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Abstract
We describe explicitly the (g, K)-module structures of the principal series representations of SL(4,R).

1 Introduction

When we study a representation of a reductive Lie group, we often investigate its associated (g, K)-
module first, because it has an advantage of being purely algebraic. By using this, we sometimes have
“algorithmic” or effective computable results for the representation in question.

In this paper, we describe explicitly the (g, K)-module structures of the principal series representa-
tions of SL(4,R). The method of investigating (g, K )-module structures for groups of higher rank used
in this paper was originally found by Takayuki Oda in the case of Sp(2,R) ([6]). Furthermore Tadashi
Miyazaki [3, 4] applied the same method for the cases Sp(3, R) and SL(3,R). There is another method
different from ours, see, e.g., Howe [2] for GL(3,R).

Let us formulate the problem more precisely for a general real semisimple Lie group G with a maximal
compact subgroup K. Let g and ¢ be the Lie algebras of G and K respectively. Moreover let (mw, H;)
be a standard representation of G with the K-finite part Hy x. Since (w, H) is realized as a subspace
of L?(K), we can see the K-module structure of m by the Peter-Weyl theorem. Thus, to accomplish
the investigation of the (g, K)-module structure of 7, it is sufficient to investigate the action of p or pc
because of the Cartan decomposition g = €+ p. To investigate the action of pc, we define I'] as follows.
For a K-type (7,V;) of 7 and a K-homomorphism n : V, — H, i, we define a K-homomorphism
N:pc®V; = Hy g by X ®v — 7(X)n(v), where we regard pc as a K-module by the adjoint action of
K and denote the differential of m by the same symbol 7. Let pc ® V> ~ @, V5, be the decomposition
into irreducible K-modules, and fix an injection I7 from V, into pc ® V; for each i. We then define a
linear map I'7 : Homg (V;, Hx k) — Homg (V;,, Hr i) by n+— 7o IT. This I'T characterizes the action
of pc. Now the problem is to describe explicitly I'].

The key to describing I'T is to find a “good” basis in the space Homg (V;, Hy i) of intertwining
operators (which is not one-dimensional in general) with respect to which we can easily describe I'7.
We take as the good basis a basis induced from elementary functions in H.

As a result of this paper, we obtain some relations between vectors in H[r] and H[r;]. Here
H[r] means the 7-isotypic component of H,. We can use these relations to obtain explicit formulae
of principal series Whittaker functions of SL(4,R) with a certain K-type from those with another
K-type. Tatsuo Hina, Taku Ishii and Takayuki Oda [1] give the explicit formulae of principal series
Whittaker functions of SL(4,R) with the minimal K-type. So there is a possibility that we derive
explicit formulae of principal series Whittaker functions of SL(4, R) with an arbitrary K-type using the
relations obtained in this paper. Passing to the various realizations or models of the principal series
representation, including Whittaker models, one can have an infinite number of difference-differential
operators. It seems interesting problem to have explicit formulae of these realizations (see Miyazaki [5]
for SL(3,R)).

Here are the contents of this paper. In section 2, we recall the structure of G = SL(4,R) and
define the principal series representation of G. In section 3, we study representations of K = SO(4). In
section 4, we investigate the K-module structure of the principal series representation by the Peter-Weyl
theorem, where we also define the elementary functions. In section 5, which is the main part of this
paper, we define I'7 for G = SL(4,R) and also ﬁ which is essentially the same as I']. Then we describe
fz explicitly in Theorem 5.2. We also give the action of pc explicitly by using I'] in Theorem 5.5.

The author express his gratitude to Takayuki Oda for constant encouragement, who introduced him
this problem. He also thanks Tadashi Miyazaki for valuable advice.



2 Preliminaries

2.1 The structure of SL(4,R)

Let G be the special linear group SL(4,R) of degree four. We take K = SO(4) as a maximal compact
subgroup of G. Let g and ¢ be the Lie algebras of G and K respectively:

g={X€gll4,R) [tr X =0}, t={Xeg|X+'X =0}

Then g has the Cartan decomposition g =€+ p, where p = {X € g| X =tX}.
We define subgroups N, A and M of G by

1 % % % ay
1 % * a ar € R
N: EG ) A: 2 k >0 ,
1 * as ajasazay = 1
1 a4
€1
. +1
M= €2 e € {1}
€3 E1E92€3&4 =1

€4

Let a and n be the Lie algebras of A and N respectively. If we denote by Ey; € M(4,R) the matrix
unit with its (k,[)-th component 1 and remaining components 0, then n = @, ., _,., REy. We take a
basis {H1, Hy, H3} of a defined by -

1 0 0
H, =
-1 —1 -1

For 1 < k < 4, we define a linear form e, of a by a > diag(t1,ts,t3,t4) — tx € C. Then the
set of the restricted roots for (a,g) is given by ¥ = {ex —e;|1 < k,l < 4, k # I}, and the subset
YT = {ex —e|1 < k <1 <4} forms a positive root system. The half sum p of the positive roots is
given by

1
p== Z 615(361+627637364).

eext

2.2 Definition of the principal series representations

To define the principal series representation, we fix v € Homg(a,C) and a character o of M. We
identify v with (v1,v2,v3) € C? defined by v, = v(Hy) (k = 1,2,3). Note that the half sum p of the
positive roots has the coordinate (p1, p2, p3) = (3,2,1) through this identification. We also identify o
with (o1, 02,03) € {0,1}%3 defined by

o(e) =eT'eq?es®  for e = diag(e1,€2,¢€3,64) € M.
We define a quasicharacter e*** : A — C* by
e’ P(a) = a P a2 TP a TP for a = diag(ay, a9, a3, a4) € A.
Then the principal series representation is defined as follows.

