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CALCULUS OF PRINCIPAL SERIES WHITTAKER FUNCTIONS ON
SL(n,R)

TAKU ISHII AND TAKAYUKI ODA

Abstract. We study Whittaker functions for the principal series representation of
SL(n,R). We derive a system of partial differential equations characterizing our Whit-
taker functions. We give explicitly power series solutions at the regular singularity of the
system, and integral representations of unique moderate growth Whittaker function.

Introduction

In this paper we explicitly determine the radial parts of Whittaker functions for the
principal series representations of SL(n,R), by extending our previous works for n = 3,
4 ([MIO], [HnIO]).

According to the celebrated result of Shalika [Sha], Fourier expansions (along a maximal
parabolic subgroup) of cusp forms on GL(n) can be described in terms of Whittaker
functions. Therefore precise information of local Whittaker functions plays important
roles in various aspects of automorphic forms on GL(n), for example, analysis of local zeta
integrals. The well-known formula of Shintani [Shi] asserts that the class one Whittaker
functions over non-archimedean fields can be written by using the character of finite
dimensional representations of GL(n,C). Combined with some facts on representation
theory of GL(n,C), one can perform unramified computation for non-archimedean zeta
integrals. This is a first step for a study of automorphic L-functions via Rankin-Selberg
method.

Our interest here is archimedean Whittaker functions. Let G = SL(n,R) and N the
standard maximal unipotent subgroup of G consisting of upper triangular matrices. We
fix a nondegenerate unitary character η of N and consider the induced representation
C∞-IndG

N(η), whose representation space is

C∞
η (N\G) = {ϕ ∈ C∞(G,C) | ϕ(xg) = η(x)ϕ(g) for all (x, g) ∈ N × G}.

For an irreducible admissible representation π of G, a realization of π in C∞
η (N\G) is

called a Whittaker model of π.

When π is the principal series representation πI,ν (see Definition 2.1), Kostant [Ko, §5]
proved that the dimension of the intertwing space

W(πI,ν , η) = Hom( C,K)(πI,ν , C
∞
η (N\G))

is n!, the order of the Weyl group Sn. Here K = SO(n) is a maximal compact subgroup
of G and g = gl(n,R). For a nonzero vector v in πI,ν and a nonzero intertwiner Φ in
W(πI,ν , η), we call the function Φ(v) the Whittaker function. We will give explicit formula
of Φ(v) for the vectors v belonging to minimal K-types of πI,ν .

Date: April 27, 2009.
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The local multiplicity one theorem of Shalika [Sha] or, more specifically, its variant
by Wallach [Wa, §8] says the dimension of the space of moderate growth Whittaker
functions is at most one. We refer to the unique moderate growth Whittaker functions
as primary Whittaker functions. Jacquet [Ja1] introduced an integral expression of the
primary Whittaker function: ∫

N

f(n)η−1(n)dn.

By means of the Jacquet integral, Jacquet, Shalika and Piatetski-Shapiro (cf. [Ja2])
developed the archimedean theory of automorphic L-functions on GL(n).

On the other hand, the Jacquet integral is not adequate for direct computation of
archimedean zeta integrals. For that purpose, more explicit formulas of Whittaker func-
tions on GL(n,R) have been developed by Vinogradov, Tahtajan [VT], Bump [Bu] (n = 3)
and Stade [St1], [St2] for the class one principal series π∅,ν . Starting from the Jacquet
integral, Stade [St1] reaches a recursive formula between the primary Whittaker functions
on GL(n,R) and GL(n − 2,R). We call such recursive formulas propagation formulas.
Based on the result of [St2], Stade and Ishii [IS] obtain a propagation formula between
GL(n,R) and GL(n − 1,R) (Theorem 4.5).

Let us recall the simplest case G = SL(2,R). The radial part of the primary Whittaker
functions for the class one principal series is essentially the K-Bessel function Kν(y). Up
to elementary factors, Kν(2πy) has integral representations

(K)

∫ ∞

0

exp{−πy(t + t−1)}tν−1dt,

(J) yν

∫ ∞

−∞
(x2 + y2)−ν+1/2 exp(2πix)dx,

(B)
1

2πi

∫ i∞

−i∞
Γ
(s + ν

2

)
Γ
(s − ν

2

)
(πy)−sds.

The first expression (K) is the definition and, the second one (J) is the Jacquet integral.
The expressions (K) and (B) are easily transformed each other, and they are suitable for
computation of some archimedean zeta integrals. Actually by utilizing formulas in [St1]
and [St2], Stade [St2], [St3] proves the coincidence of the appropriate archimedean L-
factors and the archimedean zeta integrals for the convolution L-functions on GL(n) ×
GL(n) and GL(n) × GL(n + 1), and the exterior square L-function on GL(n). For the
exterior square L-functions on GL(n), Miller and Schmid [MS] gives a new approach for
archimedean theory via automorphic distributions.

We mention a work of Hashizume [Ha]. Keep π being the class one principal series π∅,ν .
Let v be a spherical vector in π. The Whittaker function w = Φ(v) (Φ ∈ W(π∅,ν , η)) is
characterized by the properties

(i) w(xgk) = η(x)w(g) for all (x, g, k) ∈ N × G × K,
(ii) Zw = χν(Z)w for all Z ∈ Z(gC).

Here Z(gC) is the center of universal enveloping algebra of gC, and χν the infinitesimal
character of π∅,ν . In view of the Iwasawa decomposition G = NAK and the condition (i),
w is determined by its (A-)radial part, and can be regarded as a function on (R+)n−1.
Then the second condition leads to a system of partial differential equations of (n − 1)
variables. In a similar way to Harish-Chanda’s study for spherical functions, Hashizume
gives a way of construction of the power series solution at the regular singularities of the
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system of partial differential equations. We call this basis functions secondary Whittaker
functions, and they mutually transformed by the Weyl group Sn. The important fact
is that Whittaker functions are essentially controlled by the Casimir operator. This is
a consequence of right K-invariance of Whittaker functions. Hashizume also gives a
factorization formula, that is, a decomposition of the primary Whittaker function (=the
Jacquet integral) as a linear combination of the secondary Whittaker functions.

The aim of this paper is to study the non class one principal series Whittaker functions
and establish explicit formulas of types (K) and (B). For some properties of Jacquet
integrals such as analytic continuations and asymptotic behaviors, see [GW] and [Ca],
for example. In the case of SL(2,R), our Whittaker functions are nothing but classical
Whittaker’s functions. But for higher rank cases, they take values in a representation
space of K. To handle these vector-valued Whittaker functions, we need more precise
description of the principal series. As far as we know, explicit formulas have established
in the case of SL(3,R) ([MIO]), SL(4,R) ([HnIO]), Sp(2,R) ([I2]), and GL(3,C) ([HO]).

Let us explain our strategy toward explicit formulas of Whittaker functions.

Step 1. Determine the (gC, K)-module structure of the principal series representation
around its minimal K-types, and give the system of partial differential equations for the
principal series Whittaker functions (Theorem 3.3). To characterize Whittaker functions,
in addition to generators of Z(gC) (Capelli elements), we need first-ordered differential op-
erators called Dirac-Schmid operators. Historically speaking this kind variants of the Dirac
operators were used in the papers of Schmid, Okamoto-Narasimhan, Hotta-Parthasarathy
from late 60’s to early 70’s in the construction of discrete series. See Sections 2 and 3.

Step 2. Construct a propagation formula for the secondary Whittaker functions. The
difficult part is to find a right answer, though the dirty remains of this procedure are
under the carpet. Once we can arrive at a desired formula, our task is only to check the
compatibility with the Dirac-Schmid and the Casimir equations established in step 1. See
Sections 5 and 8.

Step 3. Find a working hypothesis for explicit formulas of the primary Whittaker func-
tions. A point is an analogy of propagation formulas for the secondary Whittaker functions
established in step 2 and Mellin-Barnes integral representations of the primary Whittaker
functions. We prove the conjectured formulas by utilizing factorization formulas recur-
sively.

Our explicit formulas given in steps 2 and 3 are propagation formula with respect to
n, and helicity h = �(I) which represents the complexity of principal series. Our main
results (Theorems 8.7, 9.1 and 9.2) are natural extension of the class one case, though the
statements and their proofs look like quite complicated at the first sight. At now we can
not avoid these long calculation for the non class one principal series. To lighten readers’
burden, we first explain our inductive argument in the case of helicity 1 in Sections 5 and
6. We note that our proof does not rely on Jacquet integrals and thus it gives a new proof
for the propagation formulas of [IS].

Acknowledgment: We thank Tatsuo Hina who is coauthor of our previous work [HnIO]
for SL(4,R)-Whittaker functions.
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1. Preliminaries

For a Lie group G with the Lie algebra g and a maximal compact subgroup K, the
algebraic structure of a quasi-simple representation of G is known by its associated (g, K)-
module structure. This section is devoted to recall some basic results on K-modules and
the generators of the center Z(g) of the universal enveloping algebra U(g) of g.

Throught this paper we denote by G = SL(n,R) and fix a maximal compact subgroup
K = SO(n). We denote the Lie algebra of a Lie group by the correpsonding german letter:
g = sl(n,R), k = so(n). We set p = {X ∈ g | tX = X}. We denote by Eij the matrix
unit of size n with 1 at the (i, j)-th entry and 0 at the other entries. For 1 ≤ i, j ≤ n we
put

Kij = Eij − Eji, Xij =

{
Eij + Eji if i �= j,

2Eii − (2/n)En if i = j,

where En is the unit matrix of size n. Then k =
⊕

1≤i<j≤n RKij and p =
⊕

1≤i≤j≤n RXij.

For our combinatorical arugements we often use a notion of colors.

Definition 1.1. For a pair of positive integers (n, h) with 1 ≤ h ≤ n, a sequence X =
{x1, . . . , xh} of cardinality h satisfying a condition

1 ≤ x1 < x2 < · · · < xh ≤ n

is called a color of type (n, h). Or equivalently, for a strictly monotonous map x : Th =
{1, 2, . . . , h} → Tn = {1, 2, . . . , n}, the image x(Th) = {x(1), . . . , x(h)} is a color of type
(n, h). We denote by nCh the set of colors of type (n, h).

In this paper we use the same bracket { } for a color and a set, and we sometimes
understand the set Th as a color of type (n, h).

Notation 1.2. For a pair of positive integers (n, h) with 1 ≤ h ≤ n, let A = {a1, . . . , ah}
be a sequence satisfying 1 ≤ ai ≤ n (not necessary a color). For 1 ≤ k, l, c, d ≤ n we
define sequences Ak,c and A(k,l),(c,d) by

Ak,c = {a1, . . . , ak−1, c, ak+1, . . . , ah}
and

A(k,l),(c,d) = (Ak,c)l,d = {a1, . . . , ak−1, c, ak+1, . . . , al−1, d, al+1, . . . , ah}.
1.1. The structure of K-modules. We regard Rn as a R-vector space consisting of
column vectors on which G and g act on Vn via left multiplications. By restriction we can
consider the action of K and k on the same space. Let Vn = Rn ⊗C and {va | 1 ≤ a ≤ n}
be the standard basis of Vn. Then the action of Kij on Vn is given by

Kijva = δjavi − δiavj.

Here δij is the Kronecker symbol.
For 1 ≤ h ≤ n, we consider a K-module ∧hVn. The standard basis of ∧hVn is given by

{vA := va1 ∧ · · · ∧ vah
| A = {a1, . . . , ah} ∈ nCh}

with the k-action

KijvA =
h∑

k=1

(δjak
vAk,i

− δiak
vAk,j

).
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Let pC = {X ∈ M(n,C) | tX = X, tr(X) = 0} be the complexification of p. By the
adjoint action Ad , the space pC becomes a K-module:

Ad (Kij)Xab = δjaXib − δiaXjb + δjbXia − δibXja.(1.1)

We study the tensor product pC ⊗ ∧hVn and describe a subspace isomorphic to ∧hVn as
K-module.

Proposition 1.3. For A = {a1, . . . , ah} (1 ≤ aj ≤ n), we set

v′
A :=

h∑
k=1

∑
c/∈A\{ak}

Xakc ⊗ vAk,c
=

h∑
k=1

Xakak
⊗ vA +

h∑
k=1

∑
c/∈A

Xakc ⊗ vAk,c
∈ pC ⊗∧hVn.

Then the set {v′
A | A ∈ nCh} is the standard basis of K-submodule ∧hVn in the tensor

product pC ⊗∧hVn.

Proof. Our task is to show

Kijv
′
A =

h∑
k=1

(δjak
v′

Ak,i
− δiak

v′
Ak,j

).(1.2)

By (1.1), we have

Kijv
′
A =

h∑
k=1

∑
c/∈A\{ak}

(Ad (Kij)Xakc ⊗ vAk,c
+ Xakc ⊗ KijvAk,c

)

=
h∑

k=1

∑
c/∈A\{ak}

(δjak
Xic − δiak

Xjc + δjcXiak
− δicXjak

) ⊗ vAk,c

+
h∑

k=1

∑
c/∈A\{ak}

Xakc ⊗
{

δjcvAk,i
− δicvAk,j

+
∑

1≤l≤h,l �=k

(δjal
vA(k,l),(c,i)

− δial
vA(k,l),(c,j)

)

}

=

h∑
k=1

∑
c/∈A\{ak}

(δjak
Xic − δiak

Xjc) ⊗ vAk,c

+

h∑
k=1

∑
c/∈A\{ak}

∑
1≤l≤h,l �=k

Xakc ⊗ (δjal
vA(k,l),(c,i)

− δial
vA(k,l),(c,j)

)

+

{
Xial

⊗ vA + Xalal
⊗ vAl,i

if j = al ∈ A,∑h
k=1(Xiak

⊗ vAk,j
+ Xjak

⊗ vAk,i
) if j /∈ A

−
{

Xjal
⊗ vA + Xalal

⊗ vAl,j
if i = al ∈ A,∑h

k=1(Xjak
⊗ vAk,i

+ Xiak
⊗ vAk,j

) if i /∈ A.
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Then we have

Kijv
′
A =

h∑
k=1

∑
c/∈A\{ak}

(δjak
Xic − δiak

Xjc) ⊗ vAk,c

+

h∑
k=1

∑
c/∈A\{ak}

∑
1≤l≤h,l �=k

Xakc ⊗ (δjal
vA(k,l),(c,i)

− δial
vA(k,l),(c,j)

)

+

⎧⎪⎨⎪⎩
∑

1≤k≤h,k �=l Xakal
⊗ vAk,j

if i = al and j /∈ A,

−∑
1≤k≤h,k �=l Xakal

⊗ vAk,i
if i /∈ A and j = al,

0 otherwise.

(1.3)

Let us consider the right hand side of (1.2). For i /∈ A\{ak} we can see that

v′
Ak,i

=
∑

1≤l≤h,l �=k

∑
c/∈Ak,i\{al}

Xalc ⊗ vA(k,l),(i,c)
+

∑
c/∈Ak,i\{i}

Xic ⊗ vAk,c

=
∑

1≤l≤h,l �=k

∑
c/∈A\{ak ,al}

Xalc ⊗ vA(k,l),(i,c)
+

∑
c/∈A\{ak}

Xic ⊗ vAk,c

=
∑

1≤l≤h,l �=k

{
Xalak

⊗ vA(k,l),(i,ak)
+

∑
c/∈A\{al}

Xalc ⊗ vA(k,l),(i,c)

}
+

∑
c/∈A\{ak}

Xic ⊗ vAk,c

=
∑

1≤l≤h,l �=k

{
−Xalak

⊗ vAl,i
+

∑
c/∈A\{al}

Xalc ⊗ vA(k,l),(i,c)

}
+

∑
c/∈A\{ak}

Xic ⊗ vAk,c
.

Then the right hand side of (1.2) is sum of∑
1≤k≤h

∑
1≤l≤h,l �=k

∑
c/∈A\{al}

δjak
Xalc ⊗ vA(k,l),(i,c)

+
∑

1≤k≤h

∑
c/∈A\{ak}

δjak
Xic ⊗ vAk,c

−
∑

1≤k≤h

∑
1≤l≤h,l �=k

∑
c/∈A\{al}

δiak
Xalc ⊗ vA(k,l),(j,c)

−
∑

1≤k≤h

∑
c/∈A\{ak}

δiak
Xjc ⊗ vAk,c

and

−
∑

1≤k,l≤h
k �=l

δjak
Xakal

⊗ vAl,i
+

∑
1≤k,l≤h

k �=l

δiak
Xakal

⊗ vAl,j
.

We can check that the latter is equal to the third term of (1.3), and thus we get (1.2). �

1.2. Capelli elements. The Capelli elements are known to give generators of the center
Z(gC) of the universal enveloping algebra U(gC) of gC ([HU, §11]). We set E ′

ii = Eii −
(1/n)

∑n
j=1 Ejj and define an element E = (Eij)1≤i,j≤n of M(n, U(gC)) by

Eij =

{
E ′

ii − (n − 2i + 1)/2 if i = j,

Eij if i �= j.

Then the Capelli element Ck (2 ≤ k ≤ n) of degree k is defined by the following identity
in a variable x:

Det(x · En + E) = xn +

n∑
k=2

Ckx
n−k.
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Here Det means the vertical determinant:

DetX =
∑
τ∈ n

sgn(τ)
n∏

i=1

xi,τ(i), X = (xij)1≤i,j≤n.

2. The (gC, K)-module structure of the principal series

In this section we describe the (gC, K)-module structures around the minimal K-types
of the principal series representation of G.

2.1. The principal series representations. We recall the definition of the principal
series representations of G. Let P be a minimal parabolic subgroup of G consisting of the
upper triangular matrices in G and P = MAN the Langlands decomposition of P with

N = {(nij) ∈ G | nii = 1, nij = 0 (i > j)},
A = {diag(a1, . . . , an) | ai > 0,

∏n
i=1 ai = 1},

M = ZK(A) = {diag(m1, . . . , mn) ∈ A | mi ∈ {±1}}.
We firstly define a character of σI of M parametrized by a color I = {i1, . . . , ih} of type

(n, h) as

σI(m) =
∏
i∈I

mi, m = diag(m1, . . . , mn) ∈ M.

Obviously for the complement Ic of I we have σI = σIc . Then we may assume h ≤ [n/2].
Here [x] is the largest integer which does not exceed x.

Let a be the Lie algebras of A. For a linear form ν ∈ a∗ ⊗R C = HomR(a,C), we set

νi = ν(Eii) (1 ≤ i ≤ n).

Then ν is identified with n-tuple of complex numbers (ν1, . . . , νn) satisfying the condition
n∑

i=1

νi = 0.

Let ρ be the half-sum of (standard) positive roots of (g, a):

aρ = eρ(loga) =
∏

1≤i<j≤n

(ai

aj

)1/2

=

n−1∏
i=1

an−i
i , a = diag(a1, . . . , an) ∈ A.

Definition 2.1. Under the data above, we call the induced representation

πI,ν = IndG
P (σI ⊗ exp(ν + ρ) ⊗ 1N)

the principal series representation of G, and the cardinality h = #(I) the helicity of the
principal series πI,ν .

The minimal K-type τmin of the principal series πI,ν of helicity h is ∧hVn if n �= 2h,
and two irreducible representations whose direct sum is ∧hVn if n = 2h. We describe the
generators of the minimal K-type in the representation space L2

I(K), where

L2
I(K) = {f ∈ L2(K) | f(mk) = σI(m)f(k) for m ∈ M, k ∈ K}.

This means to determine explicitly the image of the unique K-homomorphism

ι : ∧hVn ↪→ L2
I(K)

as functions on K.
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Lemma 2.2. Fix a color I = {i1, . . . , ih} of type (n, h). For a sequence A = {a1, . . . , ah}
(1 ≤ ai ≤ n), we define a function f I

A on K by

f I
A(k) = det(kip,aq)1≤p,q≤h, for k = (kia)1≤i,a≤n.

Then under the K-homomorphism ι, the standard basis {vA | A ∈ nCh} is mapped to
{f I

A | A ∈ nCh}, that is, ι(vA) = f I
A.

Proof. We have to check the compatibility of the action of Kij . It is enough to show

d

dt

∣∣∣
t=0

f I
A(k exp(tKij)) =

h∑
l=1

(
δjal

f I
Al,i

(k) − δial
f I

Al,j
(k)

)
.(2.1)

Since the (ip, aq)-component of k exp(tKij) is

(1 − δiaq − δjaq)kip,aq + (δiaq + δjaq)kip,aq cos t + (−δiaqkip,j + δjaqkip,i) sin t,

the right left hand side of (2.1) is

d

dt

∣∣∣
t=0

det
(
kip,aq(1 − δiaq − δjaq) + (−δiaqkip,j + δjaqkip,i)t

)
1≤p,q≤h

=

⎧⎪⎨⎪⎩
f I

Al,i
(k) if i /∈ A, j = al,

−f I
Al,j

(k) if i = al, j /∈ A,

0 otherwise.

Then we can get the claim. �

2.2. The eigenvalues of the Capelli elements. Let χπI,ν
: Z(gC) → C be the infin-

itesimal character of the principal series. We compute the eigenvalues χπI,ν
(Ck) at the

Capelli elements Ck.

Notation 2.3. For x = (x1, . . . , xn) ∈ Cn and 0 ≤ k ≤ n, we denote by Sk(x) =
Sk(x1, . . . , xn) the elementary symmetric functions of degree k, which are defined by the
identity in a variable t:

n∏
i=1

(t + xi) =
n∑

k=0

Sk(x)tn−k.

We extend a map aC � H 	→ H + ρ(H) ∈ U(aC) to the homomorphism γ : Z(gC) →
U(aC). From the definition of Capelli elements, we have

xn +

n∑
k=2

γ(Ck)x
n−k = γ(Det(diag(x + E ′

11, . . . , x + E ′
nn)))

= xn +

n∑
k=2

Sk(E
′
11, . . . , E

′
nn)xn−k.

Since ν(E ′
ii) = νi, we can get the following.

Lemma 2.4. We have χπI,ν
(Ck) = Sk(ν) for 2 ≤ k ≤ n.
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2.3. The Dirac-Schmid equations. In Proposition 1.3 we have described the injection
τmin � vA 	→ v′

A ∈ pC ⊗ τmin. Consider the composite of this injection and a canonical
surjection

τmin ↪→ pC ⊗ τmin → πI,ν(pC)τmin ⊂ L2
I(K).

Since τmin occurs with multiplicity one in πI,ν |K , this is a scalar multiple of τmin ↪→ πI,ν |K .
Therefore Proposition 1.3 implies that

h∑
k=1

πI,ν(Xakak
)f I

A +

h∑
k=1

∑
c/∈A

πI,ν(Xakc)f
I
Ak,c

= λf I
A

with some constant λ. We call this equation Dirac-Schmid equation. Let us determine
the constant λ by comparing the values at the identity e in G (cf. [MIO, §3.2]).

Lemma 2.5. We have the Dirac-Schmid equation

h∑
k=1

πI,ν(Xakak
)f I

A +
h∑

k=1

∑
c/∈A

πI,ν(Xakc)f
I
Ak,c

= 2

(∑
i∈I

νi

)
f I

A.

Proof. Since f I
A(e) = 1 (if A = I), 0 (if A �= I), we have

πI,ν(Xakak
)f I

A(e) = 2
(
πI,ν(Eakak

− 1
n
Enn)

)
f I

A(e)

= 2
(
νak

+ n − ak − 1

n

n∑
i=1

(n − i)
)
f I

A(e)

=

{
2(νik − ik) + (n + 1) if A = I,

0 if A �= I,

and, for c �= ak,

πI,ν(Xakc)f
I
Ak,c

(e) =

{
πI,ν(Kcak

)f I
Ak,c

(e) if ak < c,

πI,ν(Kakc)f
I
Ak,c

(e) if ak > c

=

⎧⎪⎨⎪⎩
−1 if A = I and ak < c,

1 if A = I and ak > c,

0 if A �= I.

Then we get

λ = 2
h∑

k=1

(νik − ik) + h(n + 1) +
∑
c/∈I

h∑
k=1

(∑
ik<c

(−1) +
∑
ik>c

1
)

= 2
h∑

k=1

(νik − ik) + h(n + 1) +
h∑

k=1

{(−1)(n − ik − h + k) + (ik − k)}

= 2

h∑
k=1

νik

as desired. �

3. The holonomic system for Whittaker functions

In this section we derive a holonomic system for the radial parts of Whittaker functions.
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3.1. Whittaker models and Whittaker functions. Let us recall the notion of Whit-
taker models. A unitary character η of the maximal unipotent subgroup N of G is written
as

η(x) = exp
(
2π

√−1

n−1∑
i=1

cixi,i+1

)
, x = (xij)1≤i,j≤n ∈ N,

with real numbers ci (1 ≤ i ≤ n − 1). In this paper we assume that the character η is
non-degenerate, that is, ci �= 0 for 1 ≤ i ≤ n − 1.

The Whittaker model of an irreducible smooth admissible representation π of G is a
realization of π in the C∞-induced module

C∞
η (N\G) = {ϕ : G → C, C∞ | ϕ(xg) = η(x)ϕ(g) for all (x, g) ∈ N × G},

on which G acts by right translation. We put

W(π, η) = Hom( C,K)(π, C∞
η (N\G)),

and W(π, η)mod the subspace of W(π, η) consisting of the intertwining operators whose
images are moderate growth functions ([Wa, §8]).

For Φ ∈ W(π, η) and a smooth vector v ∈ π, we call the image Φ(v) the Whittaker
function (corresponding to v). Especially, for Φ ∈ W(π, η)mod, we call Φ(v) the primary
Whittaker function. From now on we consider Whittaker functions corresponding to the
vectors belonging to minimal K-types of the principal series.

Definition 3.1. Let Φ be a nonzero intertwiner in W(πI,ν , η). Under the notation as in
Lemma 2.2, we denote by WA (A ∈ nCh) the Whittaker function corresponding to the
function f I

A:
WA = Φ(f I

A) = Φ(ι(vA)), A ∈ nCh.

Because of the Iwasawa decomposition G = NAK, Whittaker function is determined
by its restriction to the vector subgroup A of G, which we call the radial part of Whittaker
functions.

3.2. The holonomic system for the Whittaker functions. To write differential
equations satisfied by the radial parts of Whittaker functions, we introduce new coor-
dinates y = (y1, . . . , yn−1) on A by yi = ai/ai+1. Then we can see that aρ = yρ =∏n−1

i=1 y
i(n−i)/2
i . By using this coordinates we write the actions of E ′

ii, Eij and Kij on
Whittaker functions.

Lemma 3.2. (i) Let ∂i be the Euler operator yi
∂
∂yi

for each i (1 ≤ i ≤ n − 1). Then

for f ∈ C∞(A), we have

E ′
iif = (−∂i−1 + ∂i)f.

