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Abstract

We consider a 2 x 2 system of parabolic equations with first and zeroth coupling and establish
a Carleman estimate by extra data of only one component without data of initial values. Then we
apply the Carleman estimate to inverse problems of determining some or all of the coefficients
by observations in an arbitrary subdomain over a time interval of only one component and
data of two components at a fixed positive time 6 over the whole spatial domain. The main
results are Lipschitz stability estimates for the inverse problems. For the Lipschitz stability,
we have to assume some non-degeneracy condition at 6 for the two components and for it,
we can approximately control the two components of the 2 x 2 system by inputs to only one
component. Such approximate controllability is proved also by our new Carleman estimate.
Finally we establish a Carleman estimate for a 3 x 3 system for parabolic equations with coupling
of zeroth-order terms by one component to show the corresponding approximate controllability

with a control to one component.

1 Introduction and notations

This article is devoted to the question of the identification of coefficients for a reaction diffusion
convection system of two equations in a bounded domain, with the main particularity that we
observe only one component of the system. Let @ C R™ be a bounded connected open set with
C%-boundary 99, and we set z = (1, ...,2,) € R", 9; = %, 1<j<n, o = %, V = (01, ...,0n),

A=30 (9]2. For any fixed T' > 0, we set Qp = Q x (0,T), X = 9Q x (0,T) and we consider the



following 2 x 2 reaction-diffusion-convection system :

oU=AU+aU +bV+A-VU+B-VV+f in Qr,

o0V =AV+cU+dV+C-VU+D-VV+g in Qp, 1)
1.1

U=hi, V=ho on X,

U(-,0) =Up, V(-,0) =V in 0,

where a, b, ¢, d are scalar functions and A, B, C, D vectorial fields both defined on 2. The boundary
condition h; as well as f, g shall be kept fixed. If we change the reaction coefficients b, ¢ into 5, c,
we let (U, V) be the solution of (1.1) associated to b, ¢ and (Up, Vo) for the initial condition. Let

w C Q be a non-empty subdomain and 7" > 0. We assume that we can measure both

Uluxor) and (U, V)|axe}-

at a time 6 € (0,7).

We set wr = w x (0,T). For m € N, 1 < p < oo, by W™P(Q) and LP(0,T; X) we denote the
classical Sobolev space with the norm || - |lyym»(q), and the space of X-valued p-Bochner integrable
functions respectively (e.g., [1]). As usual we write WOP(Q) = LP(Q) and H™(Q)) = W™2(Q) for

m € N. We define a Banach space
W2 (Qp) = {u: @ x (0,T) — R; 829° u € LA(Qy), for | + 2ami1 < m},

with the norm

lull e, = 3 020 ullzaay).

2 QT
2 ( ) ‘Oé|+2an+1§m

Here a = (a1, . . ., ) is a multi-index, |a| = a1+ -+ ap, 0F = O - - - 057, and the differentiation

is to be understood in the weak sense. Let M be an arbitrary positive constant. We denote by v



the outward unit normal to 2 and by Bx(0,r) the closed ball of a metric space X centered on 0

of radius r.

We pose the following assumptions.

Assumption 1.1 (a) a, b,b,c,¢,d e ELOQ(Q)(O, M),

(b) A,B,C,D € Bpo(q)n(0, M),

(c) w C Q) satisfies Ow NON =~ and |y| #0, and w is of class C?,

(d) |B(z)-v(x)] #0,  xen,

(e) B€ C*@)", Aec CHw)" and b € C*(W),

() |U0), |[V(-,0) >80 on Qr with some constant 5y > 0,

@) 10 lo@mys 17l < M.

(W) 10Nl orys 1V lles(ory < M.

If the functions and the coefficients appearing in (1.1) satisfy sufficient smoothness and compati-
bility conditions, then Assumption 1.1 (g) and (h) are satisfied. By Ladyzenskaja, Solonnikov and

Ural’ceva [27] for example, we can describe such conditions, but we are interested mainly in the

inverse problem and we will not exploit these conditions.

Our first main result is the stability in determining the reaction coefficients b, ¢ :

Theorem 1.2 Let § € (0,T) be fizred. We suppose that Assumption 1.1 is satisfied and that

(U, V)(-,0) = (U,V)(-,0) in Q. Then there exists a constant > 0 such that

16— Bll20) + lle = @iz < & (19:0 = D)l + 1T = Tllyy2a ) (1.2)



The key ingredient to these stability results is a global Carleman estimate for system (1.1).

Since the pioneer work of Bukhgeim-Klibanov [7], Carleman estimates have been successfully used
for the following problems:

(i) the uniqueness and the stability in determining coefficients: Especially for parabolic equations,
see Benabdallah, Dermenjian and Le Rousseau [5], Benabdallah, Gaitan and Le Rousseau [6],
Imanuvilov and Yamamoto [15], [17], Imanuvilov, Puel and Yamamoto [19], Isakov [21], Klibanov
[23], [24] Klibanov and Timonov [26], Yuan and Yamamoto [32] and the references therein. For
hyperbolic problems, among many works, we restrict ourselves to a few works such as Imanuvilov
and Yamamoto [16], Isakov [20], [21], Klibanov [23], Klibanov and Timonov [26] and see the refer-
ences also in Isakov [21] and Klibanov and Timonov [26].

(ii) observability inequalities and related estimates: see Fursikov and Imanuvilov [9], Imanuvilov
[14], Isakov [20], [21], Kazemi and Klibanov [22], Klibanov and Malinsky [25]. Furthermore the
exact controllability of linear systems is equivalent to the observability of the corresponding ad-
joint system and we can refer to [9], [14]. Imanuvilov and Yamamoto [17] discuss the global exact
zero controllability for a semilinear parabolic equation. Also see Ammar-Khodja, Benabdallah and
Dupaix [2], and Ammar-Khodja, Benabdallah, Dupaix and Kostine [3], [4], Gonzalez-Burgos and

Pérez-Garcia [12] for semilinear parabolic systems.

Apart from the last previous works quoted, the existing Carleman estimates require observations
of all the components when we will discuss inverse problems for a system such as (1.1). It is very
desirable to establish the stability for inverse problems for a 2 x 2 parabolic system by means of
only one component, because for a reaction-diffusion system and a prey-predator system, it may be

frequently difficult to observe the both components. There are not many papers devoted to such



inverse problems for 2 x 2 parabolic systems, and we can refer, for instance, to Cristofol, Gaitan

and Ramoul [8].

The article is organized as follows. In Section 2 we derive a new Carleman estimate for system (1.1).
In Section 3 we prove the stability result. In Section 4 we will remove Assumption 1.1 (f) on
positivity of U,V at a time 6 > 0. Section 5 is devoted to some comments and open problems. The
appendices provide technical proofs of lemmata stated in Sections 2 and 4. We want to point that
the Carleman estimate proved in Section 2 implies a new approximate controllability result for a
2 x 2 reaction-diffusion-convection system with one localized control. As it will be seen in Section 5,

this result can be extended to a 3 x 3 reaction-diffusion system.