Definition 2.1. Let H(, 5 be the space of the locally integrable functions on G satisfying the equation

f(namg) = e"**(a)o(m)[(g)

for (nya,m,g) € N x Ax M x G, and f|x € L*>(K). Then the principal series representation m(,, 5 is
the right representation of G on H(, 5.



3 Representations of K

We study representations of K. We realize representations of K as SU(2) x SU(2)-modules by using a
covering map ¢ : SU(2) x SU(2) — K, which is defined in subsection 3.1. In subsection 3.3, the adjoint
action of K on pc is studied. In subsection 3.4, we give I7 : V;, — pc ® V,, which is explained in
introduction.

3.1 The covering group of K

(5 2

We regard H as a four-dimensional real Euclidean space with an inner product (z,y) = tray* for
x,y € H. Here y* = 5. We define for (g1, g2) € SU(2) x SU(2), an automorphism ¢(g1, g2) of H by

a,bEC}.

o(g1,92)(x) = grwgy " for z € H.
Then ¢(g1,g2) preserves the inner product and the orientation, hence we have a homomorphism
p:SU(2) x SU(2) — SO(H) ~ SO(4) = K.
We observe that ¢ is surjective and the kernel of ¢ is {£(12, 12)}. If we take

500 507 B0 Sla )

as an orthonormal basis in H, then ¢ : SU(2) x SU(2) — K is given by

Reaa’ + Rebd —Imaa’ +Imbb Reabl — Reba’ —Imab’ —Imba’
( ) = Imaa’ +Imby  Read’ —Rebl! Imabl —Imba’ Reab + Rebad
PL92) = | _Real/ +Reba’ Imab +Imba’ Reaad +Rebb) —Imaa’ +Imbb

—Imab +Imba’ —Reab —Reba’ Imaa’ +Imbb’ Reaa’ — Rebd

(91,92) = ((_ab 2) ; (_a;, g,)) € SU(2) x SU(2).

Here Re z and Im z mean the real part and the imaginary part of z € C, respectively.
For later use, we give the explicit description of the differential dyp : su(2)c @ su(2)c — tc. We take
a basis {H, E, F'} of su(2)c defined by

R ) B A B ()

If we define Yy, € tc (1 < k < 6) by

for

V-1
| -vET 1 C11 1 Caa
Yl - \/jl ’ Y2 - 5 7011 /> }/3 - 5 7022 ’
/1
V-1
\/jl 1 Cha 1 —Co
Y, = YVi==-|—u 172 )
4 \/jl ) 5 2 _C21 ; 6 2 C12 )
—/—1
where
D A T A A B e A WS A SEVos A S G BR
11 — \/jl 1 ) 12 — \/jl 1 ) 21 — _\/jl 1 ) 22 — \/jl -1 )
then the correspondence between su(2)c @ su(2)c and €c through dy is given as follows:
(Hvo)’—’ylv (E,0)+—>Y2, (F,O)l—>Y3,
(O7H)’—>Y47 (O7E)’—>Y57 (O7F)'—>}/6



3.2 Representations of K

We first study representations of SU(2). For an integer m > 0, let V,,, be the subspace of degree m
homogeneous polynomials of two variables z1, z5 in the polynomial ring C|z1, 22]. For g € SU(2) with

g l= ( “ Z) and f € V,,, we set

Tm(g)f(zlvz2) = f(azl + bZz, —521 +622).

It is known that irreducible representations of SU(2) are exhausted by {(7m,Vin)|m € Z>o} up to

equivalence. We take {v,gm) = 2820""F 10 < k <m} as a basis of V;,. If we denote the differential of 7,

by the same symbol 7,,, then the action on this basis of {H, E, F'} C su(2)¢ is given by
Tm(H)vlim) =(m— 2k)v,(€m), Tm(E)’U](Cm) = —kv,(:f)p Tm(F)Ul(cm) = (k- m)v,(ﬁ)l
We write for m = (m,n) € Z2207 T™m = Tm X 7, and Vi, = V,,, K V,, which is a representation of

SU(2) x SU(2). We take a basis {v} ;) = v,(cm) ® vl(") |0 <k <m,0<1[<n} of Vi, which is called
the standard basis.

The representation (7y, Vin) of SU(2) x SU(2) induces a representation of K = SO(4) by mm (k) =
Tm(p~1(k)) for k € K. This definition is well-defined if 7, (Ker¢) = 1, i.e., m +n =0 (mod 2). Thus
we find that K = {(7m,Vim) | m € L}, where we put L = {m = (m,n) € Z2,|m+n=0 (mod 2)}.
We say that an element m = (m,n) of L is even if both m and n are even, and odd if both m and n are
odd.

For later use, we here study the dual representation of (7m,Vm). We first note that the dual
representation (7.5, V%) of the representation (7., V;,) of SU(2) is isomorphic to (7, Vi) again, since
irreducible (m + 1)-dimensional representation of SU(2) is unique up to isomorphism. Hence we also
note that the dual representation (7.5, V%) of the representation (7yn, Vi) of K is isomorphic to (7m, Vin)

again. In the next lemma, we give an isomorphism between (7m, Vi) and (775, V).

Lemma 3.1. Form = (m,n) € L, let {v?k‘j‘l) |0 <k <m,0<1<n} be the dual basis of the standard
basis {”?1:71) |0 <k<m,0<1<n}. Then (1%,Vy5) is isomorphic to (Tm, Vm) as a K-module via

vieyy — (=) (k) (l)vm(k,l)

Proof. From Miyazaki [4, Lemma 3.4], V% is isomorphic to V, as an SU(2)-module via

o o (7l

for0<k<m,0<I[<n.

Thus we obtain the lemma.

