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PARTIAL DATA FOR THE CALDERON PROBLEM IN TWO
DIMENSIONS

OLEG YU. IMANOUILOV, GUNTHER UHLMANN, AND MASAHIRO YAMAMOTO

ABSTRACT. We show in two dimensions that measuring Dirichlet data for the conductivity
equation on an open subset of the boundary and, roughly speaking, Neumann data in slightly
larger set than the complement uniquely determines the conductivity on a simply connected
domain. The proof is reduced to show a similar result for the Schrédinger equation. Using
Carleman estimates with degenerate weights we construct appropriate complex geometrical
optics solutions to prove the results.

1. Introduction

The Electrical Impedance Tomography (EIT) inverse problem consists in determining
the electrical conductivity of a body by making voltage and current measurements at the
boundary of the body. Substantial progress has been made on this problem since Calderén’s
pioneer contribution [7]. The inverse problem is also known as Calderdén’s problem. This
problem can be reduced to studying the Dirichlet-to-Neumann (DN) map associated to
the Schrodinger equation. A key ingredient in several of the results is the construction of
complex geometrical optics for the Schrédinger equation (see [23] for a recent survey). Using
this method in dimension n > 3 for the conductivity equation the first global uniqueness
result for C* conductivities was proven in [20] and the regularity was improved to having
3/2 derivatives in [3] and [18]. More singular conormal conductivities were considered in
[11]. These results were also proven by showing a corresponding result for the Schrédinger
equation.

In two dimensions the first global uniqueness result for Calderén’s problem for full data
was in [17] for conductivities having two derivatives, and this was improved to Lipschitz
conductivities in [4] and for merely L conductivities in [2]. However, the corresponding
result for the Schrodinger equation was not known until the recent breakthrough [5]. As for
the uniqueness in determining two coefficicents, see [8].

Much less is known if the DN map is only measured on part of the boundary. We only
review here the results where no a-priori information is assumed on the bounded potential.
In dimensions n > 3 a global result is shown in [6] where partial measurements of the
DN map are assumed. It is shown in [6] that for C? conductivities if we measure the DN
map restricted to, roughly speaking, a slightly larger than the half of the boundary, then
one can determine uniquely the potential. The proof relies on a Carleman estimate with
an exponential weight with a linear phase. The Carleman estimate can also be used to
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construct complex geometrical optics solutions for the Schrodinger equation. In [15] the
regularity assumption on the conductivity was relaxed to C%/2%¢ ¢ > 0. Stability estimates
for the uniqueness result of [6] were given in [12]. Stability estimates for the magnetic
Schrodinger operator with partial data in the setting of [6] can be found in [22].

In [14], the result in [6] was generalized to show that by all possible pairs of Dirichlet
data on an arbitrary open subset I', of the boundary and Neumann data on a slightly larger
subboundary than 02 \ I'y, one can uniquely determine the potential. The case of the
magnetic Schrodinger equation was considered in [9] and improvement on the regularity of
the coefficients can be found in [16].

In this paper we show a result similar to [14] in two dimensions by constructing complex
geometrical optics solutions with degenerate weights. We note that in two dimensions the
problem is formally determined while in dimension three or higher is overdetermined. We
now state the main result more precisely.

Let © C R? be a simply connected bounded domain with smooth boundary. The electrical
conductivity of 2 is represented by a bounded and positive function (z). In the absence of
sinks or sources of current the potential u € H'(Q) with given boundary voltage potential
f € H2(99) is a solution of the Dirichlet problem

div(yVu) = 01in §,
o0 ’

The Dirichlet to Neumann (DN) map, or voltage to current map, is given by

(1) M) =75

where v denotes the unit outer normal to 9€). This problem can be reduced to studying the

.
o0

set of Cauchy data for the Schrodinger equation with the potential ¢ given by:

(13) ‘= A_ﬁﬁ

(1.4) C, = {(um,% m) | (A~ q)u=0on, ueﬂlm)}.

We have C, C Hz(8Q) x H™2(9%).

By using a conformal map, thanks to the Kellog-Warchawski theorem (see e.g. p 42 [19]),
without loss of generality we assume that Q = {z € R?||z| < 1}.

Let T'_ = {(cos#,sinh)|0 € (—0y,6y)} be a connected subdomain in 9 and 6, € (0, ],
T4 the boundary of I'_: 9I'_ = {Z.}. Denote I', = S'\ T'_. Let € > 0 be a small number
such that 6y + € € (0,7]. Denote by I'_ . = {(cos6,sin®)|0 € (—0y — €,0 + €)} and by T,
the endpoints of I'_ .

We have

Theorem 1.1. Let q; € C'(Q0), j = 1,2. Consider the following sets of partial Cauchy
data:
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0 :
(1.5) Cy = {<u|p+,a—1:’r > | (A —gqj)u=0 onQ, UEHI(Q)}, j=1,2.

Assume

Cq = Co
with some € > 0. Then

a1 = q2-

As a direct consequence of Theorem 1.1 we have

Corollary 1.1. Let v; € C3¢(Q), j = 1,2, be strictly positive. Assume that v, = v, on 0
and
Ayu=A,u on T'_, forallue H%(FJF).

Then 1 = 7s.

The proof of Theorem 1.1 uses Carleman estimates for the Laplacian with degenerate lim-
iting Carleman weights. The results of [6] and [14] use complex geometrical optics solutions
(CGO) of the form

(1.6) w=e VT (g 4 r),

where Vo - Vi = 0, |Vp|* = |V¢|* and ¢ is a limiting Carleman weight and a is smooth
and non-vanishing and ||r||z2@) = O(2), ||7|lmi@ = O(1). Examples of limiting Carleman
weights are the linear phase ¢(z) = z-w,w € S" !, used in [6], and the non-linear phase
¢(x) = In |z — 20|, where o € R™\ Q which was used in [14]. For a complete characterization
of possible local Carleman weights in the Euclidean space and more general manifolds see
[10].

In two dimensions the limiting Carleman weights are harmonic functions so that there
is a larger class of complex geometrical optics solutions. This freedom was used in [24] to
determine inclusions for a large class of systems in two dimensions. In particular, one can
use the harmonic function ¢ = 2" as limiting Carleman weight, assuming that 0 is outside
the domain.