Here we understand ∂0 = ∂n = 0.
(ii) For f ∈ C∞

η (N\G), we have

Eijf(y) =

{
0 if j − i > 1,

2π
√−1ciyif(y) if j = i + 1.

(iii) For Whittaker function WA corresponding to f I
A, we have

KijWA =
h∑

t=1

(δjatWAt,i
− δiatWAt,j

).

11



Proof. See [MIO, §4.1] for (i) and (ii). The last claim (iii) immediately follows from
Kij(W(f I

A)) = W(ι(KijvA)). �

Theorem 3.3. Let {WA(y) = yρW̃A(y)}A∈nCh
be the radial part of Whittaker function for

πI,ν. Then the set {W̃A(y)}A∈nCh
satisfies the following system of difference-differential

equations.

(i) (Dirac-Schmid equation) If we denote by A±
t = At,at±1 then we have

h∑
t=1

(∂at − ∂at−1)W̃A +
h∑

t=1

(
2π

√−1catyatW̃A+
t

+ 2π
√−1cat−1yat−1W̃A−

t

)
=

(∑
i∈I

νi

)
W̃A.

Here we understand W̃A±
t

= 0 if at ± 1 = at±1.

(ii) (Capelli equation) For a variable x, we have

Det(x · En + C) · W̃A(y) =

n∏
i=1

(x + νi) · W̃A(y).

Here C = (Cij)1≤i,j≤n is a operator matrix where each Cij acts on a set of smooth
functions {FA(y)}A∈nCh

on Rn−1
+ by

CijFA(y) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if j ≥ i + 2,

2π
√−1ciyiFA(y) if j = i + 1,

(−∂i−1 + ∂i)FA(y) if j = i,

2π
√−1ci−1yi−1FA(y) −Ki−1,iFA(y) if j = i − 1,

−KjiFA(y) if j ≤ i − 2.

Here Kij (1 ≤ i, j ≤ n) is a operator defined by

KijFA =

h∑
t=1

(
δjatFAt,i

− δiatFAt,j

)
.

Proof. In view of

Xakc =

⎧⎪⎨⎪⎩
2E ′

akak
if c = ak,

2Eakc + Kakc if ak < c,

2Ecak
+ Kakc if ak > c,

we can get the Dirac-Schmid equation from Lemmas 2.5 and 3.2. By expanding the
Det(x ·En + E) with respect to the first row we reach the Capelli equation by indunction
on n. �

To write the Capelli equations more explicitly, let us compute Det(x · En + C).

Notation 3.4. For y = (y1, . . . , yn−1), z = (z1, . . . , zn) and κ = (κij)1≤i<j≤n, we define a
polynomial Δn,k(y, z, κ) by the identity

det

⎛⎜⎜⎜⎜⎝
x + z1 y1

y1 − κ12 x + z2 y2

−κ13 y2 − κ23 x + z3

· · · · · · · · · · · · · · ·
−κ1n −κ2n · · · yn−1 − κn,n−1 x + zn

⎞⎟⎟⎟⎟⎠ =
n∑

k=0

xn−kΔn,k(y, z, κ).

Here is the explicit formulas of Δn,k.
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Lemma 3.5. (i) We have

Δn,k(y, z, 0) =

[k/2]∑
q=0

{ ∑
{l1,...,lq}

( q∏
t=1

(−y2
lt)

)
Sk−2q(zl′1 , . . . , zl′n−2q

)

}
,

where {l1, . . . , lq} ranges all the colors of type (n − 1, q) satisfying the condition
lt+1 − lt > 1 for all 1 ≤ t ≤ q − 1, and {l′1 . . . , l′n−2q} is the complement of {l1, l1 +
1, l2, l2 + 1, . . . , lq, lq + 1} in Tn.

(ii) We have

Δn,k(y, z, κ) =

[n/2]∑
r=0

Δn,k,r(y, z, κ),

where the polynomial Δn,k,r(y, z, κ) is written by using Δn′,k′(y, z, 0) as∑
{i1,...,ir}
{j1,...,jr}

[
r∏

t=1

κitjt ·
r∏

t=1

(−1)it+jt+1(yityit+1 · · · yjt−1)

·
∑

{k1,...,kr+1}

r+1∏
t=1

Δit−jt−1−1,kt

(
(yjt−1+1, . . . , yit−2), (zjt−1+1, . . . , zit−1), 0

)]
.

Here the sets of positive integers {i1, . . . , ir}, {j1, . . . , jr} and {k1, . . . , kr+1} range
with the conditions 1 ≤ i1 < j1 < i2 < j2 < · · · < ir < jr ≤ n and

∑r+1
t=1 kt =

k − r +
∑r

t=1(it − jt). Note that we understand j0 = 0 and ir+1 = n + 1.

Proof. Exercise of linear algebra. �

By using Δn,k,r, we can rewrite the Capelli equations in Theorem 3.3.

Proposition 3.6. For 2 ≤ k ≤ n, we have[ h∑
r=0

Δn,k,r

(
(2π

√−1c1y1, . . . , 2π
√−1cn−1yn−1),

(∂1,−∂1 + ∂2, . . . ,−∂n−2 + ∂n−1,−∂n−1), (Kij)1≤i<j≤n

)]
W̃A(y) = Sk(ν)W̃A(y).

Especially we have the Casimir equation:[
−

n−1∑
p=1

∂2
p +

n−2∑
p=1

∂p∂p+1 −
n−1∑
p=1

(2π
√−1cpyp)

2

]
W̃A(y)

−
h∑

t=1

(2π
√−1catyat)W̃A+

t
(y) +

h∑
t=1

(2π
√−1cat−1yat−1)W̃A−

t
(y) = S2(ν)W̃A(y).

Proof. We note that Kij commutes Ki′j′ for 1 ≤ i < j < i′ < j′ ≤ n, and moreover

(Ki1j1 · · ·Kirjr)W̃A(y) = 0 for h + 1 ≤ r ≤ [n/2]. �

Remark 1. We remark a rank of holonomic system in Theorem 3.3. The system con-
sisting of the Capelli equations (ii), or Proposition 3.6 gives a holonomic system of rank
n! · (n

h

)
. For h ≥ 1, this system is divided into

(
n
h

)
subsystems by using the Dirac-Schmid

equations and so that each subsystem is of rank n!, the order of the Weyl group Sn.
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4. Review of the case of helicity 0

The rest of this paper we will give explicit formulas for the secondary Whittaker func-
tions, that is, the power series solutions of the system in Theorem 3.3 at the regular
singularity y = (0, . . . , 0), and the primary Whittaker functions, that is, the unique mod-
erate growth Whittaker functions. Throughout this paper we assume ci = 1 for the
character η for simplicity. We also assume that the parameter ν is in a general position,
more precisely,

νi − νj /∈ Z, (i �= j).

Since our explicit formulas will be recursive formulas with respect to the rank n as in
[IS] (we call such formulas propagation formulas), we relate principal series representations
of SL(n,R) and SL(n − 1,R).

Definition 4.1. For the principal series πI,ν of SL(n,R) with I = {i1, . . . , ih} ∈ nCh and
ν = (ν1, . . . , νn) ∈ Cn (

∑n
p=1 νp = 0), we associate a principal series πI0,ν̃ of SL(n− 1,R)

by

• I0 = {i0,1, . . . , i0,h−1} ∈ n−1Ch−1 with i0,p = ip+1 − 1 (1 ≤ p ≤ n − 1),
• ν̃ = (ν̃1, . . . , ν̃n−1) with

ν̃p =

{
νp +

νi1

n−1
if 1 ≤ p ≤ i1 − 1,

νp+1 +
νi1

n−1
if i1 ≤ p ≤ n − 1.

In the case of I = ∅ (h = 0), we set I0 = ∅ and ν̃p = νp+1 + ν1/(n − 1) (1 ≤ p ≤ n).

Whittaker functions have symmetries under the action of the Weyl group. The Weyl
group of the restricted root system of (g, a) is the symmetric group Sn, and each element
τ in Sn acts on ν = (ν1, . . . , νn) as a permutation of νi:

τν = (ντ(1), . . . , ντ(n)).

Notation 4.2. For I ∈ nCh, let us define a subgroup SI of the Weyl group Sn by

SI = {τ ∈ Sn | τ(I) = I} ∼= Sh × Sn−h.

Here we regard I as a subset of Tn, that is, τ(I) = I means that for each it ∈ I, there
exists it′ ∈ I such that τ(it) = it′ .

We collect some conventions which will be used hereafter.

Notation 4.3. • For a ∈ C and n ∈ Z, we denote by (a)n = Γ(a+n)/Γ(a) (Pochham-
mer symbol).

• We use symbols m = (m1, . . . , mn−1) ∈ Nn−1 and k = (k1, . . . , kn−2) ∈ Nn−2.
• We denote by ep (resp. dp) the p-th standard basis in Rn−1 (resp. Rn−2).
• For (x1, . . . , xn−1) ∈ Cn−1, m ∈ Nn−1, k ∈ Nn−2 and κ ∈ C, we set

Q(x1, . . . , xn−1) =
n−1∑
p=1

x2
p −

n−2∑
p=1

xpxp+1,

Qm(x1, . . . , xn−1; κ) = Q(m1, . . . , mn−1) +
n−1∑
p=1

xpmp + κ,

Qk(x1, . . . , xn−2; κ) = Q(k1, . . . , kn−2) +
n−2∑
p=1

xpkp + κ.
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• For a subset X of Tn = {1, . . . , n} we denote by χX the characteristic function of X.
If X is empty set then χX is identically equal to zero.

• We agree that the interval [a, b] means its intersection with the set of nonnegative
integers: [a, b] = {x ∈ N | a ≤ x ≤ b}.

• For a subset (or a color) X of Tn we write X[±1] := {x ± 1 | x ∈ X}.
• For a color X = {x1, . . . , xh} of type (n, h), we denote by Xc = {x′

1, . . . , x
′
n−h}

(x′
1 < · · · < x′

n−h) the complement color of X in Tn.
• For a color X = {x1, . . . , xh} of type (n, h), we use a abbreviation X±

t = Xt,xt±1 =
{x1, . . . , xt−1, xt ± 1, xt+1, . . . , xh} (cf. Notation 1.2).

In this section we recall the explicit formulas for Whittaker functions for the class one
principal series representations obtained by Stade and Ishii [IS].

4.1. Secondary Whittaker functions. Let us start with the secondary Whittaker func-
tions. We have no Dirac-Schmid equations. The k-th (2 ≤ k ≤ n) Capelli equation in
Proposition 3.6 is[

Sk(∂1,−∂1 + ∂2, . . . ,−∂n−2 + ∂n−1,−∂n−1)

+

[k/2]∑
q=1

∑
{l1,...,lq}

{ q∏
t=1

(2πylt)
2 ·

∑
{l′1,...,l′k−2q}

k−2q∏
s=1

(−∂l′s−1 + ∂l′s)

}]
W̃ (y) = Sk(ν)W̃ (y).

(4.1)

Here {l1, . . . , lq} ranges all the colors of type (n − 1, q) satisfying lt+1 − lt > 1 for all
1 ≤ t ≤ q − 1, and {l′1, . . . , l′k−2q} runs through all the colors of type (n, k − 2q) such that
l′s ∈ Tn\{lt, lt + 1 | 1 ≤ t ≤ q} for all 1 ≤ s ≤ k − 2q.

Here is the propagation formula for the secondary Whittaker functions.

Theorem 4.4. [IS, Theorem 15] We introduce a power series Mn
ν (y) = yρM̃n

ν (y) with

M̃n
ν (y) =

∑
m=(m1,...,mn−1)∈Nn−1

Cn
m(ν)

n−1∏
p=1

(πyp)
2mp+ν1+···+νp,

where the coefficients are recursively determined by the relation

Cn
m(ν) =

∑
k=(k1,...,kn−2)

Cn−1
k (ν̃)∏n−1

p=1(mp − kp−1)!(
ν1−νp+1

2
+ 1)mp−kp

and C2
m1

(ν) = 1/{m1!(
ν1−ν2

2
+ 1)m1}. Here we set k0 = kn−1 = 0 and

∑
k means k =

(k1, . . . , kn−2) runs through such that 0 ≤ kp ≤ mp+1 for 1 ≤ p ≤ n − 2. Then the set of
power series

{M̃n
τν(y) | τ ∈ Sn}

forms a basis of the solutions of the system (4.1) at y = 0.

Remark 2. According to the result of Hashizume, secondary Whittaker functions are
essentially determined by the Casimir equation. Actually Theorem 4.4 can be shown by
the recurrence relation(n−1∑

p=1

m2
p −

n−2∑
p=1

mpmp+1 +
n−1∑
p=1

νp − νp+1

2
mp

)
Cn

m(ν) =
n−1∑
p=1

Cn
m−ep

(ν).(4.2)
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4.2. Primary Whittaker functions. Here is the propagation formula for the primary
Whittaker functions.

Theorem 4.5. [IS, Theorems 12, 14] We inductively define a function W n
ν (y) = yρW̃ n

ν (y)
by

W̃ n
ν (y) =

∫
(R+)n−1

W̃ n−1
ν̃

(
y2

√
t2
t1

, . . . , yn−1

√
tn−1

tn−2

)
·

n−1∏
p=1

exp
{
−(πyp)

2tp − 1

tp

} n−1∏
p=1

(πyp)
(n−p)ν1

n−1

n−1∏
p=1

t
nν1

2(n−1)
p

dtp
tp

,

(4.3)

and W̃ 2
ν (y1) = 2K(ν1−ν2)/2(2πy1). Here Kν is the modified Bessel function:

Kν(2πy) =
1

2
(πy)ν

∫ ∞

0

exp
{
−(πy)2t − 1

t

}
tν

dt

t
.

Then, up to a constant multiple, W n
ν (y) is the radial part of the primary Whittaker func-

tion of helicity 0. Moreover, let

V n
ν (s) ≡ V n

ν (s1, . . . , sn−1) =

∫
(R+)n−1

W̃ n
ν (y)

n−1∏
p=1

(πyp)
sp

dyp

yp

be the Mellin transform of W̃ n
ν (y). Then we have

V n
ν (s) =

21−n

(2πi)n−2

∫
z1,...,zn−2

V n−1
ν̃ (z1, . . . , zn−2)

·
n−1∏
p=1

{
Γ
(sp − zp−1

2
+

(n − p)ν1

2(n − 1)

)
Γ
(sp − zp

2
− pν1

2(n − 1)

)} n−2∏
p=1

dzp

(4.4)

and V 2
ν (s1) = 2−1Γ((s1 + ν1)/2)Γ((s1 − ν1)/2). Here the paths of integration in each zp

is a vertical line in the complex plane with sufficiently large real part to keep the poles of
integrand on its left, and z0 = zn−1 = 0.

The proof of this theorem rely on Stade’s evaluation of the Jacquet integral ([St1]) and
a recursive formula between V n

ν and V n−2
ν ([St2]). Actually we first find (4.4) and then

arrive at (4.3) by using the Mellin-Barnes integral representation of the modified Bessel
function.

Our argument in this paper is different. In the later section, we give new proof based
on the factorization formula for the class one principal series Whittaker functions ([Ha]).
In the case of SL(n,R), the explicit factorization formula is

W n
ν (y) =

∑
τ∈ n

τ

[ ∏
1≤p<q≤n

Γ
(−νp + νq

2

)
· Mn

ν (y)

]
.(4.5)

We note that another approach to similar propagation formula for the primary Whit-
taker functions of helicity 0 is discussed in [GKLO] by using stationary phase integrals
called Givental integrals ([Gi]).
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5. Secondary Whittaker functions (1) -the case of helicity 1-

Before to discuss the case of general helicity h, to make our idea more understandable
we explain the case of I = {i} (h = 1) in this section. We express the secondary Whittaker
functions on SL(n,R) with helicity 1 in terms of those on SL(n − 1,R) with helicity 0
(Definition 5.6). Our main result is Theorem 5.7, which tells that the power series defined
in Definition 5.6 forms a basis of the solution of Theorem 3.3. To prove this, we will
confirm the power series is compatible with the Dirac-Schmid equations and the Casimir
equations in Subsections 5.5 and 5.6, respectively.

5.1. The recurrence relations. We first rewrite the system in Theorem 3.3. For A =

{a} (1 ≤ a ≤ n) we denote by A± = A[±1] = {a±1}. If we put W̃A(y) = (
√−1)−aΦA(y),

then the Dirac-Schmid equation in Theorem 3.3 (i) and the Casimir equation in Proposi-
tion 3.6 read

(−∂a−1 + ∂a − νi)ΦA(y) − 2πya−1ΦA−(y) + 2πyaΦA+(y) = 0

and {
−

n−1∑
p=1

∂2
p +

n−2∑
p=1

∂p∂p+1 +

n−1∑
p=1

(2πyp)
2 − S2(ν)

}
ΦA(y)

− 2πya−1ΦA−(y) − 2πyaΦA+(y) = 0,

respectively. As in the case of helicity 0, we consider a vector-valued power series solution
of the form

Φ(y) = {Φ{a}(y)}1≤a≤n =
∑

m=(m1,...,mn−1)

Cm(Φ)

n−1∏
p=1

(πyp)
mp+lp,

where the coefficient Cm(Φ) = {C{1};m(Φ), . . . , C{n};m(Φ)} satisfies the non-vanishing con-
dition Cm(Φ) �= 0 = (0, . . . , 0). We first write recurrence relations for Cm(Φ).

Lemma 5.1. (i) The Dirac-Schmid equation implies

{−(ma−1 + la−1) + (ma + la) − νi}CA;m(Φ) − 2CA−;m−ea−1
(Φ) + 2CA+;m−ea

(Φ) = 0.

(ii) The Casimir equation implies{n−1∑
p=1

(mp + lp)
2 −

n−2∑
p=1

(mp + lp)(mp+1 + lp+1) + S2(ν)
}

CA;m(Φ)

+ 2CA−;m−ea−1
(Φ) + 2CA+;m−ea(Φ) = 4

n−1∑
p=1

CA;m−2ep(Φ).

5.2. The coefficients with total degrees at most one. We want to determine the co-
efficients Cm(Φ) with the total degree |m| := |∑n−1

p=1 mp| at most one. From the recurrence
relations in Lemma 5.1 we can prove the following:

Proposition 5.2. The characteristic indices l = (l1, . . . , ln−1) at y = (0, . . . , 0) are given
by

lp = ντ(1) + · · ·+ ντ(p) (1 ≤ p ≤ n − 1)
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for some τ ∈ Sn. If we put j = τ−1(i) then we may choose C{a};0(Φ) = δa,j and

C{a};ea(Φ) = − 2

ντ(a) − ντ(a+1) + 1
· δa,j−1,

C{a};ea−1(Φ) = − 2

ντ(a−1) − ντ(a) + 1
· δa,j+1,

C{a};ep(Φ) = 0 if p �= a − 1, a.

Proof. Let us substitute m = 0 in Lemma 5.1. The Dirac-Schmid equation gives

(−lp−1 + lp − νi)C{p};0(Φ) = 0 (1 ≤ p ≤ n).

Here l0 = ln = 0. From the Capelli equations, we have

Sk(l1,−l1 + l2, . . . ,−ln−1 + ln,−ln)C{p};0(Φ) = Sk(ν)C{p};0(Φ) (1 ≤ p ≤ n)

for 2 ≤ k ≤ n. Since C{p};0(Φ) does not vanish for some p, we have

−lp−1 + lp − νi = 0,

Sk(l1,−l1 + l2, . . . ,−ln−1 + ln,−ln) = Sk(ν).

Then we have
lp − lp−1 = ντ(p), 1 ≤ p ≤ n

for some τ ∈ Sn. Hence (−la−1 + la−νi)C{a};0(Φ) = 0, that is, (ντ(a)−ντ(j))C{a};0(Φ) = 0.
Then we may set C{a};0(Φ) = δa,j .

Similarly we substitute m = ep to find

(1 + ντ(a) − ντ(j))C{a};ea(Φ) + 2C{a+1};0(Φ) = 0;

(−1 + ντ(a) − ντ(j))C{a};ea−1(Φ) − 2C{a−1};0(Φ) = 0;

(ντ(a) − ντ(j))C{a};ep(Φ) = 0 (p �= a, a − 1).

Hence we have the assertion for the coefficients with total degrees 1 except for the proof of
C{a};ep(Φ) = 0 for a = j and p �= a− 1, a. To see this we substitute m = ep (p �= a− 1, a)
into Lemma 5.1 (ii):

(2lp − lp−1 − lp+1 + 1)C{a};ep(Φ) = 0.

�

Corollary 5.3. For two colors A = {a} and J = {j} of types (n, 1), we define a function
εJ

A on Tn−1 by
εJ

A = χ[1,j−1] · χ[a,n−1] + χ[j,n−1] · χ[1,a−1].

Fix τ ∈ Sn. The power series solution corresponding to the characteristic indices l =
(l1, . . . , ln−1) with lp = ντ(1) + · · · + ντ(p) is of the form

Φ
{τ−1(i)}
{a} (y) =

∑
m

C{a};m
n−1∏
p=1

(πyp)
2mp+ντ(1)+···+ντ(p)+ε

{τ−1(i)}
{a} (p).

Proof. From Proposition 5.2, the coefficients C{a};m(Φ) with |m| = 1 vanish unless

m = (ε
{τ−1(i)}
{a} (1), . . . , ε

{τ−1(i)}
{a} (n − 1)). Then the recurrence relation in Lemma 5.1 im-

plies that non-vanishing coefficients C{a};m(Φ) should satisfy the congruence condition

m ≡ (ε
{τ−1(i)}
{a} (1), . . . , ε

{τ−1(i)}
{a} (n − 1)) (mod 2). �

For our later use we give some identities for the function εJ
A.
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Lemma 5.4. For 1 ≤ p ≤ n, we have the following.

(i) εJ
A(p) − εJ

A(p − 1) = (χ[1,a−1](p) − χ[a+1,n](p))δj,p + (χ[1,j−1](p) − χ[j+1,n](p))δa,p.
(ii) (2εJ

A(p) − 1)χ[1,j−1](p) = εJ
A(p) − χ[1,a−1](p).

(iii) (2εJ
A(p) − 1)χ[j,n−1](p) = εJ

A(p) − χ[a,n−1](p).

Proof. (i) From the definition the left hand side gives

χ[1,j−1] · χ[a,n−1] + χ[j,n−1] · χ[1,a−1] − χ[2,j] · χ[a+1,n] − χ[j+1,n] · χ[2,a]

= χ[a+1,n−1](χ[1,j−1] − χ[2,j]) + χ{a} · χ[1,j−1] − χ[2,j] · χ{n}
+ χ[1,a−1](χ[j,n−1] − χ[j+1,n]) − χ{a} · χ[j+1,n]

= (χ[1,a−1] − χ[a+1,n])χ{j} + (χ[1,j−1] − χ[j+1,n])χ{a}

as desired. Here we omitted (p) from χ∗(p). (ii) The left hand side can be written as

2χ[a,n−1] · χ[1,j−1] − χ[1,j−1] = χ[a,n−1] · χ[1,j−1] + (χ[a,n−1] − 1)χ[1,j−1]

= χ[a,n−1] · χ[1,j−1] − χ[1,a−1](1 − χ[j,n−1])

= εJ
A − χ[1,a−1].

Similarly we can show (iii). �

5.3. Explicit formulas of the secondary Whittaker functions. Now we give explicit
formulas for the secondary Whittaker functions in the case of I = {i}. Since there are
(n − 1)! possible choices of τ such that τ(j) = i for a given color J = {j}, we specify an
element τ I,J .

Definition 5.5. For I = {i}, J = {j} (1 ≤ i, j ≤ n), we define an element τ I,J of the
Weyl group Sn by

τ I,J(j) = i, τ I,J(p + χ[j,n−1](p)) = p + χ[i,n−1](p),

that is,

τ I,J(p) =

⎧⎪⎨⎪⎩
p + χ[i,n−1](p) if 1 ≤ p ≤ j − 1,

i if p = j,

p − 1 + χ[i,n−1](p − 1) if j + 1 ≤ p ≤ n − 1.

Definition 5.6. Under the notation above, we introduce a power series Mn,I,J
ν (y) =

yρM̃n,I,J
ν =

{
yρ(

√−1)−aM̃n,I,J
A={a},ν(y)

}
1≤a≤n

with

M̃n,I,J
A,ν (y) =

∑
m

Cn,I,J
A;m (ν)

n−1∏
p=1

(πyp)
2mp+ν

τI,J (1)
+···+ν

τI,J (p)
+εJ

A(p)
.

Here the coefficients are described by using the coefficients Cn−1
k (ν̃) for the secondary

Whittaker functions on SL(n − 1,R) of helicity 0 as

Cn,I,J
A;m (ν) =

∑
k

Cn−1
k (ν̃)

P I,J
A;m,k

,

where

P I,J
A;m,k =

j−1∏
p=1

(−1)εJ
A(p)(mp − kp)!

(−νi + ντI,J (p) + 1

2

)
mp−kp−1+εJ

A(p)
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·
n−1∏
p=j

(−1)εJ
A(p)(mp − kp−1)!

(νi − ντI,J (p+1) + 1

2

)
mp−kp+εJ

A(p)

(k0 = kn−1 = 0), and
∑

k means k = (k1, . . . , kn−2) runs through such that P I,J
A;m,k does

not vanish, that is, ⎧⎪⎨⎪⎩
0 ≤ kp ≤ mp if 1 ≤ p ≤ j − 2,

0 ≤ kp ≤ min{mp, mp+1} if p = j − 1,

0 ≤ kp ≤ mp+1 if j ≤ p ≤ n − 2.

Theorem 5.7. The set of power series

{M̃n,{i},{j}
τν (y) | 1 ≤ j ≤ n, τ ∈ S{i} ∼= Sn−1}

forms a basis of the space of solutions of the system in Theorem 3.3 with I = {i} at y = 0.

From now on we show this Theorem. In view of Lemma 5.1, the Dirac-Schmid and
the Casimir equations uniquely determine the coefficient CA;m(Φ) of the power series,
once characteristic indices are given. Then it is enough to check that the power series

M̃n,I,J
ν (y) satisfies the Dirac-Schmid equations and the Casimir equations (Proposition

5.8 below). Actually the Capelli elements Ck commutes with the Casimir element C2, the
compatibility with the Capelli equations follows as in [Ha].

5.4. Recurrence relations for CI,J
A;m(ν). In view of Lemma 5.1 and Corollary 5.3, the

recurrence relations we should confirm are the following.