2 Carleman estimate

2.1 A Carleman estimate for a 2 x 2 system by extra data of one compoment

Let (aij)1§i7j§2 (S LOO(QT) and (Aij)lgi,jSQ S LOO(QT)n. Let Uup, Vo € LQ(Q) and f,g € L2(QT).

Consider the following reaction-diffusion system with convection terms :

ou=Au+a;1 u+apv+A11-Vu+As-Vo+f in Qp,

Ov=Av+as; u+ag v+ Az -Vu+ A -Vo+g in Qp,
(2.1)

u=v=20 on X,

u(+,0) = ug, v(-,0) = vg in Q.
Uniqueness existence and stability results in solving an initial value-boundary value problem (2.1)

can be proved by the semigroup theory for example (e.g., [27], Pazy [30], Tanabe [31]). In particular

it admits a unique solution (u,v) € C([0,T]; L*(Q))? N L%(0, T; H} ().



Our main interest is to derive a Carleman estimate of (u,v) solution of (2.1) by solely observing u

in w x (0,7"). We make the following main assumptions :

Assumption 2.1 (a) Let w C Q with Ow NI =~ and |y| # 0.
(b) ’AlQ(x7t) ’ V(.CU)‘ 7é 0, (.’L’,t) €, with Yr =7 X (OaT);

(¢) |1Av2ll(c2@myns llar2lle2@z), 1Al @rn < M, where M > 0 is an arbitrarily fived constant.

In the sequel x will denote a generic constant and their values may change from a line to others.

The dependence of xk on s will be specified.

In this section, we prove:

Theorem 2.2 Let 7 > 1 and w C  be a subdomain such that w C Q. Under Assumption 2.1,
there exist oy, € C2(ﬁ) with a, > 0 on Q and two positive constants sy and k which depend on
T,M,Q, w, 7 and the L>-norms of a;j, A;j, such that there exist positive constants k1(s,7) and k

such that the following Carleman estimate holds

/ (50)7 e (|0pul® + 00 + |Aul* + [ A0 + (sp)?|Vul* + (s0)*| Vol + (s0) ul® + (sp)*[v]?)

Qr

< w1 (s, 7)(ullfyza, y + 1 IF2n) + 5 [ (s0)7e 2 (1 F1 + |gI?)
W2 ( T) O

T

for all s > sg and any solution (u,v) to (2.1). Here we set

ay () 1

ma p(t) = m (2.2)

nw(xv t) =

This is a Carleman estimate for a 2 x 2 system with extra data in wr of only one component. In
[2] and [8], it is assumed that A;; = A1z = 0. In that case, the proof can be completed by directly
substituting v by means of u in wp. By the first-order coupling, we extra need Assumption 2.1 (a)

and (b).



Proof of Theorem 2.2 First we prove

Lemma 2.3 Let w C 2 be a subdomain and 0w N O =~. We consider

zn:pj(:):,t)ﬁju(x,t) +q(z, t)u(z,t) = f(z,t), zecwCQ0<t<T. (2.3)
j=1

Here pj,q € L>=(0,T;CY(Q)) for1 < j <n. We setp= (p1,....,pn) and let v(z) = (v1(z), ..., vn(z))

be the unit outward normal vector to Ow at x. We assume that
Ip(x,t) - v(z)| #0, rewy, 0<t<T. (2.4)

Let u = u(w,t) satisfy (2.8) and uly .y = 0. Then there exist a subdomain W' C w and a constant

Kk > 0, which is dependent on p and q and independent of f, such that

lull 2y < BlfllL2er)-

Proof of Lemma 2.3. We set = (21,...,xy,) = (¢/,2,) and y = (Y1, .., yn) = (¥, yn). Without

loss of generality, we can assume that
w={(z,z,); h(z) < xp < h1(2)), 2] < p}

and v = {(2/,2,); 2, = h1(2'), |2'| < p}. Here p > 0 is sufficiently small and h, hy € C%({|z'| < p})
satisfy h = hy on {|2/| = p}. We change independent variables ¢’ = 2’ and y,, = x,, — h(z’). Then
w is transformed to

={(W yn); 0 <yn < (h1 = h)(@), |y] < p}-

Set ﬁ(yat) = U(.Z’,t), ﬁ(y7t) = p(x,t), a(z%t) = Q(xat)a fN(y7t) = f(.%',t), f1 = {(y’,O); ‘y/| < :0} and
Ty = {(v/, yn); ¥n = (b1 — h)(¥), [y/| < p}. Then 8% =T, U Ty,

3u

ij yv Y, )



+?(y,t)$(y,t) +q(y, )y, t) = f(y,t), ye®,0<t<T (2.5)
where
7y, t) = Pnly, t ij (y,1) ah y,t),
and
Wy ynt) =0, yn=(hai=h)y), || <p, 0 <t <T. (2.6)

Moerover v(x) is parallel to (O1h(z'), ...., Op—1h(2’), —1) on {(2', z,,); x,, = h(2'), |2'| < p}. There-
fore, in terms of (2.4), without loss of generality, we can assume that there exists a constant § > 0

such that 7(y/,0,t) > 2§ for |y/| < p and 0 < ¢t < T. We choose p > 0 sufficiently small, so that
T(y,t) > 6, yew, 0<t<T. (2.7)

Let v(y) = (71(y), ..., Un(y)) be the unit outward normal vector to 0w at y. Then v(y) is parallel

to (0,...,0,—1) for y € I'; and to (—a(}gfyjh)(y’), s —%Z:?) (v), 1) for y € Ty.

Hence, by choosing hy, h such that [[h1 — hl|c1(qy|<,y) is sufficiently small if necessary, by (2.7) we

have
I1 © {y € 005 X5 By (0. 075 (y) + 7y D y) < 0} (28)
and
a(,t)=0 onTy, TsC {y € 0w iﬁj(y,t)ﬁj(y) + 7y, ) (y) > o} : (2.9)
iz

For the proof of the lemma, it suffices to prove a Carleman estimate for (2.3), whose proof is similar

for example to Lemma 3.2 in [18]. We set

n—1 ~ ol

~ o~ ~ ou - U

Pyu = Pu — qu = ij(y,t)a—y(y,t) +7(y, ) 5—(y, 1),
j=1 J



w=w(-t) =u(-,t)e and Qu = e*¥» Py(e*¥»w). Then
Qu = Pyw — s7(y, t)w
We arbitrarily fix ¢ € [0,7]. Hence by integration by parts and (2.6) - (2.9) we obtain
[ 1Reray = [ |Quidy
w w
5112 2|~ 2 ow |
- HPOwHL2($) +s HT('7t)wHL2($) —2s ij +7a@ rwdy
n—1

- 2 2
32/~F2w2dy—s/~ Z@Fal +anw ) dy
n—1 ~ ~ ~9 n—1
9(p;T) + (97“) w?dy — s (/~ + ) (Z DjVj —i—run) w?dS
A T,