In this paper we construct complex geometrical optics solutions of the form

(1.7) u=e" "V (g 4 )1+ u,

“reflected” term to guarantee that the solution vanishes in particular subsets

where u, is a
of the boundary, ¢ is a harmonic function having a finite number of non-degenerate critical
points in 2, and v is the corresponding conjugate harmonic function. However we need to
modify the form with ¢ harmonic but having non-degenerate critical points. Solutions as in
(1.6) with degenerate harmonic functions were also used in [5] but here the phase function
needs to satisfy further restrictions in order to use them for the partial data problem. Another
complication is that the correction term r and the reflected term u, do not have the same
asymptotic behavior in 7 as in [14] because of the degeneration of the phase so that one needs

to further decompose these terms and analyze their asymptotic behavior in 7. See section 3
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for more details. In section 2 we prove a general Carleman estimate for degenerate weights.
Finally in section 4 we prove Theorem 1.1.

2. Carleman estimates with degenerate weights

Throughout the paper we use the following notations:

Notations i = v —1, 21,22,&1,6 € R, 2 = 21 + 29, = & + &, 862 = %(6 — 10y, 2 ==

3(0uy +10y,), H'7(Q2) denotes the space H'(Q2) with norm [[v]|31,- ) = [[0]1 31 ) + 72V II72 (0
The tangential derivative on the boundary is given by 0, = Vgaixl — 1/18i Wlth v= (1, 1/2)
the unit outer normal to O, B(f, §) = {x € R¥|z — z|] < 6}, f(z): R2 - R!, f” is the
Hessian matrix with entries 851 8’; -

Let ®(2) = ¢1(21,x2) + ips(x1, T2) be a holomorphic function in 2:
(2.1) RC) _y ma, oec@)

0z
Denote by ‘H the set of critical points of a function ®

H = {zemg—i)(z):O}.

Assume that ® has no critical points at the boundary and nondegenerate critical points in
the interior;

(2.2) HNOQ={0}, @"(2)#0 VzeH.
Then ® we have only a finite number of critical points:
(2.3) card H < oo.

Denote 32(2) = 1 (x1, 32) + itha(21, 22).
We will prove Carleman estimates for the conjugated operator

(2.4) A=A,

We will use the factorization
(2.5)

0 0P 0 0P 0 od 0 od
TPl TPy — _ _ [ - - - R — R
e Ae” ™Y = <482 27 82) (487; 27 82) <482 27 82) <482 27 82)

and prove Carleman estimates first for every term in the factorization.

Proposition 2.1. Let ® satisfy (2.1) and (2.2). Let f € L*(Q) and ¥ be solution to the

problem

v b ~
(2.6) 25 + T V= fin Q
or v be solution to the problem

. 6~ "
(2.7) 2@ —i—Ta—U =f in Q.
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H <i ¥ mﬂ) 5
01 12(@)

, 0 0\ -\ = . N
(2.8) +R€/BQZ <(V28_901 - 8_@) v) vdo + H <—za—x2 —I—T%) v

and v solves (2.7) we have

2
H < iz/m‘) v + 7'/ (Ver,v) |0’ do + Re/ i ((—Vgi +uv— 0 ) 57) vdo
83’]1 L2() 80 8 8x2

2

Proof. We prove the statement of the proposition first for the equation 2‘9” + 7
Since £ + 752 = (8361 +itoT) + (Zatcz +117), taking the L?— norm of the rlght and left hand

sides of (2.6) we have
2
+ 2Re ((i +zw27) v, < zi —l—wﬁ) )
L2(Q) 0 T Ox T2 L2(Q)

|G o)
Y ’ =
(-t )3 =1

L2(©)
Since we take the commutator to have [(8%1 + ioT), (zam + 91 7)] = 0, we obtain

2
H <_ + ZlﬁgT) v + ((ai + ZwQT) ( Zl/g/ﬁ)) -+ (m, ( Zai + ¢1T> )
L2(Q) 1 L2(09) 2 L2(09)

. a ~ 2 T2
_Zﬁ_xg + T |V = HfHL2(Q)
This equality implies

2
~ 0 d \ -\ =
H < + ’L@bQT) v + 7'/ (V111 — oury) [0]*do +/ ) ((VQ— -V — > v) vdo
L2() a0 8.1’1 81'2

o)

Finally by (2.1) we observe that 1; = %(g—ii + 92y — % and 1y = %(a— 91y — 91

ox z
Therefore from the above equality (2.8) follows imrilediately

In the case (2.6) we have

2

; / (Voor, v)[52do
oN
2

= 111220
L2(Q)

= 1z

LQ(Q)

6<I>~:f

_|_

+

L2(Q)

= Hf”%Q(Q)

L ()

Now we prove the statement of the theorem first for the equation (2.7). Since £ + T% =
(8%1 — itheT) + (_iaam +117), taking the L?— norm of the right and left hand sides of (2.7)
we have
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2
H (i - ngr) v + 2Re <<i — MZ)QT) (li + 2/)17') 57)
81’1 L2(Q) 0 T axz L2(Q)

o 2 ~
‘(’la—2+¢17> = 1 £l1720

12(9)
Since [(— — ihoT), (— iaau +17)] = 0, we obtain

o N\ P P — (.0
H (8_ — wﬂ) v + ((6_ - Z%T) U, (Wzv)) + <V1U, ( I + ¢17) )
1 12(Q) 1 L2(09) L2 L2(09)

Z—a o +iT ) v = || fllz2()
This equality implies

L2()
? 0 0 -
H < il/)gT) v + 7'/ <¢1V1 - ¢2V2)|f77|2d0' + / 1 ((—1/2— + = ) 5) vdo
8ZE1 L2(9) 80 a0 8301 8m2

2
( 082 * 1/)17')

Finally we observe that ¢ = %(g—i;—l— gﬁ;) 8“”1 and 1y = (gﬁf gﬁ;) = —g—ﬁ;. Thus (2.9)

follows immediately from the above equality (2. 9) finishing the proof of the proposition. [

+

_|_

= 1fz20)

L2(Q)

+

Let u solve

(2.10) Au=f inQ, ulgg=0.
Denote
8Q+ = {(ZEl,ZL‘Q) < 3Q|(Vg01, V) > 0}
and
oNl_ = {([L’l,l’g) c 8Q|(ch1, I/) < 0}

The main result of this section is the following Carleman estimate with degenerate weights.