Proposition 5.8. To abbreviate our notation we introduce new symbols m± by

m− = m − εJ
A−(a − 1) · ea−1 = m− χ[1,j−1](a − 1) · ea−1;

m+ = m − εJ
A+(a) · ea = m− χ[j,n−1](a) · ea.

Then Cn,I,J
A;m = Cn,I,J

A;m (ν) satisfies the recurrence relations:(−ma−1 + ma + μI,J
A (ν)

)
Cn,I,J

A;m − Cn,I,J
A−;m− + Cn,I,J

A+;m+ = 0;(5.1)

Qm

({λI,J
A,p(ν)}1≤p≤n−1; κ

I,J
A (ν)

)
Cn,I,J

A;m +
1

2

(
Cn,I,J

A−;m− + Cn,I,J
A+;m+

)
=

n−1∑
p=1

Cn,I,J
A;m−ep

,(5.2)

for 1 ≤ a ≤ n. Here

μI,J
A (ν) =

1

2

(
ντI,J (a) − νi − εJ

A(a − 1) + εJ
A(a)

)
,

λI,J
A,p(ν) =

1

2

(
ντI,J (p) − ντI,J (p+1) + 2εJ

A(p) − εJ
A(p − 1) − εJ

A(p + 1)
)

(1 ≤ p ≤ n − 1),

κI,J
A (ν) =

1

4

{n−1∑
p=1

εJ
A(p)(ντI,J (p) − ντI,J (p+1)) + Q(εJ

A(1), . . . , εJ
A(n − 1))

}
.

Lemma 5.9. A more explicit expression of κI,J
A (ν) is

κI,J
A (ν) =

−νi + ντI,J (a) + 1

4
· χ[1,j−1](a) +

νi − ντI,J (a) + 1

4
· χ[j,n−1](a − 1).
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Proof. By using Lemma 5.4 (i), we have

n−1∑
p=1

εJ
A(p)(ντI,J(p) − ντI,J (p+1))

=
n∑

p=1

ντI,J (p)(ε
J
A(p) − εJ

A(p − 1))

= ντI,J (j)(χ[1,a−1](j) − χ[a+1,n](j)) + ντI,J (a)(χ[1,j−1](a) − χ[j,n−1](a − 1))

= νi(χ[j,n−1](a) − χ[1,j−1](a)) + ντI,J (a)(χ[1,j−1](a) − χ[j,n−1](a − 1)).

Let us evaluate Q(εJ
A(1), . . . , εJ

A(n − 1)). Since

n∑
p=1

(εJ
A(p) − εJ

A(p − 1))2

=
n∑

p=1

εJ
A(p)(εJ

A(p) − εJ
A(p − 1)) +

n∑
p=1

εJ
A(p − 1)(εJ

A(p − 1) − εJ
A(p))

= 2Q(εJ
A(1), . . . , εJ

A(n − 1)),

Lemma 5.4 (i) implies that 2Q(εJ
A(1), . . . , εJ

A(n − 1)) is

n∑
p=1

(χ[1,a−1](p) + χ[a+1,n](p))δj,p +
n∑

p=1

(χ[1,j−1](p) + χ[j+1,n](p))δa,p

= χ[1,a−1](j) + χ[a+1,n](j) + χ[1,j−1](a) + χ[j+1,n](a)

= 2(χ[1,j−1](a) + χ[j,n−1](a − 1)).

Hence we get the desired expression. �

5.5. Compatibility with the Dirac-Schmid equations. We start with the proof of
the recurrence relation (5.1).

Lemma 5.10. We have

P I,J
A;m,k

P I,J
A−;m−,k

= −ma−1 + ka−1 +
−νi + ντI,J (a) − 1

2
· χ[j,n−1](a − 1);

P I,J
A;m,k

P I,J
A+;m+,k

= −ma + ka−1 +
νi − ντI,J (a) − 1

2
· χ[1,j−1](a),

and

μI,J
A (ν) − −νi + ντI,J (a) − 1

2
· χ[j,n−1](a − 1) +

νi − ντI,J (a) − 1

2
· χ[1,j−1](a) = 0.

Proof. It easily follows from the definitions of P I,J
A;m,k and μI,J

A (ν), and τ I,J(j) = i. �

Now the compatibility is immediate since we do not need to count the contribution
from Cn−1

k (ν̃). Indeed Lemma 5.10 implies

(−ma−1 + ma + μI,J
A (ν)) − P I,J

A;m,k

P I,J
A−;m−,k

+
P I,J

A;m,k

P I,J
A+;m+,k

= 0.
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5.6. Compatibility with the Casimir equations. Next we consider the Casimir equa-
tions. The idea of proof is similar to those of [I1, Theorem 4] and [IS, Theorem 15].

Lemma 5.11. We have the key identity:
n−1∑
p=1

P I,J
A;m,k

P I,J
A;m−ep,k

−
n−2∑
p=1

P I,J
A;m,k

P I,J
A;m,k+dp

− 1

2
· P I,J

A;m,k

P I,J
A−;m−,k

− 1

2
· P I,J

A;m,k

P I,J
A+;m+,k

= Qm

({λI,J
A,p(ν)}1≤p≤n−1; κ

I,J
A (ν)

)− Qk

({ ν̃p − ν̃p+1

2

}
1≤p≤n−2

; 0
)
.

(5.3)

Proof. Since

P I,J
A;m,k

P I,J
A;m−ep,k

=

{
(mp − kp)

(
mp − kp−1 + εJ

A(p) +
−νi+ν

τI,J (p)
−1

2

)
if 1 ≤ p ≤ j − 1,

(mp − kp−1)
(
mp − kp + εJ

A(p) +
νi−ν

τI,J (p+1)
−1

2

)
if j ≤ p ≤ n − 1,

and

P I,J
A;m,k

P I,J
A;m,k+dp

=

⎧⎪⎨⎪⎩
(mp − kp)

(
mp+1 − kp + εJ

A(p + 1) +
−νi+ν

τI,J (p+1)
−1

2

)
if 1 ≤ p ≤ j − 2,

(mp − kp)(mp+1 − kp) if p = j − 1,

(mp+1 − kp)
(
mp − kp + εJ

A(p) +
νi−ν

τI,J (p+1)
−1

2

)
if j ≤ p ≤ n − 2,

the left hand side of (5.3) equals

n−1∑
p=1

{
mp − kp +

(
εJ

A(p) +
νi − ντI,J (p+1) − 1

2

)
χ[j,n−1](p)

}
·
{

mp − kp−1 +
(
εJ

A(p) +
−νi + ντI,J (p) − 1

2

)
χ[1,j−1](p)

}
−

n−2∑
p=1

{
mp − kp +

(
εJ

A(p) +
νi − ντI,J (p+1) − 1

2

)
χ[j,n−1](p)

}
·
{
mp+1 − kp +

(
εJ

A(p + 1) +
−νi + ντI,J (p+1) − 1

2

)
χ[1,j−1](p + 1)

}
− 1

2

(
−ma−1 + ka−1 +

−νi + ντI,J (a) − 1

2
· χ[j,n−1](a − 1)

)
− 1

2

(
−ma + ka−1 +

νi − ντI,J (a) − 1

2
· χ[1,j−1](a)

)
= Qm

({λp}1≤p≤n−1; κ
I,J
A (ν)

)− Qk

({λ̃p}1≤p≤n−2; 0
)
,

(see Lemma 5.9) where

2λp = (2εJ
A(p) − 1)χ[1,j−1](p) + (2εJ

A(p) − 1)χ[j,n−1](p)

− (2εJ
A(p + 1) − 1)χ[1,j−1](p + 1) − (2εJ

A(p − 1) − 1)χ[j,n−1](p − 1)

+ (νi − ντI,J (p))(−χ[1,j−1](p) − χ[j,n−1](p − 1))

+ (νi − ντI,J (p+1))(χ[j,n−1](p) + χ[1,j−1](p + 1)) + δp,a−1 + δp,a

and

2λ̃p = (2εJ
A(p) − 1)(χ[1,j−1](p) − χ[j,n−1](p))

+ (2εJ
A(p + 1) − 1)(−χ[1,j−1](p + 1) + χ[j,n−1](p + 1))

+ (−νi + ντI,J (p))χ[1,j−1](p) + (νi − ντI,J (p+2))χ[j,n−1](p + 1)
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+ (νi − ντI,J (p+1))(χ[1,j−1](p + 1) − χ[j,n−1](p)) + δp,a−1.

In view of Lemma 5.4 (ii), (iii) and the definition of τ I,J , we find that λp = λI,J
A,p(ν) and

λ̃p = (ν̃p − ν̃p+1)/2. �

Returning to the proof of the recurrence relation (5.2), we compute

n−1∑
p=1

Cn,I,J
A;m−ep

− 1

2
Cn,I,J

A−;m− − 1

2
Cn,I,J

A+;m+

=
n−1∑
p=1

∑
k

P I,J
A;m,k

P I,J
A;m−ep,k

· Cn−1
k (ν̃)

P I,J
A;m,k

− 1

2

∑
k

P I,J
A;m,k

P I,J
A−;m−,k

· Cn−1
k (ν̃)

P I,J
A;m,k

− 1

2

∑
k

P I,J
A;m,k

P I,J
A+;m+,k

· Cn−1
k (ν̃)

P I,J
A;m,k

.

(5.4)

By using Lemma 5.11, we can see that (5.4) is a sum of the three terms:

Qm

({λI,J
A,p(ν)}1≤p≤n−1; κ

I,J
A (ν)

)∑
k

Cn−1
k (ν̃)

P I,J
A;m,k

= Qm

({λI,J
A,p(ν)}1≤p≤n−1; κ

I,J
A (ν)

)
CI,J

A;m,

(5.5)

−
∑
k

Qk({λp(ν̃)}1≤p≤n−2; 0) Cn−1
k (ν̃)

P I,J
A;m,k

,(5.6)

∑
k

n−2∑
p=1

P I,J
A;m,k

P I,J
A;m,k+dp

· Cn−1
k (ν̃)

P I,J
A;m,k

=
∑
k

∑n−2
p=1 Cn−1

k−dp
(ν̃)

P I,J
A;m,k

.(5.7)

In view of the recurrence relation (4.2) for Cn−1
k (ν̃), the second term (5.6) cancels the

third term (5.7) and thus the compatibility with the Casimir equations is confirmed. This
settles the proof of Theorem 5.7. �

6. Primary Whittaker functions (1) -the case of helicity 1-

In this section we discuss integral representations of the primary Whittaker functions.
Here is the main result for the case of helicity 1.

Theorem 6.1. Define a function W n,I
ν (y) = yρW̃ n,I

ν (y) =
{
yρ(

√−1)−aW̃ n,I
{a},ν(y)

}
1≤a≤n

by using the primary Whittaker function of helicity 0 on SL(n − 1,R):

W̃ n,I
A,ν(y) =

∫
(R+)n−1

W̃ n−1
ν̃

(
y2

√
t2
t1

, . . . , yn−1

√
tn−1

tn−2

)
·

n−1∏
p=1

exp
{
−(πyp)

2tp − 1

tp

} n−1∏
p=1

(πyp)
(n−p)νi

n−1
+χ[1,a−1](p)

·
n−1∏
p=1

t
nνi

2(n−1)
+ 1

2
(χ[1,a−1](p)−χ[a,n−1](p))

p

n−1∏
p=1

dtp
tp

.
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Then W n,I
ν (y) is the radial part of the primary Whittaker function of helicity 1, and we

have the factorization formula

W n,I
ν (y) =

∑
τ∈ I

τ

[ ∑
1≤j≤n

Γn,I,{j}(ν) · Mn,I,{j}
ν (y)

]
,(6.1)

where

Γn,I,{j}(ν) =
∏

1≤p<q≤n−1

Γ
(−νi′p + νi′q

2

)
·

j−1∏
p=1

Γ
(νi − νi′p + 1

2

) n−1∏
p=j

Γ
(−νi + νi′p + 1

2

)
.

Here {i′1, . . . , i′n−1} (i′1 < · · · < i′n−1) is the complement of I = {i} in Tn.

The rest of this section is devoted to the proof of Theorem 6.1 by a similar argument
as in [HrIO, §7]. Since the function W n,I

A,ν(y) is of moderate growth, it is enough to show
the factorization formula (6.1). Indeed, thanks to the multiplicity one theorem of Shalika
[Sha] and Wallach [Wa], we may conclude that the function W n,I

ν (y) is the radial part of
the primary Whittaker function.

In Subsection 6.1, we first apply the factorization formula for Whittaker functions of
helicity 0 and derive a certain factorization formula (Lemma 6.2). As stated in Proposition
6.3, the factorization formula in Lemma 6.2 contains ghost solutions, that is, the power
series which does not contribute to the factorization formula (6.1). In the successive
subsections the proof of Proposition 6.3 is given.

6.1. A certain factorization of W n,I
A,ν(y). By inserting the factorization formula (4.5)

for W̃ n−1
ν̃ (y) and changing the order of integrations and infinite sums, which can be

justified as in [HrIO, §7], we get

W̃ n,I
A,ν(y) =

∑
τ∈ I

τ

[ ∏
1≤p<q≤n−1

Γ
(−νi′p + νi′q

2

)∑
k

Cn−1
k (ν̃)

·
∫

(R+)n−1

n−1∏
p=1

exp
{
−(πyp)

2tp − 1

tp

}
·

n−2∏
p=1

(
πyp+1

√
tp+1

tp

)2kp+ p
t=1 νi′t

+
pνi
n−1

·
n−1∏
p=1

(πyp)
(n−p)νi

n−1
+χ[1,a−1](p)

n−1∏
p=1

t
nνi

2(n−1)
+ 1

2
(χ[1,a−1](p)−χ[a,n−1](p))

p

n−1∏
p=1

dtp
tp

]
=

∑
τ∈ I

τ

[ ∏
1≤p<q≤n−1

Γ
(−νi′p + νi′q

2

)
·
∑
k

Cn−1
k (ν̃)

·
n−1∏
p=1

(πyp)
2kp−1+νi+

p−1
t=1 νi′t

+χ[1,a−1](p)

·
n−1∏
p=1

∫ ∞

0

exp
{
−(πyp)

2tp − 1

tp

}
· tkp−1−kp+ 1

2
(νi−νi′p)+ 1

2
(χ[1,a−1](p)−χ[a,n](p))

p
dtp
tp

]
.

Here we understand k0 = kn−1 = 0.
The integrations with respect to tp are carried out by using the formula∫ ∞

0

exp
{
−(πy)2t − 1

t

}
tk+ν dt

t
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= 2(πy)−k−νKk+ν(2πy)

=
π

sin(k + ν)π

( ∞∑
m=0

(πy)2(m−k)−2ν

m!Γ(m − k − ν + 1)
−

∞∑
m=0

(πy)2m

m!Γ(m + k + ν + 1)

)

= (−1)k

( ∞∑
m=0

Γ(ν) · (πy)2(m−k)−2ν

m!(−ν + 1)m−k
+

∞∑
m=0

Γ(−ν) · (πy)2m

m!(ν + 1)m+k

)
(6.2)

= (−1)k

( ∞∑
m=0

Γ(ν) · (πy)2(m−k)−2ν

m!(−ν + 1)m−k
−

∞∑
m=0

Γ(−ν + 1) · (πy)2m

m!(ν)m+k+1

)
,(6.3)

for k ∈ Z and ν /∈ Z. Then the expression (6.2) implies that

W̃ n,I
A,ν(y) =

∑
τ∈ I

τ

[ ∏
1≤p<q≤n−1

Γ
(−νi′p + νi′q

2

)
·
∑
k

Cn−1
k (ν̃)

·
n−1∏
p=1

{ ∞∑
mp=0

Γ
(

νi−νi′p+χ[1,a−1](p)−χ[a,n−1](p)

2

)
· (πyp)

2(mp+kp)+ p
t=1 νi′t

+χ[a,n−1](p)

mp!
(−νi+νi′p−χ[1,a−1](p)+χ[a,n−1](p)

2
+ 1

)
mp−kp−1+kp

+

∞∑
mp=0

Γ
(−νi+νi′p−χ[1,a−1](p)+χ[a,n−1](p)

2

)
· (πyp)

2(mp+kp−1)+νi+
p−1
t=1 νi′t

+χ[1,a−1](p)

mp!
(

νi−νi′p+χ[1,a−1](p)−χ[a,n−1](p)

2
+ 1

)
mp+kp−1−kp

}]
.

In view of χ[1,a−1](p) + χ[a,n−1](p) = 1, we find

Γ
(

νi−νi′p+χ[1,a−1](p)−χ[a,n−1](p)

2

)
(−νi+νi′p−χ[1,a−1](p)+χ[a,n−1](p)

2
+ 1

)
mp−kp−1+kp

=
Γ
(

νi−νi′p+1

2
− χ[a,n−1](p)

)
(−νi+νi′p+1

2
+ χ[a,n−1](p)

)
mp−kp−1+kp

=
(−1)χ[a,n−1](p) · Γ

(
νi−νi′p+1

2

)
(−νi+νi′p+1

2

)
mp−kp−1+kp+χ[a,n−1](p)

,

and similarly

Γ
(−νi+νi′p−χ[1,a−1](p)+χ[a,n−1](p)

2

)
(

νi−νi′p+χ[1,a−1](p)−χ[a,n−1](p)

2
+ 1

)
mp+kp−1−kp

=
(−1)χ[1,a−1](p) · Γ

(−νi+νi′p+1

2

)
(

νi−νi′p+1

2

)
mp+kp−1−kp+χ[1,a−1](p)

.

By using them, we arrange the order of summation (and replace the indices mp → mp−kp

or mp − kp−1) to get the following expression.

Lemma 6.2. We have

W̃ n,I
A,ν(y) =

∑
τ∈ I

∑
R⊂Tn−1

τ
[
ΓI,R(ν) · M̃ I,R

A,ν (y)
]
.(6.4)

Here R ranges all the subsets of Tn−1 and

ΓI,R(ν) =
∏

1≤p<q≤n−1

Γ
(−νi′p + νi′q

2

)
·
∏
p∈Rc

Γ
(νi − νi′p + 1

2

)∏
p∈R

Γ
(−νi + νi′p + 1

2

)
,
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(Rc means the complement of R in Tn−1) and

M̃ I,R
A,ν (y) =

∑
m

CI,R
A;m(ν)

∏
p∈Rc

(πyp)
2mp+ p

t=1 νi′t
+χ[a,n−1](p)

∏
p∈R

(πyp)
2mp+νi+

p−1
t=1 νi′t

+χ[1,a−1](p)
,

where the coefficients are given by

CI,R
A;m(ν) =

∑
k

Cn−1
k (ν̃)

P I,R
A;m,k

,

with

P I,R
A;m,k =

∏
p∈Rc

(−1)χ[a,n−1](p)(mp − kp)!
(−νi + νi′p + 1

2

)
mp−kp−1+χ[a,n−1](p)

·
∏
p∈R

(−1)χ[1,a−1](p)(mp − kp−1)!
(νi − νi′p + 1

2

)
mp−kp+χ[1,a−1](p)

.

Here
∑

k means kp runs through such that 0 ≤ kp ≤ mp if p ∈ Rc and 0 ≤ kp ≤ mp+1

if p + 1 ∈ R. Note that if p ∈ R and p + 1 ∈ Rc, the index kp ranges all nonnegative
integers.

Remark 3. We define a function εR
A on Tn−1 by

εR
A = χ[a,n−1] · χRc + χ[1,a−1] · χR.

By using the function εR
A we have

M̃ I,R
A,ν (y) =

∑
m

CI,R
A;m(ν)

n−1∏
p=1

(πyp)
2mp+νi·χR(p)+ p−1

t=1 νi′t
+νi′p ·χRc(p)+εR

A(p)
.

6.2. Vanishing of ghost solutions. The right hand side of (6.4) involves ghost solutions,

that is, some power series M̃ I,R
A,ν in (6.4) cancel with their suitable partners. The next

proposition tells us that which subset R really contributes to the summation in (6.4), and
thus leads the factorization formula (6.1).

Proposition 6.3. For a subset R of Tn−1 put

E(R) = {r ∈ Tn−2 | r ∈ R and r + 1 ∈ Rc}.
Then only the subsets R satisfying E(R) = ∅ contribute to the summation in (6.4). More
precisely we have the following.

(i) If E(R) = ∅, then R is of the form [r, n− 1] with some r ∈ Tn (r = n ⇐⇒ R = ∅),
and we have M̃ I,R

A,ν (y) = M̃
n,I,{r}
A,ν (y) and ΓI,R(ν) = Γn,I,{r}(ν).

(ii) For r ∈ E(R) we have a cancellation of power series:

ΓI,R(ν) · M̃ I,R
A,ν (y) + ΓI,R(τ ′

rν) · M̃ I,R
A,τ ′

rν(y) = 0.

Here τ ′
r is the permutation (i′r, i

′
r+1) in Sn.

The first claim (i) is obvious. Let us explain our idea of proof of (ii). Since we can see

that the characteristic exponents of M̃ I,R
A,ν (y) are invariant under the permutation of νi′r

and νi′r+1
, we have only to show the cancellation of the coefficients:

ΓI,R(ν) · CI,R
A;m(ν) + ΓI,R(τ ′

rν) · CI,R
A;m(τ ′

rν) = 0, for all m and A.(6.5)
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Our proof of (6.5) is a little bit indirect. We first derive recurrence relations for the

coefficients CI,R
A;m(ν) in Lemma 6.4, which uniquely determine CI,R

A;m(ν) from the initial

values CI,R
A;0(ν). In Lemma 6.5, we will check that these recurrence relations are invariant

under the action of τ ′
r. This means that CI,R

A;m(ν) and CI,R
A;m(τ ′

rν) are characterized by the
same recurrence relations. Therefore our task can be reduced to confirm the cancellation
of the initial values for the edge components {1}, {n}:

ΓI,R(ν) · CI,R
A;0(ν) + ΓI,R(τ ′

rν) · CI,R
A;0(τ ′

rν) = 0, for A = {1}, {n}.(6.6)

Actually Lemma (ii) 6.4 and (6.6) imply the vanishing (6.5) for A = {1}, {n}. By using
the recurrence relations in Lemma 6.4 (i), we can find that (6.5) holds for all A.

6.3. Recurrence relations for CI,R
A;m(ν).

Lemma 6.4. We set

m−,R = m− χRc(a − 1) · ea−1, m+,R = m− χR(a) · ea.

Then we have the following recurrence relations for CI,R
A;m = CI,R

A;m(ν).

(i) For 1 ≤ a ≤ n, we have

(−ma−1 + ma + μI,R
A (ν))CI,R

A;m − CI,R
A−;m−,R + CI,R

A+;m+,R = 0;(6.7)

Qm

({λI,R
A,p(ν)}1≤p≤n−1; κ

I,R
A (ν)

)
CI,R

A;m +
1

2

(
CI,R

A−;m−,R + CI,R
A+;m+,R

)
=

n−1∑
p=1

CI,R
A;m−ep

.(6.8)

Here

μI,R
A (ν) =

−νi + νi′a−1
− 1

2
· χR(a − 1) +

−νi + νi′a + 1

2
· χRc(a),

λI,R
A,p(ν) =

1

2
{νi(2χR(p) − χR(p + 1) − χR(p − 1))

+ νi′p−1
· χR(p − 1) + νi′p(χRc(p) − χR(p)) − νi′p+1

· χRc(p + 1)

+ 2εR
A(p) − εR

A(p − 1) − εR
A(p + 1)} (1 ≤ p ≤ n − 1),

κI,R
A (ν) =

νi − νi′a−1
+ 1

4
· χR(a − 1) +

−νi + νi′a + 1

4
· χRc(a)

+
∑

p∈E(R)

(νi − νi′p − 1

2
+ χ[1,a−1](p)

)(νi − νi′p+1
− 1

2
+ χ[1,a−1](p + 1)

)
.

(ii) For a = 1 and n, we have

Qm

({λ′ I,R
A,p (ν)}1≤p≤n−1; κ

′ I,R
A (ν)

)
CI,R

A;m =
n−1∑
p=1

CI,R
A;m−ep

,(6.9)

where

λ′ I,R
A,p (ν) =

{
λI,R

A,p − 1
2

if (a, p) = (1, 1), (n, n − 1),

λI,R
A,p otherwise,

κ′ I,R
A (ν) =

1

4

∑
p∈E(R)

(νi − νi′p − δa,1 + δa,n)(νi − νi′p+1
− δa,1 + δa,n).
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Proof. The proof is similar to that of Theorem 5.7. By changing the roles of [j, n−1] and

[1, j − 1] by R and Rc respectively, the same identities in Lemma 5.10 hold for P I,R
A±;m±,R,k

and then we get the recurrence relation (6.7).
The relation (6.8) can be shown by using the key identity (cf. Lemma 5.11):

n−1∑
p=1

P I,R
A;m,k

P I,R
A;m−ep,k

−
n−2∑
p=1

P I,R
A;m,k

P I,R
A;m,k+dp

− 1

2

P I,R
A;m,k

P I,R
A−;m−,R,k

− 1

2

P I,R
A;m.k

P I,R
A+;m+,R,k

=

n−1∑
p=1

{
mp − kp +

(
χ[1,a−1](p) +

νi − νi′p − 1

2

)
χR(p)

}
·
{
mp − kp−1 +

(
χ[a,n−1](p) +

−νi + νi′p − 1

2

)
χRc(p)

}
−

n−2∑
p=1

{
mp − kp +

(
χ[1,a−1](p) +

νi − νi′p − 1

2

)
χR(p)

}
·
{
mp+1 − kp +

(
χ[a,n−1](p + 1) +

−νi + νi′p+1
− 1

2

)
χRc(p + 1)

}
− 1

2

(
−ma−1 + ka−1 +

−νi + νi′a−1
− 1

2
· χR(a − 1)

)
− 1

2

(
−ma + ka−1 +

νi − νi′a − 1

2
· χRc(a)

)
= Qm

({λI,R
A,p(ν)}1≤p≤n−1; κ

I,R
A (ν)

)− Qk

({νi′p − νi′p+1

2

}
1≤p≤n−2

; 0
)
.

The relation (6.9) follows from (6.7) and (6.8) with a = 1 and n, by eliminating the

terms CI,R
{2},∗ and CI,R

{n−1},∗, respectively. Or we can derive it directly by using the identity

n−1∑
p=1

P I,R
A;m,k

P I,R
A;m−ep,k

−
n−2∑
p=1

P I,R
A;m,k

P I,R
A;m,k+dp

= Qm

({λ′ I,R
A,p (ν)}1≤p≤n−1; κ

′ I,R
A (ν)

)− Qk

({νi′p − νi′p+1

2

}
1≤p≤n−2

; 0
)
.