3.3 The adjoint action of K on pc

The next proposition states the K-module structure of pc. Recall that we think of pc as a K-module
by the adjoint action of K.
Proposition 3.2. As a K-module, pc is isomorphic to V(3 2) via X4 ) — vgj)) (x,y =0,1,2), where

X(ay) € Pc are defined as follows:

011 Cll
X(0,0) = 2 ( oM ) ) X, = ( o ) ; X0,2) =2 ( ) ;

012 1 C’21
Hao = < Co ) ’ KXo = -1 ’ Xaa = - Ci2 ’

022 Cf22
X(270) = -2 <4‘7) y X(271) = (0422‘7> ) X(272) = -2 ( 022 > .




Proof. Because X () satisfies
Y1, X(0,0)] = Y4, X0,0)] = 2X(0,0), [Y2: X(0,0)] = [¥5, X(0,0)] = 0,

we find that X ¢ is a highest weight vector with weight (2,2). Thus pc contains a subrepresentation
isomorphic to V(3 2). But, because dimpc = dimV(z2) = 9, we see that pc is actually isomorphic

to Viz,2). We can take an isomorphism from pc to V(g ) which maps X (g to U((o (2); The remaining
correspondence between X, ) and v§$y§ can be easily checked. For example, since 7(3 ) (F, O)Ug:g; —
—%8:3;, we see that 0835 corresponds to
1
—5¥s, X0l = Xa,0.-
O

3.4 Clebsch-Gordan coefficients for pc ® Vi,

We study the irreducible decomposition of a tensor product representation pc ® Vi, for m = (m,n) € L
as a K-module. Since pc is isomorphic to V(s 2y, we first investigate the su(2)c-module Vo @ V,,,.
It follows from the Clebsch-Gordan theorem that V5 ® V,, generically decomposes three irreducible
subrepresentations of su(2)c:
V2@V~ P Vinsoi
i=—1,0,1

Here some components may vanish. An injection from V,,19; into Vo ® V;,, for i = —1,0,1 is given in
the following lemma.

Lemma 3.3. When Vi, y9,-component of Vo® V., does not vanish, we define a linear map I : V40, —

2

I 0) = 3o AP el
=0
Here we put v,(C =0 unless 0 < k < m and the coefficients A[ ] are defined as follows:
A[m’l] _ (m—k+2)(m—/<:+1) A[m 1 _ 2(m—k‘—|—2)k [m1] _ k’(k‘—l)
[k-0] (m+2)(m+1) Bl ™ (m+2)(m + 1)’ B2l (m 4 2)(m + 1)’
[m,0] _ M — k [m,0] _ 2k —m m,0] _ k
Algop = > Ay = ——— Al =~
[m,—1] [m,—1] [m,—1]
A[k 0l =1, A[k o= -2, A[k b = 1.

Then I is a generator of Homgy(2)s (Vint2i, Va @ Vin).

Proof. We first note that Ifn(v(gm+2i)) € Vo, ®V,, is a highest weight vector with weight m + 2i. Indeed,
we have

72 @ 7u(H) (17 (o)) = S Ay 6 1 () (2 & 0™),)
=0

fZA{SZ’] (IEP) @ o), +u® @ rn(H)(0{7)_,))

*ZA{SZ’] (=200 @o{T)_, +(m—201—i-2)® @o{")_,)

= (m —+ 20) I (v{™ ),



and moreover,

2
2 @ (B (1" ) = 3 Al (—o o) @ (")) +ZA%;";] (1—i—ap @o),)

x=1

2
==Y (@+ Al + 0 -i- A @ e,
z=0

since (z+ I)A{gﬁﬂ_l} (1-— )A{gl;]] =0fori=—1,0,1and z = 0,1,2. Here we put A™ i0 1] = 0 unless
0<z<2.
Thus, to complete the proof, it suffices to show that
72 ® 7 (F) (10" 7)) = 1" (Tans2a(F) (0" 2) )
This equation is implied by
(@ = 3)AGT (k41 —i— o —m)AR" = (k—m — 20) AR,
which can be checked by direct computation. O

We next investigate pc®Vm. From above arguments, pc® Vi, generically decomposes nine irreducible
subrepresentations:

Pc®Vm~ P Vinragy):
i,j=—1,0,1

Here some components may vanish.

Proposition 3.4. When Vi3 jy-component of pc ® Vin does not vanish, we define a linear map
I Vingagi ) — Pc © Vin by

m+2(w) [m, (4,5)] m
I(w) (k1) Z Z A[(k 1), (=, y)] @) @ Vlk ) +(1,1)~ (i,5)— (z.9)"
=0 y=0

Here we put v&‘l) =0 unless 0 <k <m and 0 <1 < n, and the coefficients Amjl(;’z]y)] are defined by

[, (i.5)] il 4[]
Al wa) = Ak Ay -

Then I(r;fj) is a generator of Homeg (Vini2(i,5), Pc @ Vin)-

Proof. This follows immediately from Lemma 3.3. O

Lemma 3.5. The coefficients Al k’l)’gi]y)] satisfy following relations.

[m, (4,5)] — (_1)i+i Alm, (5]
® Almystig)— ki) @o) = CD T AR 2,2) - @)

, [0, (5,5)] - o)l X o L 2 fon, (5,5)]
o2 {(k — i+ DA (m = ki 1) Al y)]} = (im +i +i—- A0

: [m, (4.5)] : [m,(i,5)] _ (s 2 [m,(4,5)]
2 {(l —j+ 1)A[(k ) @ oy T (n—1l+j+ 1)A[(k,l)7gx72)]} =(Un+j2+j— 2)A[(k,l)7gm71)]

Proof. From the definition of A{le]] in Lemma 3.3, it is easy to see that the coeflicients A{ZLC’;]] satisfy

)H—lA[m 3]

[m.d]
A [k,2—x]?

