €5 (0 — 1)
— 20+ D) — s (0 + 1) +eg(p+ 1) — g (0))-

By considering the difference of two identities in Lemma 7.10 (iii), we obtain (9.23) .
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Finally we show (9.24). By (9.11) and Corollary 8.11, we can find that

h h—1

A(x(0) 4 KB (@) + 5 D (0 — 1)+ B@)) — 5 S (@ (b + 57(6) )
can be written as a sum of the following:
(9.25)
Z{ 2(¢C"(p) = ¢ (p— 1)) + xBg (D) + XBe,so (P) — xa(P) + x5(P)} Vi, — Vo)),
peER®
(9.26)
> {2 1% (p+1)) + X525 (P) + XBe,50(P) + Xai-1(p) = XB(P)} (Vi — Ve,
PER
4 Z E)E(p+1) - (i, — Vo)
and
2" = e = 1)xss )
+ (xfeuo)(p) — X1o(0) (P) (X12(4) (D) — X104y (P)) (= xa(D) + xB(D))}
(©0.27) +) {20 1 (p+ 1)) xug(p)
: PER

+ (XI@(JO)(P) — X1o(20) (P)) (Xre () (P) — X1p() (P)) (Xa[-11(P) — XB(P)) }

Z XB XJO

By using Lemma 7.10 (1), we can see that

(9.25) = > (xasg(0) + Xa00(P) (Vi — Vio(r))

peERC
(9.26) = > (=Xap=11,75 (1) — X1 () (Vi = Vo)
PER
and
(927) = ) xuslp )+ xug () (xXa-y(p )+ Z X (P
pERC PER
Hence we have done the proof of (9.24) and we finish the proof of Lemma 9.12. a

9.3.3. Proof of the recurrence relation (9.10). In the case of helicity 1 (Lemma 6.4 (ii)),
we remark that the key identity is (6.10). Our task here is to show the identity (9.30)
given below.

Let us compute XI JO ® If we denote by m” = (m)1<p<n—1 and k' = (k})1<p<n—2, that
is, m; =m, — 52 (p ) and k, =k, — 5]‘2 (p), then we have

n—1
Vi, — V5 + c(p
XA = 3 (g g PR ) )
p=1
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—Viy + Viy(p) F Xg
n—2
Vi, — Vs (p) T X Je
. (mg . k}/) L 0(102) XJs (p) 'XR(p))
p=1

—V;, + Uz F c +1
. (mg+1 _ k’; + 1 0(p+12) XJo (p ) . XRC(p + 1)>

(see the proof of (9.11)). Here we used

o
(9.28) CR(p) — 1*(p) — 5 (p) + 622 (p—1) = { ° =1
xsg(p) ifi=2,

and
(9.29) ™ (p) — CF(p) + 50 (p) — L (p—1) = {ng(p) ifi=1,
¢ g 0 if 7 =2.

Hence we can check that

Xylpt = Qm/f({X”OR( Vhi<pza-1i6a" " (V)

(9.30) O ({ Vzy(p) — Vo(p+1) T ()2(J0 () = Xa(p+1)) }1§p§n2; 0),

and thus we get the assertion from Proposition 8.17 (note that vz () — Vs (p+1) = Vrt0.70 ()~
O

DTIOVJO(p+1))'
9.4. Initial values. We compute the initial values C JO’ “(v) for the edge component
A=A (i=1,2).

Lemma 9.13. We have
h—1 ji—t _2

O (v) =
Ahmo(y) H -V + Vzy(p ‘l‘ 1 H H Vi1 + Vi, +1

peRNJS L p=1

T <”%o(p)*'/%o@ﬂ)*;wo(p)+XJO(p+1) i 1)

H ( —Viy +Vz (p) T3—X0, (P) ) T <Vi1 —Viy (p+1) H1 =X, (PH1) )

peE(R) I 2 2

and

o 2
Cixg]?n]j(y) = H — Vap) + 1 H H —vy +1
P

V<
peRNJS 1 121 pmji—t1 Dini-e

2

H r —viy Vs (p) F1HX7, (D) T Viy —Vig(p+1) F3—Xg (p+1) \
pEE(R) 2 2

T <”fo(p)*”fo<p+1)+XJ0(P)*XJO(erl) X 1)