Theorem 2.1. Suppose that ® satisfies (2.1), (2.2). Let f € L*(Q) and a solution to (2.10)
with uw € H*(Q) be a real valued function. Then there is a positive constant C' > 0 such that:

2
) —7'/ (v, Vi) Ou’
L2(Q) o0

v
ou

2
—| & do | .

ov

0o
0z

1
i <THU€W1 H%Q(Q) + [Jue™? qul(g) + 72 ue” o201

Cs

(211) < C <||f68<p1||%2(9) + T/ (l/, V(,Ol)
04
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Proof. As indicated earlier we can take € to be the unit ball. Denote v = ue™*. Observe
that A =422 and ¢ (21, 22) = $((2) + ®(2)). Therefore

0 0P 0 0P 0 0P 0 0o
TY1 —TP1,7 — _ _ _ _ _ _ _ _ _ TY1
et Ae v (482 2T 82) (482 2T az) (482 2T az> (4az 2T 82) v = fe'¥,

Denote w; = (48%—27%)5, Wy = (4%—27%—3)5 and g—‘f = 1 (x1, x2) +itha(xy, z2). Thanks
to the boundary condition (2.10), we have

ov ov
W1|an = 4050|a0 = 2(11 + ZVZ)a_’Mb Wa|on = 40,0]sq = 2(1n — ZV2)8—\69

By Proposition 2.1

H (— - %r) @

2

-
- / (Ver,v) |2
L2(Q) o9

)

2
0 d\ -\ =
do+ R ' — d
o GAQZ((VQaI V18x2> )11)10'
2

1 S
= Zer 1720

L*(Q)

and

(&)

2 2
—7'/ (Vgpl,u)@ da+Re/ i((—wijtul 8) )@_gda
L2(Q) o0 80 0xy 0x
P P
(26_2 — wlT) Wo

ov
Let us simplify the integral Rez’faQ ((1/28%1 — 1 %) {Dl> wydo. We recall that ¥ = ue™*
and wy = 2(1y + zug) =2(1n + 21/2)‘9“ 7¢1. Denote A 4+ iB = (v + ivg). Thus

. 0 0 —
Re/mz ((l/ga—xl — Vl(%m) )w1d0 =

0 0 ou ou
) - — —__ 7%l _ iB)—pT%1 —
Re/89 43 (<V28x1 Vla@) {(A—FzB)a e’ ]) (A zB)aye do
95 |2

i

1 S
= Zer o ||%2(Q)

L2(Q)

. 0 0 .
Re /8Q 41 |:<V2a_x1 — ylaxQ) (A+ZB):| ay (A — ZB)dO' +
d 8\ |07

2i(A% 4+ B? — = — | |= =

Re/{m i(A* 4+ )(Vanl Vl@@) 5 do

v |?
4 — .
/aQ ov do
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Let us simplify the integral Re f 90 ¢ ((-Vgaixl + 11 8%2) &b) wWydo. We recall that 7 = ue™!

= 2(vy — ivp)9%e™. We conclude

0 0 -
R, . 2 ~ do —
e/aQZ (( V28 Vlal'Q) )w2 “

9] 0 du du
(( _ ou B Ty —
(2.12) Re /asz 4i (( . + 14 8@) {(A iB) 81/6 ]) (A+ zB)aye do

and we = 2(1y — zyz)g

Re/ 4i —Vi—i-u 0 (A—iB) @Q(A—%'B)d —
80 28]31 181'2 ! aV ! 4
) o\ |60
R 2i(A? + B? =) |= —
eég“ " )G%l 0@)3vd0
ov|?
41— do.
/(;Q aV

Using the above formulae we obtain

H (— + zwy') (z% — wlr) Wy
&)l
(2.13) +4 /a )

Let a function zzk satisfy

2 2 2

ov o

)

o

—27'/ (v, Vi)

H ( 5902 " wlT)

o |2
ov

2

L2(Q)

1
do = ||f€w1 1720

5#’1 _—. Oty

81,‘1 8_1'2 = 77/)1 in €.

We can rewrite equality (2.13) in the form

2 2 2

0 o v
W g + ’ —— (e ™" — 27’/ v,V —| do
‘3951( 2) L2(Q) a@( 2) L2(Q) an( #1) ov
2 2
+ —“/117'w + 27,/127'2’17
‘ aml( 2 L2(Q) ‘ 6.:1:2( Y L2(Q)
v |? 1

ov

47 = 31 7e sy

(2.14) +4 /80
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Observe that there exists some positive constant C' > 0, independent of 7 such that

l(II%HQQ + [|@ 135 ><1‘ ° () 2 1’_(6’1””@2) 2
C L2(Q) L2(Q)/) = 2 ai’l L2(Q) (3382 12(Q)
ot |?
—T (v, V1) |=| do
/8Q aV
1o .- 2 1 o .~ 2
2.15 — = ("W + = ||— ("W
( ) ‘8%( 1) L2(Q) 2 81‘2( 1) 12(Q)

Since v is the real—valued function we have
2

ov ~ -
' 28_ + 7'7,[)11) HQ— - T¢2’U < CD(”"LUl”%z(Q) + Hw2||%2(ﬂ))
T L2(Q)
Therefore
4‘3_52 _QT/(%_%)
8371 L2(Q) Q 8.1'1 8902

+ 172072 (0) < Crllldn |72 (0) + @272(0))-
L2(Q)

By the Cauchy-Riemann equations the second integral is zero.

~ v

Now since by assumption (2.2) the function ® has zeros of at most order one, we have

~ ~ 3@
(2.17) 7'||U||%2(Q) <C (HUH%H(Q) +7 9 L Q)) :
By (2.16) and (2.17)
~12 ~12 {M) ~ 12 ~ 12
(2.18) Tl ) + ol @ + 77 || 57 < Ci([Jwn |72 + lw2l[Z2(0))-
L*(Q)

Using (2.18), we obtain from (2.14) and (2.15)

1 o o oD | - / v |?
— — \Y d
C- (THUHL2(Q) + 19] 7 ) + 9 2(9)) T m(’/ ©1) ol @
+/ 8 do < er&mH%Q(Q) _ ’r/ (X101 — To1s) Em do
1) 00
concluding the proof of the theorem. O

We note that in the theorem we can add a zeroth order term to the Laplacian and the
estimate is valid for large enough 7.

As usual the Carleman estimate implies existence of solutions of the solution for the
Schrodinger equation satisfying estimates with appropriate weights.