(6.10)

Note that νi′p − νi′p+1
= ν̃p − ν̃p+1. �

Lemma 6.5. For r ∈ E(R), the values μI,R
A (ν), λI,R

A,p(ν), λ′ I,R
A,p (ν), κI,R

A (ν) and κ′ I,R
A (ν)

are invariant under the permutation of νi′r and νi′r+1
. Then the coefficients CI,R

A;m(ν) and

CI,R
A;m(τ ′

rν) are characterized by the same recurrence relations.

Proof. It is immediate for μI,R
A (ν). The values λI,R

A,p(ν) contains νi′r or νi′r+1
only when

p = r, r + 1 and we can see the invariance easily. Our claim for κI,R
A (ν) is obvious for

a �= r + 1. When a = r + 1 we have

κI,R
{r+1} =

1

4
(νi − νi′r)(νi − νi′r+1

) +
1

4

+
∑

p∈E(R),p�=r

(νi − νi′p − 1

2
+ χ[1,a−1](p)

)(νi − νi′p+1
− 1

2
+ χ[1,a−1](p + 1)

)
,

and finish the proof. �
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6.4. Initial values CI,R
A;0(ν).

Lemma 6.6. We have

CI,R
A;0(ν) =

∏
p∈Rc

(−1)χ[a,n−1](p)(−νi+νi′p+1

2

)
χ[a,n−1](p)

∏
p∈R

(−1)χ[1,a−1](p)(
νi−νi′p+1

2

)
χ[1,a−1](p)

·
∏

p∈E(R)

Γ
(νi′p−νi′p+1

+2

2

)
Γ
(−νi+νi′p+1

2
+ χ[a,n−1](p + 1)

)
Γ
(νi−νi′

p+1
+1

2
+ χ[1,a−1](p)

) .

In particular,

CI,R
{1};0(ν) =

∏
p∈Rc

2

νi − νi′p − 1

∏
p∈E(R)

Γ
( νi′p−νi′

p+1
+2

2

)
Γ
(−νi+νi′p+3

2

)
Γ
(νi−νi′p+1

+1

2

) ,

CI,R
{n};0(ν) =

∏
p∈R

2

−νi + νi′p − 1

∏
p∈E(R)

Γ
( νi′p−νi′p+1

+2

2

)
Γ
(−νi+νi′p+1

2

)
Γ
( νi−νi′

p+1
+3

2

) .

Proof. From the definition of P I,R
A;m,k, we can see that kp = 0 if p ∈ Rc or p+1 ∈ R. Then,

in case of E(R) = ∅, we have CR
A;0(ν) = 1/P I,R

A;0,0 and our claim follows. When E(R) �= ∅
we find that

CI,R
A;0(ν) =

∑
k

Cn−1
k (ν̃)

P I,R
A;0,k

.(6.11)

Here k = (k1, . . . , kn−2) runs through such that kp = 0 if p /∈ E(R) and kp ≥ 0 if p ∈ E(R).
Then the coefficient Cn−1

k (ν̃) in (6.11) satisfies the recurrence relation∑
p∈E(R)

(
k2

p +
ν̃p − ν̃p+1

2
kp

)
Cn−1

k (ν̃) =
∑

p∈E(R)

Cn−1
k−dp

(ν̃),

and which can be immediately solved:

Cn−1
k (ν̃) =

∏
p∈E(R)

1

kp!
(νi′p−νi′

p+1
+2

2

)
kp

· Cn−1
0 (ν̃) =

∏
p∈E(R)

1

kp!
( νi′p−νi′

p+1
+2

2

)
kp

.

In view of

P I,R
A;0,k =

∏
p∈Rc

(−1)χ[a,n−1](p)
(−νi + νi′p + 1

2

)
χ[a,n−1](p)

∏
p∈R

(−1)χ[1,a−1](p)
(νi − νi′p + 1

2

)
χ[1,a−1](p)

·
∏

p∈E(R)

(−νi + νi′p+1
+ 1

2
+ χ[a,n−1](p + 1)

)
−kp

(νi − νi′p + 1

2
+ χ[1,a−1](p)

)
−kp

,

we get

CI,R
A;0(ν) =

∏
p∈Rc

(−1)χ[a,n−1](p)(−νi+νi′p+1

2

)
χ[a,n−1](p)

∏
p∈R

(−1)χ[1,a−1](p)(
νi−νi′p+1

2

)
χ[1,a−1](p)
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·
∏

p∈E(R)

∞∑
kp=0

1

kp!
(νi′p−νi′p+1

+2

2

)
kp

(−νi+νi′p+1
+1

2
+ χ[a,n−1](p + 1)

)
−kp

· 1(
νi−νi′p+1

2
+ χ[1,a−1](p)

)
−kp

.

By using the formula

∞∑
k=0

1

k!(a + 1)k(b + 1)−k(c + 1)−k
=

Γ(a + 1)Γ(a + b + c + 1)

Γ(a + b + 1)Γ(a + c + 1)
,(6.12)

which is a consequence of Gauss’s formula, we reach the desired formula. �

6.5. End of proof. Now we show the cancellation (6.6). From Lemma 6.6, we have

ΓI,R(ν) · CI,R
{1};0(ν) =

∏
1≤p<q≤n−1

Γ
(−νi′p + νi′q

2

)
·
∏
p∈Rc

Γ
(νi − νi′p − 1

2

)∏
p∈R

Γ
(−νi + νi′p + 1

2

)

·
∏

p∈E(R)

Γ
(νi′p−νi′

p+1

2
+ 1

)
Γ
(−νi+νi′p+3

2

)
Γ
( νi−νi′p+1

+1

2

) .

Then, for r ∈ E(R) we can see that

ΓI,R(τrν)

ΓI,R(ν)
· CI,R

{1};0(τrν)

CI,R
{1};0(ν)

=
Γ
(−νi′

r+1
+νi′r

2

)
Γ
(−νi′r +νi′r+1

2

) ·
Γ
(

νi−νi′r−1

2

)
Γ
(−νi+νi′

r+1
+1

2

)
Γ
(νi−νi′

r+1
−1

2

)
Γ
(−νi+νi′r+1

2

)
·

Γ
(νi′r+1

−νi′r+2

2

)
Γ
(−νi+νi′

r+1
+3

2

)
Γ
(

νi−νi′r+1

2

) ·
Γ
(−νi+νi′r +3

2

)
Γ
( νi−νi′r+1

+1

2

)
Γ
(νi′r−νi′

r+1
+2

2

)
=

sin
(νi′

r+1
−νi′r

2

)
π

sin
(νi′r−νi′

r+1

2

)
π
· νi − νi′r+1

− 1

νi − νi′r − 1
· −νi + νi′r + 1

−νi + νi′r+1
+ 1

= −1.

The proof for A = {n} is similar. Hence we can finish the proof of Theorem 6.1. �

7. Basic notation for some combinatorics

From now on we consider the case of general helicity. We first prepare some notation
to describe power series, such as subsets in Tn = {1, . . . , n}, characteristic functions of
subsets and some elements of the Weyl group.
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7.1. Colors and palettes. We have defined the notion of color of type (n, h) in section
1, and utilized three kinds of colors, I, J and A to describe the secondary Whittaker
functions in the case of helicity 1. In addition, it is better to introduce a notion of palette
to discuss the case of h ≥ 2.

Definition 7.1. For a color X0 of type (n− 1, h− 1) and an integer xn in Tn, we call the
set Π = (X0, xn) a palette of type (n, h).

We define some subsets of Tn attached to a color.

Notation 7.2. Let X = {x1, . . . , xh} be a color of type (n, h).

(i) We denote by

Xe ≡ Xeven = {xt | 1 ≤ t ≤ h, t : even},
Xo ≡ Xodd = {xt | 1 ≤ t ≤ h, t : odd}.

We also denote by T e
n (resp. T o

n) the set of even (resp. odd) integers in Tn.
(ii) Let Xc be the complement color (of type (n, n− h)) of X in Tn. We regard Xc as a

union of intervals and denote it by I(X):

Xc ≡ I(X) = [1, x1 − 1] ∪ [x1 + 1, x2 − 1] ∪ · · · =
⋃

0≤t≤h

[xt + 1, xt+1 − 1].

We divide I(X) into two subsets Ie(X) ≡ Ieven(X) and Io(X) ≡ Iodd(X) with

Ie(X) = [1, x1 − 1] ∪ [x2 + 1, x3 − 1] ∪ · · · =
⋃

0≤t≤h
t:even

[xt + 1, xt+1 − 1],

Io(X) = [x1 + 1, x2 − 1] ∪ [x3 + 1, x4 − 1] ∪ · · · =
⋃

0≤t≤h
t:odd

[xt + 1, xt+1 − 1].

Here we understand x0 = 0 and xh+1 = n + 1. We also set

Ie
l (X) = Ie(X) ∪ Xe, Ie

r (X) = Ie(X) ∪ Xo,

Io
l (X) = Io(X) ∪ Xo, Io

r (X) = Io(X) ∪ Xe.

(iii) Let Y be a color of type (n′, h′). We define characteristic functions χX,Y , χX,I(Y )

and χI(X),I(Y ) on Tn by

χX,Y = (χXe − χXo)(χY e − χY o),

χX,I(Y ) = (χXe − χXo)(χIe(Y ) − χIo(Y )),

χI(X),I(Y ) = (χIe(X) − χIo(X))(χIe(Y ) − χIo(Y )).

Definition 7.3. For A = {a1, . . . , ah} ∈ nCh and B = {b1, . . . , bh−1} ∈ n−1Ch−1, we say
that A and B interlace if

(1 ≤)a1 ≤ b1 < a2 ≤ b2 < · · · < ah−1 ≤ bh−1 < ah(≤ n).

We denote by B ≺ A when A and B interlace.

Notation 7.4. Assume that A = {a1, . . . , ah} ∈ nCh and B = {b1, . . . , bh−1} ∈ n−1Ch−1

interlace. We define subsets of Tn by

Ie(A, B) = [a2, b2 − 1] ∪ [a4, b4 − 1] ∪ · · · =
⋃

1≤t≤h
t:even

[at, bt − 1],
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Io(A, B) = [a1, b1 − 1] ∪ [a3, b3 − 1] ∪ · · · =
⋃

1≤t≤h
t:odd

[at, bt − 1],

Ie(B, A) = [1, a1 − 1] ∪ [b2 + 1, a3 − 1] ∪ · · · =
⋃

0≤t≤h−1
t:even

[bt + 1, at+1 − 1],

Io(B, A) = [b1 + 1, a2 − 1] ∪ [b3 + 1, a4 − 1] ∪ · · · =
⋃

0≤t≤h−1
t:odd

[bt + 1, at+1 − 1].

We further set

I(A, B) = Ie(A, B) ∪ Io(A, B) and I(B, A) = Ie(B, A) ∪ Io(B, A).

We note that b0 = 0 and bh = n.

Since we will sometimes switch the role of Ie(X) and Io(X) depending on t ∈ Th modulo
2, we use the following notation.

Notation 7.5. For 1 ≤ t ≤ h, we use the subscript (ε(t), ε̄(t)) as (e, o) if t is even, and
(o, e) if t is odd.

7.2. Characteristic functions. Let us define three kinds of characteristic functions ε,
ζ and η attached to colors or palettes. In this subsection we use the following notation.

• A ∈ nCh, B ∈ n−1Ch−1 such that B ≺ A.
• Ac ∈ nCn−h and Bc ∈ n−1Cn−h (= the complements of A and B).
• J ∈ nCh and Jc ∈ nCn−h.
• J0 ∈ n−1Ch−1, Jc

0 ∈ n−1Cn−h, jh ∈ Tn and Π = (J0, jh).
• R ⊂ Tn−1, Rc (= the complements of R in Tn−1).

We first define an integer tΠ and a color JΠ associated to a palette Π.

Definition 7.6. For Π = (J0, jh) = ({j1, . . . , jh−1}, jh), let tΠ (0 ≤ tΠ ≤ h − 1) be the
unique integer such that jtΠ < jh ≤ jtΠ+1. We define a color JΠ of type (n, h) by

JΠ = {j1, . . . , jtΠ , jh, jtΠ+1 + 1, . . . , jh−1 + 1}.
Definition 7.7. We define characteristic functions εJ

A, εJ0,R
A and εΠ

A on Tn−1.

• εJ
A = χIe

l (J) · χIo
l (A) + χIo

l (J) · χIe
l (A).

• εJ0,R
A = (χIe

l (J0) · χIo
l (A) + χIo

l (J0) · χIe
l (A))χRc + (χIe

r (J0) · χIe
l (A) + χIo

r (J0) · χIo
l (A))χR.

• εΠ
A ≡ ε

(J0,jh)
A = ε

J0,[jh,n−1]
A .

Lemma 7.8. We have the following.

(i) εΠ
A = εJΠ

A .
(ii) εJ

A(p) − εJ
A(p − 1) = −χA,Jc(p) − χAc,J(p).

(iii)
n∑

p=1

(χA,Jc(p) + χAc,J(p)) = 0.

Proof. It is immediate from the definition. The last claim (iii) follows from (ii) and∑n
p=1(ε

J
A(p) − εJ

A(p − 1)) = 0. �

Definition 7.9. We define characteristic functions ζJ
A,B, ηJ

A,B, ζJ0,R
A,B , ηJ0,R

A,B , ζΠ
A,B and ηΠ

A,B

on Tn−1 as follows.
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• ζJ
A,B = −χIe

l (J) · χIe(A,B) − χIo
l (J) · χIo(A,B) + χ[jh,n−1] · χI

ε̄(h)
l (B)

.

• ηJ
A,B = χIe(J) · χIo(A,B)∪Bo + χIo(J) · χIe(A,B)∪Be − χ[jh,n−1] · χI

ε(h)
r (B)

.

• ζJ0,R
A,B = ζRc · χRc + ζR · χR with

ζRc
= −χIe

l (J0) · χIe(A,B) − χIo
l (J0) · χIo(A,B),

ζR = χIe(J0) · χIe(B,A)∪Be + χIo(J0) · χIo(B,A)∪Bo − χJo
0
· χIo(A,B) − χJe

0
· χIe(A,B).

• ηJ0,R
A,B = ηRc · χRc + ηR · χR with

ηRc
= χIe(J0) · χIo(A,B)∪Bo + χIo(J0) · χIe(A,B)∪Be − χJo

0
· χIo(B,A) − χJe

0
· χIe(B,A),

ηR = −χIe
r (J0) · χIo(B,A) − χIo

r (J0) · χIe(B,A).

• ζΠ
A,B ≡ ζ

(J0,jh)
A,B = ζ

J0,[jh,n−1]
A,B .

• ηΠ
A,B ≡ η

(J0,jh)
A,B = η

J0,[jh,n−1]
A,B .

For our later use we prepare some relations.

Lemma 7.10. (i) For R and its complement Rc, we have

ζR − ζRc

= χIe(J0) · χIe
l (A) + χIo(J0) · χIo

l (A),

ηR − ηRc

= −χJc
0
+ ζR − ζRc

.

(ii) For adjacent indices p, p ± 1, we have

ηR(p) − ηR(p + 1) = χIe(J0)(χBo − χAe[−1]) + χIo(J0)(χBe − χAo[−1])

+ χJe
0
(χIo(B,A)[−1] − χIe(B,A)) + χJo

0
(χIe(B,A)[−1] − χIo(B,A)),

ζRc

(p) − ζRc

(p − 1) = χIe(J0)(χBe − χAe) + χIo(J0)(χBo − χAo)

+ χJe
0
(χIo(A,B)[+1] − χIe(A,B)) + χJo

0
(χIe(A,B)[+1] − χIo(A,B)).

Here we omit (p) from χ∗(p) in the light hand side.
(iii) We have

εJ0,R
A (p) − (2ζJ0,R

A,B (p) − χJc
0
(p) · χR(p)) = χI(A,B)(p) + εB

J0
(p),

εJ0,R
A (p) − (2ηJ0,R

A,B (p) − χJc
0
(p) · χR(p)) = χI(B,A)(p) + εB

J0
(p − 1).

Proof. We can directly check from the definition of characteristic functions. For example,

εJ0,R
A − (2ζJ0,R

A,B − χJc
0
· χR)

= χRc(χIe
l (J0) · χIo

l (A) + χIo
l (J0) · χIe

l (A)) + χR(χIe
r (J0) · χIe

l (A) + χIo
r (J0) · χIo

l (A))

+ 2χRc(χIe
l (J0) · χIe(A,B) + χIo

l (J0) · χIo(A,B))

+ 2χR(−χIe(J0) · χIe(B,A)∪Be − χIo(J0) · χIo(B,A)∪Bo + χJe
0
· χIe(A,B) + χJo

0
· χIo(A,B))

+ χR(χIe(J0) + χIo(J0))

= χRc{χIe
l (J0)(χIo

l (A) + 2χIe(A,B)) + χI0
l (J0)(χIe

l (A) + 2χIo(A,B))}
+ χR{χIe(J0)(χIo

l (A) + 2χIe(A,B)) + χIo(J0)(χIe
l (A) + 2χIo(A,B))

+ χJe
0
(χIe

l (A) + 2χIo(A,B)) + χJo
0
(χIo

l (A) + 2χIe(A,B))}
= χIe

l (J0)(χIo
l (A) + 2χIe(A,B)) + χIo

l (J0)(χIe
l (A) + 2χIo(A,B))

= χIe
l (J0)(χIo(A,B) + χIo

l (B) + χIe(A,B)) + χIo
l (J0)(χIe(A,B) + χIe

l (B) + χIo(A,B))

= χI(A,B) + χIe
l (J0) · χIo

l (B) + χIo
l (J0) · χIe

l (B)

= χI(A,B) + εJ0
B .

�
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7.3. Weyl group. Let I = {i1, . . . , ih} be the color of type (n, h) defining the principal
series πI,ν of G. As in the case of helicity 1, we specify elements τ I,J and τ I,Π of the
Weyl group Sn satisfying τ I,J(J) = I and τ I,Π(JΠ) = I, respectively. Recall that we have
defined the color I0 = {i0,1, . . . , i0,h−1} of type (n − 1, h − 1) in Definition 4.1. For I and
I0, let

Ic = {i′1, . . . , i′n−h} (i′1 < · · · < i′n−h) and Ic
0 = {i′0,1, . . . , i

′
0,n−h} (i′0,1 < · · · < i′0,n−h)

be the complements of I and Ic in Tn and Tn−1, respectively.

Definition 7.11. For a color J = {j1, . . . , jh} of type (n, h) and its complement Jc =
{j ′1, . . . , j′n−h} (j′1 < · · · < j′n−h), we define an element τ I,J of Sn by

τ I,J(jt) = ih+1−t (1 ≤ t ≤ h), τ I,J(j′t) = i′t (1 ≤ t ≤ n − h).

Remark 4. For p ∈ Jc, if we take an integer t (0 ≤ t ≤ h) such that p ∈ [jt +1, jt+1 −1],
then τ I,J(p) = i′p−t.

Next we define an element τ I,Π of Sn related to a palette Π = (J0 = {j1, . . . , jh−1}, jh).

Definition 7.12. Under the same notation as in Definition 7.6, we set

τ I,Π = (i1, i2, . . . , ih−tΠ) · τ I,JΠ.

Here (i1, i2, . . . , ih−tΠ) is the cyclic permutation of length h − tΠ.

Lemma 7.13. (i) For p = jt ∈ J0 (1 ≤ t ≤ h − 1), we have τ I,Π(p + χ[jh,n−1](p)) =
ih+1−t, and τ I,Π(jh) = i1.

(ii) For p ∈ Jc
0, we take an integer t (0 ≤ t ≤ h − 1) such that p ∈ [jt + 1, jt+1 − 1] if

p < jh−1, and t = h − 1 if p > jh−1. Then we have τ I,Π(p + χ[jh,n−1](p)) = i′p−t.

Proof. It easily follows from the definition. �

Here is a relation between τ I0,J0 ∈ Sn−1 and τ I,Π ∈ Sn.

Lemma 7.14. We use the abbreviation

τ̃0(p) = τ I0,J0(p) + χ[i1,n−1](τ
I0,J0(p))

for 1 ≤ p ≤ n − 1. Then we have

τ̃0(p) = τ I,Π(p + χ[jh,n−1](p)).

Proof. When p = jt ∈ J0, we find τ I0,J0(p) = i(h−1)+1−t+1 − 1, and our claim follows from
Lemma 7.13 (i). When p ∈ Jc

0 , the identity i′0,t + χ[i1,n−1](i
′
0,t) = i′t (1 ≤ t ≤ n − h) and

Lemma 7.13 (ii) imply the assertion. �

8. Secondary Whittaker functions (2) -the case of general helicity h-

Similarly as the case of helicity 1, we express Whittaker functions on SL(n,R) with
helicity h in terms of (a sum of) those on SL(n − 1,R) with helicity h − 1 (Definitions
8.4 and 8.5). Our argument is analogous to section 5, though we need more complicated
combinatorics.
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8.1. The recurrence relations. As in the case of helicity 1, we set

W̃A(y) =
√−1

−(a1+···+ah)
ΦA(y),

and consider a power series solution of the form

ΦA(y) =
∑
m

CA;m(Φ)

n−1∏
p=1

(πyp)
mp+lp.

with CA;0(Φ) �= 0 for some component A. We can derive the following recurrence relations
for CA;m(Φ):

Lemma 8.1. (i) The Dirac-Schmid equation implies

h∑
t=1

{−(mat−1 + lat−1) + (mat + lat) − νit}CA;m(Φ)

+ 2

h∑
t=1

(−CA−
t ;m−eat−1

(Φ) + CA+
t ;m−eat

(Φ)
)

= 0.

(ii) The Capelli equation of degree two implies{n−1∑
p=1

(mp + lp)
2 −

n−2∑
p=1

(mp + lp)(mp+1 + lp+1) + S2(ν)
}

CA;m(Φ)

+ 2

h∑
t=1

(
CA−

t ;m−eat−1
(Φ) + CA+

t ;m−eat
(Φ)

)
= 4

n−1∑
p=1

CA;m−2ep(Φ).

8.2. The coefficients with total degrees at most one. We can determine the coef-
ficients CA;m(Φ) with total degrees 0 and 1.

Proposition 8.2. The characteristic indices l = (l1, . . . , ln−1) at y = 0 are given by

lp = ντ(1) + · · ·+ ντ(p) (1 ≤ p ≤ n − 1)

for some τ ∈ Sn. If we denote by J a color of type (n, h) satisfying τ(J) = I, then we
may impose the normalizing condition:

CA;0(Φ) =

{
1 if A = J,

0 if A �= J,

and have

CA;ep(Φ) =

{ −2
ντ(p)−ντ(p+1)+1

if (J, p) = (A+
t , at), (A

−
t , at − 1) for some t,

0 otherwise.

In view of this proposition we can show the following:

Corollary 8.3. We fix τ ∈ Sn. The power series solution corresponding to the charac-
teristic indices l = (l1, . . . , ln−1) with lp = ντ(1) + · · ·+ ντ(p) is of the form

ΦJ
A(y) =

∑
m

CA;m(Φ)
n−1∏
p=1

(πyp)
2mp+ντ(1)+···+ντ(p)+εJ

A(p).
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8.3. Explicit formulas of the secondary Whittaker functions. Now we give explicit
formulas of the power series Mn,I,J

ν , which can be described in terms of Mn−1,I0,J0

ν̃ . Though

we can construct the solution space only by the power series Mn,I,J
A,ν (Theorem 8.7), to

make our proof more understandable it is better to introduce yet another power series
solutions Mn,I,Π

A,ν parametrized by palettes, each of which are connected to the solutions

Mn,I,J
A,ν by palette symmetries (Proposition 8.6).

Definition 8.4. We define a power series

Mn,I,J
ν (y) = yρM̃n,I,J

ν (y) =
{
yρ
√−1

− h
t=1 at

M̃n,I,J
A,ν (y)

}
A∈nCh

by

M̃n,I,J
A,ν (y) =

∑
m

Cn,I,J
A;m (ν)

n−1∏
p=1

(πyp)
2mp+ν

τI,J (1)
+···+ν

τI,J (p)
+εJ

A(p)

where the coefficients are given by

Cn,I,J
A;m (ν) =

∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,J
A,B;m,k

,

with

P I,J
A,B;m,k =

n−1∏
p=1

(−1)ζJ
A,B(p)+ηJ

A,B(p)

·
jh−1∏
p=1

(
mp − kp + ζJ

A,B(p)
)
!

(−νi1 + ντI,J (p) + 1 + χJ0(p)

2

)
mp−kp−1+ηJ

A,B(p)

·
n−1∏
p=jh

(
mp − kp−1 + ηJ

A,B(p)
)
!

(
νi1 − ντI,J (p+1) + 1 + χJ0(p)

2

)
mp−kp+ζJ

A,B(p)

.

Here in the sum
∑

B≺A, B runs through colors of type (n− 1, h− 1) with B ≺ A, and in
the sum

∑
k, k = (k1, . . . , kn−2) ∈ Nn−2 ranges over vectors of nonnegative integers with

non-vanishing P I,J
A,B;m,k, that is,⎧⎪⎨⎪⎩
kp ≤ mp − χIe(A,B)(p) if p ∈ Ie

l (J0) ∩ [1, jh − 1],

kp ≤ mp − χIo(A,B)(p) if p ∈ Io
l (J0) ∩ [1, jh − 1],

kp ≤ mp+1 − χI ε̄(h)(B,A)(p + 1) if p ∈ [jh − 1, n − 2].

Definition 8.5. For a palette Π = (J0, jh) of type (n, h), we define a power series

Mn,I,Π
ν (y) = yρM̃n,I,Π

ν (y) =
{
yρ
√−1

− h
t=1 at

M̃n,I,Π
A,ν (y)

}
A∈nCh

by

M̃n,I,Π
A,ν (y) =

∑
m

Cn,I,Π
A;m (ν)

n−1∏
p=1

(πyp)
2mp+ν

τI,Π(1)
+···+ν

τI,Π(p)
+εΠ

A(p)

where the coefficients are given by

Cn,I,Π
A;m (ν) =

∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

,
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with

P I,Π
A,B;m,k =

n−1∏
p=1

(−1)ζΠ
A,B(p)+ηΠ

A,B(p)

·
jh−1∏
p=1

(
mp − kp + ζΠ

A,B(p)
)
!

(−νi1 + ντI,Π(p) + 1 + χJ0(p)

2

)
mp−kp−1+ηΠ

A,B(p)

·
n−1∏
p=jh

(
mp − kp−1 + ηΠ

A,B(p)
)
!

(
νi1 − ντI,Π(p+1) + 1 + χJ0(p)

2

)
mp−kp+ζΠ

A,B(p)

.