Proof. From the definition (Lemma 9.3) we have
Cnfl,lo,e]o (ﬁ)

1,Jo,R _ Bk
Caroono V) = Z pLIoR

k A;i,Bismo;k
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with

pLJoR H (_1)CRC(p)+nRC(p) <_Vi1 + Vi) T 1+ X (P))
As,Bismo,k SR 2 —kp—1—CR (p)+n R (p)+6j§2 (p)
Ly @ o (V — Vap T 1+ X5 (p)) |
iy 2 —kpHCR () =R ()57 (1)
Here k = (ky, ..., ky—1) runs through such that
(9.31) kp =05 (p) (0 ¢ E(R), k,>d5(p) (p€ E(R).
Let us rewrite Pj’;{%ﬁmo’k by using the relations (9.28) and (9.29). We can find that
n—1
H (_1)CRc(p)+ch (») H(_l)CR(p)+nR(p) — H (_1)XJ5(P) H(_1)51]301 (p=1)=67 (p)
peERC PER peERC p=1
= H (=1),
pERCNJS
and
1,Jo.R —Vis + Vi) T 1+ X (P)
Ay Brsmok = H (=1) H 1 O p2 : )-k 670 (p—1)+x ¢ (p)
peRNJ§ pERC p—17T9p, \P XJ§\P
) H(Vil — Vi (p) +1+ XJo(p))
R 2 —kp 07 (p)

In view of (a)_y,+1 = a(a+1)_y,, we have

I,Jo,R(]/) . 1
A1;mo o H Vig Vi (p) — L
pERCNIE 2
—1,I0,Jo ( ~
Cn 540, O(I/)
> .-
—Viy HV7 (p+1) +3 X0, (1) Viy —Viy(p) H14X T (P)
i ermn 2 )7(@75;;01 o 2 L(kpf&;;i ()
Similarly we can get
I,Jo,R(]/) . 1
Az;mo B H —Vip TV (p) L
PERPETS 2
—1,I0,Jo ( ~
Cn 540, O(I/)
Bk
' Z H (7Vi1+V7'—0(p+1)+1+XJ0(p+1)) (Vz'l*V%0<p)+3*XJO(P))
k Llpepr) 2 ~ (ko072 () 2 ~(kp=57 (1))

Next we compute the values Cg;i’IO’JO(ﬁ) under the condition (9.31). By Proposition
8.17, the recurrence relation

Io,Jo [~ n—1,1o,Jo / ~ n—1,1o,Jo [ ~
(S - 5 o )atero - 3 alyo
pEE(R) peE(R) peE(R)

holds. Then we have

—1,1,Jo [ ~
Cgi;koo O(V>

[y (y — 03, ()} (a2 Egen ol ),

—1,1o,Jo [ ~
Cg“k ’ O<I/> =
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with kg = (51‘;‘3(1), ce (5}%}2 (n — 2)). To find the initial values Cg;ijo"]‘) (), we consider

CZZ{H{ (v). From the definition (Definition 8.4) we have a recursive relation

n—1,1o,Jo [ ~
n,l,J _ “Bjik (V)
Ai;mo( ) - 1,0
Ai,Bi;mo,ko
Since
—Viy, tVrp+1
(—1)—= wlt) ifi=1
2 )
I,J _ ) pellgn—1],peJ§
A;,Biymo,ko Vi, — Vsy(p) + 1 .
H (_1) 1 20(19) ifi = 2’
pe[]hvnil]
we get
G 2 "
I -
n,l,J o t=1 p=1 Vingioe = Vi;? o
Ai;mo(y) h n—h

2 .
H H +W_1 if 1 = 2.