Consider the following problem

(2.19) Au+qgu=f inQ, ulgg =0.
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Proposition 2.2. Let gy € L™(02). There exists 1o > 0 such that for all T > 1 there exists
a solution to problem (2.19) such that

(220) ||U€TL’01||L2(Q) S CerTng“LQ(Q)/\/;'

Proof. Let us introduce the space

9]
H= {v € Hy(Q)]| Av + qov € L*(Q), a—Z!am = 0}

with the scalar product
(v1,v2)g = / eI (Avy + qovy) (Avy + qovs)da.
Q

By Proposition 2.1 H is a Hilbert space. Consider the linear functional on H : v — fQ vfdx.
By (2.11) this is a continuous linear functional with the norm estimated by a constant
C| fe™ || L2( A/T- Therefore by the Riesz theorem there exists an element v € H so that

/ vfdr = / e TP (AD + qo0) (Av + qov)da.
Q Q
Then, as a solution to (2.19), we take the function u = e~ 7% (A + ¢q0). O

3. Complex geometrical optics solutions with degenerate weights

In this section we construct the complex geometrical optics which we will use.

We first observe that we can put the set ['_ and S in a more convenient position on the
boundary of the unit ball and slightly deform the ball itself.

Namely

(3.1) Qc B(0,1), T_cS', S§=00\I_.cS".

Let ¢, € 'y be a piece of 02 between points ;. and Z, . and ¢_ € I' be a piece of 0f2
between points _ and Z_ .. Then

(3.2) (L C B(0,1).

We construct CGO solutions of the Schrédinger equation A + ¢, with ¢ satisfying the
conditions of Theorem 1.1.

(3.3) Liu=Au+qu=0 1in Q.

Let ®(z) be a holomorphic function satisfying (2.1) and (2.2). Let us fix small positive
constants €, ¢ and consider two domains:

(3.4) 0N _.={xe€d(Ve1,v) < —e}, 0o ={x€dN(Ve,v)>¢€}.
Suppose that

(3.5) r.coo__,

and endpoints in B(0, 1) such that
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(3.6) SC Oy
We will construct solutions to (3.3) of the form
1
(3.7) w(z) = e™®Pa(z) — x1(2)e™*Fa (:) + e uyy + €™ ugg,  wg|r. =0.
Z

We explain in the next subsections the different phase functions ¢; and the amplitudes
a(z) in (3.7). The function ® and ¢, satisfy (2.1) and (2.2). Moreover we derive the behavior
for large 7 of the different pieces of the CGO solutions.

3.1. The amplitude a(z) and the function y;. The amplitude a(z) has the following
properties:

— 0 —
a € C*Q), a—f =0, a(z)#0on Q.
z
Next we construct the cut-off function y;(z).
By (3.1), (3.2) there exists a neighborhood O of the set I'_ such that @;(z) = Re®(2)

is a harmonic function satisfying

(3.8) o1(x) < @(x), VreQnOoy,
(39) oNNO; C 6(2_7_%,
(3.10) supp Vx; CC B(0,1) N O;y.

Consider the following integral

J(7) :/Xﬁ(a:)e@(i)fq’(z)dx.
Q
We have

Proposition 3.1. Let r € C'*¢(Q) for some positive €. Then

J(r) = o G) |

Proof. Observe that the function x; can be chosen in such a way that

(311) o (2 (2) - 207 laupprs 0.

Assume that for some point from 9€2_ _. we have

o () ) =

and the above equality is equivalent to
Re(®'(2)z) = 0.

This equality and the Cauchy-Riemmann equations imply that at this point g—f = 0 which
is a contradiction. Since it suffices to choose supp x; close to I'_, the proof of (3.11) is
completed.
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Therefore

N o
J(1) = / r(x)e™®E) "G gy = —/ r(x 0.e™®E) T2 g
(1) QXI() . QXl()ﬁx@@)—¢@D

Integrating by parts we have:

1 1 1
9w ==+ [ ocbarta) PO gy
1 1
. ( )— T<I>

+— r(x V| + v Vdo = J, + J

o aQXl ( )85@)(%) —@(z))( ! 2)e! ! >

Observe that on 0f
oTO(2)-T2() _ ezn‘Im@(z)‘

Using stationary phase, taking into account that d,Re® = 0,Im® # 0 on suppyi N €2, we

obtain
1
<]2 =0 (—) .
T

Next we observe that since r € C1+¢(Q) we have

1
Jl =0 (—) .
T
The proof of the proposition is finished. 0J
3.2. Construction of uy;. The function e™®®a(z) — x;(2)e™a(L) does not satisty (3.3).
We construct the next term in the asymptotic expansion- the function u;;. Before we start

the construction of this term we need several Propositions.
Let us introduce the operators:

L1 g0 [ (0
819—2—/9 I e ndg = - /Q ) e, de,,

i (—=z ¢(—z
oL g 1 [ g()
(3.12) O lg = — %/Qg_deAdg_ W/Q__—_d&d&.

Then we know (e.g., [25] p. 56):

Proposition 3.2. Let m > 0 be an integer number, o € (0,1). The operators 0z, 07! €
L(CHe(Q), Cmreri(Q)).

Here and henceforth £(X,Y") denotes the Banach space of all bounded linear operators
from a Banach space X to another Banach space Y.
We define two other operators:

(3.13) Reg =€ T(2(2)—®(2) )8 ( 7(®(2) @))’ E@Q _ ef(é(z)fcb(z))a;1(gef(@(z),@)).
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Proposition 3.3. Let g € C¢(Q) for some positive e. The function Reg is a solution to

0P
(3.14) O=Reg — T a(ZZ)Rq)g =g in.
The function E@Q solves
- OP(2) ~
(3.15) 0,Reg+ T (ZZ) Reg=g9 in .