Vv

[V AV
vy vy
~ Sy
T &
/;’\ gw
| &
Cn‘E T
~_ o
gw EZ\
& —

Henceforth x; > 0 depends on maxi<;<y, HijCI@) and w. Hence we have
52/~|ﬂ|2e2sy"dy < mg/N\f’oﬂFeQSy"dy
w w
for all large s > 0. Since

/~|ﬁ0ﬁ|2€25yndy§ 2/~|ﬁa|2628yndy+2/v’Ejﬁ|262syndy
w > =

< 2 /~|ﬂ?e23%dy+2uqug@ [ ey,
w w

by choosing s large such that 2~ — 2||q||2 2 2 we have

ﬁﬁmwwws@ﬁm%%@
w w

for all large s > 0. Since 1 < e*¥n < e for y € @ where kg = |[h1 — hllc(y|<p}), for all
large s > 0, we fix s > 0 large and we have Hﬁ(-,t)HLg@) < /<a5||f(-,t)HL2@). By integrating over
€ (0,T), the proof of Lemma 2.3 is completed.

10



By (2.1), we have
Ay -Vo+agu=0u—Au+ay; u+ Az .Vu+ fin wp

and

v=00n 00 x (0,T).

In terms of Assumption 2.1 (b), we apply Lemma 2.3 so that we can choose a subdomain w’ C Q

such that

ol z2uy) < Allullyz s + 171 20y, (2.10)

T
By [9] and [14], for ', there exist B, € C?(Q) with 3., > 0 on Q and two positive constants sg
and k, which depend on T,(Q, o', 7 and L* norms of a;j, A;j, such that for all s > s, there exist

positive constants x1(s,7) and k such that

/ (sp)7 e (|0pul* + | Aul® + (sp)°|Vul® + (sp) ul?)

Qr

< Ii/ (sp)Tefzsfﬁw/]algv—kAlg~Vv+f\2+f£/ (Sp)r+3672857vw/|u|2
Qr wy

T

and

/ (s0) e (10| + |Av]* + (s0)*| Vol + (sp)[0f)

Qr

< m/ (sp)Te_Qsﬁw’ lagiu + Agy - Vu + g\z + H/ (sp)”?’e_%%’ ]v\z
QT w’

T

for all large s > 0. Here and henceforth we set 7 (x,t) = ﬁle(—mt)) Adding them and choosing s > 0

sufficiently large to absorb the terms of w, v, Vu, Vv on the right hand side into the left hand side.

Hence

/ (50)7 e (|0ul® + |0p0]* + | Auf® + | Avf® + (5p)°[Vul® + (sp)?|Vol* + (sp) ul? + (sp)*[v]?)

T

11



< [ (ple (S o) 4 n [ (50 (uf? + o)
T w

5~

for all large s > 0. Moreover we have |(sp)™3e 25| < ky(s,7) on Q7 by B > 0 on Q. Hence

[ o9 (uf? 4+ 10f?) < s, 7) (g + ol )
W

Apply Lemma 2.3, set a, = (3, and note by ' C w that HuHI%VQQJ(%) < HUH?/V;J(MT). Then the

proof of Theorem 2.2 is completed.

3 Proof of Theorem 1.2

Let us recall that (U, V) satisfies (1.1) and (U, V) satisfies system (1.1) where b, ¢, Uy, Vo are replaced

by 5, c, ﬁo, Vo respectively.

We set

Then (u,v) satisfies
du=Au+au+bv+A-Vu+B Vo4 (b—bV,

dv=Av+cu+dv+C-Vu+D-Vo+ (¢c—&)U in Qr,
u=v=20 on X

and

By Assumption 1.1, we can assume that |U(z,t)],|V (x,t)] # 0 for all (z,t) € Qr by taking T > 0
sufficiently small if necessary. Moreover we can assume that 8 = % Because we take small § > 0

12



such that 0 <0 —3§ <0 <0+ <T and we can replace w x (0,7) by w x (0 — 6,0 + §). Shifting ¢

by t — (6 — ), we can set § = § and T = 20.

Setting
u v ~
ﬂzf, 27:7, :b—b, :C—g,
|4 U ! g
we have
875&:A?j—‘ranﬁ—}—algﬁ—l-Alg-Vﬁ—i-AM'Vﬁ—i-f in Qp,
6t5=Aﬁ+a21ﬂ+a225+A23-Vﬁ—i—Am-V@—i—g in Qp,
where
oV AV \va% U VU
all] = a — t~ 4+ —=—4+A-—, app=b=+B-—,
|4 Vv 14
2VV
A=A+ —,
13 Vv
Ais(z,t) = B= = B(x)W(x,t),
vV YV oU AU VU
CL21—C~+C~, a22:d_tT+T+DT
U U
and
v 2vVU
A :CT, A :D+ ~ .
23 o 24 i
Let

y =0, z= 0.
Since b, ¢, 5, ¢ are independent of ¢, we obtain
O = Ay +any +azz + A3 - Vy + A1y - Vz

+(8ta11)ﬂ + (8,5@12)5 + (8tA13) -Vu+ (8tA14) - Vo,

13



Orz = Az + a0y + agoz + Az - Vy + Aoy - Vz
+(0rag1)u + (Opaze)v + (03 A23) - Vi + (0pAzq) - VU (3.4)
y=2=0 on Y.
First Step. In terms of y, we estimate an L?-norm of z in a subdomain of . Since @(z,t) =

[y y(z,€)d¢ and ¥(z,t) = [; 2(x,£)dE by U(-,0) = 3(-,0) = 0, we rewrite (3.3) as

B(x) - Va(x,t) + bi(2)2(x, £) + Wi (2, £) B(x) - /0 "V, €)dE + ba(z. 1) /9 . )de

~ i (o0 = 2060 onplent) — g Wy = @) [ o, — @i - [ Tuo, )

= Q(y)(x,t) rew, 0<t<T. (3.5)
Here we set
_apa(x, _ Orara(w,t) oW (x,1)
bl(fL‘,t) = W(.CI?, ) s bQ(:E,t) = 7W(.%’,t) s Wl(ZL‘,t) = 7W(.%’,t) .

We will estimate z in a subdomain ' of w by means of (3.5), and the argument is similar to
Lemma 2.3 but we need a special weight function for treating the integral terms fet Vz(zx,&)d§ and
[y 2(z, €)d¢. First we show

Lemma 3.1 Let T = 20 and let ¢ € C[0,T?] and let us assume that there exists a constant kg > 0

such that %%(t) < —kg fort € [0,T%. Then

r

2~ e T ~ 2
255((1-0) )dt§4 / 1g(1)2e257(=07) gy
SKko Jo

[ steie

The proof is given by Klibanov and Timonov p.78, [26].

14



Henceforth we choose 3(t) = —t and we set ¢1(t) = @((t — 0)?) = —(t — #)2. Then the conclusion

of Lemma 3.1 holds true.