[m+2i—k,x] — = (
2{ =i+ DAR + m— k4 i+ )A = (24— 2040,

G alm) gl

Because A™ (D). (2] ko] Al the lemma follows from these equations. O



4 The structure of the principal series representation as a K-
module

We first recall the Peter-Weyl theorem for the compact group K. Next we investigate the K-module
structure of the principal series representation by embedding it into L?(K).
L?(K) has a K x K-bimodule structure by the two sided regular action:

(k1 ko) [)(x) = (ki wka), [ € L*(K), w € K, (k1 ko) € K x K.
We define a homomorphism ®,, : Vi K Vy, — L?(K) of K x K-bimodules by
w®v— (k— (w, 7m(k)v)),
where (, ) is the canonical pairing on V3 X V},. Then the Peter-Weyl theorem tells that

d = @@m :@V;&Vm — L}(K)
meL meL

is an isomorphism of K x K-bimodules. Here @ means a Hilbert space direct sum.

We next consider the restriction map rx : H,,o) — L?(K). Tt is injective because G = NAK, and
if we regard L?(K) as a K-module by the regular right action only, then 7 is a homomorphism of
K-modules. The image of rx is

L%Mﬂ)(K) ={f € L*(K) | f(mk) = o(m)f(k) fora.e. m€ M, k€ K}.

L%M (&) has an irreducible decomposition L%M oK) ~ @ Viilo] ® Vm as a K-module. Here

meL 'm
Vi [o] means the o-isotypic component in (7.5 |ar, Vi), that is

Valol ={w € Vi | o (m)w = o(m)w, m € M }.
Hence we obtain an isomorphism of K-modules
relo®: @ Vnlo] ® Vin — H(y, o).
meL

In order to accomplish the investigation of the K-module structure of H, ), it remains for us to
decide Vi [o]. We first consider Vij,[o]. Let m = (m,n). Since M is generated by three elements

-1 1 1

we see that v € Vi is in Viy[o] if and only if 7 (m;)v = (—1)%v for ¢ = 1,2,3. On the other hand, from
the definition of (7m, Vim) and because the inverse images of my, ma, mg under ¢ : SU(2) x SU(2) — K
are given by

= ) () e (D D))
(5 (5 )

m+4n

=DM em s
n = (=DMm

k1 m+n
(_1) T+ U?kli,l)'

we have

g
3
w
=
=8
I



Thus if v} ;) + (=10 ) € Vin with & € {0, 1} lies in Vin[o], then we have

01£5+m+mT+n (mod 2),
oco=e+k+1 (mod?2),

o3 Ek—l—l—i—mT—i—n (mod 2),
or equivalently

m =01+ 02 +03 (mod 2),

Ezal—l—m—i—mTM (mod 2),

k‘+l£c73+mT+n (mod 2).

Therefore, we see that if m # o1 + o2 + 03 (mod 2) then Vi,[o] = 0, and that if m = o1 + 02 + 03
(mod 2) then

Vmlo] = €D COm_py+ (D)™ ).
(k,1)eZ(o;m)

Here ¢(o;m) € {0,1} is defined by

e(o;m) =01 +m+ mTM (mod 2),

and Z(o;m) is defined as follows:

e If m is even and e(o;m) = 1, then

Z(o;m) = {(k,l) VA

0<k<mand 0<{<n/2—-1, or 0<k<m/2—1 and [ =n/2
k+l=03+(m+n)/2 (mod 2)

e If m is even and e(o;m) = 0, then

Z(o;m) = {(k,z) €z

0<k<mand 0<I<n/2—-1, or 0<k<m/2 and | =n/2
k+l=03+(m+n)/2 (mod 2)

e If m is odd, then

Z(o;m) = {(k;,l) VA

-1
0<k<m and OSZSHT7 ]f—i—lEO’g—f—mT—’_n (mod2)}.

By the correspondence between Vi, and V5 in Lemma 3.1, we note that if m # o1 + 02 + o3 (mod 2)
then Vij[o] = 0, and if m = 01 4 02 + 03 (mod 2) then {vg* ; ) + (= 1)zl m)vgc‘*l) | (k,1) € Z(o;m)}
is a basis of V3 [o].

From above arguments, we obtain the following.

Proposition 4.1. As a K-module, the principal series representation H, ) has an irreducible decom-

position
H,o) = @ Vimlo

meL

Here if m # 01 + 02 + 03 (mod 2) then Vo] =0, and if m = o1 + 02 + 03 (mod 2) then

Valol= @ Clm gy + (1™ o).

(k,l)eZ(o;m)

Corollary 4.2. Let d(o;m) be the dimension of the space Homg (Vin, He o)) of intertwining operators.



1. When o1 + 02 + 03 =0 (mod 2):

e If m = (m,n) is even, then

(mn+m+n)/4+1 for (o1,02,03) = (0,0,0) and m =n (mod 4),

d(o:m) — (mn+m+n+2)/4—1 for (01,02,03) = (0,0,0) and m £ n (mod 4),
’ (mn+m+n)/4 for (o1,02,03) # (0,0,0) and m =n (mod 4),
(mn+m-+n+2)/4 for (o1,092,03) # (0,0,0) and m £ n (mod 4).

e Ifm = (m,n) is odd, then d(oc;m) = 0.
2. When o1 + 09+ 03 =1 (mod 2):

e If m = (m,n) is even, then d(o;m) = 0.

e Ifm = (m,n) is odd, then
1
d(o;m) = Z(mn—i—m—&—n—i—l).