Proof. The proof is by direct computations:

0. Fing + 72 B0~ o (T2 91 (o))
020 (@0 g1 g3y
0z
@ R JR— R
_Taa_iz)( @0 1 (T -FEN)) | (o7 @0 o733y
020 (A EE- 0@ g1 (ger@e-TEY) —
0z
0]
Denote
O, = {z € Qldist(x,00) < €}.
Proposition 3.4. Let g € C1(Q),glo. = 0,9(x) # 0 for all x € H. Then
(3.16) |Rag(2)] + [Rag(z)| < Cmax|g(w)|/7
for allx € O.py. If g € C*(Q) and gl = 0 then
(3.17) |Rag(2)] + |Rag(z)| < C/7°
Jor all x € Oj,.
Proof. Observe that e”(®®-®() = ¢27IM®() By the Cauchy-Riemann equations, the sets of

the critical points of ®(z) and Im®(z) are exactly the same. Therefore by our assumptions
the Hessian of Im®(z) is nondegenerate at each point of H. It suffices to show that

/ 9(¢) d¢ A dC <C’max|g( )|/7 and ’/ d(/\dg‘ <C/r.
?—¢

z —

g(C)

We observe that for any z = z1+ix, € O¢ function is smooth compactly supported func-

tion of the variable (. The statement of the proposmon follows from the standard stationary

phase argument (see e.g. [13]). O
Denote
(3.18) r(z) =i_, (2 — 2z) where H = {z1,..., 2}.

Proposition 3.5. Let g € C1(Q), glo. = 0. Then for each § € (0,1) there exists a constant
C(9) such that

(319) Ra(r(:)9)l 2@ < COlgllerm /™ 1Ra(r(2)g)ll2@) < CO)gller /T
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Proof. Denote v = Rqe(r(2)g). By Proposition 3.4

(3.20) ]| 220, ) < C/T.
Then by Proposition 3.3
0 0P —
a—z + T,V = r(z)g in €.
There exists a function p such that
0 0P
—a—g + T%p =wv in{)

and there exists a constant C' > 0 independent of 7 such that
(3.21) 1Pllz2(0) < Cllvllrz)

Let x be a nonnegative function such that x = 0 on O< and x = 1 on © \ Oc. Setting

P = XD, o. = 0, we have that
/ mgﬁdl’ = / mgﬁdm = / mg'ﬁdx
Q O\O« Q
and
Op | _0%(z) - ox .
3.22 = — Q.
(3.22) o T, P=XV—pa in
Then
12 — _ ox_
(3.23) Ix2v|[72(0) = | 7(2)gpdx + pgvdx.
Q 9} z
Note that
(324) Bl < Crlpllze < Crllvllis, /@gpdx :/gr(z)ﬁdx.
Q Q

Taking the scalar product of (3.22)

r(z) [, 9%()\, [ r(z) dx
Qazeb(z)g(_%” 0z p)“‘ Qach(z)g(xv_p%)dm’

TAgr(z)ﬁdx =/ a:q(;)z)g(Xv +pg—;<) dv — /Q % (aﬁ)g) pdz.

By (3.24) and the Sobolev embedding theorem, for each € € (0, 1) we have
o rz) \= _z) 8g~
— dr| <

o 0z <8Z<I>(z)g> pes . D(2) 0

1

0.P(z)

r(2)92®(2)
o (0.9(2))2

(3.25) < Cllgllerm

1B, 3¢ ) < ClPllzssco ) < CT* 10l 2200).

L276(Q)



PARTIAL DATA IN TWO DIMENSIONS 15

Here we choose d3(¢) > 0 such that d3(¢) — 40 as e — +0 and H®(Q) C L%(Q)

Therefore
(3.26) /gr(z)'p?vda: < Cr o) 2@)  as 8y — 0.
Q
By (3.20)
ox
(3.27) Pz s Cliplzz@ vl z20g) < Clipllz2@)/T:

By (3.21), (3.26) and (3.27) we obtain from (3.23)
lolZe0) < COT T ollza@) + Ipllza) /7) < CT7H% vl 20y
In the last estimate we used (3.21). O

We construct the function uyy in the form wyy = (w11 +u11 2) where the functions uyq 4 are

defined in the following way: Let e; € C°(£2), e; + e2 = 1, ey is zero in some neighborhood
of H and e; is zero in a neighborhood of 9. The second term wu;; in the asymptotic (3.7),
is constructed to satisfy

0] 1
(3.28) Auqq + 4788—22)851411 =aq +o <—) in Q.
T

Let m1(z), ma(z), m3(z) be polynomials satisfying
(05 (agr) — mi(2))l = 0.
ma(2)l =0, (0:(0; ' (agi) — mi(z)) — ma(2)) | = 0.

ms(2)ly = 0.ms(2)ly =0,  82(0="(aqr) — ma(z) — ma(z) — ms(2))|y = 0.

The equation for u;; can be transformed into

o ’ 1
40,uy; + 471 a,(;)“” =0 (aq) — ka(z) +o (;) .

Then

40,u11 1 + AT

and we define uy1; as

(3.29) i () = }Léq, <61((921(aq1) = mk(z))>

and we define uy1 2 as

3

(3.30) 11 2(2) = 362 (az_l(a%) - ka(z)) [(70.9(z)).

k=1

Since by the assumption e; vanishes near the zeros of ®, the function ;2 is smooth.
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We will apply Proposition 3.5 to the function wu;; 1 to get the asymptotic behavior in 7. In
order to do that we need to represent the function

(3.31) Gi=e (8;1(aq1) - ka(2)> ;

k=1

in the form

G = r(z)g(x),
where g is some function from C*(£2). This is an equivalent representation of the function
1 3 .
m = 0z (aq1) — > _r_; mi(2) in the form

m=r(z)g, g1€CQ).
We remind that the polynomial 7(z) is given by (3.18). Denote as p = 9 '(aq). Let z;
be a critical point of the function Im® and z; € H (see (3.18)). By Taylor’s formula
p(x) = p(zj) +pi(2 = 2) +p2(Z = Z5) +pualz — 2)° + pi2(z — 2)(Z = Z5) + p(Z — %) +
q(z,Z). Then m = pa(z — Z;) + p22(z — Z;)* + p12(z — 2)(Z — Zj) + q(2,Z) and we set
g = (p2(Z = Zj) + peE — z)* + pi2(z — 2))(Z — Z;) + q(2,%))/r(2). Let us show that
g1 € CY(Q). Obviously (pa(Z — Z;) + paa(Z — Z;)% + pa(z — 2,)(Z — %)) /r(2) is a smooth
function and §(z,%) = ¢(z,%)/r(z) is C" outside of z = 0. Continue the function § by zero
on z = 0. Since g = o(|z|?) the partial derivatives of this function at zero vanishes.
By Proposition 3.5

(332) H'LL1171HL2(Q) S C((S)/Tli(s Vo S (O, 1)
3.3. Construction of u;5. We will define u;5 as a solution to the inhomogeneous problem
(3.33) A(u12€™) + qruugae™

1
= (qru1 + Au11,2)€T<I> — Ly (XlGTq)(i)a (g)) in Q,

(334) U12’I‘_ =0.
This can be done since

lqiua + Aug | 22(0) < C(6)/m7° V&€ (0,1)

1 1
HL1 <X16T¢(i)a (:)) e T =0 <—2> .
Z L2(9) T

By Proposition 2.2 there exists a solution to (3.33) satisfying

and by (3.8), (3.10)

(3.35) [ura|l 2y < Cfr270, V6 € (0,1).
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3.4. Replacing ® by —®. Now we construct CGO solutions for the potential g, satisfying
the conditions of the Theorem 1.1 but with ® replaced by —® and the solution vanishes on
S.