We set

w(z,t) = z(z,t) + Wi(z,t) /etz(x,f)df, reN 0<t<T. (3.6)
Then direct calculations yield
t t
B(z) - V() = Q(y)(x,t) — bz — bg/@ 2z, €)dE + (B - vwl)/e A, 6)dE inwr. (3.7

Henceforth x; > 0 denote generic constants which are dependent on M, dp in Assumption 1.1 and

independent of s > 0. In terms of Assumption 1.1 (d), we can apply Lemma 2.3 to obtain

52/ |w(:n,t)]2€2w0(x)d$§/‘i1/ ‘Q(y)(x,t)|2628‘p0($)dx

+ m/ \z(x,t)]QeQS“"O(x)dx—i-m 2S“’O(’“”al
w! w

(a: £)

for all large s > 0. Here and henceforth we set po(z) = z,, — y(2').

Hence by Lemma 3.1, we have

§2 /T/ |w($,t)|2€2$(%($)+%(t))d$dtS K1 /T/ Q(y)(x,t)|262s(é00($)+901(t))d$dt
0 w’ 0 W'

|
T T t
N m/ /’Z(x’t),QeQS(SDO(I)-i-SOl(t))dxdt_|_Hl/ (/ / 2z, )
0 w’ w’ 0 (%

e2splt dt) e25%0() gy

< / Q) D@ O dadt + ry / (e, )220 O) iy
+ K1 T |z(x,t)|2625(‘p°(”")+"91(”)d:ﬂdt. T
5 Jup
Consequently
sz/w 1)[2e25(0@+01(0) gy < l{QeQSNgHyH‘Q/V;J(w%)
+k2 / z (@, )Pttt gt (3.8)
wr

15



for all large s > 0. On the other hand, (3.6) and Lemma 3.1 yield

2
/ |2z, £) 2250 @ +01(0) gy gy — / 25(i00(2)+01(1)) g it

/
W

w(w, t) — Wiz, 1) /tz(a:,t)

< / 2@+ gyt + gy / / Cw, t)de| 0@ ) gy
Wl wh 1/6

< / (2, 1) 22 (P0@He1 () gpap 4 55 / |2(x, £) 2250 @+01(0) g gy
Wi S Juw!

T

for all large s > 0. Hence choosing s > 0 sufficiently large, we have

/ |2 25(p0(@)+%1(1) Jpdt < 56/ ‘w(x,t)|2623(@0(x)+‘p1(t))dxdt (3.9)

W

for all large s > 0. Substituting (3.9) into (3.8) and fixing s > 0 sufficiently large, we obtain

HwHLQ(w}) < H7en7s||y||W22’l(w’T)'

Hence by (3.9) we have

HZHL2(w%) < K8€K7S”Z/HW22»1(UJ%)- (3.10)

Second Step. We will estimate ||Vz| 12, x(5,7—s)) Where w1 C w and J > 0. For it, we use the
interior regularity estimate for a heat equation (3.4) in z. Let us recall that p(t) = ﬁ Setting

Z(x,t) = e PWz(x,t), we rewrite (3.4) as
0 Z(z,t) = AZ(w,t) — p/()Z(x,t) + ageZ + Agy - VZ

t t
+(6ta22)/ e/)(f)_ﬂ(t)g(x’ £)dE + (0, Azy) - / ep(f)—p(t)vg(x’ £)dé
0 0

t t
+e0 (any + Ay Ty + Guann) [ y(a, Od6 + @) - [ Vol ) ). (3.11)

16



We choose subdomains w1, wy of C* class such that w; C Wy C wy C Wy C ' and choose x € Cl(g),

> (0 such that

, T € wi,
0, zeuw\ws.

Moreover we can take x satisfying

[Vx(@)[”

<kg xTEW 3.12
x(z) ? (3.12)

(e.g., p-414 in Lions [29]). Multiplying (3.11) with xZ and integrating over v’ x (0,7, we have

T T T
5 / / 22 dxdt = / / x|VZ2dzdt — / / V- 2VZdadt — / / xp' (t)e= 20|22 dxdt
w’ 0 0 0 w’

/ / a22|z] X + Agq - VZx2) da:dt+/ / (Orage) Xz (/ eP©)—p (w §)d§> dxdt
0

//(%AM Xz(/ ep(g)_p(t)vz(az,g)d§>d:ﬁdt
w 0

/ / Dxz (amy + A23Vy + (Oraz1) / y(z,£)dE + (0r Azs) / Vy(x f)df) dxdt.
By the Cauchy-Schwarz inequality and (3.12), we have
[Vx-2Vz| =

1 -
< §X|vz|2+

|22

SN

VAVZ

Vx 2|V
X

and

- - - 1 - -
‘A24 . XEVZ| = |\/¥VZ . A24\/)><Z’ < §X|VZ|2 + 2‘A24’2X‘Z|2.

Hence, since z(-,0) = z(-,T) = 0,
sup |p/(t)e V] < oo

0<t<T

and p(&) — p(t) < 0 if £ is between 0 and ¢, we have

T 1 T
/ / x| VZ|2dzdt < Z/ / x|VZ|2dzdt
0 w! 0 w’

17



/0 t a, £)de| dadt

+ mo/T/ (22 + |22 dwdt + k1o /()T/wlm
H1o/ /x|z|/m5d5
o [ [ s+ 1900 + 21 (| [ vte 0| + | [ 9yt ae] )} ot

Moreover the Cauchy-Schwarz inequality yields

[ [ xzteol| [ vat e
/OT/W/ VX|Z(z, t)| (/OT \/@|V§(m,§)‘d§> dadt

I/ (8}2 [ vaIvae gl

T T 1 T
27 / / 3z, t)Pdwdt + / / - / |V, €)2dédadt
0 Juw 0 Jw 8T Jo
2 [T = 2 LT 3 2
o / / 2z, 1) dxdt+§/ / |V, ) 2dwdt.
0 w’ 0 w’

dxdt

dxdt

IN

2
+ 2T2Xz(a:,g)y2) dxdt

IN

IN

Hence

8/ / x| VZ(z,t)|*dxdt
=12 2 T 2 2
< w0 G et [ [ (ol 9P

Let § > 0 be fixed sufficiently small. Then |VZ(z,t)| > k12(0)|Vz(x,t)| for 6 <t < T — 4. Since

x = 1 in wy, we have

T-6
| [ 19sPdedt < kis) 2130 + 92005 o)
w1

By means of (3.10), we obtain

12120501 (wr)) < w14 Yllyy21 (0 - (3.13)

Third Step. We apply Theorem 2.2 to (3.3) and (3.4) for ' C Q and (6,7 — J). We set

B Qg ()
@) = =T —s=1)