We define an element s(m; (p1,p2),(q1,92)) of Hy,oy for m = (m,n) € L, (p1,p2) € Z(o;m),
0<q <mand0< gy <nby

s(m; (p1,p2), (01, 42)) = 15" © B(WRT () poy + (D770 Y@ 0f ).

We call it the elementary function. Moreover we define a K-homomorphism 778;1 ) € Homg (Vin, H(y,0))
for (p1,p2) € Z(o;m) by
77;2171)2)(“?;1},12)) = S(m7 (p17p2)a (CIh Q2))

Then {n{, .,y | (p1,p2) € Z(o;m)} is a basis of Homg (Vim, Hy,0)), and we call it the induced basis
from the elementary functions.

5 The structure of the principal series representation as a g-
module

Let H(, ),k be the K-finite part of H(, .. To investigate the g-module structure of H, , r, it is
sufficient to investigate the action of pc because of the Cartan decomposition g = € + p.
In this section, we define a linear map F(l ) and also F( ) by modifying FE“ @ little, which is easier

to treat than FE“ X We then describe 1"( ;) explicitly in Theorem 5.2. This 1"( ) Or 1"( ;) characterizes
the action of pc. We give an explicit descrlptlon of the action of pc by using F( i) in Theorem 5.5.

Notation . For m = (m,n) € Z2, and a vector space W, we denote by M(m, W) the set of (m +
1) x (n + 1) matrices whose components are elements of W. For convenience, the indices of rows and
columns of matrices in M (m, W) start from 0. For example, the element of M(m, W) whose (k,1)-th
component is wy; € W, which is denoted by (wgi)ki, 8

0 1 l n
0 [/ wo wor Won
1 | wio wir Win
k . : Wil
m Wmo Wm1 e Wmn



5.1 Definition of F?,:l,j) and F?;,j)

For a K-type (Tm,Vm) of 7, ) and n € Homg (Vin, H(y»),x), We define a K-homomorphism 7 :
pc ® Vin — H(yo)x by X @ v = 7(, 0 (X)n(v). Here we denote the differential of 7(,, ,) by the same
symbol 7(,, ). Then, for —1 <i <1 and —1 < j <1, we define a linear map

Iy s Homg (Vin, Hy o), ) — Homg (Vint2(i,5), H(v,0),5)-
by n—1ijo IZ’;j).
Let Jm be an injective linear map from Hompg (Vin, H(y 0,k ) into M(m, H(, ) i) defined by
Jm(n) = (n(v?qjl,qg)))(h% for ne HomK(Vma H(V,a),K)~

Put S(m; (p1,p2)) = Jm(np, ,,))- Then {S(m; (p1,p2)) | (p1,p2) € Z(0;m)} is a basis of the image of
Jm in M(m, H, ,y ). We also put le’j) = Jm+2(i,5) © F?Zj) o J,! whose domain is the image of Jp, in
M(m, H(V,a) K):

e,
HOHlK(Vm, H(l/,o),K) (—)> HomK(Vm+2(i,j)v H(V,o),K)

JmJ{ lJmH(m)

Image(Jm) fT> Image(Jm+2(i7j))
(4,3)
N N
M(maH(V,a),K) M(m+2(i7j)7H(V,U),K)

Note that describing I'7 ) with respect to the induced basis {nfp, | (p1,p2) € Z(o;m)} is equiv-
alent to describing fz?-j) with respect to {S(m; (p1,p2)) | (p1,p2) € Z(o;m)}. Thus we also call

{S(m; (p1,p2)) | (p1,p2) € Z(o;m)} the induced basis.

5.2 An explicit description of flg’j)
We give the Iwasawa decomposition of X, ,y € pc, which is needed in the proof of the next theorem.

Lemma 5.1. The basis {X(z,) | 0 < x,y < 2} of pc given in Proposition 3.2 have the following
expressions according to the Iwasawa decomposition gc = nc G ac ® tc:

X(0,0) =4V —1E34 —2H3 — Y1 — Yy,
X1y =2(—E13 + V—1E14 + V—1E33 + Ea4) — 2Ya,
X(0.2) = 4/ —1E3 — 2(Hy — Hy) = Y1 + Vi,

X,0) = 2(E13 — V—1E14 + V—1E33 + Ea4) — 2Y5,
X1y =Hi+ Hy — Hs,

X(12) = —2(E13 + V—1E14 — V—1Es3 + Fo4) — 2Y,
X0y = —4V—=1E1; — 2(Hy — Hy) + Y1 — Yy,
X1y =2(Ers + V—1E14 + V—1FE23 — Eyy) — 2Y3,
X(20) = —4V—1F3; — 2H3 + Y1 + Yy.
Here Ey; € nc and Hy € ac are defined in subsection 2.1, and Yy € tc are defined in subsection 3.1.

Proof. This may be checked by direct computation. O

Now we state an explicit description of f?il, ;) with respect to the induced bases.

Theorem 5.2. Form = (m,n) € L and —1 <14,j <1 such that d(o;m) # 0 and d(o;m+2(i, j)) # 0,
we have

T ) (S(m; (pr,p2))) = 3 B S(m 20, 5); (pr,p2) + (13) + (K, D). (%)
(k,1)=(0,0),£(1,1),+(1,-1)
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Here 7[[&’(,19’2))]% € C are given by

Mg,y = (~2v5 = 2p3 +m = 2py +n = 2p2) AL (L )iy 00
Mg = (=208 = 2p5 —m+2p1 =0+ 22 ARSI (L) o)
vty = (~200 = 201+ 202+ 2pa +m = 2py —n+ 2 AL (LG ma). 0
om0 = (=201 = 201 + 202 + 20 = m+ 21 + 1= 2 AL (1 o
Mimproon = W1+ p1vatp2 = v = patim+ jn+ i+ 7 it j = DAREIL G o
where we put AE;’(;’Z) )] = 0 unless 0 < pj) <m+2i and 0 < phy < n+2j. In the right hand side of
(%), we put

S(m +2(i, j); (1, p3)) = 0
if py <0 orph <0, and

S(m +2(i, 7); (p, ph)) = (—1)=™ 20D S (m + 2(4, 5); m + 2(i, §) — (b}, Ph))

if (P1,p3) & Z(o;m+2(4, 5)), py > 0 and ph > 0.