This is very similar to what we have already done.

Consider the Schrodinger equation

(3.36) Lov=Av+gqu=0 in {2
We will construct solutions to (3.36) of the form
T — o, (1
(3.37) vi(z) = e’“}(z)b(z) — Xl(x)e’@(?)b (:) + e TPl + e TPlug,  vls = 0.
Z

The construction of v; repeats the corresponding steps of the construction of u;. In fact
the only difference is that the parameter 7 is negative or in terms of the weight function we
use —( instead of ;. We provide the details for the sake of completeness. The amplitude
b(z) has the following properties:

_ ob _
be C*Q), 5 = 0, b(z)#0in Q.
Z
Next we construct the cut-off function yo(z) with supp x2 € Oz where O is a neighborhood
of §, and

(3.38) o1(x) > @(x), VreQnOs,
(3.39) N0, O, 4,
(3.40) supp V2 CC B(0,1) N Oy,
(3.41) suppxz N suppy; = 0.

Consider the following integral

j(T):/Xgr(x)e_Tq’(i)JrT@(z)dx.
Q

Similarly to Proposition 3.1 we have

Proposition 3.6. Let r € C'*<(Q) for some positive €. Then

7r) = o (%) |

Now we construct vy Let e; € C®(Q2) , ey(z) +e2(x) = 1, eq is zero on some neighborhood
of ‘H and e; is zero on some neighborhood of 9€). Then

AUU — 47'6@—(2/)821)11 = [_JQQ +o (l> .
0z T

Let m1(Z), m2(Z), m3(Z) be polynomials satisfying
(0" (bg2) — (%))l = 0,
M2 (Z)| =0, (9007 (bga) — M (2)) — 12 (2)) e = 0
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and
m3(Z)ln = 9zms(2)ln = 0, 02071 (bgz) — M (2) — Ma(z) — M3 (%)) | = 0.

The equation for v;; can be transformed into

0P(z

a(z )“11 = <8;1(BQ2) - gﬁﬁz)) +o0 (%) _

B _ °L
45%111171 — 41 <z)U11,1 =€ (8;1([?@2) - Z mk(z))

0z
k=1

4&/[)11 — 4T

Then

and we take vy as

(3.42) Vi = qu’ (61 (az_l(gfh) - ka(z>>>

and we take vy as

1 ’ RL
_ ~1(F ~
(3.43) V12 = Zeg (@ (bga) — kgl mk(z)> / <7’ 32*) )
Thanks to our assumption on the function ey, this function is smooth. Let us show that

we can apply Proposition 3.4 to the function vq1 ;. In order to do that we need to represent
the function

(3.44) G =€ (8; "(bg2) = ﬁm(?)) :

k=1
in the form
Gs = zg(x),
where g is some function from C*(€). This is an equivalent representation of the function
m = 07 (bga) — So_, k(%) in the form

m=r(z)g, g €CHQ).

Denote as p = 07 1(bgy). Let x; be a critical point of the function /m® and z; be an arbitrary
critical point of the function ®. By Taylor’s formula p(z) = p(z;)+pi1(z;) (2 —2;) +p2(z;)(Z—
Zi) +pu(z = 2)? + pa(z = 2)(Z — Zj) + p22(Z — Z;)? + q(2,Z). Then m = pi(x;)(z — z;) +
pii(z = 2)* + pia(2 — 2)(Z — ) + q(2,%) and we set g1 = (p1(2;)(2 — 2;) + pul(z — 2)* +
p12(z — 2)(Z — Z;) + q(2,%))/r(2). Let us show that g; € C*(Q2). Obviously (p1(z — z;) +
p11(z — z)* + p12(z — 2)(Z — Z;)) /r(2) is a smooth function and ¢(z,%) = ¢q(z,2)/r(z) is C*
outside of z = 0. Continue the function ¢ by zero on z = 0. Since ¢ = o(|z]?) the partial
derivatives of this function at zero vanishes.
By Proposition 3.4

(345) ||U1172||L2(Q) + ||'U1171||L2(Q) § 0(5)/71_6, VCS € (O, 1)
Let v15 be a solution to the problem

(346) A(Ulge_ﬂpl) + QQ’U12€_T¢1



PARTIAL DATA IN TWO DIMENSIONS 19

1
= (qu11 + Avn,z)e_@ + Lo (XQB_T(I)(i)b <%
and

(347) 1212|3 = 0.

Then since
lg2v11 + Avii || r20) < C(8)/m'°, V5 €(0,1)

s, (1 1
z T

by Proposition 2.2 there exists a solution to problem (3.46) such that
(3.48) 12l 2y < C(8)/727°, W6 € (0,1).

and by (3.40)

L2(Q)

4. Proof of the theorem

Proposition 4.1. Suppose that ® satisfies (2.1),(2.2), (3.5) and (3.6). Let {x1,...,x;} be
the set of critical points of the function Im®. Then for any potentials q1,q € C*(Q), £ > 1
with the same DN maps and for any holomorphic functions a and b, we have

zz: 2 (qab) (zy,) _0 B
1Tdet[m<1>” () 4= q =&

Proof. Let uy be a solution to (3.3) and satisfy (3.37), and us be a solution to the following
equation
Aus + qoup =0 in Q, uslpo =u1, Vug|r__ = Vu.

Denoting u = u; — us we obtain
(4-1) Au+ gu = —qu; in €, U|aQ = —V|F,,,€ =0.

We multiply (4.1) by v and integrate over §2. By (3.35) and (3.48), we have

0= / quivdr = / q(ab + buyy + avn)@T(q’(Z)—@)dx
Q Q

1\~ 30 1
Q V4 Z

(4.2) +oxa ()™ Fa (%) Xao(x)e ™) (%) ) dz + o (%) .