t=1 p=jy—t+1 Vint1-1

Hence we have

h—1 Jt—t 2
g_tIO’JO(ﬁ) _ t=1 p=1 Vih,-q-l_t*l/i/pfl
v J Vig(p) ~Vig(p+1) ~XJp (P) X7 (PF1) ’
HpEE(R)(kp - 5301 (p))'( 0E olets ) : 0 + 1)]’617767501 )
and
h—1 n—nh 2
n—1,Ip J0(~) =1 Hp:jt_t""l ”ih+17t*”i;j1
Bz;k7 ’ v)= J Vo (p) Vg ( )+XJ (p)—XJ (p+1)
HpEE(R)(kP - 5302 (p))'( ol —Tolrt 5 0 + 1)kp_5é0 ®)
2
By using the formula (6.12) we can reach the desired formulas for C% an]: (v). O

9.5. Proof of Proposition 9.6 (ii). To conclude our proof of Proposition 9.6 (ii), we
show the vanishing relations (9.5), (9.6) and (9.7).

9.5.1. The case (a). Since To(r) = i._, and To(r+1) =4,_,,;, Lemmas 9.4 and 9.13 imply

—vy t+Vi . Vig =Vt t+1+1 —vi vy t+1
oy T (e

- v ) ’ . ) 1 —u; ) 1~
FI’JO’R(TT,V) F( Vz/r—z+21+yz/r—z> F<V11+V1{rft+ )F( V”+V’,r—t+1+)

2 2
and
v, —v, +2
CLIoR () “vi vy L F(%)
1;,Mo _ 2 X
I1,Jo,R T~y v +1 —Vi, +V. +3 Vi, —V.1 +1
C2 ™ (ry L s 41 " L
yang (T7) : r(— =) :

i1 —U. 1
r 1/11+V/ 413 r Vi Vl;it'f'
2 2
v, —Vy +2 ’
F r—t+1 r—t
2
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respectively. By using the formula I'(z)['(1 — x) = 7/ sin 7z, we can see that

TR (1) OLJoyR(V)

Aq;mop _ _1

DERR(rY) - CRln(riv)

The case of A = A, is treated similarly.

9.5.2. The case of (b)-(i). Form Lemmas 9.4 and 9.13,

Vip_t "Vip_t41 Vig "Vip_y VitV
prn) (e p(Bege (=
FI’J(”R(Ttl/) N F(V'Lh—t+17'jih—t> F(”ilﬂ’ih—tJrl>F<*Wl+"ih4>’

2

2 2
and
Ciltm¥) _ Cllnv)
Chln(mw) — CLli(mw)
i i 2 —Vip i~ Vi 2
- F<Vh7t+1 2” het T > F( V1+'; h7t+2)1“<yl Vh27t+1+ >
= it 2 p— 2\ 7 2 :
F( VZ1+”Z§—t+1+ >F<”Zl V;h—t+ ) F(”m—t V;h—t+l+ )

Hence we can show (9.6) similarly to the case (a).

9.5.3. The case of (b)-(ii). Since ty € T5(Jy, R) implies ty € T1(Jy, R), we may assume
to € Ti(Jo, R). If we denote by 7y (p) = 7090 (p) + Xji, 1] (77070 (p)), then we can see
that

7~—(;/(jlto + 1) = Z.h—to-l—l = 7~—O(J‘Ifo)v 7~—(;/(jto) = Z]to—t0+ 7~_(jto + 1)7
%O\/(p) = 7-0<p)7 lfp 7é jto7]to+1-

To compute the ratio /7R (1) /T16E(v) we use the expression (9.4). In view of i,  —

Uiy . = Vi — Vig(p), then we have
B jto 1 h to V25+1 V7, (p +1 h—1 7Vis+1+1/7'—0(p)+1
r=Llo.Jo() L2 jto 1l F( 2 Hs:hftoJrlF 2
I 1,10,Jy (,;) Hjto » Hh to F( ist1 uzT +1> H’j‘i » F<7Vis+1+21/7'—a/(p)+1)
p= Jt -1 =h—to
Jtg+1—1 h— to 1 Vigp1 " Vig(p) T4 To(p)"’l thl T Vigp1 TV (p) +1
p=Jtq+1 s=h—to 2
Hjt0+1 Hh to—1 o (Vist1” ”pr)“ Hh—l r “Vist1 VY ) T
=3, +1 2 s=h—s1 2