18



Using also (3.13), we obtain that there exist two positive constants sg and x such that for all s > s,

one has
L 607 e 0P AG P AL (02 W+ (5T 50) )t
< ks /(s H /Q (Bran )T + (Pra12)T + (B1Arg) - Vi + (94 Ara) - VO 2e 2 dadt
s /5 ~ /Q |(ya21 )T + (D) + (9 Asg) - Vi + (9 Asa) - VI )e 2 Ndadt
16 913,21 s

t

+mna(s) () | (e, €)d + (Da12) [ #te. 00+ @) - [ Uyle, €)de

2

t
(0 Aw) - /9 Ve, €)de

L2(w' % (6,T—5))

t

+r16(s)|| (Bran) /e (. E)dE + (Dyan) /9 2, €)dé + (D, Asz) - /9 V(e €)de

2

t
(8, Aoa) - /9 Ve, £)de

L2(w' % (6,T—5))

T—6
< '“515/5 /Q |(Ora11)T + (9ra12)v + (04 A1) - Vi + (94 A14) - VO 2e 2 dxdt
T—6
+K1s /6 /Q |(Oraz1 )t + (Orana) + (9y Agz) - Vi + (8; Aaa) - VO|?)e 2 ddt
2
+r16(8) [9lly 21,y (3.14)

for all large s > 0. In order to improve inequality (3.14), we use the following lemma. ([24] ,

Lemma 3.1.1 in [26]).

Lemma 3.2 Let 0 = % There exists a positive constant k17 such that

75 kin [T-0
*28’7d:1;dt < —/ / lq(z,t)[2e™ 1 dxdt
s Js Q
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for s > 0.
Proof of Lemma 3.2 The proof is similar to [24], Lemma 3.1.1 in [26]. We have

T—6
e 2 dxdt

_// QSnd:Edt—i-//Td/ (z,€)

It is sufficient to estimate the second term because the estimation of the first term is similar. By

q(z,€) dg e 2N dxdt.

the Cauchy-Schwarz inequality, we obtain

//TJ/ —QS”d:Udt<//T 6t— </ |q$£|d£> =25

//T B 2af(x)6_t) (@, 1) </9t|fJ(Jf7€)l2d£) e~ 2N dudt.

2(t — )y ()
(t—00)2(T—-06—1t)?

Here we used

87577(377 t) =

Noting that a,(z) > 0 and 9n(z,t) >0 for z € Q and § <t < T — J, we have

/Q /QT_(S < /9 th(x,€)|2d£> e™*Ndxdt < Kl /Q /9 o < /9 t|q(:c,£)|2d§) (Om(x, t))e 210 dadt
/<¢17//T 5(/ 4z, €) 2d§> /(e 25’7xt)da:dt.

—2sn(2,T=0) — (), the integration by parts implies that the right hand side is equal

By noting that e

to
75
il / / o(, )20, (e~ 2@ dad.

Thus the proof of Lemma 3.2 is completed.
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Since u(z,t) = fet y(z,£)d¢ and v(z,t) = fgt z(x,€)dE, by a direct application of this lemma, the

first integral on the right hand side of (3.14) can be absorbed into the left hand side. Hence

T-6
L { (0uyl? + 100212 + | Ayl + 1821) + sp(Vyl? + [V21) + 56 (lyl? + |zrz>}e28"dxdt

< mp($) (10U = 0) 2y + 10 = Ullya )

for all large s > 0. We choose tg > 0 sufficiently small such that § < tg <0 <T —ty <T — 4, so

that

T—tg
/t / { (02 + 10u2]? + | Ayl? + |A22) + sp(|Vy[? + [V2]?) + s> (ly)? + |z|2>}e—28"dxdt
(0]

< k1e(8) (10U — U)H%;V;J(WT) + U - ﬁ“%ﬁ/f’l(wT))'

Since %6_2877, pe= 2 > ko (to, 5) on Q x [tg, T — to], we fix s > 0 sufficiently large, so that

~12 ~12 ~112 ~112
HUHHl(tO,Tfto;HQ(Q)) + HUHHQ(tO,Tfto;L%Q)) + HU”Hl(tO,TftO;HQ(Q)) + ”UHHQ(tO,TftO;LQ(Q))

V12 77112
< m6() 10U = D)2y + 10 =T,
By the trace theorem, we have

106 (-, 0)|[72 () + 1000, O 20y + I1GC O[22y + 19C, 072

712 7712
< ri6(8)([|0:(U — U)HW22,1(UJT) +||U — UHWQQ,I(WT)).
Since f and g satisfy (3.1) and (3.2) at t = 6, we see that
16— BllZ20) + lle = @iz < 510U = D)fy2a (10 = Ul

Thus the proof of Theorem 1.2 is completed.
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4 Removing the positivity assumption

For the stability in our inverse problem, the non-vanishing condition Assumption 1.1 (f) is crucial
and does not hold automatically. We are going to prove that one can realize this assumption by a

suitable control.

Let m € N be fixed such that

% >n (4.1)
We assume that
a,b,¢,d, A, B,C,D € W¥"2>(Q). (4.2)
We set
~ Ll (’U,, U)
L(u,v) = L(a,b,¢,d, A, B,C, D)(u,v) =
LQ(U,’U)
Au+au+bv+A-Vu+B-Vo
Av+cu+dv+C-Vo+D-Vo
and
2
D(L) = (H*(2) N Hy(2)) .
For h € L2(wr), let (U, V) := (U(Uy, Vo, h)(-,-), V(Uo, Vo, h) (-, -)) satisfy
at(ﬁv ‘7) = _L(avga E) d7 A, B, Ca D)((7¢ ‘7) + (tha 0) in QTa
(U, V) =(0,0) on Sp, (U,V)(-,0) = (Up, Vo) in Q. (4.4)

By (U, V) we denote the solution to (4.4) with b, ¢ replacing b, &. Our main result in this section is

the following :
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Theorem 4.1 Suppose Assumption 1.1 except for (f). Let wy be a neighbourhood of OQ such that
WCw andletb="b and ¢ = ¢ inwi. Let (U, V)(-,0) = (U,V)(-,0). Then there exists h € L?(wr)

depending on a,g, ¢,d,A,B,C D, %7 VB and w, such that there exists a constant k > 0 such that
16— Bllaqey + lle = ellaey < £UIOKU — D)l + 10 = Ullyzag,y)  (45)

for arbitrary b,c, U,V satisfying Assumption 1.1 (a), (e), (h).
The rest of this section is devoted to the proof of Theorem 4.1.

First Step. First we prove
Lemma 4.2 Let Assumption 1.1 except for (f) hold and let b = 5, c=¢ inwy. Then there exists
h € L*(wr) such that

T, 0), [V(,0)]#0 onQ\w. (4.6)

In this step, we will give the proof of Lemma 4.2, which is based on the approximate controllability

and our Carleman estimate Theorem 2.2.

Taking M > 0 for a,b,é,d, A, B,C, D, and setting U; = e M0 and V; = e~ MV, we have
OUL = AUL+ (a = M)UL +BVi + A- VUi + B - VVi + e Mix b

and

Vi = AVy + U + (d— M)Vi + C - VU, + D - VV;.