Here
∑

k means k = (k1, . . . , kn−2) ∈ Nn−2 runs through such that⎧⎪⎨⎪⎩
kp ≤ mp + ζΠ

A,B(p) if 1 ≤ p ≤ jh − 2,

kp ≤ min{mp + ζΠ
A,B(p), mp+1 + ηΠ

A,B(p + 1)} if p = jh − 1,

kp ≤ mp+1 + ηΠ
A,B(p + 1) if jh ≤ p ≤ n − 2.

Here is a palette symmetry, that is a relation between Mn,I,Π
ν (y) and Mn,I,J

ν (y).

Proposition 8.6. For a palette Π = (J0, jh) of type (n, h), we have

Mn,I,Π
ν (y) = Mn,I,JΠ

τI,Π
cy ν

(y).

Here we denote by τ I,Π
cy the cyclic permutation (i1, i2, . . . , ih−tΠ). In particular, if tΠ = h

then {j1, . . . , jh} is a color of type (n, h) and we have

Mn,I,Π
ν (y) = Mn,I,{j1,...,jh}

ν (y).

In the case of tΠ = h, our claim is obvious from the definition of the power series.
When tΠ < h, our proof is indirect. We will show that by checking the coincidence of
recurrence relations characterizing the coefficients of both of the power series (Lemma
8.9). Note that at the level of the characteristic exponents, our assertion can be seen from
the definition of τ I,Π and Lemma 7.8 (i).

Now we state our main result in this section.

Theorem 8.7. The set of power series

{M̃n,I,J
τν (y) | J ∈ nCh, τ ∈ SI

∼= Sh × Sn−h}
forms a basis of the space of solutions of the system in Theorem 3.3 at y = 0.

The rest of this section is devoted to the proof of Theorem 8.7. Our argument is an
induction on n and h. The difference of the proof with the case of helicity 1 (Theorem
5.7) is use of the power series parametrized by palette. Indeed, assuming Theorem 8.7 for
I = I0, we firstly prove the set

{M̃n,I,(J0,jh)
τν (y) | J0 ∈ n−1Ch−1, 1 ≤ jh ≤ n, τ ∈ SI0}

forms a basis of solutions, by showing the coefficients Cn,I,Π
A;m (ν) satisfy the recurrence

relations coming from the Dirac-Schmid and the Casimir equations (Proposition 8.8).
Then we may also confirm Proposition 8.6 by Lemma 8.9. Hence we conclude our proof.
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8.4. Recurrence relations for Cn,I,Π
A;m (ν). By Lemma 8.1 and Corollary 8.3, the recur-

rence relations we should show is the following.

Proposition 8.8. For abbreviation we denote by

m−
t = m − εΠ

A−
t
(at − 1) · eat−1, m+

t = m − εΠ
A+

t
(at) · eat .

Then the coefficients Cn,I,Π
A;m = Cn,I,Π

A;m (ν) satisfy the following:{ h∑
t=1

(−mat−1 + mat) + μI,Π
A (ν)

}
Cn,I,Π

A;m +
h∑

t=1

(
−Cn,I,Π

A−
t ;m−

t

+ Cn,I,Π

A+
t ;m+

t

)
= 0;(8.1)

Qm

({λI,Π
A,p(ν)}1≤p≤n−1; κ

I,Π
A (ν)

)
Cn,I,Π

A;m +
1

2

h∑
t=1

(
Cn,I,Π

A−
t ;m−

t

+ Cn,I,Π

A+
t ;m+

t

)
=

n−1∑
p=1

Cn,I,Π
A;m−ep

.(8.2)

Here

μI,Π
A (ν) =

1

2

{ h∑
t=1

(ντI,Π(at) − νit) +
h∑

t=1

(
εΠ

A(at) − εΠ
A(at − 1)

)}
,

λI,Π
A,p(ν) =

1

2

(
ντI,Π(p) − ντI,Π(p+1) + 2εΠ

A(p) − εΠ
A(p − 1) − εΠ

A(p + 1)
)

(1 ≤ p ≤ n − 1),

κI,Π
A (ν) =

1

4

{n−1∑
p=1

εΠ
A(p)(ντI,Π(p) − ντI,Π(p+1)) + Q(εΠ

A(1), . . . , εΠ
A(n − 1))

}
.

Proposition 8.6 is deduced from Proposition 8.8 and the following Lemma.

Lemma 8.9. For a color J = {j1, . . . , jh} of type (n, h), we define μI,J
A (ν), λI,J

A,p(ν) and

κI,J
A (ν) by replacing J = ({j1, . . . , jh−1}, jh) in μI,Π

A (ν), λI,J
A,p(ν) and κI,J

A (ν), respectively.

Then we have μI,Π
A (ν) = μI,JΠ

A (τ I,Π
cy ν), λI,Π

A,p(ν) = λI,JΠ

A,p (τ I,Π
cy ν) and κI,Π

A (ν) = κI,JΠ

A (τ I,Π
cy ν).

Proof. It can be seen from Lemmas 7.8 (i) and 7.13. �

Before to start the proof of Proposition 8.8, we remark that Proposition 8.8 is a special
case of Lemma 9.8. In our proof of Proposition 8.8, the key identities in Lemmas 8.15 and
8.16 will be shown in Lemmas 9.11 and 9.12 (ii), respectively. Based on these identities

and some relations for P I,Π
A,B;m,k given in Subsection 8.5, we prove the recurrence relations

(8.1) and (8.2) in Subsections 8.6 and 8.7, respectively.

For our later use we write κI,Π
A (ν) and κI,J

A (ν) explicitly (cf. Lemma 5.9).

Lemma 8.10. We have

4κI,Π
A (ν) =

jh−1∑
p=1

(χA,Jc
0
(p) + χAc,J0(p))(νi1 − ντI,Π(p))

+
n−1∑
p=jh

(−χA[−1],Jc
0
(p) − χ(A[−1])c,J0

(p))(νi1 − ντI,Π(p+1))

+ h − �(JΠ ∩ A).

Proof. We denote by εΠ
A = εΠ

A,1 · χ[1,jh−1] + εΠ
A,2 · χ[jh,n−1], that is,

εΠ
A,1 = χIe

l (J0) · χIo
l (A) + χIo

l (J0) · χIe
l (A),
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εΠ
A,2 = χIe

r (J0) · χIe
l (A) + χIo

r (J0) · χIo
l (A).

Then we have

εΠ
A,1(p) − εΠ

A,1(p − 1) = −χA,Jc
0
(p) − χAc,J0(p),

εΠ
A,2(p) − εΠ

A,2(p + 1) = −χA[−1],Jc
0
(p) − χ(A[−1])c,J0

(p),

εΠ
A,2(p) − εΠ

A,1(p − 1) = (χIe(A)(p) − χIo(A)(p))(χIe
r (J0)(p) − χIo

r (J0)(p))

(8.3)

(cf. Lemma 7.8 (ii)), and

n−1∑
p=1

εΠ
A(p)(ντI,Π(p) − ντI,Π(p+1)) =

n−1∑
p=1

εΠ
A(p){(−νi1 + ντI,Π(p)) + (νi1 − ντI,Π(p+1))}

=

jh−1∑
p=1

(εΠ
A,1(p) − εΠ

A,1(p − 1))(−νi1 + ντI,Π(p))

+
n−1∑
p=jh

(εΠ
A,2(p) − εΠ

A,2(p + 1))(νi1 − ντI,Π(p+1)).

Here we used τ I,Π(jh) = i1.
Let us consider the term Q(εΠ

A(1), . . . , εΠ
A(n − 1)). Since

n∑
p=1

(εΠ
A(p) − εΠ

A(p − 1))2

=

n∑
p=1

εΠ
A(p)(εΠ

A(p) − εΠ
A(p − 1)) +

n∑
p=1

εΠ
A(p − 1)(εΠ

A(p − 1) − εΠ
A(p))

= 2Q(εΠ
A(1), . . . , εΠ

A(n − 1)),

we get

Q(εΠ
A(1), . . . , εΠ

A(n − 1)) =
1

2

{jh−1∑
p=1

(εΠ
A,1(p) − εΠ

A,1(p − 1))2

+ (εΠ
A,2(jh) − εΠ

A,1(jh − 1))2 +
n∑

p=jh

(εΠ
A,2(p + 1) − εΠ

A,2(p))2

}
.

By using (8.3) we have

(εΠ
A,1(p) − εΠ

A,1(p − 1))2 = (χA,Jc
0
)2 + (χAc,J0)

2

= (χAe + χAo)(χIe(J0) + χIo(J0)) + (χIe(A) + χIo(A))(χJe
0

+ χJo
0
)

= χA + χJ0 − 2χA · χJ0 ,

(εΠ
A,2(p + 1) − εΠ

A,2(p))2 = χA[−1] + χJ0 − 2χA[−1] · χJ0 ,

(we omitted (p) from χ∗(p) in the right hand sides), and

(εΠ
A,2(jh) − εΠ

A,1(jh − 1))2 = 1 − χA(jh).

Hence we get

Q(εΠ
A(1), . . . , εΠ

A(n − 1)) = h − χA(jh) −
jh−1∑
p=1

χA(p) · χJ0(p) −
n∑

p=jh+1

χA(p) · χJ0[+1](p)
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= h − �(JΠ ∩ A),

and complete the proof. �

Corollary 8.11. We have

4κI,J
A (ν) =

n∑
p=1

(χA,Jc(p) + χAc,J(p))(νi1 − ντI,J (p)) + h − �(A ∩ J).

For a palette Π = (J0, jh) of type (n, h) we have

4κI0,J0

B (ν̃) =
n−1∑
p=1

(χB,Jc
0
(p) + χBc,J0(p))(νi1 − ντI,Π(p+[jh,n−1](p))) + (h − 1) − �(B ∩ J0).

Proof. The formula for κI,J
A (ν) is immediate from Lemma 8.10 and then

4κI0,J0

B (ν̃) =
n−1∑
p=1

(χB,Jc
0
(p) + χBc,J0(p))(ν̃i2−1 − ν̃τI0,J0(p)) + (h − 1) − �(B ∩ J0).

In view of the definition of ν̃p and Lemma 7.14, we have

ν̃i2−1 − ν̃τI0,J0 (p) = νi2 − ντ̃0(p) = (−νi1 + νi2) + (νi1 − ντI,Π(p+χ[jh,n−1](p))).

Hence we can get the formula of κI0,J0

B (ν̃) by using Lemma 7.8 (iii). �

8.5. Identities between P I,Π
A,B;m,k. We prepare some identities between P I,Π

A,B;m,k, which
we will be utilized in the proof of compatibilities with the Dirac-Schmid and the Casimir
equations.

Definition 8.12. We define functions α ≡ αI,Π
A and β ≡ βI,Π

A on Tn−1 by

α(p) =
1

2
{νi1 − ντI,Π(p+1) + (χIe(J0)(p) − χIo(J0)(p))(χIe

l (A)(p) − χIo
l (A)(p))}χ[jh,n−1](p),

β(p) =
1

2
{−νi1 + ντI,Π(p) − (χIe(J0)(p) − χIo(J0)(p))(χIe

l (A)(p) − χIo
l (A)(p))}χ[1,jh−1](p).

Here is an analogue of the former part of Lemma 5.10.

Lemma 8.13. For each 1 ≤ t ≤ h, we have the following relations.

(i) Let B ∈ n−1Ch−1 be a color of type (n − 1, h − 1) satisfying B ≺ A−
t .

• If B also satisfies B ≺ A, that is, bt−1 ∈ [at−1, at − 2] and bt′ ∈ [at′ , at′+1 − 1]
(t′ �= t − 1), then we have

P I,Π
A,B;m,k

P I,Π

A−
t ,B;m−

t ,k

= −(mat−1 − kat−1 + α(at − 1)).

• If B does not satisfy B ≺ A, then we have B = Bt,at−1 (1 ≤ t ≤ h − 1) and

P I,Π

A−
t ,B;m−

t ,k
= P I,Π

A,B+
t ;m,k+ε

J0
B (bt)·dbt

= P I,Π
A,Bt,at ;m,k+χ

I
ε̄(t)
l

(J0)
(at−1)·dat−1

.

(ii) Let B ∈ n−1Ch−1 be a color of type (n − 1, h − 1) satisfying B ≺ A+
t .
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• If B also satisfies B ≺ A, that is, bt ∈ [at + 1, at+1 − 1] and bt′ ∈ [at′ , at′+1 − 1]
(t′ �= t), then we have

P I,Π
A,B;m,k

P I,Π

A+
t ,B;m+

t ,k

= −(mat − kat−1 + β(at)).

• If B does not satisfy B ≺ A, then we have B = Bt−1,at (2 ≤ t ≤ h) and

P I,Π

A+
t ,B;m+

t ,k
= P I,Π

A,B−
t−1;m,k+ε

J0
B (bt−1−1)·dbt−1−1

= P I,Π
A,Bt−1,at−1;m,k+χ

I
ε̄(t)
l

(J0)
(at−1)·dat−1

.

Proof. (i) From the definition, the ratio P I,Π
A,B;m,k/P

I,Π

A−
t ,B;m−

t ,k
is

− (mat−1 − kat−1 + ζΠ
A,B(at − 1))!

(mat−1 − kat−1 − εΠ
A−

t

(at − 1) + ζΠ
A−

t ,B
(at − 1))!

·
(−νi1

+ν
τI,Π(at−1)

+1+χJ0
(at−1)

2

)
mat−1−kat−2+ηΠ

A,B(at−1)(−νi1
+ν

τI,Π(at−1)
+1+χJ0

(at−1)

2

)
mat−1−kat−2−εΠ

A−
t

(at−1)+ηΠ

A−
t ,B

(at−1)

,

(8.4)

if at − 1 ∈ [1, jh − 1] and

− (mat−1 − kat−2 + ηΠ
A,B(at − 1))!

(mat−1 − kat−2 − εΠ
A−

t

(at − 1) + ηΠ
A−

t ,B
(at − 1))!

·
(νi1

−ν
τI,Π(at)

+1+χJ0
(at−1)

2

)
mat−1−kat−1+ζΠ

A,B(at−1)(νi1
−ν

τI,Π(at)
+1+χJ0

(at−1)

2

)
mat−1−kat−1−εΠ

A−
t

(at−1)+ζΠ

A−
t ,B

(at−1)

,

(8.5)

if at − 1 ∈ [jh, n − 1].
For at − 1 ∈ [1, jh − 1], we have ζΠ

A,B(at − 1) = 0, −εΠ
A−

t
(at − 1) + ζΠ

A−
t ,B

(at − 1) =

−χ
I

ε̄(t)
l (J0)

(at−1)−χ
I

ε(t)
l (J0)

(at−1) = −1 and ηΠ
A,B(at−1) = −εΠ

A−
t
(at−1)+ηΠ

A−
t ,B

(at−1) =

−χ
J

ε̄(t)
0

(at − 1). Then we find that (8.4) is equal to −(mat−1 − kat−1).

Similarly, in the case of at−1 ∈ [jh, n−1] we have ηΠ
A,B(at−1) = −εΠ

A−
t
(at−1)+ηΠ

A−
t ,B

(at−
1) = −χ

I
ε(t)
r (J0)

(at −1), ζΠ
A,B(at−1) = χI ε̄(t)(J0)(at −1), and −εΠ

A−
t
(at−1)+ ζΠ

A−
t ,B

(at−1) =

−χIε(t)(J0)∪J0
(at −1). Then we have ζΠ

A,B(at −1)+ εΠ
A−

t
(at −1)− ζΠ

A−
t ,B

(at −1) = 1. In view

of

νi1 − ντI,Π(at) − χJc
0
(at − 1)

2
+ ζΠ

A,B(at − 1) = αI,Π
A (at − 1),

(8.5) is equal to −(mat−1 − kat−1 + αI,Π
A (at − 1)) and we have confirmed the first part of

(i). The others can be similarly checked. �

Lemma 8.14. Let B = {b1, . . . , bh−1} be a color of type (n − 1, h − 1) satisfying B ≺ A.
For 1 ≤ t ≤ h − 1 we have the following.

(i) If B also satisfies B+
t ≺ A then we have

P I,Π
A,B;m,k

P I,Π

A,B+
t ;m,k+ε

J0
B (bt)·dbt

= −(mbt − kbt + α(bt)).
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(ii) If B also satisfies B−
t ≺ A then we have

P I,Π
A,B;m,k

P I,Π

A,B−
t ;m,k+ε

J0
B (bt−1)·dbt−1

= −(mbt − kbt−1 + β(bt)).

Proof. In the same way as in Lemma 8.13, we can check these relations. �

8.6. Compatibility with the Dirac-Schmid equations. To prove the Dirac-Schmid
relation (8.1), we connect the coefficients Cn,I,J

A;m (ν) with Cn−1,I0,J0

B;k (ν̃). The following is the
key identity in the proof of (8.1), which will be settled more generally in the next section.

Lemma 8.15. For A ∈ nCh and B ∈ n−1Ch−1 satisfying B ≺ A, we have

μI,Π
A (ν) +

h∑
t=1

(α(at − 1) − β(at)) =

h∑
t=1

νi1 − νit

2
= μI0,J0

B (ν̃) +

h−1∑
t=1

(α(bt) − β(bt)).

Proof. This is a special case of Lemma 9.11 (R = [jh, n − 1]). �

Now let us prove (8.1) by induction on (n, h). Our task is to confirm that{ h∑
t=1

(−mat−1 + mat) + μI,Π
A (ν)

} ∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

+

h∑
t=1

{
−

∑
B≺A−

t

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A−
t ,B;m−

t ,k

+
∑

B≺A+
t

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A+
t ,B;m+

t ,k

}
= 0,

(8.6)

by using the induction hypothesis{h−1∑
t=1

(−kbt−1 + kbt) + μI0,J0

B (ν̃)

}
Cn−1,I0,J0

B;k (ν̃)

+
h−1∑
t=1

{
−Cn−1,I0,J0

B−
t ;k−ε

J0

B
−
t

(bt−1)·dbt−1

(ν̃) + Cn−1,I0,J0

B+
t ;k−ε

J0

B
+
t

(bt)·dbt

(ν̃)

}
= 0, (B ∈ n−1Ch−1).

(8.7)

We divide the summations over B in (8.6) as
∑

B≺A±
t

=
∑

B≺A,A±
t

+
∑

B A,B≺A±
t
. In

view of the relations in Lemma 8.13, the left hand side of (8.6) can be written as the sum
of the following five terms:{ h∑

t=1

(−mat−1 + mat) + μI,Π
A (ν)

} ∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

;(8.8)

h∑
t=1

∑
B≺A,A−

t

∑
k

(mat−1 − kat−1 + α(at − 1))Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

;(8.9)

−
h−1∑
t=1

∑
B A,B≺A−

t

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A,B+
t ;m,k+ε

J0
B (bt)·dbt

;(8.10)

−
h∑

t=1

∑
B≺A,A+

t

∑
k

(mat − kat−1 + β(at))C
n−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

;(8.11)
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h∑
t=2

∑
B A,B≺A+

t

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A,B−
t−1;m,k+ε

J0
B (bt−1−1)·dbt−1−1

(8.12)

Let us compute (8.8) + (8.9) + (8.11). Note that, for B = {b1, . . . , bh−1} ∈ n−1Ch−1,

• B ≺ A, A−
t ⇐⇒ at−1 ≤ bt−1 ≤ at − 2 and at′ ≤ bt′ ≤ at′+1 − 1 for t′ �= t − 1,

• B ≺ A, A+
t ⇐⇒ at + 1 ≤ bt ≤ at+1 − 1 and at′ ≤ bt′ ≤ at′+1 − 1 for t′ �= t.

Now we divide the summations
∑

B≺A and
∑h

t=1

∑
B≺A,A±

t
for given A. Let

S0 = {t ∈ Th−1 | at = at+1 − 1}.
If t0 ∈ S0 and B ≺ A, then bt0 = at0 = at0+1−1 and there is no color B of type (n−1, h−1)
such that B ≺ A−

t0+1 or B ≺ A+
t0 . That is, if B ≺ A−

t (resp. B ≺ A+
t ) then t − 1 /∈ S0

(resp. t /∈ S0). Let us consider a decomposition of the set Th−1\S0 into three disjoint
subsets Si (i = 1, 2, 3) and put

S = {S = {S1, S2, S3} | Th−1 = S0 � S1 � S2 � S3}.
For each S ∈ S we define a set D(S) of colors of types (n − 1, h − 1) by

D(S) = D({S1, S2, S3}) = {B = {b1, . . . , bh−1} ∈ n−1Ch−1 | B satisfies (�)},
with

(�)

⎧⎪⎨⎪⎩
bt = at if t ∈ S0 ∪ S1,

bt ∈ [at + 1, at+1 − 2] if t ∈ S2,

bt = at+1 − 1 if t ∈ S0 ∪ S3.

Then we find ∑
B≺A

=
∑
S∈S

∑
B∈D(S)

,

∑
1≤t≤h

∑
B≺A,A−

t

=
∑

S={S1,S2,S3}∈S

∑
1≤t≤h

t−1/∈S0∪S3

∑
B∈D(S)

=
∑
S∈S

∑
B∈D(S)

[ ∑
1≤t≤h

−
∑

t−1∈S0∪S3

]
,

∑
1≤t≤h

∑
B≺A,A+

t

=
∑

S={S1,S2,S3}∈S

∑
1≤t≤h

t/∈S0∪S1

∑
B∈D(S)

=
∑
S∈S

∑
B∈D(S)

[ ∑
1≤t≤h

−
∑

t−1∈S0∪S1

]
.

Hence the sum (8.8) + (8.9) + (8.11) is∑
S∈S

∑
B∈D(S)

∑
k

[ h∑
t=1

{(−mat−1 + mat) + (mat−1 − kat−1 + α(at − 1))

− (mat − kat−1 + β(at))} + μI,Π
A (ν)

−
∑

t−1∈S0∪S3

(mat−1 − kat−1 + α(at − 1)) +
∑

t∈S0∪S1

(mat − kat−1 + β(at))

]
Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

.

By using the identity in Lemma 8.15 and{
mat−1 − kat−1 + α(at − 1) = mbt−1 − kbt−1 + α(bt−1) t − 1 ∈ S0 ∪ S3 and B ∈ D(S),

mat − kat−1 + β(at) = mbt − kbt−1 + β(bt) t ∈ S0 ∪ S1 and B ∈ D(S),
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we find that the contents in the bracket [ ] in the above yields∑
1≤t≤h−1

(α(bt) − β(bt)) + μI0,J0

B (ν̃)

−
∑

1≤t≤h−1
t∈S0∪S3

(mbt − kbt + α(bt)) +
∑

1≤t≤h−1
t∈S0∪S1

(mbt − kbt−1 + β(bt))

=
∑

1≤t≤h−1

(−kbt−1 + kbt) + μI0,J0

B (ν̃)

+
∑

1≤t≤h−1
t/∈S0∪S3

(mbt − kbt + α(bt)) −
∑

1≤t≤h−1
t/∈S0∪S1

(mbt − kbt−1 + β(bt))

for B ∈ D(S).
Hence, in view of Lemma 8.14, we can find that (8.8) + (8.9) + (8.11) is the sum of the

following three terms:∑
S

∑
B∈D(S)

∑
k

{∑h−1
t=1 (−kbt−1 + kbt) + μI0,J0

B (ν̃)}Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

=
∑
B≺A

∑
k

{∑h−1
t=1 (−kbt−1 + kbt) + μI0,J0

B (ν̃)}Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

;

(8.13)

−
∑

S

∑
B∈D(S)

∑
k

∑
t/∈S0∪S3

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A,B+
t ;m,k+ε

J0
B (bt)·dbt

= −
h−1∑
t=1

∑
B≺A,A−

t+1

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A,B+
t ;m,k+ε

J0
B (bt)·dbt

;

(8.14)

∑
S

∑
B∈D(S)

∑
k

∑
t/∈S0∪S1

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A,B−
t ;m,k+ε

J0
B (bt−1)·dbt−1

=

h−1∑
t=1

∑
B≺A,A+

t

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A,B−
t ;m,k+ε

J0
B (bt−1)·dbt−1

.

(8.15)

Let us consider the sum (8.10)+(8.14). In view of

• B ≺ A, A−
t+1 ⇐⇒ bt ∈ [at, at+1 − 2] and bt′ ∈ [at′ , at′+1 − 1] (t′ �= t),

• B ⊀ A, B ≺ A−
t ⇐⇒ bt = at − 1 and bt′ ∈ [at′ , at′+1 − 1] (t′ �= t),

we have

(8.10) + (8.14) = −
h−1∑
t=1

∑
B+

t ≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A,B+
t ;m,k+ε

J0
B (bt)·dbt

= −
∑
B≺A

h−1∑
t=1

∑
k

Cn−1,I0,J0

B−
t ;k−ε

J0

B
−
t

(bt−1)·dbt−1

(ν̃)

P I,Π
A,B;m,k

.

Similarly we can find that

(8.12) + (8.15) =
h−1∑
t=1

∑
B−

t ≺A

∑
k

Cn−1,I0,J0

B;k−ε
J0
B (bt−1)·dbt−1

(ν̃)

P I,Π

A,B−
t ;m,k
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=
∑
B≺A

h−1∑
t=1

∑
k

Cn−1,I0,J0

B+
t ;k−ε

J0

B+
t

(bt)·dbt

(ν̃)

P I,Π
A,B;m,k

.

Thus, the hypothesis (8.7) implies that

(8.8) + (8.9) + (8.10) + (8.11) + (8.12)

= (8.13) + {(8.10) + (8.14)} + {(8.12) + (8.15)} = 0,

and we can finish the proof of (8.1).

8.7. Compatibility with the Casimir equations. As is the case of Dirac-Schmid
equations, we show the recurrence relation (8.2) by induction on (n, h). Here is the key
relation, which will be proved in the next section.

Lemma 8.16. We set

XI,Π
A,B =

n−1∑
p=1

P I,Π
A,B;m,k

P I,Π
A,B;m−ep,k

−
n−2∑
p=1

P I,Π
A,B;m,k

P I,Π
A,B;m,k+dp

for B ≺ A. Then we have

Qm

({λI,Π
A,p(ν)}1≤p≤n−1; κ

I,Π
A (ν)

)
− 1

2

h∑
t=1

(mat−1 − kat−1 + α(at − 1)) − 1

2

h∑
t=1

(mat − kat−1 + β(at))

= XI,Π
A,B + Qk

({λI0,J0

B,p (ν̃)}1≤p≤n−2; κ
I0,J0

B (ν̃)
)

− 1

2

h−1∑
t=1

(mbt − kbt + α(bt)) − 1

2

h−1∑
t=1

(mbt − kbt−1 + β(bt)).