By Propositions 3.1 and 3.6

1 1\ - i 1 1
/ <QX1(x)eT¢(z)a (:) be ™) + gxa(z)e b (:)aeﬂb(z)> dx =o0 (—) .
Q Z Z T

=
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1 1 (1
/ gxa(x)e™Fa (:) Xa(z)e "3 (:)dw = 0.
Q z z

Therefore we can rewrite (4.2) as

¢
2 (qab)(zy,) / B g '
4.3 b T( (Z) (I)(Z))d 1 _ 0‘
(4.3) ; 7(det Im®”)(xy,) + QCI( w1y + aviy)e T+ o0 -

By (3.30), (3.43) and the fact that

By (3.41)

=

/ Bty 267® T g —
Q

Lol es (0. CLCh Z}i L mi(2)) (®(2)—®(2) 7,. _ 1
(4.4) / 0.00) e dx =o - )

and the fact that

aquyy, KT () =2(2) g0 —
Q
(4.5) L aq* 2(0(bg2) = 3oy (%)) eT(@@=2() g — 4 (1)
4t Jo o, <I>( ) !
which follows from the stationary phase es|y; = 0 we obtain
¢ _
27 (qab)(xy) / B - 1
4.6 b (®(x)-2(2)) 4 N o
(4.6) kz:; 7(det Tm®”) () + QQ( U111 + avi)e v 4o :

By (3.13), (3.43) and (3.29)

21 (qab)(xy,)

0= 7(det Im®”) (x4,

M~

f

1
4

Z 7( (QiZt;];bCI)fk) %) o /Q((a (qb))gl +( (qa))g2> 7(®(2)— )de‘—}—

k=1
Z —
27(qab)(xy) 1
4.7 - .
(4.7) ; (et tmd) () T O\F
We remind the definitions of the functions (]1 and G, introduced in (3. 31) and (3.44).

In order to get rid of the integral [,((0;'(¢gb))G1 + (0 '(ga))G2)e™®@=*ENdz, we used

the stationary phase lemma (see e.g. Theorem 7.7.5 [13]) and the fact that G|y = Ga|y = 0.

2m(gab)(zg)  _
rdet Imae)(z,) 0. .

—~

) / (bRcbg1 + aRpGo)e™ T(@E)=2GE) g 4 o (
Q

Passing to the limit in this equality as 7 — +o00 we obtain 22:1

The Proposition 4.1 plays the key role in the proof of the Theorem 1.1. In order to be
able to use this proposition we need to prove the existence of the weight function ®. The
following proposition will allow us to construct this function.

Let G, be a non-empty open subset of the boundary 0€2: the union of the segment between
74 and 74 . and the segment between z_, and 7_.
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Consider the Cauchy problem for the Laplace operator

(48) AG=0 O, (wgi) Joong, = (a(2), b(z)

The following proposition establishes the solvability of (4.8) for a dense set of Cauchy
data.

Proposition 4.2. There exist a set O C C?(0N\ G ) xCHO0\ G.) such that for each (a,b) €
O problem (4.8) has at least one solution 1 € C?(Q) and O = C%(0N\ G.)xCHIN\ G.).

Proof. First we observe that without the loss of generality we may assume that a = 0.
Consider the following extremal problem
o

E_b

2

1 2 .

H2(0Q\Ge)

(4.10) pekX.
Here X = {6(2)|6 € H2(Q), A% € L*(Q), Ad|ag = Sloarg. = 0,6]an € H?(09), %% € H2(02\ G.)}.

For each € > 0 there exists a unique solution to (4.9) which we denote as .. By the
Fermat theorem (see e.g. [1] p. 155) we have

J ()6 =0, VéeX.

Here X = {6(2)|6 € H2(Q), A% € L*(Q), Ad|ag = Sloarg. = 0,6]an € H?(09), %% € H2(02\ G.)}.
This equality can be written in the form

(awe , 00

~ 1 .
ov ’ ay> + 6(1/)67 5)H2(BQ) + E(AQ@ZJE, A25)L2(Q) = 0.
H2(0Q\Ge)

This equality implies that the sequence {%—7’%} is bounded in H?(9Q\G.), the sequence {\/Ezze}
converges to zero in H?(92) and {\/%Azize} is bounded in L?((2).
Therefore there exist ¢ € H*(92\ G.) and p € L*(Q) such that

(4.11) % —b—¢q weakly in H*(02\ G.)
and
(4.12) (q, ?) + (p, A%0) 2() = 0.
V] m200\6.)
Next we claim that
(4.13) Ap=0 inQ

in the sense of distributions. Suppose that (4.13) is already proved. This implies

0AS
(p, Azé)[g(g) =0 Ve H4<Q),A5‘8Q = W‘ag = 0.
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This equality and (4.12) imply that

) Ao
) 20006, v
Then using the trace theorem we conclude that ¢ = 0 and (4.11) implies that
20
% b0 weakly in H2(9Q\ G.).
By the Sobolev embedding theorem
e,

J— — 1 2
e b— 0 in C*(0N\ G).

Therefore the sequence {@k — {D;k}, with
Afg = A, 0 Q, g lon =0

represents the desired approximation for solution of the Cauchy problem (4.8).

Now we prove (4.13). Let = be an arbitrary point in © and let X be a smooth function
such that it is zero in some neighborhood of 992 \ G, and the set B = {z € Q|x(z) = 1}
contains an open connected subset F such that 7 € F and G. N F is an open set in 0. By
(4.12)

0= (p, AQ(S(/(S))LQ(Q) = (Sgpa A25)L2(Q) + (P, [AQ, ﬂé)L%Q)-
That is,

(4.15) (Xp, A%0) 12(0) + ([A, X]"P, ) 120 = 0.

This equality implies that Yp € H*(Q).

Next we take another smooth cut off function y; such that supp x; C B. A neighborhood
of = belongs to By = {x|x1 = 1}, the interior of B; is connected, and Int B; N G. contains
an open subset O in J2. Similarly to (4.16) we have

(4.16) (X1p, A%0) 12(0) + ([A% X4]"p, 8) 12(0) = 0.

This equality implies that Y1p € H%(€). Let w be a domain such that wNQ = 0, dwNIN C
O contains a set open in 0f2.
We extend p on w by zero. Then

(A(X1p), Ad) L2 () + ([A% X]"P, ) 12(00w) = 0
Hence
A*(x1p) =0 in Int ByUw, pl|,=0.