Consequently, by choosing M > 0 sufficiently large, the integration by parts yields

(L + MI)(u,v), (u,0)) (22 = Fll(w,0) [Er e, (w,v) € D(L).
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Therefore with fear of confusion, we may denote « — M and d — M by a and d respectively. Then

[[(ws V)l @)z < FallL(w, v)llz2@)2s  (w,v) € D(L). (4.7)
Here and henceforth x; > 0 denote generic constants which depend on Q, M, [ally2m—2.0(q),

B[ vp72m—2.00 (@2)» [l wam—2.00 () ldlliw2m—2.00 (), 1Al wr2m—2.00 () 1Bl wrzm—2.00 () |C | wr2m—2.00 ()
[ Dl (w2m—2,00 (2)n. We can prove

Lemma 4.3 Under assumption (4.2), there exists a constant ke > 0 such that

[(w, 0)ll(r2m ))2 < F2ll L™ (u, 0)|(r2(0))2,  (u,v) € D(L™).

Proof of Lemma 4.3 The proof is done by the classical regularity property for the Dirichlet
problem for the Poisson equation (e.g., Theorem 8.13 in Gilbarg and Trudinger [10]) and given

here for completeness.
We recall (4.3) and we set Q(u,v) = (Q1(u,v), Q2(u,v)), Q1(u,v) = au+bv+ A-Vu+ B-Vuv and

Q2(u,v) =cu+dv+C-Vu+ D-Vu. Let (u,v) € D(L™). By the elliptic regularity (e.g., Theorem

8.13 in [10]) in the Dirichlet problem for Au = f, we have

[ull 20y < Fall(=L1 = Q1) (u,v)||L2(q)
and
[0l 20y < Kill(=La — Q2)(u,v)|L2(q)
so that
[ (w, v)[l(m2))2 < Kol L(ws v) || (z2@))2 + Kol (v, v) |1 ()2
Hence by (4.7), we have
(s V)| (zr2 )2 < K3l L(u, v)[|(z2 ()2 (4.8)
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Again the elliptic regularity yields
| (ws V) [[(m3(0)y2 < Kall(Au, Av)|| (1)) + Kall(w, v) || (22(0))2
< k1| (=L = Q) (w, v)[[ ()2 + w1l (w, v) [l (z2(0))2
< Kl L(u, )| (a1 (@y)z + Kl (w, 0)] (2(0))2- (4.9)
On the other hand, we have L(u,v) € D(L) and apply (4.7) to L(u,v) to have
1L (u, 0) |1z < mall L2 (u, 0)]l 1202

Applying this and (4.8) to (4.9), we obtain

(s )l a3 ()2 < KallL? (1w, 0) | r2(0))2-
Repeating these arguments, we can complete the proof of Lemma 4.3.

Moreover by [30] and [31] for example, we see:

Lemma 4.4 The operator —L generates an analytic semigroup in (L*(Q))2.

There are no general result on the approximate controllabilty for parabolic systems with controls
of a restricted number of components and see e.g., [2] and [28] as related works. For controllability
for systems, see [2] - [4], [11] - [13]. Next we will prove the approximate controllability with control
Xwh to only one component. This is the approximate controllability for a 2 x 2 system by only one

component control.
Lemma 4.5 For any ¢ > 0, (Up, Vo) € (L2(Q))2, (U1, V1) € (L3(Q))2, and any to € (0,0), there
exists he € L?(wr) such that

1T (To, Vo, h) (- t0) — Unll 2oy + IV (Uo, Vo, B) (-, t0) — Vil r2ge) < &
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Proof. Consider the following reaction-diffusion-convection system :
du = Au+au+bv—V - (Au) — V- (Bv) in Qr,

ov=Av+cu+dv—V-(Cu)—V-(Dv) in Qr,
u=v=20 on Y. (4.10)

The approximate controllability is equivalent to the uniqueness: Let u, v satisfy (4.10). Then u =0
in wy implies u = v = 0 in Qp (e.g., Zabczyk [33]). This uniqueness follows from Theorem 2.2 by

replacing the coefficients in (2.1) suitably and verifying Assumption 1.1 (d).

Now we will complete

Proof of Lemma 4.2 The proof is be done in three steps. Henceforth for fixed ((70,%), by
(U, V)(h) we denote (U, V) (U, Vo, h).

Existence of a control in L?(w7)

Let us arbitrarily fix (U7, V1) € (HZ™2(Q))? satistying |Uy], |[Vi] # 0 on @ \ w;. Then for any & > 0

and any 77 € (0,6), there exists h. € L?(wr,) such that

1T, V) (he) (- T1) = (U1, Vi)l 2 @yy2 < e (4.11)

A more regular control

By the density of C*°(wr,) in L?(wry), for any § > 0, there exists h. 5 € C°°(wyy) such that

Hhe —hes ‘LQ(le) <. (4.12)
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Therefore

< 14355.

- - - - T
(U, V)(he) (-, T1) — (U, V) (e s) (- T)ll (2 ()2 = H/ e~ M=y (he — heg)(s)ds
0 (L2(Q))?

Use of the time regularizing effect

By (4.11) and (4.12), we obtain
(T, V) (he) (-, T1) = (U1, Vi)l z2(0yy2 < € + K50 (4.13)
Since —L generates an analytic semigroup in (L%(92))?, by e.g., [30], [31], we see that
e T, V) (hes) (-, T1) € D(L™)

and

1L =TT, V) (hes) (- Th) — e O TOH T, V)]l 1202
< k(0 — T0) [T, V) (hes) (- Th) = (U1, Vi)l 22 < k60 — Th) ™ (€ + kis6).
Extending he s(-,t) = 0 for t > T, we have
e TN, V) (hes) (- Th) = (U, V) (e s) (-, 0),
and so
IL™(T, V) (he 5)(-,0) — e~ O"TOET, V)] (12(0))2 < K6(0 — T1) "™ (e + k50). (4.14)
Moreover as (U, V1) € D(L™1), we have

L™ e~ C=TOE(T, Vi) — (O, VOl 2z < kell(e”O~T0E — DL™(T1, V) | (2202

97T1 d - ~ H*Tl ~ ~
< Hﬁ/ d*(e_nL)Lm(Ul,Vl)dU SHG/ e "L (U, Vi) dn

0 " (L2(0))2 0 (L2(0))2
< w6(0 — T L™ (T, V)l 202
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In terms of (4.14), we obtain
1™ (U, V) (he,s) (-, 6) = (U1, V)]l z2 (@2 < k(6 = T1) ™" (¢ + r50)

+ke(0 —T1)||Lm+1([71,‘71)||(L2(Q))2. (4.15)

For any ¢, > 0 and (U, Vi) € D(L™1), we choose Ty € (0,6) such that

5o (0 = TIL™ (00, V) ez < -
Then, with this 77, we choose £ > 0 such that
Ke(0 — T1)Me < %1
Finally with this h., we choose § > 0 sufficiently small such that
Kked < %1
Therefore (4.15) yields
1L (U, V)(he5)(-0) = (U1, VD)]ll 2 (@2 < e1- (4.16)