h—to—1 1 [ Vist1 Vig(igy+1) H1 h—1 “Vigy1 TV (e +1) 11
Hs:l P( 2 HSthtQ P 2
r(

Hh—to T Vigt1 71/7’0v(jto)+1 Hh—l
s=1 2 s=h—to+1
+1

Vin—to+1 +Vi;'z —to+1
r 5
- 1

12 -V, + :
F thtoﬁ’l 7«jt07t0+1
2

67




Hence we can obtain

—v; . 1 i —U, 1
I,Jo,R T Vzh’tOHJrVZ;'toftoHJr T “Vig iy T o Vzg'zoftoﬂJr
ol (y) 2 2 2
1.0V .R = Vs v, Fi. s ' vy 1y, T
IR (V) F( thtot1 Z;'to*’fO?Ll ) F(‘Zl Z;—t(ﬁl) F( ! ;foftoﬂ >
2 2
By Lemma 9.13 we find
—u; . Vip—tg+1 Vi, +1
I,JO,R(V) V1h7t0+1+yzgt0*to+1 - ;]t(rtOH
Ai;mg _ 2
T,JY.R T vty 1 L Vig —V1 +1
CAl;(I)no (l/) 1 JtO*tO‘H T 7V11+V"h—t0+1+2 r 1 ’jtoftoﬂ
2 2 2
—Vvi v +3
T 1 "Jtg —to+1 T Viy Vi g 4112
2 2

I Vi;'to —tg+1 “Vin—tot1 +
2

Then we can check that
FI,JO,R(V) Civ;’;(;l]z(y) B

PERW) o)

The case of A = A, can be discussed similarly.

Hence we can finish the proof of Proposition 9.6 (ii) and thus we conclude Theorem
9.1. O

9.6. Proof of Theorem 9.2. We can prove the propagation formulas of Mellin-Barnes
type as in [St2]. By Theorem 9.1 and the Mellin inversion implies

—1,1
E [/n~70<21 ang)
(2mi)n—2 / B Y
Z1yeeyBn—2

B<A R+
( t2>Z1 < tn1>zn_2
. i oo T n—
- tl Yot tn72
n—1 1
n=p,,
: H eXp{—(Wyp)2tp — t—}(ﬂ'yp) =2viy +x1(B,A) (P)
p*l P
2 sviy 3 (xXr(s,a) (P)—X1(B,4) (P dt
. HtQ( )74 H Hdz,’p
p=1 by
1 n—1
= Z YR / Vé‘;l’lo(zl, ey Zn_2) H(Wyp)%”h"’XI(B,A)(P)—prl
B=<A (27”’)”7 21yeeesZn—2 ’ o1
n—1
- 1 ey vints - +1(zp—zp_1) dt
H {/ eXp{—(ﬂyp)th B t_}t;(nﬂ) 1+5 (B, 4) (P)—xr(A,B)(P)+5 (2p—2p 1)t_p
p=1 0 P P

n—2
. H dzp.
p=1
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By using the formula

(my)" /OOO eXp{—(ﬂy)zt - %}t”% = 2K, (2my)

2-1 s+ v s—v
- Z [ e
omi J, \ 2 ) 2 >(”y) ds,

the integration over ¢, in the above can be written as

271 Sp — Zp-1 n—p X1(8,4)(P)
- F( p p ; ’7)
omi > om0 T T 2
Sp — * b XI(A,B)(p) —sptzp1—2=Ly; —
~F< p P _ ; 7> pTZp—17 321 Viy —XI(B,A)(P) g .

Then we reach the expression

. 21—n 1
Win(y) =) —— — Vi (21, 2
RN =) N =) R e

B<A

ﬁ F(sp — Zp-1 i n-r_, n XI(B,A)(P))
2 2(n—1) " 2
p=1
n—1 -
Sp— 2p p XI(A B) -5
'F( 5 am_nT )}IHW pHdspHdZm
to get our assertion. O
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