Proof. This is a special case of Lemma 9.12 (ii) (R = [jh, n − 1]). �

Let us start our proof of (8.2). For abbreviation we denote by

Qm = Qm

({λI,Π
A,p(ν)}1≤p≤n−1; κ

I,Π
A (ν)

)
, Qk = Qk

({λI0,J0

B,p (ν̃)}1≤p≤n−2; κ
I0,J0

B (ν̃)
)
.

Then our task is to show

Qm

∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

+
1

2

∑
1≤t≤h

{ ∑
B≺A−

t

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A−
t ,B;m−

t ,k

+
∑

B≺A+
t

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π

A+
t ,B;m+

t ,k

}
= 0.

(8.16)

We divide the summations over B and use the relations in Lemma 8.13, the left hand side
of (8.16) can be written as the sum of the following five terms:

Qm

∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

;(8.17)

−1

2

h∑
t=1

∑
B≺A,A−

t

∑
k

(mat−1 − kat−1 + α(at − 1))Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

;(8.18)
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1

2

h−1∑
t=1

∑
B=Bt,at−1≺A−

t

∑
k

Cn−1,I0,J0

B;k−ε
J0
B (bt)·dbt

(ν̃)

P I,Π

A,B+
t ;m,k

;(8.19)

−1

2

h∑
t=1

∑
B≺A,A+

t

∑
k

(mat − kat−1 + β(at))C
n−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

;(8.20)

1

2

h−1∑
t=1

∑
B=Bt,at+1≺A+

t+1

∑
k

Cn−1,I0,J0

B;k−ε
J0
B (bt−1)·dbt−1

(ν̃)

P I,Π

A,B−
t ;m,k

.(8.21)

In the similar way to the proof of (8.1), we can see that (8.17) + (8.18) + (8.20) equals

∑
S∈S

∑
B∈D(S)

∑
k

{
Qm − 1

2

∑
t−1/∈S0∪S3

(mat−1 − kat−1 + α(at − 1))

− 1

2

∑
t/∈S0∪S1

(mat − kat−1 + β(at))

}
Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

=
∑
S∈S

∑
B∈D(S)

∑
k

{
Qm − 1

2

h∑
t=1

{(mat−1 − kat−1 + α(at − 1)) + (mat − kat−1 + β(at))}

+
1

2

∑
t−1∈S0∪S3

(mat−1 − kat−1 + α(at − 1))

+
1

2

∑
t∈S0∪S1

(mat − kat−1 + β(at))

}
Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

.

(8.22)

By using the identity in Lemma 8.16, (8.22) equals

∑
S∈S

∑
B∈D(S)

∑
k

{n−1∑
p=1

P I,Π
A,B;m,k

P I,Π
A,B;m−ep,k

−
n−2∑
p=1

P I,Π
A,B;m,k

P I,Π
A,B;m,k+dp

+ Qk

− 1

2

∑
t/∈S0∪S3

(mbt − kbt + α(bt)) − 1

2

∑
t/∈S0∪S1

(mbt − kbt−1 + β(bt))

}
Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

=

n−1∑
p=1

∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m−ep,k

−
n−2∑
p=1

∑
B≺A

∑
k

Cn−1,I0,J0

B;k−dp
(ν̃)

P I,Π
A,B;m,k

+
∑
B≺A

∑
k

Qk · Cn−1,I0,J0

B;k (ν̃)

P I,Π
A,B;m,k

+
1

2

∑
S∈S

∑
B∈D(S)

∑
k

{ ∑
t/∈S0∪S3

Cn−1,I0,J0

B;k−ε
J0
B (bt)·dbt

(ν̃)

P I,Π

A,B+
t ;m,k

+
∑

t/∈S0∪S1

Cn−1,I0,J0

B;k−ε
J0
B (bt−1)·dbt−1

(ν̃)

P I,Π

A,B−
t ;m,k

}
.

Here we used Lemma 8.14. By adding (8.19) and (8.21) to the above, we find that the
left hand side of (8.16) can be written as

n−1∑
p=1

Cn,I,Π
A;m−ep

(ν) +
∑
B≺A

∑
k

Qk · Cn−1,I0,J0

B;k (ν̃) −∑n−2
p=1 Cn−1,I0,J0

B;k−dp
(ν̃)

P I,Π
A,B;m,k
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+
1

2

h−1∑
t=1

∑
B+

t ≺A

Cn−1,I0,J0

B;k−ε
J0
B (bt)·dbt

(ν̃)

P I,Π

A,B+
t ;m,k

+
1

2

h−1∑
t=1

∑
B−

t ≺A

Cn−1,I0,J0

B;k−ε
J0
B (bt−1)·dbt−1

(ν̃)

P I,Π

A,B−
t ;m,k

=
n−1∑
p=1

Cn,I,Π
A;m−ep

(ν) +
∑
B≺A

∑
k

1

P I,Π
A,B;m,k

{
Qk · Cn−1,I0,J0

B;k (ν̃) −
n−2∑
p=1

Cn−1,I0,J0

B;k−dp
(ν̃)

+
1

2

h−1∑
t=1

(
Cn−1,I0,J0

B−
t ;k−ε

J0

B−
t

(bt−1)·dbt−1

(ν̃) + Cn−1,I0,J0

B+
t ;k−ε

J0

B+
t

(bt)·dbt

(ν̃)
)}

.

From the recurrence relation coming from Casimir equation for Cn−1,I0,J0

B;k (ν̃), the bracket
{ } is equal to zero and hence we conclude the proof of Proposition 8.8. �

8.8. The recurrence relations for the edge components. For our later use we derive
auxiliary recurrence relations for Cn,I,J

A;m (ν) with a fixed A where A is eigher the edge
components Ai (i = 1, 2):

A1 = {1, 2, . . . , h}, A2 = {n − h + 1, . . . , n}.
When A = A1, the components A±

t do not exist except for A+
h . By eliminating the

coefficients Cn,I,J

A+
h ;m

(ν) from the recurrence relations in Proposition 8.8, we can get

Qm

({λI,J
A1,p(ν) − 1

2
δp,h}1≤p≤n−1; κ

I,J
A1

(ν) − 1
2
μI,J

A1
(ν)

)
Cn,I,J

A1;m(ν) =
n−1∑
p=1

Cn,I,J
A1;m−ep

(ν),

where λI,J
A1,p(ν), κI,J

A1
(ν) and μI,J

A1
(ν) are defined by λI,Π

A1,p(ν), κI,Π
A1

(ν) and μI,Π
A1

(ν) with
Π = (J0, jh), respectively. Similarly we have

Qm

({λI,J
A2,p(ν) − 1

2
δp,n−h}1≤p≤n−1; κ

I,J
A2

(ν) + 1
2
μI,J

A2
(ν)

)
Cn,I,J

A2;m
(ν) =

n−1∑
p=1

Cn,I,J
A2;m−ep

(ν).

From now on we want to rewrite these recurrence relations by shifting the indices m
suitably to eliminate the constant terms κI,J

A1
(ν) − 1

2
μI,J

A1
(ν) and κI,J

A2
(ν) + 1

2
μI,J

A2
(ν). Here

is the desired expression and this is a special case of Lemma 9.8 (ii) (cf. Lemma 6.4 (ii)).

Proposition 8.17. Let us define functions δJ
Ai

on Tn−1 (i = 1, 2) by

δJ
A1

(p) =
[min{p, h} − t

2

]
, δJ

A2
(p) =

[t + min{n − h − p, 0}
2

]
,

where t (0 ≤ t ≤ h) is an integer satisfying jt ≤ p ≤ jt+1 − 1. If we set m′ =
(m′

1, . . . , m
′
n−1) with m′

p = mp − δJ
Ai

(p), then we have the recurrence relations

Qm′
({λ′ I,J

Ai,p
(ν)}1≤p≤n−1; 0

)
Cn,I,J

Ai;m
(ν) =

n−1∑
p=1

Cn,I,J
Ai;m−ep

(ν) (i = 1, 2).

Here

2λ′ I,J
Ai,p

(ν) =

{
ντI,J (p) − ντI,J (p+1) − χJ (p) + χJ(p + 1) if i = 1,

ντI,J (p) − ντI,J (p+1) + χJ(p) − χJ(p + 1) if i = 2.

Remark 5. We note that δJ
A1

=
∑h

t=1 χ[t,jt−1]χI
ε(t)
l (J)

and δJ
A2

=
∑h

t=1 χ[jt,n−t]χI
ε(t)
l (J)

.
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To prove this proposition, we start with some identities for δJ
Ai

.

Lemma 8.18. (i) We have

δJ
Ai

(p) − δJ
Ai

(p − 1)

=

{
χIe(J)(p) · χAe

1
(p) + χIo(J)(p) · χAo

1
(p) − χJ ε̄(h)(p) · χ[h+1,n](p) if i = 1,

χJe(p) · χ[1,n−h](p) − χIe(J)(p) · χAo
2
(p) − χIo(J)(p) · χAe

2
(p) if i = 2.

(ii) We have

2δJ
Ai

(p) − δJ
Ai

(p − 1) − δJ
Ai

(p + 1) +
1

2
(2εJ

Ai
(p) − εJ

Ai
(p − 1) − εJ

Ai
(p + 1))

=

{
1
2
(−χJ (p) + χJ [−1](p) + δp,h) if i = 1,

1
2
(χJ(p) − χJ [−1](p) + δp,n−h) if i = 2.

(iii) We have

2Q(δJ
Ai

(1), . . . , δJ
Ai

(n − 1))

=

{∑h
p=1(χIe(J)(p) · χAe

1
(p) + χIo(J)(p) · χAo

1
(p)) +

∑n
p=h+1 χJ ε̄(h)(p) if i = 1,∑n−h

p=1 χJe(p) +
∑n

p=n−h+1(χIe(J)(p) · χAo
2
(p) + χIo(J)(p) · χAe

2
(p)) if i = 2.

Proof. We can check (i) from the definition. By using (i) and Lemma 7.8 (i) we get
2(δJ

Ai
(p)−δJ

Ai
(p−1))+(εJ

Ai
(p)−εJ

Ai
(p−1)) = (−1)i(χJ(p)−χAi

(p)) and then (ii) follows.

The evaluation of Q(δJ
Ai

(1), . . . , δJ
Ai

(n− 1)) can be done as in the proof of Lemma 8.10 by
using (i). �

Now let us show Proposition 8.17. Our claim for A1 follows from

2δJ
A1

(p) − δJ
A1

(p − 1) − δJ
A1

(p + 1) + λI,J
A1,p(ν) − 1

2
δp,h = λ′ I,J

A1,p(ν)(8.23)

for 1 ≤ p ≤ n − 1, and

Q(δJ
A1

(1), . . . , δJ
A1

(n − 1)) +

n−1∑
p=1

(
λI,J

A1,p(ν) − 1

2
δp,h

)
δJ
A1

(p) + κI,J
A1

(ν) − 1

2
μI,J

A1
(ν) = 0.

(8.24)

By means of Lemma 8.18 (ii), we get (8.23). To prove the identity (8.24), it is enough
to show

1

2

n−1∑
p=1

(ντI,J (p) − ντI,J (p+1))δ
J
A1

(p) +
1

4

h∑
p=1

χA1,Jc(p)(νi1 − ντI,J (p))

+
1

4

n∑
p=h+1

(χJε(h)(p) − χJ ε̄(h)(p))(νi1 − ντI,J (p)) − 1

4

h∑
p=1

ντI,J (p) +
1

4

∑
p∈J

ντI,J (p) = 0,

(8.25)

and

− Q(δJ
A1

(1), . . . , δJ
A1

(n − 1)) +
1

2

n∑
p=1

(−χJ (p) + χJ [−1](p))δJ
A1

(p)

+
1

4
(h − �(A1 ∩ J)) +

1

4

h∑
p=1

χA1,Jc(p) = 0.

(8.26)
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Here we applied Lemmas 8.18 (ii) and 7.8 (i) for λI,J
A1,p(ν) and μI,J

A1
(ν), respectively. In

viwe of

n−1∑
p=1

(ντI,J (p) − ντI,J (p+1))δ
J
A1

(p) =
n∑

p=1

(δJ
A1

(p) − δJ
A1

(p − 1))(−νi1 + ντI,J (p)),

−
h∑

p=1

ντI,J (p) +
∑
p∈J

ντI,J (p) =

h∑
p=1

χJc(p)(νi1 − ντI,J (p)) −
n∑

p=h+1

χJ(p)(νi1 − ντI,J (p)),

and Lemma 8.18 (i), we can get (8.25).
Finally let us confirm (8.26). By Lemma 8.18 (i), we have

1

2

n∑
p=1

(−χJ (p) + χJ [−1](p))δJ
A1

(p)

= −1

2

n∑
p=1

χJ(p)(χIe(J)(p) · χAe
1
(p) + χIo(J)(p) · χAo

1
(p) − χJ ε̄(h)(p) · χ[h+1,n](p))

=
1

2

n∑
p=h+1

χJ ε̄(h)(p)

Hence, in view of Lemma 8.18 (iii) and h− �(A1∩J) =
∑h

p=1(χAe
1
(p)+χAo

1
(p))(χIe(J)(p)+

χIo(J)(p)), we obtain (8.26).
The case of A = A2 is treated similarly and thus we finish the proof of Proposition

8.17. �

9. Primary Whittaker functions (2) -the case of general h-

Here is main result for the primary Whittaker functions. Similarly to the secondary
Whittaker functions our explicit formula is a recursive formula with respect to n and h.

Theorem 9.1. We define a function W n,I
ν (y) =

{
W n,I

A,ν(y)
}

A∈nCh
=
{
yρW̃ n,I

A,ν(y)
}

A∈nCh
by

the following relation:

W̃ n,I
A,ν(y) =

∑
B≺A

∫
(R+)n−1

W̃ n−1,I0

B,ν̃

(
y2

√
t2
t1

, . . . , yn−1

√
tn−1

tn−2

)

·
n−1∏
p=1

exp
{
−(πyp)

2tp − 1

tp

} n−1∏
p=1

(πyp)
n−p
n−1

νi1
+χI(B,A)(p)

·
n−1∏
p=1

t
n

2(n−1)
νi1

+ 1
2
(χI(B,A)(p)−χI(A,B)(p))

p

n−1∏
p=1

dtp
tp

.

Then W n,I
ν (y) is the radial part of the primary Whittaker function and we have the fac-

torization formula

W n,I
A,ν(y) =

∑
τ∈ I

τ

[ ∑
J∈nCh

Γn,I,J(ν) · Mn,I,J
A,ν (y)

]
,(9.1)
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where

Γn,I,J(ν) =
∏

1≤p<q≤h

Γ
(νip − νiq

2

) ∏
1≤p<q≤n−h

Γ
(−νi′p + νi′q

2

)

·
h∏

t=0

jt+1−1∏
p=jt+1

{h−t∏
s=1

Γ
(νis − νi′p−t

+ 1

2

) h∏
s=h−t+1

Γ
(−νis + νi′p−t

+ 1

2

)}
.

Here is a propagation formula of the Mellin transform of the primary Whittaker func-
tions.

Theorem 9.2. Let

V n,I
A,ν (s) ≡ V n,I

A,ν (s1, . . . , sn−1) =

∫
(R+)n−1

W̃ n,I
A,ν(y)

n−1∏
p=1

(πyp)
sp

be the Mellin transform of the radial part W̃ n,I
A,ν. Then we have a propagation formula

V n,I
A,ν (s) =

∑
B≺A

21−n

(2πi)n−2

∫
z1,...,zn−2

V n−1,I0

B,ν̃ (z1, . . . , zn−2)

·
n−1∏
p=1

Γ
(sp − zp−1 + χI(B,A)(p)

2
+

(n − p)νi1

2(n − 1)

)

·
n−1∏
p=1

Γ
(sp − zp + χI(A,B)(p)

2
− pνi1

2(n − 1)

) n−2∏
p=1

dzp.

From now on we will prove Theorems 9.1 and 9.2. Similarly as the case of helicity 1
our task is to show the factorization formula (9.1). Our argument is an induction on n
and h.

9.1. A certain factorization of formula for W̃ n,I
A,ν. By inserting the factorization for-

mula (9.1) for W̃ n−1,I0

ν̃ (y) and changing the order of integrations and infinite sums, which
can be justified as in [HrIO, §7], we get

W̃ n,I
A,ν(y) =

∑
τ∈ I0

∑
J0∈n−1Ch−1

τ

[
Γn−1,I0,J0(ν̃)

∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

·
∫

(R+)n−1

n−1∏
p=1

exp
{
−(πyp)

2tp − 1

tp

}

·
n−2∏
p=1

(
πyp+1

√
tp+1

tp

)2kp+ν̃
τI0,J0(1)

+···+ν̃
τI0,J0(p)

+ε
J0
B (p)

·
n−1∏
p=1

(πyp)
n−p
n−1

νi1
+χI(B,A)(p)

n−1∏
p=1

t
n

2(n−1)
νi1

+ 1
2
(χI(B,A)(p)−χI(A,B)(p))

p

n−1∏
p=1

dtp
tp

]

=
∑

τ∈ I0

∑
J0∈n−1Ch−1

τ

[
Γn−1,I0,J0(ν̃)

∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)
n−1∏
p=1

Up

]
,(9.2)
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where

Up = (πyp)
2kp−1+νi1

+ p−1
q=1 ντ̃0(q)+ε

J0
B (p−1)+χI(B,A)(p)

·
∫ ∞

0

exp
{
−(πyp)

2tp − 1

tp

}
t
kp−1−kp+ 1

2
(νi1

−ντ̃0(p)+χI(B,A)(p)−χI(A,B)(p)+ε
J0
B (p−1)−ε

J0
B (p))

p
dtp
tp

.

Recall that τ̃0(p) = τ I0,J0(p) + χ[i1,n−1](τ
I0,J0(p)). We can see that

χI(B,A)(p) − χI(A,B)(p) + εJ0
B (p − 1) − εJ0

B (p)

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2(χIe(B,A)(p) − χIe(A,B)(p)) if p ∈ Je

0 ,

2(χIo(B,A)(p) − χIo(A,B)(p)) if p ∈ Jo
0 ,

χI(B,A)∪Be(p) − χI(A,B)∪Bo(p) if p ∈ Ie(J0),

χI(B,A)∪Bo(p) − χI(A,B)∪Be(p) if p ∈ Io(J0).

Especially the above integer is odd if p ∈ Jc
o = Ie(J0) ∪ Io(J0). Let us evaluate the

integrals Up by applying (6.2) for p ∈ J0, and (6.3) for p ∈ Jc
0 .

When p ∈ Je
0 we use the formula (6.2) with k = kp−1 − kp + χIe(B,A)(p) − χIe(A,B)(p)

and ν = (νi1 − ντ̃0(p))/2 to find that

Up = (πyp)
2kp−1+νi1

+ p−1
q=1 ντ̃0(q)+ε

J0
B (p−1)+χI(B,A)(p) · (−1)kp−1+kp+χIe(B,A)(p)−χIe(A,B)(p)

·
{

Γ
(νi1 − ντ̃0(p)

2

) ∞∑
mp=0

(πyp)
2(mp−kp−1+kp+χIe(A,B)(p)−χIe(B,A)(p))−νi1

+ντ̃0(p)

mp!
(−νi1

+ντ̃0(p)+2

2

)
mp+kp+χIe(A,B)(p)−kp−1−χIe(B,A)(p)

+ Γ
(−νi1 + ντ̃0(p)

2

) ∞∑
mp=0

(πyp)
2mp

mp!
(νi1

−ντ̃0(p)+2

2

)
mp+kp−1+χIe(B,A)(p)−kp−χIe(A,B)(p)

}
.

In view of εJ0
B (jt − 1) = χIe

r (B)(jt) we get

Up = (−1)kp−1+kp+χIe(B,A)(p)−χIe(A,B)(p)

·
{

Γ
(νi1 − ντ̃0(p)

2

) ∞∑
mp=0

(πyp)
2(mp+kp+χIe(A,B)(p))+ p

q=1 ντ̃0(q)+χIo
l
(A)(p)

mp!
(−νi1

+ντ̃0(p)+2

2

)
mp+kp+χIe(A,B)(p)−kp−1−χIe(B,A)(p)

+ Γ
(−νi1 + ντ̃0(p)

2

) ∞∑
mp=0

(πyp)
2(mp+kp−1+χIe(B,A)(p))+νi1

+ p−1
q=1 ντ̃0(q)+χIo

l
(A)(p)

mp!
(νi1

−ντ̃0(p)+2

2

)
mp+kp−1+χIe(B,A)(p)−kp−χIe(A,B)(p)

}
for p ∈ Je

0 . Similarly for p ∈ Jo
0 , we have

Up = (−1)kp−1+kp+χIo(B,A)(p)−χIo(A,B)(p)

·
{

Γ
(νi1 − ντ̃0(p)

2

) ∞∑
mp=0

(πyp)
2(mp+kp+χIo(A,B)(p))+ p

q=1 ντ̃0(q)+χIe
l
(A)(p)

mp!
(−νi1

+ντ̃0(p)+2

2

)
mp+kp+χIo(A,B)(p)−kp−1−χIo(B,A)(p)

+ Γ
(−νi1 + ντ̃0(p)

2

) ∞∑
mp=0

(πyp)
2(mp+kp−1+χIo(B,A)(p))+νi1

+ p−1
q=1 ντ̃0(q)+χIe

l
(A)(p)

mp!
(νi1

−ντ̃0(p)+2

2

)
mp+kp−1+χIo(B,A)(p)−kp−χIo(A,B)(p)

}
.

In the case of p ∈ Ie(J0), we get

Up = (−1)kp−1+kp+ 1
2
(χI(B,A)∪Be (p)−χI(A,B)∪Bo (p)−1)
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·
{

Γ
(νi1 − ντ̃0(p) + 1

2

) ∞∑
mp=0

(πyp)
2(mp+kp+χIe(A,B)(p))+ p

q=1 ντ̃0(q)+χIo
l
(A)(p)

mp!
(−νi1

+ντ̃0(p)+1

2

)
mp+kp+χIe(A,B)(p)−kp−1+χIo(A,B)∪Bo (p)

− Γ
(−νi1 + ντ̃0(p) + 1

2

) ∞∑
mp=0

(πyp)
2(mp+kp−1+χIo(B,A)(p))+νi1

+ p−1
q=1 ντ̃0(q)+χIe

l
(A)(p)

mp!
(νi1

−ντ̃0(p)+1

2

)
mp+kp−1+χIo(B,A)(p)−kp+χIe(B,A)∪Be (p)

}
.

When p ∈ Io(J0) we switch the subscript e and o in the above.
By inserting the expressions above into (9.2) and replacing mp → mp − kp − χ∗ and

mp → mp − kp−1 − χ∗, we can find the following:

Lemma 9.3. We have

W̃ n,I
A,ν(y) =

∑
τ∈ I0

∑
J0∈n−1Ch−1

∑
R⊂Tn−1

τ

[
ΓI,J0,R(ν) · M̃ I,J0,R

A,ν (y)

]
,(9.3)

where

ΓI,J0,R(ν) = Γn−1,I0,J0(ν̃)
∏
p∈Rc

Γ
(νi1 − ντ̃0(p) + χJc

0
(p)

2

)∏
p∈R

Γ
(−νi1 + ντ̃0(p) + χJc

0
(p)

2

)
,

(9.4)

and

M̃ I,J0,R
A,ν (y) =

∑
m

CI,J0,R
A;m (ν)

n−1∏
p=1

(πyp)
2mp+χR(p)·νi1

+χRc(p)·ντ̃0(p)+
p−1
q=1 ντ̃0(q)+ε

J0,R
A (p).

Here the coefficients CI,J0,R
A;m (ν) are given by

CI,J0,R
A;m (ν) =

∑
B≺A

∑
k

Cn−1,I0,J0

B;k (ν̃)

P I,J0,R
A,B;m,k

,

where

P I,J0,R
A,B;m,k =

n−1∏
p=1

(−1)ζ
J0,R
A,B (p)+η

J0,R
A,B (p)

·
∏
p∈Rc

(mp − kp + ζJ0,R
A,B (p))!

(−νi1 + ντ̃0(p) + 1 + χJ0(p)

2

)
mp−kp−1+η

J0,R
A,B (p)

·
∏
p∈R

(mp − kp−1 + ηJ0,R
A,B (p))!

(νi1 − ντ̃0(p) + 1 + χJ0(p)

2

)
mp−kp+ζ

J0,R
A,B (p)

.

For our later use we write ΓI,J0,R(ν) more explicitly.

Lemma 9.4. We have

ΓI,J0,R(ν) =
∏

2≤p<q≤h

Γ
(νip − νiq

2

) ∏
1≤p<q≤n−h

Γ
(−νi′p + νi′q

2

)

·
h−1∏
t=0

jt+1−1∏
p=jt+1

{h−t∏
s=2

Γ
(νis − νi′p−t

+ 1

2

) h∏
s=h−t+1

Γ
(−νis + νi′p−t

+ 1

2

)}
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·
h−1∏
t=1

{
χRc(jt) · Γ

(νi1 − νih+1−t

2

)
+ χR(jt) · Γ

(−νi1 + νih+1−t

2

)}

·
h−1∏
t=0

jt+1−1∏
p=jt+1

{
χRc(p) · Γ

(νi1 − νi′p−t
+ 1

2

)
+ χR(p) · Γ

(−νi1 + νi′p−t
+ 1

2

)}
.

Here we understand jh = n.

Proof. Let us compute Γn−1,I0,J0(ν̃). In view of the relations ν̃p − ν̃q = νp+χ[i1,n−1](p) −
νq+χ[i1,n−1](q), and

i0,p + χ[i1,n−1](i0,p) = ip+1, i′0,p + χ[i1,n−1](i
′
0,p) = i′p

for I0 = {i0,1, . . . , i0,h−1} and Ic
0 = {i′0,1, . . . , i

′
0,n−h}, we can get

Γn−1,I0,J0(ν̃) =
∏

1≤p<q≤h−1

Γ
(νip+1 − νiq+1

2

) ∏
1≤p<q≤n−h

Γ
(−νi′p + νi′q

2

)

·
h−1∏
t=0

jt+1−1∏
p=jt+1

{ t∏
s=1

Γ
(−νih−s+1

+ νi′p−t
+ 1

2

) h−1∏
s=t+1

Γ
(νih−s+1

− νi′p−t
+ 1

2

)}
.

Because of τ̃0(jt) = ih+1−t (1 ≤ t ≤ h − 1) and τ̃0(p) = i′p−t (jt + 1 ≤ p ≤ jt+1 − 1), we
have the desired formula. �

In Proposition 9.6, we will see that only the terms R = [jh, n − 1] contribute to the
summation in (9.3). Let us compute the ΓI,J0,R(ν) for such R.