In terms of Lemma 4.3 and (4.1), by choosing ¢ > 0 sufficiently small for inf,cq\., U ()| and
inf,co\w, [Vi(z)], the proof of Lemma 4.2 is completed.
Second Step We will complete the proof of Theorem 4.1. Let h € L%(wr) be chosen in Lemma

4.2. We set

Then (u,v) satisfies

ou=Au+au+bv+A-Vu+B-Vov+ fV,
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dv=Av+cu+dv+C-Vu+D -Vuo+gU inQp,
u=v=0 on X, (4.17)

where

We consider the time derivative of system (4.17). Setting y = dyu and z = Jyv, we obtain
Oy =Ay+a(x)y+bx)z+A-Vy+ B -Vz+ fo,V inQr,
Oz =Az+c(x)y+dx)z+C -Vy+D-Vz+gdU in Qr,
y=2=0 on Y. (4.18)
Applying the Carleman estimate Theorem 2.2 to system (4.17) and using f = 0 in w;, we have

| o)t (0l + forf + Ay + AP
T
+(sp)?IVy* + (59)?1V 2 + (sp)*yI* + (sp)*|2[*)dacdt
< () w13 20, +m// =25 (| £,V 2 + |90, T |?)duxdt. (4.19)
2 (wr) Qr
Furthermore, for large s > 0, we can prove that

/ | f ()22 @D dgdt < o(1) / (@) e 2@z as s — . (4.20)
Qr Q

In fact, we can prove similarly to [15]. Recall that T = 26. Setting ¢(t) = (T —t), by (2.2) we

have 8(5?‘”) (2,0) =0, z € Q and

0 (—n.) - 20'(t)* — £(t)e"(t)
o (&t) = —au(2) IDE
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and

/ " o2
7(‘%25) — —Oéw(l’) 64 (t)(g(t)j(t()i) 4 (t) )’ ($’ t) c QT-

Therefore

0*(—nw) Kg
o =g

((L‘, t) € Qr

with a positive constant kg and

3 (—nw)
> <t < Q
553 (x,t) >0, 0<t<6,xzeq,
83(—%)
_ < <t < Q.
573 (2,t) <0, 0<t<T,ze€

Consequently by the mean value theorem, we can take ¢; such that ¢; is between ¢ and 6 and

2(_ 3(_
(e t) = ol 0) 4 5 T a0 P oy
< —no(z,0) — 2t3(;78_t)3(t 02, (z,t) € Q.

Hence, noting that kg > 0 and —ﬁ < —%, we obtain

T T

—2sm0(,t) gt < —28%(33,9)/ (_SHS t—6 2) dt

ke = o Pt
< e 2 (@0) /T exp (—m(t - 9)2) dt.

The Lebesgue theorem yields (4.20).

We have
o 0
[ty 0)F + 2@, 0) e 0 dn = [ = [y, + oG t) e dedo
Q Q 0

= /Q/Oe{2saw(l’)l)(t)2(T —2t)(Jy(z, t) > + |2(x, 1)|?) + 2(ydey + Zatz)}ef%n‘”(m’t)dtdx
<m0 [ 1) ute O + 126 D) + (30 (0 + 102, 1)) b2
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At the last inequality, we used
_1 1
lyowy| = (sp)” 20wy (sp)2y|

(sp) oI + Ko (sp)* [yl

N =

~ 1
(sp)"Howl* + = (sp)lyl* <

<
- 2

N | =

Hence, by (4.19) and (4.20), noting that f = g = 0 in wy, we have

[ty 0)F + 2w, 0)P)e 0o < we @)yl +oD) [ (@ +lg@)De >0 da
QO 2 ( T) Q\

w1

(4.21)

for all large s > 0.

On the other hand, since u(-,0) = v(-,0) = 0, we have y(z,0) = f(z)V(z,0) and z(x,0) =

g(x)U(z,0) for z € Q. Therefore, by (4.6) and (4.21) we obtain

w1

’fll/(’f(w)|2+!9($)|2)6728m(z’9)dﬂ7 < mr(s)[lyll52 +0(1)/ (1f @)+ lg(x)[)e 21 de
Q Wy (wr) o\

as s — oo. Taking s > 0 large and fixing, we absorb the second term on the right hand side into

the left hand side and the proof of Theorem 4.1 is completed.

5 Some generalization and comments

5.1 Identification of all the coefficients

Indeed we can determine all the coefficients of (1.1). For it, we need repeats of measurements by

choosing suitable interior controls. We choose m € N such that

>n+1
m 1175

We recall that (U, V) = (U(h)(-,-), V(R)(-,-)) satisfies (4.3) and that (U, V) = (U(h)(-,-), V(R)(-,-))
satisfies (4.3) where 5,5, c, c?, /Nl, E, C~’, D are replaced by a, b, c,d, A, B, C, D respectively. Then, with
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m > % + 1, under assumption (4.2) we can prove (4.16). Moreover, noting that H*™(Q) C C'(Q)
by m > % + 1 we can see that for any ¢ > 0 and (U1, V1) € (HZ™2(Q))?, there exists h € L*(wr)
such that

1T (R), V(A)(-0) = (U1, V)l ey < € (5.1)
Therefore
Theorem 5.1 Let w, a, a, b,g, ¢, ¢, d, J, A, ;1, B, E, C, 6’, D, D satisfy Assumption 1.1 and 'd,g, c, CT, ﬁ, E, 6’, De
W?2m:(Q). Letw; be a neighbourhood of ) such thatw C wy and let the coefficients (a, b, c,d, A, B,C, D)

and (a, b ¢,d, A, B,C, D) coincide in wi. Then there exist hi, ha, ..., hany2 € L?(wr) such that

U(hy) V(hi) 0 0 VU (hy) vV (h1) 0 0
0 0 U(hy) V(h) 0 0 VU (hy) VV(hy)
U(hg) V (hs) 0 0 VU (hg) VV (hg) 0 0
det 0 0 U(hs) V (hs) 0 0 VU (hg) VV (hy)
U(hont2) V(hanio) 0 0 VU (honi2) VV(hanso) 0 0
0 0 U(hani2) V(hone2) 0 0 VU (hanta) VV(honsa)
#0 z€Q\w, t=0 (5.2)

and we choose a constant kK > 0 depending on M, m,~,s,Q,w, T and hy, ..., hopto such that
lla — @l 20 + I1b = bll 20 + lle = Ell 2 + ld — dl 2y
+ (A=Al + 1B = Bllzz@yn + 1€ = Cllz@pn + 1D = Dllz2@y)»
<RIy - ﬁ(hmuwg,lw Uy - ﬁ(hﬂuw;lw))

for all (a,b,c,d, A, B,C, D) satisfying Assumption 1.1.

Example for Theorem 5.1:

32



Let n =1 and let p1,p2,q1, g2, g3 be constants such that p1ga — p2q1 # 0 and ps(x1), q4(x1) satisfy
(01p3)(x1) # 0 and 01qa(x1) # 0 for 1 € Q\ w1, and let g3 be an arbitrarily smooth function.