Proof. Let E(; ;) € M(m + 2(i, j), C) be the matrix unit with its (k,[)-th component 1 and remaining
components 0. Let us consider a linear map ¥ : M (m + 2(i, j), Hy, ) — M(m +2(4,j), C) defined by

(farar)ara, = (fapay(14))qpqy- Since

m+2(2,5)*

.. om+2(i,5)), m+2(4,5)* +2(¢,5
s<m+2<m>;<pa,p;>,<qg,q;>><14>:<vm+2(i,j)_(m,pé)+<—1>€<v PRI D 2y

(p1,p5) 7 7(41,95)

(_1)£(a;m+2(i j

= Om-42(i,5)— (0;,p}),(dhoat) T+ IS (1 ) (a0

we have
(S (m+2(i, §); (91, 95))) = S(m + 2(i,); (01, 75)) (14) = Emoig)— ) py) +H(—1)F 2O E
Here 6(19/111’/) (

0)(dhay) = OplqiOpyq, and Oy is the Kronecker delta. Hence {W(S(m + 2(i,7); (p},p2))) |
(p1,p5) € Z(o;m+2(i, 7))} are linearly independent over C. Thus, in order to prove the theorem, it is
sufficient to compare the values of the both side of (x) at 14, € G.
Since the value of the right hand side of the equation (x) at 1, € G becomes

T (S(m; (p1,p2)))(14)

= Jm42(33,5) © F?il,j) o Jiu! (S(m; (p1,p2)))(1a)
= Jmt26i.5) © UGy (05, pa) ) (1a)

= Jnt26.0) (1py p2) © 100y (14)

_ (zm m+2(4,5)
= (77<p1,p2> 175 (Vg qy )(14))

9195

Il
'M”
WE

&
Il
<

<
Il
<

[mv(la])] ~m
(A[(q1 din(w) Vo m2) (X () ® V0 ag) (11— ) - (x,y>)}(14))

9195

E
M

(A ) (X )i (1, 22), (01 08) + (1,1) = () = (2. 9) ML)

9192

Il
=

=0y

we first compute {7(,,»)(X(z,y))s(m; (p1,p2), (q1,¢2)) }(14). By the definition of principal series repre-
sentation, we have

{70 (Ert)s(m; (p1, p2), (q1,62)) }(14) =0
for 1 <k<l<4, and

{70y (Hy)s(m; (p1,p2), (q1,92)) }(14) = (v + pr)s(m; (p1, p2), (41, 92))(14)
= (U + P8) Bm (o1 o) (a1.02) T (17 T™ 800, ). (a1.02))

11



for k = 1,2, 3. In addition, from the definition of the elementary function s(m; (p1,p2)

{70 (Y1)s(m; (p1,p2), (41, ¢2)) }(14) = (m — 2q1)s(m; (p1,p2), (41, q2) ) (14)

{7 (w,0)(Y2)s(m; (p1,p2), (91, ¢2)) } (14) = —q1s(m; (p1,p2), (@1 — 1,¢2))(14)

,(q1,42)), we have

)
(m 2(]1)(5m—(p17p2)7((h,(n) + (_1)E(U;m) 5(131,]92),((117112))7
i (

=—Q (61“*(171-,172)7((11*1#12) + (_1)E(U;m)6(m@2)’((11*17‘12))’

{7000 (Ya)s(m; (1, p2), (a1, 42))}(La) = (a1 — m)s(m; (p1, pa2). (a1 + 1,2))(1a)
= (& - m)((sm*(Pl’Pz)’(%Jrl,qz) + (—1)€(a;m)5(
{7 .0y (Ya)s(m; (p1, p2), (q1,¢2)) }(14) = (n — 2q2)s(m; (p1, p2), (41, q2))(14)

p1’p2)7(q1+1,q2))’

=(n— 2q2)(5m—(P17P2)7(Q1,Q2) + (71)5(0;m)5(1717102)7(111,412))’

{70y (Y5)s(m; (p1,p2), (91, ¢2)) }(14) = —gas(my; (p1, p2), (q1, 2 — 1))(14)

= =2 (Om—(p1.,p>),(q1,a2-1) T (_1)5(0;’00)5(p1Joz),(qhqz—l))7

{7(w,0)(Yo)s(m; (p1, p2), (41, 92)) }(14) = (g2 — n)s(m; (p1,p2), (q1, 92 +1))(14)

= (Q2 - n)((sm*(pl,P2),(Q1,q2+1) + <_1)6(0;m)6(p1,P2),(Q1,q2+1))-

Therefore, by using the Iwasawa decomposition in Lemma 5.1, we have

{70 (X(0,0))8(m; (p1,p2), (g1, g2)) }(14)

= (—2v3 = 2p3 — M 4241 = 1+ 22) (e (p1.po).(a1.02) T (=)™ 801 ) (a1.02)):

{70y (X(0,1))8(m; (p1,p2), (91, 92)) } (1)

=201 (O (p1.p2), (@1~ 1ua2) + (=180 1) (a1 -1,02))>
{70y (X (0,2))8(m; (p1,p2), (q1,42)) } (1)

= (_2V1 —2p1+2v2 +2p2 —m+2q1 + 1 — 2QQ)(6m—(P17P2);(Q1)L12) + (_1)6(6 m)