Corollary 9.5. For a palette Π = (J0, jh) of type (n, h) and the integer tΠ and the color
JΠ of type (n, h), we have

ΓI,J0,[jh,n−1](ν) = Γn,I,JΠ(τ I,Π
cy ν),

where τ I,Π
cy is the cyclic permutation (i1, . . . , ih−tΠ).

Proof. From Lemma 9.4 we have

ΓI,J0,[jh,n−1](ν) = γ1 · γ2 · γ3

where

γ1 =
∏

2≤p<q≤h

Γ
(νip − νiq

2

) ∏
1≤t≤tΠ

Γ
(νi1 − νih+1−t

2

) ∏
tΠ+1≤t≤h−1

Γ
(−νi1 + νih+1−t

2

)
,

γ2 =
∏

1≤p<q≤n−h

Γ
(−νi′p + νi′q

2

)
,

γ3 =
h−2∏
t=0

jt+1−1∏
p=jt+1

{h−t∏
s=2

Γ
(νis − νi′p−t

+ 1

2

) h∏
s=h−t+1

Γ
(−νis + νi′p−t

+ 1

2

)}

·
n−1∏

p=jh−1+1

h∏
s=2

Γ
(−νis + νi′p−h+1

+ 1

2

)
· γ4.

Here

γ4 =

tΠ−1∏
t=0

jt+1−1∏
p=jt+1

Γ
(νi1 − νi′p−t

+ 1

2

)
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·
jh−1∏

p=jtΠ
+1

Γ
(νi1 − νi′p−tΠ

+ 1

2

)
·

jtΠ+1−1∏
p=jh

Γ
(−νi1 + νi′p−tΠ

+ 1

2

)

·
h−2∏

t=tΠ+1

jt+1−1∏
p=jt+1

Γ
(−νi1 + νi′p−t

+ 1

2

)
·

n−1∏
p=jh−1+1

Γ
(−νi1 + νi′p−h+1

+ 1

2

)
for 0 ≤ tΠ ≤ h − 2, and

γ4 =
h−1∏
t=0

jt+1−1∏
p=jt+1

Γ
(νi1 − νi′p−t

+ 1

2

)
·

n∏
p=jh+1

Γ
(−νi1 + νi′p−h

+ 1

2

)
for tΠ = h − 1.

When tΠ = h − 1 we can readily find that ΓI,J0,[jh,n−1](ν) = Γn,I,J(ν). Let us consider
the case 0 ≤ tΠ ≤ h − 2. We have γ3 =

∏5
i=1 γ3,i with

γ3,1 =

tΠ−1∏
t=0

jt+1−1∏
p=jt+1

{h−t∏
s=1

Γ
(νis − νi′p−t

+ 1

2

) h∏
s=h−t+1

Γ
(−νis + νi′p−t

+ 1

2

)}
,

γ3,2 =

jh−1∏
p=jtΠ

+1

{h−tΠ∏
s=1

Γ
(νis − νi′p−tΠ

+ 1

2

) h∏
s=h−tΠ+1

Γ
(−νis + νi′p−tΠ

+ 1

2

)}
,

γ3,3 =

jtΠ+1−1∏
p=jh

{h−tΠ∏
s=2

Γ
(νis − νi′p−t

+ 1

2

)
· Γ

(−νi1 + νi′p−tΠ
+ 1

2

)

·
h∏

s=h−tΠ+1

Γ
(−νis + νi′p−tΠ

+ 1

2

)}
,

γ3,4 =
h−2∏

p=tΠ+1

jt+1−1∏
p=jt+1

{h−t∏
s=2

Γ
(νis − νi′p−t

+ 1

2

)
· Γ

(−νi1 + νi′p−t
+ 1

2

)

·
h∏

s=h−t+1

Γ
(−νis + νi′p−t

+ 1

2

)}
,

γ3,5 =

n−1∏
p=jh−1+1

h∏
s=1

Γ
(−νis + νi′p−h+1

+ 1

2

)
.

Now we compute Γn,I,JΠ(τ I,Π
cy ν). Since τ I,Π

cy (i′p) = i′p, we have

Γn,I,JΠ(τ I,Π
cy ν) = γ′

1 · γ′
2 · γ′

3,

where

γ′
1 =

∏
1≤p<q≤h

Γ
(ντI,Π

cy (ip) − ντI,Π
cy (iq)

2

)
, γ′

2 = γ2

and γ′
3 =

∏5
i=1 γ′

3,i with

γ′
3,1 =

tΠ−1∏
t=0

jt+1−1∏
p=jt+1

{h−t∏
s=1

Γ
(ντI,Π

cy (is) − νi′p−t
+ 1

2

) h∏
s=h−t+1

Γ
(−ντI,Π

cy (is) + νi′p−t
+ 1

2

)}
,
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γ′
3,2 =

jh−1∏
p=jtΠ

+1

{h−tΠ∏
s=1

Γ
(ντI,Π

cy (is)
− νi′p−t

+ 1

2

) h∏
s=h−tΠ+1

Γ
(−ντI,Π

cy (is) + νi′p−t
+ 1

2

)}
,

γ′
3,3 =

jtΠ+1∏
p=jh+1

{h−tΠ−1∏
s=1

Γ
(ντI,Π

cy (is) − νi′p−tΠ−1
+ 1

2

) h∏
s=h−tΠ

Γ
(−ντI,Π

cy (is) + νi′p−tΠ−1
+ 1

2

)}
,

γ′
3,4 =

h−2∏
t=tΠ+1

jt+1∏
p=jt+2

{h−t−1∏
s=1

Γ
(ντI,Π

cy (is)
− νi′p−t−1

+ 1

2

) h∏
p=h−t

Γ
(−ντI,Π

cy (is) + νi′p−t−1
+ 1

2

)}
,

γ′
3,5 =

n∏
p=jh−1+2

h∏
s=1

Γ
(−ντI,Π

cy (is)
+ νi′p−h

+ 1

2

)
.

In view of

τ I,Π
cy (ip) =

⎧⎪⎨⎪⎩
ip+1 if 1 ≤ p ≤ h − tΠ − 1,

i1 if p = h − tΠ,

ip if h − tΠ + 1 ≤ p ≤ h − tΠ + 1 ≤ h,

we have

γ′
1 =

∏
1≤p<q≤h−tΠ−1

Γ
(νip+1 − νiq+1

2

) ∏
h−tΠ<q≤h

Γ
(νi1 − νiq

2

) ∏
1≤p<h−tΠ

Γ
(νip+1 − νi1

2

)
·

∏
1≤p≤h−tΠ−1
h−tΠ+1≤q≤h

Γ
(νip+1 − νiq

2

) ∏
h−tΠ+1≤p<q≤h

Γ
(νip − νiq

2

)
= γ1

Similarly we can check that γ3,i = γ′
3,i for 1 ≤ i ≤ 5. �

9.2. Vanishing of ghost solutions. As in the case of helicity 1 (Proposition 6.3), we

delete those power series M̃ I,J0,R
A,ν (y) which do not contribute to the summation (9.3). Our

vanishing process is more complicated than the case of helicity 1.

Proposition 9.6. For a subset R of Tn−1 we set

E(R) = {r ∈ Tn−2 | r ∈ R and r + 1 ∈ Rc}.
Then only the subsets R satisfying E(R) = ∅ contribute to the summation in (6.4). More
precisely we have the following.

(1) When E(R) = ∅, the set R is of the form [jh, n − 1] with some jh ∈ Tn (jh = n ⇐⇒
R = ∅), and we have M̃ I,J0,R

A,ν (y) = M̃
n,I,Π=(J0,jh)
A,ν (y) and ΓI,J0,R(ν) = Γn,I,JΠ(τ I,Π

cy ν).
Then we get ∑

τ∈σI0

∑
J0∈n−1Ch−1

∑
1≤jh≤n

τ
[
ΓI,J0,[jh,n−1](ν) · M̃ I,J0,[jh,n−1]

A,ν (y)
]

=
∑
τ∈σI

∑
J∈nCh

τ
[
Γn,I,J(ν) · M̃n,I,J

A,ν (y)
]
.

(2) When E(R) �= ∅, we define subsets Ei(J0, R) (i = 1, 2, 3) of E(R) for a given J0 =
{j1, . . . , jh−1} ∈ n−1Ch−1 by

E1(J0, R) = E(R) ∩ J0,
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E2(J0, R) = E(R) ∩ J0[−1],

E3(J0, R) = E(R)\(E1(J0, R) ∪ E2(J0, R)) = ∪h−1
t=0 (E(R) ∩ [jt + 1, jt+1 − 2]).

(a) The case of E3(J0, R) �= ∅. For r ∈ E3(J0, R) we take an integer t (0 ≤ t ≤ h−1)
such that r ∈ [jt + 1, jt+1 − 2]. Then we have

ΓI,J0,R(ν) · M̃ I,J0,R
A,ν (y) + ΓI,J0,R(τ ′

rν) · M̃ I,J0,R
A,τ ′

rν (y) = 0.

Here τ ′
r is the permutation (i′r−t, i

′
r+1−t).

(b) The case of E3(J0, R) = ∅.
(i) If E1(J0, R) ∩ E2(J0, R) is not empty, there exists an integer t ∈ Tn−1 such

that jt ∈ E(R) and jt = jt+1 − 1. Then we have

ΓI,J0,R(ν) · M̃ I,J0,R
A,ν (y) + ΓI,J0,R(τtν) · M̃ I,J0,R

A,τtν
(y) = 0.

Here τt is the permutation (ih−t, ih−t+1).
(ii) We denote by J (R) a set of colors J0 satisfying E1(J0, R) ∩ E2(J0, R) = ∅,

that is,

J (R) = {J0 ∈ n−1Ch−1 | E(R) = E1(J0, R) � E2(J0, R)}.
For J0 ∈ J (R), we set

T1(J0, R) = {t ∈ Th−1 | jt ∈ E1(J0, R)},
T2(J0, R) = {t ∈ Th−1 | jt − 1 ∈ E2(J0, R)},

and define a color J∨
0 = {j∨1 , . . . , j∨h−1} of type (n − 1, h − 1) as follows. Let

t0 be the smallest element of T1(J0, R) ∩ T2(J0, R). We put j∨t = jt + δt,t0 if
t0 ∈ T1(J0, R), and j∨t = jt−δt,t0 if t0 ∈ T2(J0, R). Then we have J∨

0 ∈ J (R),
(J∨

0 )∨ = J0 and

ΓI,J0,R(ν) · M̃ I,J0,R
A,ν (y) + ΓI,J∨

0 ,R(ν) · M̃ I,J∨
0 ,R

A,ν (y) = 0.

Example Let us see the cancellation in the case of (n, h) = (6, 3), I = {1, 3, 5} and
R = {1, 2, 5}. Then I0 = {2, 4}, Ic

0 = {1, 3, 5} and E(R) = {2}.
We write the principal exponents of yp in M̃ I,J0,R

A,ν , that is, νi1 · χR(p) + ντ̃0(p) · χRc(p) +∑p−1
q=1 ντ̃0(q) in the following tabular.

J0 y1 y2 y3 y4 y5

{1, 2} ν1 ν1 + ν5 ν5 + ν3 + ν2 ν5 + ν3 + ν2 + ν4 ν5 + ν3 + ν2 + ν4 + ν6

{1, 3} ν1 ν1 + ν5 ν5 + ν3 + ν2 ν5 + ν3 + ν2 + ν4 ν5 + ν3 + ν2 + ν4 + ν6

{1, 4} ν1 ν1 + ν5 ν5 + ν2 + ν4 ν5 + ν2 + ν4 + ν3 ν5 + ν2 + ν4 + ν3 + ν6

{1, 5} ν1 ν1 + ν5 ν5 + ν2 + ν4 ν5 + ν2 + ν4 + ν6 ν5 + ν2 + ν4 + ν6 + ν3

{2, 3} ν1 ν1 + ν2 ν2 + ν5 + ν3 ν2 + ν5 + ν3 + ν4 ν2 + ν5 + ν3 + ν4 + ν6

{2, 4} ν1 ν1 + ν2 ν2 + ν5 + ν4 ν2 + ν5 + ν4 + ν3 ν2 + ν5 + ν4 + ν3 + ν6

{2, 5} ν1 ν1 + ν2 ν2 + ν5 + ν4 ν2 + ν5 + ν4 + ν6 ν2 + ν5 + ν4 + ν6 + ν3

{3, 4} ν1 ν1 + ν2 ν2 + ν4 + ν5 ν2 + ν4 + ν5 + ν3 ν2 + ν4 + ν5 + ν3 + ν6

{3, 5} ν1 ν1 + ν2 ν2 + ν4 + ν5 ν2 + ν4 + ν5 + ν6 ν2 + ν4 + ν5 + ν6 + ν3

{4, 5} ν1 ν1 + ν2 ν2 + ν4 + ν6 ν2 + ν4 + ν6 + ν5 ν2 + ν4 + ν6 + ν5 + ν3

Here is the list of the symbols in Proposition 9.6.
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J0 E1(R, J0) E2(R, J0) E3(R, J0) (r, t) τ ′
r τt J∨

0

{1, 2} {j2 = 2} ∅ ∅ − − − {1, 3}
{1, 3} ∅ {j2 − 1 = 2} ∅ − − − {1, 2}
{1, 4} ∅ ∅ {2} (2, 1) (2, 4) − −
{1, 5} ∅ ∅ {2} (2, 1) (2, 4) − −
{2, 3} {j1 = 2} {j2 − 1 = 2} ∅ − − (3, 5) −
{2, 4} {j1 = 2} ∅ ∅ − − − {3, 4}
{2, 5} {j1 = 2} ∅ ∅ − − − {3, 5}
{3, 4} ∅ {j1 − 1 = 2} ∅ − − − {2, 4}
{3, 5} ∅ {j1 − 1 = 2} ∅ − − − {2, 5}
{4, 5} ∅ ∅ {2} (2, 0) (4, 6) − −

From now on we will prove Proposition 9.6. It is obvious that M̃
I,J0,[jh,n−1]
A,ν (y) =

M̃
n,I,(J0,jh)
A,ν (y) from the definition and then claim (1) follows from Proposition 8.6 and

Corollary 9.5. To prove the cancellations stated in Proposition 9.6 (ii), we give recurrence

relations for CI,J0,R
A;m (ν) in the next subsection. As a result of these recurrence relations, for

example, we can find that CI,J0,R
A;m (ν) and CI,J0,R

A;m (τ ′
rν) satisfy the same recurrence relations

from Lemma 9.9 (cf. Lemma 6.5).
Thus our proof is reduced to show the vanishing of initial values for the edge components

Ai (i = 1, 2):

ΓI,J0,R(ν) · CI,J0,R
Ai;m0

(ν) + ΓI,J0,R(τ ′
rν) · CI,J0,R

Ai;m0
(τ ′

rν) = 0;(9.5)

ΓI,J0,R(ν) · CI,J0,R
Ai;m0

(ν) + ΓI,J0,R(τtν) · CI,J0,R
Ai;m0

(τtν) = 0;(9.6)

ΓI,J0,R(ν) · CI,J0,R
Ai;m0

(ν) + ΓI,J∨
0 ,R(ν) · CI,J∨

0 ,R
Ai;m0

(ν) = 0.(9.7)

Here is the definition of the vector m0 in Rn−1.

Definition 9.7. For i = 1, 2 we define m0 = (δJ0,R
Ai

(p))1≤p≤n−1 by

δJ0,R
Ai

(p) = (δJ0
Bi

(p − 1) − ζRc

(p))χRc(p) + (δJ0
Bi

(p) − ηR(p))χR(p).

Here Bi is the color of type (n− 1, h− 1) such that Bi ≺ Ai, that is, B1 = {1, . . . , h− 1}
and B2 = {n − h + 1, . . . , n − 1}.
9.3. The recurrence relations for CI,J0,R

A;m (ν). The aim of this subsection is to prove
the following recurrence relations, which include Propositions 8.8 and 8.17 as special cases.

Lemma 9.8. (i) For 1 ≤ t ≤ h we set

m−,R
t = m − εJ0,R

A−
t

(at − 1) · eat−1, m+,R
t = m− εJ0,R

A+
t

(at) · eat .

Then the following recurrence relations for CI,J0,R
A;m = CI,J0,R

A;m (ν) hold.{ h∑
t=1

(−mat−1 + mat) + μI,J0,R
A (ν)

}
CI,J0,R

A;m +
h∑

t=1

(
−CI,J0,R

A−
t ;m−,R

t

+ CI,J0,R

A+
t ;m+,R

t

)
= 0;(9.8)

Qm

({λI,J0,R
A,p (ν)}1≤p≤n−1; κ

I,J0,R
A (ν)

)
CI,J0,R

A;m

+
1

2

h∑
t=1

(
CI,J0,R

A−
t ;m−,R

t

+ CI,J0,R

A+
t ;m+,R

t

)
=

n−1∑
p=1

CI,J0,R
A;m−ep

,
(9.9)
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where

μI,J0,R
A (ν) =

1

2

h∑
t=1

{(νi1 − νit) − (νi1 − ντ̃0(at))χRc(at) − (νi1 − ντ̃0(at−1))χR(at − 1)}

+
1

2

h∑
t=1

(εJ0,R
A (at) − εJ0,R

A (at − 1)),

λI,J0,R
A,p (ν) =

1

2

{
ντ̃0(p−1)χR(p − 1) + ντ̃0(p)(χRc(p) − χR(p)) − ντ̃0(p+1)χRc(p + 1)

+ νi1(2χR(p) − χR(p − 1) − χR(p + 1))

+ 2εJ0,R
A (p) − εJ0,R

A (p − 1) − εJ0,R
A (p + 1)

}
for 1 ≤ p ≤ n − 1, and

κI,J0,R
A (ν) =

1

4

n−1∑
p=1

{(χA,Jc
0
(p) + χAc,J0(p))χRc(p)

+ (−χA[−1],Jc
0
(p) − χ(A[−1])c,J0

(p))χR(p)}(νi1 − ντ̃0(p))

+
1

4

n−1∑
p=1

(χA(p) · χRc(p) + χA[−1](p) · χR(p))χJc
0
(p) +

∑
p∈E(R)

ξ(p)ξ(p + 1),

with

ξ(p) =
νi1 − ντ̃0(p) − χJc

0
(p)

2
+ χIe(J0)(p) · χIe

l (A)(p) + χIo(J0)(p) · χIo
l (A)(p).

(ii) For the the edge components Ai (i = 1, 2), we have

Qm′′
({λ′ I,J0,R

Ai,p
(ν)}1≤p≤n−1; κ

′ I,J0,R
Ai

(ν)
)
CI,J0,R

Ai;m
(ν) =

n−1∑
p=1

CI,J0,R
Ai;m−ep

(ν),(9.10)

where m′′ = m −m0 and

λ′ I,J0,R
Ai,p

(ν) =
νi1 − ντ̃0(p) ± χJc

0
(p)

2
(χR(p) − χRc(p))

+
νi1 − ντ̃0(p+1) ± χJc

0
(p + 1)

2
· χRc(p + 1)

+
−νi1 + ντ̃0(p+1) ∓ χJc

0
(p − 1)

2
· χR(p − 1),

κ′ I,J0,R
Ai

(ν) =
∑

p∈E(R)

νi1 − ντ̃0(p) ± χJc
0
(p)

2
· νi1 − ντ̃0(p+1) ± χJc

0
(p + 1)

2
.

Here ± means + if i = 1 and − if i = 2.

Lemma 9.9. Let XJ0(ν) be one of the symbols μI,J0,R
A (ν), λI,J0,R

A,p (ν), κI,J0,R
A (ν), λ′ I,J0,R

Ai,p
(ν)

or κ′ I,J0,R
Ai

(ν). Under the notation in Proposition 9.6 (2), we have XJ0(ν) = XJ0(τ ′
tν),

XJ0(ν) = XJ0(τtν) and XJ0(ν) = XJ∨
0 (ν).

Proof. We can check from the definition of XJ0(ν). �

Let us start the proof of Lemma 9.8.
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9.3.1. Proof of the recurrence relation (9.8).

Definition 9.10. We define functions αR ≡ αI,J0,R
A and βR ≡ βI,J0,R

A on Tn−1 by

αR(p) =
1

2
{νi1 − ντ̃0(p) + (χIe(J0)(p) − χIo(J0)(p))(χIe

l (A)(p) − χIo
l (A)(p))}χR(p),

βR(p) =
1

2
{−νi1 + ντ̃0(p) + (χIo(J0)(p) − χIe(J0)(p))(χIe

l (A)(p) − χIo
l (A)(p))}χRc(p).

We can obtain the same identities for P I,J0,R
A,B;m,k as in Lemmas 8.13 and 8.14 by replacing

P I,Π
A,B;m,k, α(p) and β(p) by P I,J0,R

A,B;m,k, αR(p) and βR(p), respectively. Hence the proof of
Lemma 9.8 (i) is reduced to the following key relation (cf. Lemma 8.15). Actually, by
using Lemma 9.11, we can finish our proof of the recurrence relation (9.8) via the same
argument as in Subsection 8.6.

Lemma 9.11. We have

μI,J0,R
A (ν) +

h∑
t=1

(αR(at − 1) − βR(at)) =
h∑

t=1

νi1 − νit

2
= μI0,J0

B (ν̃) +
h−1∑
t=1

(αR(bt) − βR(bt)).

Proof. From the definitions of μI,J0,R
A (ν), αR and βR, we have

2μI,J0,R
A (ν) + 2

h∑
t=1

(αR(at − 1) − βR(at)) −
h∑

t=1

(νi1 − νit)

=

h∑
t=1

(εJ0,R
A (at) − εJ0,R

A (at − 1))

+
h∑

t=1

(χIe(J0)(at − 1) − χIo(J0)(at − 1))(χIe
l (A)(at − 1) − χIo

l (A)(at − 1))χR(at − 1)

−
h∑

t=1

(χIo(J0)(at) − χIe(J0)(at))(χIe
l (A)(at) − χIo

l (A)(at))χRc(at)

=

n∑
p=1

εJ0,R
A (p)(χA(p) − χA[−1](p)) −

n∑
p=1

χA[−1],Jc
0
(p) · χR(p) +

n∑
p=1

χA,Jc
0
(p) · χRc(p)

=

n∑
p=1

(χR(p) + χRc(p)){(χIe
r(J0)(p) · χAe(p) + χIo

r (J0)(p) · χAo(p))

− (χIe
l (J0)(p) · χAe[−1](p) + χIo

l (J0)(p) · χAo[−1](p)}
= 0.

Let us consider the right hand side. We have
h−1∑
t=1

(εJ0
B (bt) − εJ0

B (bt − 1)) = −
n−1∑
p=1

χB,Jc
0
(p)

from Lemma 7.8 (iii), and

h−1∑
t=1

(αR(bt) − βR(bt)) =
1

2

n−1∑
p=1

{(νi1 − ντ̃0(p))χB(p) + χB,Jc
0
(p)}

from Definition 9.10. Then we can get the assertion. �
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9.3.2. Proof of the recurrence relation (9.9). Similarly to the case of the Dirac-Schmid
relations, to prove the recurrence relation (9.9) it is enough to show the following key
identity (9.13).

Lemma 9.12. We set

XI,J0,R
A,B =

n−1∑
p=1

P I,J0,R
A,B;m,k

P I,J0,R
A,B;m−ep,k

−
n−2∑
p=1

P I,J0,R
A,B;m,k

P I,J0,R
A,B;m,k+dp

for B ≺ A.
(i) If we put

ζ̃J0,R
A,B (p) = ζJ0,R

A,B (p) − 1

2
χJc

0
(p) · χR(p), η̃J0,R

A,B (p) = ηJ0,R
A,B (p) − 1

2
χJc

0
(p) · χR(p),

then we have

XI,J0,R
A,B = Qm

({λX,p(ν)}1≤p≤n−1; 0
)− Qk

({λ̃X,p(ν)}1≤p≤n−2; 0
)

+ κX(ν),(9.11)

where

λX,p(ν) =
1

2

{
ντ̃0(p−1)χR(p − 1) + ντ̃0(p)(χRc(p) − χR(p)) − ντ̃0(p+1)χRc(p + 1)

+ νi1(2χR(p) − χR(p − 1) − χR(p + 1))
}

+ ζ̃J0,R
A,B (p) + η̃J0,R

A,B (p) − ζ̃J0,R
A,B (p − 1) − η̃J0,R

A,B (p + 1),

λ̃X,p(ν) =
1

2
(ντ̃0(p) − ντ̃0(p+1)) − ζ̃J0,R

A,B (p) + η̃J0,R
A,B (p) + ζ̃J0,R

A,B (p + 1) − η̃J0,R
A,B (p + 1),

and

κX(ν) =
1

2

∑
p∈R

(ηR(p) − ηR(p + 1))(νi1 − ντ̃0(p) − χJc
0
(p))

+
1

2

∑
p∈Rc

(ζRc

(p) − ζRc

(p − 1))(−νi1 + ντ̃0(p) − χJc
0
(p))

+
∑

p∈E(R)

ξ(p)ξ(p + 1).

(9.12)

(ii) We have the key identity

Qm

({λI,J0,R
A,p (ν)}1≤p≤n−1; κ

I,J0,R
A (ν)

)
− 1

2

h∑
t=1

(mat−1 − kat−1 + αR(at − 1)) − 1

2

h∑
t=1

(mat − kat−1 + βR(at))

= XI,J0,R
A,B + Qk

({λI0,J0

B,p (ν̃)}1≤p≤n−2; κ
I0,J0

B (ν̃)
)

− 1

2

h−1∑
t=1

(mbt − kbt + αR(bt)) − 1

2

h−1∑
t=1

(mbt − kbt−1 + βR(bt)).

(9.13)

Proof. (i) The formulas for λX,p(ν) and λ̃X,p(ν) are immediate from

XI,J0,R
A,B =

n−1∑
p=1

(
mp − kp +

νi1 − ντ̃0(p)

2
· χR(p) + ζ̃J0,R

A,B (p)
)
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·
(
mp − kp−1 +

−νi1 + ντ̃0(p)

2
· χRc(p) + η̃J0,R

A,B (p)
)

−
n−2∑
p=1

(
mp − kp +

νi1 − ντ̃0(p)

2
· χR(p) + ζ̃J0,R

A,B (p)
)

·
(
mp+1 − kp +

−νi1 + ντ̃0(p+1)

2
· χRc(p + 1) + η̃J0,R

A,B (p + 1)
)
.

Then we have only to confirm that

κX(ν) =
n−1∑
p=1

(νi1 − ντ̃0(p) − χJc
0
(p)

2
· χR(p) + ζJ0,R

A,B (p)
)

·
(−νi1 + ντ̃0(p) − χJc

0
(p)

2
· χRc(p) + ηJ0,R

A,B (p)
)

−
n−2∑
p=1

(νi1 − ντ̃0(p) − χJc
0
(p)

2
· χR(p) + ζJ0,R

A,B (p)
)

·
(−νi1 + ντ̃0(p+1) − χJc

0
(p + 1)

2
· χRc(p + 1) + ηJ0,R

A,B (p + 1)
)
.