Then for z = x1 € Q \ w1, we can verify that

pi ¢t 0 0 Oip1 digr O 0
0 0 pr ¢ O 0 oipt O
p2 g2 0 0 Owp2 g2 O 0

det 0 0 po @ 0 0 op2 01qo (x) = ‘alp3($1)‘2’81Q4(x1)‘2(pIQ2 _pQQI)2 # 0.

ps qu 0 0 Oips Oge O 0

0 0 ps aa O 0 Oips Oiqa

Therefore in (5.1), we can choose ((71, 171) = (pj,qj), 1 < j < 4 to construct hy, ho, hs, hy satisfying

(5.2).

5.2 Carleman estimate for a 3 x 3 reaction-diffusion system with one observation
We consider now a 3 x 3 reaction-diffusion system
Opu(x,t) = Au(z,t) + ar1(z, t)u(z, t) + ara(z, t)v(z, t) + arz(z, t)w(z, t) + f(x,t) in Qp,
Ow(x,t) = Av(x,t) + a1 (x, t)u(z, t) + ag(z, t)v(z, t) + ax(z, HHw(x,t) + g(x,t) in Qr,
Ow(z,t) = Aw(z,t) + azi(x, t)u(x, t) + ase(x, t)v(z, t) + azs(x, t)w(x,t) + h(z,t) in Qp,

u=v=w=0 on Y. (5.3)

We will assume

Assumption 5.2
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(a) (aij)ij=13 € W>>(Qr), llaijlw2eo ) < M.

(b) w of class C?, 0w N O =~ and || # 0.

(c) ‘(Valg - 2Va3) - V’ #0 onvyx(0,7T).

(d) ai2,a13 € W3 (wy), HalQHW&M(‘UT)7 |’a13||W3*°°(wT) <M.

(e) a1z # 0 on Q.

We show a Carleman estimate with extra data of one component.

Theorem 5.3 Under Assumption 5.2, there exist a,, € C*(Q) with a, > 0 on Q and a constant
so > 0 which depends on T, M,Q,w, T and the L>°(Q2)-norms of a;j, 1 <i,j < 3 such that we can

choose positive constants k1(s) and k satisfying:
| oy 0l + 0 + 10w + 18wl + A0l + [Aw?
Qp
+(sp)?|Vul® + (sp)*|Vol* + (sp)*|Vwl® + (sp)u® + (sp)*v® + (sp)*w?)dudt

< wa(5) 2y + 11228y + 1932y + 1)

b [ (8214 gl + B)e 2 dods

T

for all s > sg and (u,v,w) satisfying (5.3). Here we set

Proof Setting z = a19v + ajzw, we rewrite (5.3) as

Ou=Au+apu+z+ f in Qp,

Oz=Az+A-Vz+az+eu+ B -Vo+bv+G in Qp,
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Ov=Av+angu+dv+cz+g in Qp,

u=v=2=0 on X, (5.4)

where

Vais

ais

A=-2

, B=—2Vajs + QEVGL%
a13

2
Va3 a12a23 + O0ra13 — Aais
+ as3 + )
ars a3

a=2

a
b = a12a22 + a13asz + Ora12 — Aaiz + 2Vais - V <a12>
13

a2
—af(a12a23 + aizasz + Ora13 — Aaiy),
13

as3 a12a23
c=—, d=axp——"—, e=a20a12+az1a3
a13 a3

and

G = a129 + ai3h.

By [9], [14] and the proof of Theorem 2.2, we see that there exist a subdomain ' C w and

B € C%(Q) with B,/ > 0 on Q such that

/ (sp) L2 (|0u)? + (D422 + |Auf? + |Az]?

T

(592 IVl + (5p)* V[ + (sp)*u? + (sp)*2?)dadt

< Iig/ﬂ (2 + |eu|2)e_2$5ﬂdmdt + ,'42/Q (f* + GQ)e_QS%’ dxdt
T

T

+I€2/ |B-Vb+ bv|267285w’ dxdt + Kg/ (sp) " (u® + z2)e*2‘9%’ dxdt (5.5)
Qr w

T
and
/ (sp)_le_%%’(]@tz\Q + \(%1}]2 + ]Az\2 + \AUP
Qp
+(5p)?|Vz]* + (5p)2|V0]* + (sp)*2* + (sp)*v*)dwdt
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éma(s)(llz!\iv;ﬂ(%ﬁIleu+Glli2<w;>>+mz/Q (lew+ GI* + |aziu + g[*)e > dedt — (5.6)
T

for all s > sg, where we set 7,/ (z,t) = % Here (5.5) is obtained by applying the Carleman
estimate in [9] or [14] to the first and the second equations in (5.4), while (5.6) is seen by applying
Theorem 2.2 to the second and the third equations in (5.4) and noting Assumption 5.2 (c). We
further notice that the weight function 7j,, can be taken the same, which can be seen from the proof

of Theorem 2.2. By (5.5) and (5.6), in terms of Assumption 5.2 (a), (d) and (e), we have
/ (s,o)_le_z‘sﬁw’(|61tu\2 + |02 + |00 + |Auf® + |Az|2 4 |Av|?
Qp

+(sp)*|Vul® + (sp)*|V2[* + (sp)* V0l + (sp)*u® + (sp)*2® + (sp)*o®)dudt
< o / (22 + u? + 0% + |Vo2)e 20 dadt + Ky / (f2 + g% + h2)e 2 dadt
QT QT

+/€3(5)(H?«‘”124/2271(WIT) +lull ey + 19720 + 1Al72 ) (5.7)

for all large s > 0. We can absorb the first terms on the right hand side into the left hand side by

choosing s > 0 large, and we use z = dyu — Au — aj3u — f by the first equation in (5.4), so that

the proof of Theorem 5.3 is completed.

The approximate controllability is a direct consequence of Theorem 5.3. That is, we consider
Ou = Au+ ari(x)u + agi (z)v + a1 (x)w + xof in Qp,

O = Av + ajz(x)u + ag(z)v + asze(x)w in Qp,
dw = Aw + ar3(x)u + agg(z)v + agz(z)w in Qrp,
u=v=w=20 on X,
u(+,0) =up, v(-,0)=wvg, w(-,0)=wy in Q. (5.8)
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Here we assume that all the coefficients are independent of ¢.

Then
Theorem 5.4 Under Assumption 5.2, for alle > 0, T > 0, (ug, vo,wo) € (L*(Q))3 and (u1,v1,w;) €

(L2(Q))3, there exists f € L?(wr) such that the corresponding solution of (5.8) satisfies

[(w, v, w)(-,T) = (ur,v1,w1) || (222 < €.

Similary to section 4, we can apply the Carleman estimate of Theorem 5.3 for determining the nine
coefficients a;j, 1 < 7,5 < 3 by suitably repeated observations of only one component u and we will

here omit further details.
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