{70y (X(1,0))8(m; (p1,p2), (g1, g2)) }(1 )

6

= 2q2(5m—(1)171)2)7(Q17Q2—1) + ( 5(;017102) (g1,92— 1))

(
1)
{W(Va (X(l 1))s(m; (p1,p2), (q1,92)) }(14)
= W1+ p1 42+ p2 = V3 = 93) Gm(pr.p) (a0 + (1™ ) (010205
{70y (X(1,2))8(m; (p1,p2), (91, 92)) } (1)

= _2((]2 - n)(ém*(p1’P2)7(Q1,Q2+1) + (_ )dmm)(s(m,pz),(CI1,LJ2+1))’
{7 (,0) (X(2,0))8(m; (p1,p2), (91, ¢2)) }(14)

= (_2V1 —2p1+2v2 +2p2 +m =21 —n + 2QQ)(6m—(P17P2);(Q1)L12) + (_1)6(6 m)

{W(u,a) (X(2,1))S(m§ (p1,p2), (q1, Q2))}(14)

—2(q1 — m)(‘sm—(pl,pz),(q1+1,q2) + (=
{7 .0)(X(2,2))8(m; (p1,p2), (91, 92)) } (1)

1)E(U;m) 5(17171)2)»((11-"-17(12))7

6(171,172);(1117112))7

6(171,172),(111,112))7

= (_27/3 —2p3+m—2q +n— 2q2)(§m—(P17p2)’(q17(I2) + (_1)E(U;m)5(p1,p2)7(41,tJ2))'

Now let us compute 1"(1 5 (S(m; (p1,p2)))(14). By above equations, we have

Ty (S (m; (p1, p2))) (L)

= ({—21/3 —2p3—m+2(¢i+1—i)—n+2(¢hb+1— )}A{gifz’j)](o 0l

X (5m7(p1,p2)7(qi,qé)+(1,1)*(i,j) + (_1)5 7 5(1’1’pz)’(%’qé)+(1’1)7(i’j)))q’q’
142
+ ({20 = 2ps +m = 2(¢ — 1 =) + 0 2(as — 1 = N} A )

X (Om—(p1.p2).(aa4)— (1)~ (i) T (*1)6(““’)5@1,pz)xq;,qg)—(l,l)—(w‘))>q/q,
142
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+ ({—21/1 — 201 + 203+ 2p5 — M+ 2(q) + 1 — 1) +n —2(gp — 1 - A

X (Om—(prp2).(ah,a4)+(0,-1)—(ig) + (*1)5("”“)5@1,m),(q;,q;)+(1,—1>—<i,j>>)q/q,
142

+ ({—21/1 —2p1+ 202 +2p2 +m—2(qp — 1 —i) —n+2(gs + 1~ j)}A{afgj)) (2,0)]

X (Om—(prp2).(ah,a)+(-1,0—(ig) + (—1)5(”;“‘)5@1,pzma,qg)+(—1,1>—<m>))q/q,

142
m, (,5) g(o;m

vi+prt v+ p2—vs— P3)Ahq1(,q2)](1 1) O prp2). (a5 — (o) + (= 1) )5<p1,p2>,<q;,q;)—(i,ﬁ))q/q,

142

+ (
+ 2 +1-— [m,(i,j)] (5 RN (_1)e(a;m)6 o )
(@1 i) [(q;,q§)7(0,1)] m—(p1,p2),(4},q5)—(i,5) (1) (ah.a3)=(09)) )
142

[mv( 2] e(o;m
+ (2 DAL o 1.0 Om 1,2, a3)— () + (1) )5@1,p2>,(q;,q;>—<i,j))>q,q,
1972

[ ’(7;’ )] o;m
=2(gy = 1= 5 = ) Ay ) (1.2 Oy ) () (i) + (1) )5<p1,m),(qa,qg)—(i,j)))q;qé

+

_|_

[m (Zv o}
( 2 —1—-i— )A[(ql,q;) (2,1)] (Om—(p1.p2).( dh.a5)—(ig) T (- )8( m)‘s(m,pz) (q1,95)— (w)))
[m, (4,5)] E o o +( )5(0 ;m) ﬁ m, (4,5)] E o
[(p1,p2),(1,1)] m+2(i,5)—((p1,p2)+(i,5)+(1,1)) [(p1,p2),—(1,1)] “(p1,p2)+(i,5)—(1,1)

@]
oy —(1.0)] Bt 2(i,5)— (pr,p2)+ (i) —(1,1)) T(=1

[

[

[m,(4,5)] +
[(p1,p2),(1,—1)] Em12(i.5)~ ((pr.p2)+ (i) +(1,-1))
[m

[

[

[

2

Q

o;m [m, (3,5)]
) B o) Blowpa e+

Q

[(p1,p2),(—1,1)] By po)+(i.5)+(-1,1)

1)) gl (69)

2(4,3)]
) [(p1,p2),(1,—1)] By po)+(i.g)+(1,-1)

(— 1)e(am)ﬁ[m i,5)]
(o (—1.1)] Bmt2(i)—(p1,p2)+(5)+(-1,1)) F(=1)%7

+ o+ 4+ o+
Q

2 (1,9)]
(pl,pj) (0,0)] m+2( ,0)—((p1,p2)+(3,5)) +( 1)

&(o;

Q

[m, (4,5)]
)6[(101,173) (0,0)] (Pl,Pz)Jr(i»j) :

Here

m,(i,5)]
m-+2(,5) —((p1,p2)+(4,5)+(1,1)),(0,0)]