(9.14)

In view of the relations ζR(p)ηR(p) = ζRc
(p)ηRc

(p) = 0 and ζR(p)ηR(p+1) = ζRc
(p)ηR(p+

1) = ζRc
(p)ηRc

(p + 1) = 0, the right hand side of (9.14) is a sum of the following:

1

2

n−1∑
p=1

χR(p) · ηR(p)(νi1 − ντ̃0(p) − χJc
0
(p)),(9.15)

1

2

n−1∑
p=1

χRc(p) · ζRc

(p)(−νi1 + ντ̃0(p) − χJc
0
(p)),(9.16)

1

2

n−2∑
p=1

χR(p)χR(p + 1) · ηR(p + 1)(−νi1 + ντ̃0(p) − χJc
0
(p)),(9.17)

1

2

∑
p∈E(R)

ηRc

(p + 1)(−νi1 + ντ̃0(p) − χJc
0
(p)),(9.18)

1

2

∑
p∈E(R)

ζR(p)(νi1 − ντ̃0(p+1) − χJc
0
(p + 1)),(9.19)

1

2

n−2∑
p=1

χRc(p)χRc(p + 1) · ζRc

(p)(νi1 − ντ̃0(p+1) − χJc
0
(p + 1)),(9.20)

1

4

∑
p∈E(R)

{(νi1 − ντ̃0(p) − χJc
0
(p))(νi1 − ντ̃0(p+1) + χJc

0
(p + 1)) + ζR(p)ηRc

(p + 1)}.(9.21)

We divide the terms (9.17) and (9.20) by using χR(p)·χR(p+1) = χR(p)−χR(p)·χRc(p+1)
and χRc(p) · χRc(p + 1) = χRc(p + 1) − χR(p) · χRc(p + 1), respectively, we can see that

(9.15) + (9.17) =
∑
p∈R

(ηR(p) − ηR(p + 1))(νi1 − ντ̃0(p) − χJc
0
(p))
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+
∑

p∈E(R)

ηR(p + 1)(νi1 − ντ̃0(p) − χJc
0
(p))

and

(9.16) + (9.20) =
∑
p∈Rc

(ζRc

(p) − ζRc

(p − 1))(−νi1 + ντ̃0(p) − χJc
0
(p))

+
∑

p∈E(R)

ζRc

(p + 1)(−νi1 + ντ̃0(p+1) − χJc
0
(p + 1)).

Hence the terms
∑

p∈E(R) are collected as∑
p∈E(R)

(νi1 − ντ̃0(p) − χJc
0
(p)

2
+ ζR(p) − ζRc

(p)
)

·
(νi1 − ντ̃0(p+1) − χJc

0
(p + 1)

2
+ ηR(p + 1) − ηRc

(p + 1)
)
.

Here we used (ζR(p) − ζRc
(p))(ηR(p + 1) − ηRc

(p + 1)) = −ζR(p) · ηRc
(p + 1). By using

Lemma 7.10 (i), we can get the relation (9.11).

(ii) To conclude the proof of Lemma 9.12 (ii) we have to verify the following:

λI,J0,R
A,p (ν) − λX,p(ν) =

1

2
(χA(p) + χA[−1](p)) − χB(p),(9.22)

λI0,J0

B,p (ν̃) − λ̃X,p(ν) = χA[−1](p) − 1

2
(χB(p) + χB[−1](p)),(9.23)

and

κI,J0,R
A (ν) − κX(ν) = κI0,J0

B (ν̃) +
1

2

h∑
t=1

(αR(at − 1) + βR(at)) − 1

2

h−1∑
t=1

(αR(bt) + βR(bt)).

(9.24)

From the definition of λI,J0,R
A,p (ν) and λX,p(ν), we have

2(λI,J0,R
A,p (ν) − λX,p(ν)) = (εJ0,R

A (p) − 2ζ̃J0,R
A,B (p)) − (εJ0,R

A (p − 1) − 2ζ̃J0,R
A,B (p − 1))

+ (εJ0,R
A (p) − 2η̃J0,R

A,B (p)) − (εJ0,R
A (p + 1) − 2η̃J0,R

A,B (p + 1)).

In view of Lemma 7.10 (iii) and

χI(A,B)(p) − χI(A,B)(p − 1) = χA(p) − χB(p),

χI(B,A)(p) − χI(B,A)(p + 1) = χA[−1](p) − χB(p),

we can get the identity (9.22).

Now we consider (9.23). Since

2λI0,J0

B,p (ν̃) = ντ̃0(p) − ντ̃0(p+1) + 2εJ0
B (p) − εJ0

B (p − 1) + εJ0
B (p + 1),

we find

2(λI0,J0

B,p (ν̃) − λ̃X,p) = 2(ζ̃J0,R
A,B (p) − η̃J0,R

A,B (p)) + εJ0
B (p) − εJ0

B (p − 1)

− {2(ζ̃J0,R
A,B (p + 1) − η̃J0,R

A,B (p + 1)) + εJ0
B (p + 1) − εJ0

B (p)}.
By considering the difference of two identities in Lemma 7.10 (iii), we obtain (9.23) .
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Finally we show (9.24). By (9.11) and Corollary 8.11, we can find that

4
(
κX(ν) + κI0,J0

B (ν̃) +
1

2

h∑
t=1

(αR(at − 1) + βR(at)) − 1

2

h−1∑
t=1

(αR(bt) + βR(bt))
)

can be written as a sum of the following:

∑
p∈Rc

{−2(ζRc

(p) − ζRc

(p − 1)) + χB,Jc
0
(p) + χBc,J0(p) − χA(p) + χB(p)}(νi1 − ντ̃0(p)),

(9.25)

∑
p∈R

{2(ηR(p) − ηR(p + 1)) + χB,Jc
0
(p) + χBc,J0(p) + χA[−1](p) − χB(p)}(νi1 − ντ̃0(p)),

(9.26)

4
∑

p∈E(R)

ξ(p)ξ(p + 1) · (νi1 − ντ̃0(p)),

and ∑
p∈Rc

{2(ζRc

(p) − ζRc

(p − 1))χJc
0
(p)

+ (χIe(J0)(p) − χIo(J0)(p))(χIe
l (A)(p) − χIo

l (A)(p))(−χA(p) + χB(p))}
+
∑
p∈R

{2(ηR(p) − ηR(p + 1))χJc
0
(p)

+ (χIe(J0)(p) − χIo(J0)(p))(χIe
l (A)(p) − χIo

l (A)(p))(χA[−1](p) − χB(p))}

+ (h − 1) −
n−1∑
p=1

χB(p) · χJ0(p).

(9.27)

By using Lemma 7.10 (i), we can see that

(9.25) =
∑
p∈Rc

(χA,Jc
0
(p) + χAc,J0(p))(νi1 − νν̃0(p))

(9.26) =
∑
p∈R

(−χA[−1],Jc
0
(p) − χ(A[−1])c,J0

(p))(νi1 − νν̃0(p))

and

(9.27) =
∑
p∈Rc

χJc
0
(p)(χA(p) − χB(p)) +

∑
p∈R

χJc
0
(p)(χA[−1](p) − χB(p)) +

n−1∑
p=1

χJc
0
(p) · χB(p).

Hence we have done the proof of (9.24) and we finish the proof of Lemma 9.12. �

9.3.3. Proof of the recurrence relation (9.10). In the case of helicity 1 (Lemma 6.4 (ii)),
we remark that the key identity is (6.10). Our task here is to show the identity (9.30)
given below.

Let us compute XI,J0,R
Ai,Bi

. If we denote by m′′ = (m′′
p)1≤p≤n−1 and k′ = (k′

p)1≤p≤n−2, that

is, m′′
p = mp − δJ0,R

Ai
(p) and k′

p = kp − δJ0
Bi

(p), then we have

XI,J0,R
Ai,Bi

=

n−1∑
p=1

(
m′′

p − k′
p +

νi1 − ντ̃0(p) ± χJc
0
(p)

2
· χR(p)

)
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·
(
m′′

p − k′
p−1 +

−νi1 + ντ̃0(p) ∓ χJc
0
(p)

2
· χRc(p)

)
−

n−2∑
p=1

(
m′′

p − k′
p +

νi1 − ντ̃0(p) ± χJc
0
(p)

2
· χR(p)

)
·
(
m′′

p+1 − k′
p +

−νi1 + ντ̃0(p+1) ∓ χJc
0
(p + 1)

2
· χRc(p + 1)

)
(see the proof of (9.11)). Here we used

ζR(p) − ηR(p) − δJ0
Bi

(p) + δJ0
Bi

(p − 1) =

{
0 if i = 1,

χJc
0
(p) if i = 2,

(9.28)

and

ηRc

(p) − ζRc

(p) + δJ0
Bi

(p) − δJ0
Bi

(p − 1) =

{
χJc

0
(p) if i = 1,

0 if i = 2.
(9.29)

Hence we can check that

XI,J0,R
Ai,Bi

= Qm′′
({λ′ I,J0,R

Ai,p
(ν)}1≤p≤n−1; κ

′ I,J0,R
Ai

(ν)
)

− Qk′
({ντ̃0(p) − ντ̃0(p+1) ∓ (χJ0(p) − χJ0(p + 1))

2

}
1≤p≤n−2

; 0
)
,

(9.30)

and thus we get the assertion from Proposition 8.17 (note that ντ̃0(p)−ντ̃0(p+1) = ν̃τI0,J0 (p)−
ν̃τI0,J0 (p+1)). �

9.4. Initial values. We compute the initial values CI,J0,R
A;m0

(ν) for the edge component
A = Ai (i = 1, 2).

Lemma 9.13. We have

CI,J0,R
A1;m0

(ν) =
∏

p∈Rc∩Jc
0

−2

−νi1 + ντ̃0(p) + 1
·

h−1∏
t=1

jt−t∏
p=1

−2

−νih+1−t
+ νi′p + 1

·
∏

p∈E(R)

Γ
(

ντ̃0(p)−ντ̃0(p+1)−χJ0
(p)+χJ0

(p+1)

2
+ 1

)
Γ
(−νi1

+ντ̃0(p)+3−χJ0
(p)

2

)
Γ
(

νi1
−ντ̃0(p+1)+1−χJ0

(p+1)

2

)
and

CI,J0,R
A2;m0

(ν) =
∏

p∈R∩Jc
0

2

νi1 − ντ̃0(p) + 1
·

h−1∏
t=1

n−h∏
p=jt−t+1

2

νih+1−t
− νi′p + 1

·
∏

p∈E(R)

Γ
(

ντ̃0(p)−ντ̃0(p+1)+χJ0
(p)−χJ0

(p+1)

2
+ 1

)
Γ
(−νi1

+ντ̃0(p)+1+χJ0
(p)

2

)
Γ
(

νi1
−ντ̃0(p+1)+3−χJ0

(p+1)

2

) .

Proof. From the definition (Lemma 9.3) we have

CI,J0,R
Ai;m0

(ν) =
∑
k

Cn−1,I0,J0

Bi;k
(ν̃)

P I,J0,R
Ai,Bi;m0;k

64



with

P I,J0,R
Ai,Bi;m0,k =

∏
p∈Rc

(−1)ζRc
(p)+ηRc

(p)
(−νi1 + ντ̃0(p) + 1 + χJ0(p)

2

)
−kp−1−ζRc(p)+ηRc (p)+δ

J0
Bi

(p)

·
∏
p∈R

(−1)ζR(p)+ηR(p)
(νi1 − ντ̃0(p) + 1 + χJ0(p)

2

)
−kp+ζR(p)−ηR(p)+δ

J0
Bi

(p−1)
.

Here k = (k1, . . . , kp−1) runs through such that

kp = δJ0
Bi

(p) (p /∈ E(R)), kp ≥ δJ0
Bi

(p) (p ∈ E(R)).(9.31)

Let us rewrite P I,J0,R
A1,B1;m0,k by using the relations (9.28) and (9.29). We can find that∏

p∈Rc

(−1)ζRc
(p)+ηRc

(p)
∏
p∈R

(−1)ζR(p)+ηR(p) =
∏
p∈Rc

(−1)
χJc

0
(p)

n−1∏
p=1

(−1)δ
J0
B1

(p−1)−δ
J0
B1

(p)

=
∏

p∈Rc∩Jc
0

(−1),

and

P I,J0,R
A1,B1;m0,k =

∏
p∈Rc∩Jc

0

(−1)
∏
p∈Rc

(−νi1 + ντ̃0(p) + 1 + χJ0(p)

2

)
−kp−1+δ

J0
B1

(p−1)+χJc
0
(p)

·
∏
p∈R

(νi1 − ντ̃0(p) + 1 + χJ0(p)

2

)
−kp+δ

J0
B1

(p)
.

In view of (α)−kp+1 = α(α + 1)−kp, we have

CI,J0,R
A1;m0

(ν) =
1∏

p∈Rc∩Jc
0

νi1
−ντ̃0(p)−1

2

·
∑
k

Cn−1,I0,J0

B1;k (ν̃)∏
p∈E(R)

(−νi1
+ντ̃0(p+1)+3−χJ0

(p+1)

2

)
−(kp−δ

J0
B1

(p))

(νi1
−ντ̃0(p)+1+χJ0

(p)

2

)
−(kp−δ

J0
B1

(p))

.

Similarly we can get

CI,J0,R
A2;m0

(ν) =
1∏

p∈R,p∈Jc
0

−νi1
+ντ̃0(p)−1

2

·
∑
k

Cn−1,I0,J0

B2;k (ν̃)∏
p∈E(R)

(−νi1
+ντ̃0(p+1)+1+χJ0

(p+1)

2

)
−(kp−δ

J0
B2

(p))

(νi1
−ντ̃0(p)+3−χJ0

(p)

2

)
−(kp−δ

J0
B2

(p))

.

Next we compute the values Cn−1,I0,J0

Bi;k
(ν̃) under the condition (9.31). By Proposition

8.17, the recurrence relation( ∑
p∈E(R)

k2
p −

∑
p∈E(R)

λ′ I0,J0

Bi,p
(ν̃)kp

)
Cn−1,I0,J0

Bi;k
(ν̃) =

∑
p∈E(R)

Cn−1,I0,J0

Bi;k−dp
(ν̃)

holds. Then we have

Cn−1,I0,J0

Bi;k
(ν̃) =

Cn−1,I0,J0

Bi;k0
(ν̃)∏

p∈E(R)(kp − δJ0
Bi

(p))!
(ντ̃0(p)−ντ̃0(p+1)∓(χJ0

(p)−χJ0
(p+1))

2
+ 1

)
kp−δ

J0
Bi

(p)

,
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with k0 = (δJ0
Bi

(1), . . . , δJ0
Bi

(n − 2)). To find the initial values Cn−1,I0,J0

Bi;k0
(ν̃), we consider

Cn,I,J
Ai;m0

(ν). From the definition (Definition 8.4) we have a recursive relation

Cn,I,J
Ai;m0

(ν) =
Cn−1,I0,J0

Bi;k
(ν̃)

P I,J
Ai,Bi;m0,k0

Since

P I,J
Ai,Bi;m0,k0

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∏

p∈[1,jh−1],p∈Jc
0

(−1)
−νi1 + ντ̃0(p) + 1

2
if i = 1,

∏
p∈[jh,n−1]

(−1)
νi1 − ντ̃0(p) + 1

2
if i = 2,

we get

Cn,I,J
Ai;m0

(ν) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

h∏
t=1

jt−t∏
p=1

2

νih+1−t
− νi′p − 1

if i = 1,

h∏
t=1

n−h∏
p=jt−t+1

2

−νih+1−t
+ νi′p − 1

if i = 2.

Hence we have

Cn−1,I0,J0

B1;k (ν̃) =

∏h−1
t=1

∏jt−t
p=1

2
νih+1−t−ν

i′p−1∏
p∈E(R)(kp − δJ0

B1
(p))!

(ντ̃0(p)−ντ̃0(p+1)−χJ0
(p)+χJ0

(p+1)

2
+ 1

)
kp−δ

J0
B1

(p)

,

and

Cn−1,I0,J0

B2;k (ν̃) =

∏h−1
t=1

∏n−h
p=jt−t+1

2
νih+1−t−ν

i′p−1∏
p∈E(R)(kp − δJ0

B2
(p))!

(ντ̃0(p)−ντ̃0(p+1)+χJ0
(p)−χJ0

(p+1)

2
+ 1

)
kp−δ

J0
B2

(p)

.

By using the formula (6.12) we can reach the desired formulas for CI,J0,R
Ai;m0

(ν). �

9.5. Proof of Proposition 9.6 (ii). To conclude our proof of Proposition 9.6 (ii), we
show the vanishing relations (9.5), (9.6) and (9.7).

9.5.1. The case (a). Since τ̃0(r) = i′r−t and τ̃0(r+1) = i′r−t+1, Lemmas 9.4 and 9.13 imply

ΓI,J0,R(ν)

ΓI,J0,R(τ ′
rν)

=
Γ
(−νi′

r−t
+νi′

r−t+1

2

)
Γ
(−νi′

r−t+1
+νi′

r−t

2

) ·
Γ
( νi1

−νi′
r−t+1

+1

2

)
Γ
(−νi1

+νi′
r−t

+1

2

)
Γ
( νi1

+νi′
r−t

+1

2

)
Γ
(−νi1

+νi′
r−t+1

+1

2

) ,

and

CI,J0,R
A1;m0

(ν)

CI,J0,R
A1;m0

(τ ′
rν)

=

−νi1
+νi′r−t

+1

2
−νi1

+νi′
r−t+1

+1

2

·
Γ
(νi′r−t

−νi′
r−t+1

+2

2

)
Γ
(−νi1

+νi′
r−t

+3

2

)
Γ
( νi1

−νi′
r−t+1

+1

2

)
·
Γ
(−νi1

+νi′
r−t+1

+3

2

)
Γ
(νi1

−νi′
r−t

+1

2

)
Γ
( νi′r−t+1

−νi′r−t
+2

2

) ,
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respectively. By using the formula Γ(x)Γ(1 − x) = π/ sinπx, we can see that

ΓI,J0,R(ν)

ΓI,J0,R(τ ′
rν)

· CI,J0,R
A1;m0

(ν)

CI,J0,R
A1;m0

(τ ′
rν)

= −1.

The case of A = A2 is treated similarly.

9.5.2. The case of (b)-(i). Form Lemmas 9.4 and 9.13,

ΓI,J0,R(ν)

ΓI,J0,R(τtν)
=

Γ
(

νih−t
−νih−t+1

2

)
Γ
(

νih−t+1
−νih−t

2

) ·
Γ
(

νi1
−νih−t

2

)
Γ
(−νi1

+νih−t+1

2

)
Γ
(

νi1
−νih−t+1

2

)
Γ
(−νi1

+νih−t

2

) ,

and

CI,J0,R
A1;m0

(ν)

CI,J0,R
A1;m0

(τtν)
=

CI,J0,R
A2;m0

(ν)

CI,J0,R
A2;m0

(τtν)

=
Γ
(

νih−t+1
−νih−t

+2

2

)
Γ
(−νi1

+νih−t+1
+2

2

)
Γ
(

νi1
−νih−t

+2

2

) ·
Γ
(−νi1

+νih−t+2

2

)
Γ
(

νi1
−νih−t+1

+2

2

)
Γ
(

νih−t
−νih−t+1

+2

2

) .

Hence we can show (9.6) similarly to the case (a).

9.5.3. The case of (b)-(ii). Since t0 ∈ T2(J0, R) implies t0 ∈ T1(J
∨
0 , R), we may assume

t0 ∈ T1(J0, R). If we denote by τ̃∨
0 (p) = τ I0,J∨

0 (p) + χ[i1,n−1](τ
I0,J∨

0 (p)), then we can see
that

τ̃∨
0 (jt0 + 1) = ih−t0+1 = τ̃0(jt0), τ̃∨

0 (jt0) = i′jt0−t0+1 = τ̃(jt0 + 1),

τ̃∨
0 (p) = τ̃0(p), if p �= jt0 , jt0+1.

To compute the ratio ΓI,J0,R(ν)/ΓI,J∨
0 ,R(ν) we use the expression (9.4). In view of ν̃i0,s −

ν̃i′0,p−t
= νis+1 − ντ̃0(p), then we have

Γn−1,I0,J0(ν̃)

Γn−1,I0,J∨
0 (ν̃)

=

∏jt0−1
p=jt0−1+1

∏h−t0
s=1 Γ

(
νis+1

−ντ̃0(p)+1

2

)∏h−1
s=h−t0+1 Γ

(−νis+1
+ντ̃0(p)+1

2

)
∏j∨t0−1

p=j∨t0−1+1

∏h−t0
s=1 Γ

( νis+1
−ντ̃∨

0
(p)+1

2

)∏h−1
s=h−t0+1 Γ

(−νis+1
+ντ̃∨

0
(p)+1

2

)
·
∏jt0+1−1

p=jt0+1

∏h−t0−1
s=1 Γ

(
νis+1

−ντ̃0(p)+1

2

)∏h−1
s=h−t0

Γ
(−νis+1

+ντ̃0(p)+1

2

)
∏j∨t0+1−1

p=j∨t0+1

∏h−t0−1
s=1 Γ

( νis+1
−ντ̃∨

0
(p)+1

2

)∏h−1
s=h−s1

Γ
(−νis+1

+ντ̃∨
0

(p)+1

2

)
=

∏h−t0−1
s=1 Γ

(
νis+1

−ντ̃0(jt0
+1)+1

2

)∏h−1
s=h−t0

Γ
(−νis+1

+ντ̃0(jt0
+1)+1

2

)
∏h−t0

s=1 Γ
(νis+1

−ντ̃∨
0

(jt0
)+1

2

)∏h−1
s=h−t0+1 Γ

(−νis+1
+ντ̃∨

0
(jt0

)+1

2

)

=
Γ
(−νih−t0+1

+νi′
jt0

−t0+1
+1

2

)
Γ
( νih−t0+1

−νi′
jt0

−t0+1
+1

2

) .
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Hence we can obtain

ΓI,J0,R(ν)

ΓI,J∨
0 ,R(ν)

=
Γ
(−νih−t0+1

+νi′
jt0

−t0+1
+1

2

)
Γ
( νih−t0+1

−νi′
jt0

−t0+1
+1

2

) ·
Γ
(−νi1

+νih−t0+1

2

)
Γ
(

νi1
−νih−t0+1

2

) ·
Γ
(νi1

−νi′
jt0

−t0+1
+1

2

)
Γ
(−νi1

+νi′
jt0

−t0+1
+1

2

) .

By Lemma 9.13 we find

CI,J0,R
A1;m0

(ν)

C
I,J∨

0 ,R
A1;m0

(ν)
=

−νih−t0+1
+νi′

jt0
−t0+1

+1

2
−νi1

+νi′
jt0

−t0+1
+1

2

·
Γ
(νih−t0+1

−νi′
jt0

−t0+1
+1

2

)
Γ
(−νi1

+νih−t0+1
+2

2

)
Γ
(νi1

−νi′
jt0

−t0+1
+1

2

)

·
Γ
(−νi1

+νi′
jt0

−t0+1
+3

2

)
Γ
(

νi1
−νih−t0+1

+2

2

)
Γ
(νi′

jt0
−t0+1

−νih−t0+1
+1

2

) .

Then we can check that

ΓI,J0,R(ν)

ΓI,J∨
0 ,R(ν)

· CI,J0,R
A1;m0

(ν)

C
I,J∨

0 ,R
A1;m0

(ν)
= −1.

The case of A = A2 can be discussed similarly.

Hence we can finish the proof of Proposition 9.6 (ii) and thus we conclude Theorem
9.1. �

9.6. Proof of Theorem 9.2. We can prove the propagation formulas of Mellin-Barnes
type as in [St2]. By Theorem 9.1 and the Mellin inversion implies

W̃ n,I
A,ν(y) =

∑
B≺A

∫
(R+)n−1

1

(2πi)n−2

∫
z1,...,zn−2

V n−1,I0

B,ν̃ (z1, . . . , zn−2)

·
(
πy2

√
t2
t1

)−z1 · · ·
(
πyn−1

√
tn−1

tn−2

)−zn−2

·
n−1∏
p=1

exp
{
−(πyp)

2tp − 1

tp

}
(πyp)

n−p
n−1

νi1
+χI(B,A)(p)

·
n−1∏
p=1

t
n

2(n−1)
νi1

+ 1
2
(χI(B,A)(p)−χI(B,A)(p))

p

n−1∏
p=1

dtp
tp

n−2∏
p=1

dzp

=
∑
B≺A

1

(2πi)n−2

∫
z1,...,zn−2

V n−1,I0

B,ν̃ (z1, . . . , zn−2)
n−1∏
p=1

(πyp)
n−p
n−1

νi1
+χI(B,A)(p)−zp−1

·
n−1∏
p=1

[∫ ∞

0

exp
{
−(πyp)

2tp − 1

tp

}
t

n
2(n−1)

νi1
+ 1

2
(χI(B,A)(p)−χI(A,B)(p))+ 1

2
(zp−zp−1)

p
dtp
tp

]

·
n−2∏
p=1

dzp.
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By using the formula

(πy)ν

∫ ∞

0

exp
{
−(πy)2t − 1

t

}
tν

dt

t
= 2Kν(2πy)

=
2−1

2πi

∫
s

Γ
(s + ν

2

)
Γ
(s − ν

2

)
(πy)−sds,

the integration over tp in the above can be written as

2−1

2πi

∫
sp

Γ
(sp − zp−1

2
+

n − p

2(n − 1)
νi1 +

χI(B,A)(p)

2

)
· Γ

(sp − zp

2
− p

2(n − 1)
νi1 +

χI(A,B)(p)

2

)
(πyp)

−sp+zp−1−n−j
n−1

νi1
−χI(B,A)(p)dsp.

Then we reach the expression

W̃ n,I
A,ν(y) =

∑
B≺A

21−n

(2πi)n−1

∫
s1,...,sn−1

1

(2πi)n−2

∫
z1,...,zn−2

V n−1,I0

B,ν̃ (z1, . . . , zn−2)

·
n−1∏
p=1

[
Γ
(sp − zp−1

2
+

n − p

2(n − 1)
νi1 +

χI(B,A)(p)

2

)
· Γ

(sp − zp

2
− p

2(n − 1)
νi1 +

χI(A,B)(p)

2

)] n−1∏
p=1

(πyp)
−sp

n−1∏
p=1

dsp

n−2∏
p=1

dzp,

to get our assertion. �
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