By Holmgren’s theorem A(X1p) = 0, that is, (Ap)(z) = 0. D

’Int B1

Completion of the proof of Theorem 1.1. It suffices to prove that ¢(0) = 0. We take
G, in the previous proposition to be the union of the segment between 7, and 7, . and the
segment between T_ . and 7_.

We will show that ¢;(0) = ¢2(0). By obvious changes of the argument below we can prove
that ¢i(x) = ¢2(x) for any point z € Q.
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Suppose for some Cauchy data the problem (4.8) is solved. Next, since ) is simply con-
nected, we construct a function ¢ such that the function ®(z) = (a:) + 4t (z) is holomorphic
in Q. Consider the function ®(z) = 22®(z). Observe that Im® = (2% —22)1 () +2z1220().
In particular by (4.8) and the Cauchy-Riemann equations, we have

[m&sbg\ge = (2% — 2d)a(x) + 2z129¢(2), 8;;(::) = b(x).

Since we can choose a,b from a dense set in C*(90\ G.) and the tangential derivatives of
(22 — 22) and x,25 are not equal zero simultaneously we can choose a, b such that

Olm® ORe® Olm® ORe®
or T = g, I < 0 lea = 5, ~lear, > 0

(4.17)

Obviously the function ® has a critical point at zero. We may assume that 92®(0) # 0.
Really if ®(0) # 0 then 63&3(0) = 29(0). If (0) = 0 we modify this function by adding a
small real number: ®(z) + €. Obviously we will have (4.17).

A general function o may have a degenerate critical points. In order to avoid them, we
approximate the function ® in C* (Q) by a sequence of holomorphic functions {&)k}g‘;l such
that

- - _ ORed ORed
(4.18) o, — @ in CY(9Q), ;y "o <0 %ba\r, >0,

(419) Hk = {z|8ZCI>k(z) = O}, CCLT’de < 00, Hk N o) = {@}, az&)k(zé) 75 0, VZ@ c Hk.

Let us show that such a sequence exists. For any ¢; € (0,1) we consider a function
®(z/(14 €)). Obviously

O(/(146)) —& inC'(Q), ase — +0.

Each function ®(z/(1 + 1)) is holomorphic in B(0,1 + ;) and in B(0,1) it can be approx-
imated by a polynomial. Let ¢; € (0,1) be an arbitrary but fixed. Consider the sequence
of such polynomials. Let p(z) = > 7_, cx2® be a polynomial from this sequence. Consider
the polynomial p/(2) = S r_, kepzt~t = TI4_, (2 — 2,)*®). Here we assume 2; # 2, for k # j.
Let us construct an approximation of the polynomial p(z) by a sequence of polynomials
of the order k. We do the construction in the following way. First pick up all s(k) such
that s(k) > 2. Denote the set of such indices as U. Let k € U. Consider the sequences
{/Z\k7£1152}7 ce {/Z\k’és(ﬁ)’52} such that

Zhities — 2k aS €g — +0, VO € {{y,. .. ,ES@)},
Zhtier 7 Zhtjerr L <k <k Af 4 # L
The polynomial
Pl (2) = M TEY (2 = Bin)

does not have any zeros of order greater then one. By the construction we have

pEQ Z kck 2%
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satisfying
Ck,eo — Ck, Vk € {1,...,/{}.

This means that the sequence of polynomials pe,(z) = > p_ Ck.e2", o, = Co converges to

p(z) in CH(Q) and for small €; these polynomials do not have critical points. Let us fix some
sufficiently large ¥ and consider k > k. Then card Hy, = card Hy, for all ky > % and ko > k.
Let cardHy, = ¢ and points z; = T11 + %21, ..., 2 = T14¢ + 22, represent all critical points
of the function ®4(z) = or(2) + 1g(2).

Then by Proposition 4.1 we have

S (@)

E ; =0, z;=(21,, T2 ).

— 1 ) j g L2,
o7 [detyy(z;)]2

Let 3 € {1,...,¢}. Consider the polynomial

ﬁ Hk;e}(z - z)° (2 —2)°

. 2 Hk;ﬁ
p(2) = pi(2) +ipa(2) = (2= %) +dg (2 = 2).

2 Hksﬁ?(z? — 2)° ’ k;é]( i 2%)? ’
Then
(4.20) afp(z;) =d, € C, afp(z?) =deC,
(4.21) p(z) = 0:p(z) = 02p(z) = 0 j € {1,... .0} \ {j}.

Consider the function ®(z) + ep(z). For small € the set of critical points of this function
consists exactly of ¢ points,which we denote as z;(€) (z;(¢) = (Rez;j(e),Imz;(€))). These
critical points have the following properties:

| SR TN
500, 0, 27 Y-
Oe €

In fact, there exists ¢y > 0 such that

Zj = Zj(e), Ve € (_EOa 60)7 j 7é ./]\
Then by Proposition 4.1 we have
¢ -
o @@
() ; |det(tvr, + €p)"(;(e)) 2
Taking the derivative of the function J(¢) at zero, we have:
1 (F(0)Re(dO?P(F;)) + o, (7(0)) Im(dO204(35))
1028, (35) |det(¢hy)" (25(0))| 2
1 i<Q(ZL‘J(O))(_2¢kx1x2 (@;(0))Impy,0, (2;(0)) — 21/}/%1001 (@;(0))Impg, , (7;(0))
2z [detyy/(%;(0))]2
 14(7;(0)) (D, (detf!(7;(0))Re(d24 () +%(dewg(fj(o))lm(daﬁk(353))
’ 020 (T5) 2| et (5(0)) |

(4.22) 2(0) = 2,

(4.23)

—_
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The first and third terms of (4.23) are independent of Imp,, ,,(Z;(0)) and Imp,, ,, (z;(0)).

Consequently
1 : q(%5(0)) (—2¢ka12, (% (0)) Impz, 4, (75(0)) — 290k, (2(0)) Impy, 4, (5(0)) —0
23 et (7;(0))]2

This formula and (4.22) imply that ¢(25(0)) = 0. Since by (4.18) and (4.19) the set H;

converges to the set of critical points of ® and 0 belongs to the set of critical points of &3, we
have ¢(0) =0. H

[1]
2]

3]
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