:(4,7)]

a[ m, (4,5)] = (—2v3 —2p3+m — 2p; —|—n—2p2)A%
[m, (i.5)] [m
Vo) (1.1)] = (208 = 2p3 = m+2p1 =04 2p2) Al 50 () ) (i) — (11)),(2.2)])

[(p1,p2),(1,1)] —

o, (5,5)] N [on, (i
a1 = (2201 = 2p1 4 200 £ 290+ m = 2p1 =+ ) A 0.2
. (5,9)] _ [, (6,7)]
[or (1,1 = (7201 = 2p1 4 202 4 202 = m 4 2p1 4+ 1 = 2p2) A0 (51 ) (1.0 +(—1,1)), 2,00
o)) [o0, (5,5)]
V(1 pa),(0.0)] = W1 T P1 V24 P2 = V3 = p3) A 50 (o o) 4 (1,0)).(1,1)]

[m, (4,5 [m, (4,5)]
+2(m+ 1= p) AT (et + 20+ =) ATEIL a0

+ 202 + DA o e 200 DARE i
Bl = (=205 = 205+ m = 2p1 +n =22 AT o) 0y
Bl ) = (=205 = 205 = m+2p1 =0+ 2p) AR GIL ) o
Bl = (=200 = 2p1 + 202 + 25 m = 2p1 =0+ 2 AT o0y
Bl pn) = (“201 = 201+ 20s + 200 =+ 2py 40 = 2) AT L 0y

Bl ooy = W1+ o1+ vt pa —vs = pa) ASIL )y
+ 201+ DAL oy + 202+ DAL 1o
200+ 1= p2) Ay B )y +20m+ 1= p)AGRETL oy
By using the relations in Lemma 3.5, we find that

. (5.7)] ()] 5 ()]
N e)] = Upnpancien) = DBy ey
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Moreover we see that

24 27
elo;m+2(i,5)) = o +m+2i+m+++n+]zi+j+s(a;m) (mod 2).

Hence fzj)(S(m; (p1,p2)))(14) becomes
[m,(i,5)] osm+2(4,j
2 e ) (Bent2665)~(@rma) Gy )+ 20D By i) -
(e.)=(0,0),%(1,1),%(1,~1)

This equals the value of the left hand side of (x) at 14 € G, thus we complete the proof. O

5.3 Projections for pc ® Vi,

To give the action of pc, we need a projection from pc ® Vin onto Vi, 93,5 We first give a projection
from Vo ® V,,, onto Vi, 49;.

Lemma 5.3. When Vi, 42;-component of Va®V,, does not vanish, we define a linear map P : Vo®V,, —
Vint2i by

m m m,i m+21
P (0? @ ’UI(C )) = B[[k’$]]vl(€+;_z)_l.

Here we put v,(cmﬁi) =0 unless 0 < k < m + 2i, and the coefficients B[[Zl;]] are defined as follows:
[m,1] [m,1] [m,1]
B =1L By =1L B =1
[m,0] 2k [m,0] 2k —m [m,0] _ 2(m — k})
Biroy = 52 Buea = 52 Bear === 9
B[m’_l] _ k(k—1) B[m’_l] _ (m—k)k B[m’_l] _ (m—k)(m—-Fk-1)
(k0] (m+1)m’ [fe1] (m+1)m’ (k2] (m+1)m

Then P! is the generator of Homgy 2y (Va ® Vin, Vinyai) such that P™ o IT* =idy,, ., .

Proof. We follow the proof of Miyazaki [4, Lemma 6.1]. The composite map
Vo@ Vi Vi@V, = (Va®@ V) s fe fol" eV o~ Vo

is a surjective su(2)c-homomorphism from Vo ® V;,, onto Vi, 12, where the isomorphism from V% to
V. have been defined in the proof of Lemma 3.1. Therefore we get the assertion by multiplying this

composite map by some scalar so that it satisfies P/ o [;]™ = idy,, ;. O

Proposition 5.4. When Vin a3 jy-component of pc ® Vi does not vanish, we define a linear map
P(Tj) 1pc @ Vin — Vimgog,j) by

1m m — [m:(ivj)] m+2(i1j)
Pan X @) @ Vi) = B (e V) + () + @) —11)-

Here we put vzzzz(i’j) =0 unless 0 < k< m+2i and 0 <1 < n—+2j, and the coefficients B[[Zzl(;g;]y)]

are defined by
[m,(i,5)]  _ plmi] [n.4]
Bty @ = Biral Bl -
Then P(';?j) is the generator of Homee (pc ® Vin, Vinga(i,j)) such that P(‘;?j) o I(’;fj) =idy,_

+2(i,5) °

Proof. This follows immediately from Lemma 5.3. O

5.4 The action of pc on the elementary functions

We give an explicit description of the action of pc on the elementary functions, which compose a basis
of H(u,a),K-

14



Theorem 5.5. The action of X, € pc on the elementary function s(m; (p1,p2), (q1,q2)) for m =
(m,n) € L, (p1,p2) € Z(o;m), 0 < ¢ <m and 0 < g2 < n is given by

T(w,0) (X(a,y))5(m; (P1,p2), (91, g2))
= > A oy Bl G s (m 426, 5); (01, p2) + (5,5) + (k. D), (a1, 02) + (6,3) + () — (1,1).

i,j=—1,0,1

(k1)=(0.0),£(1)1),£(1,1)
In the right hand side of the above equation, we put
s(m +2(i, j); (P}, P5), (1, 42)) =0
if py <0, ph <0, q; <0, gy >m—+2i, g5 <0 orgh>n+2i, and
s(m +2(i, 1); (P, ph), (41, 42)) = (=)™ 20D s(m 4 2(3, j);m + 26, §) — (p1, 95), (41, 05))

if (Pr,pe) & Z(osm+2(i,5)), py 20, pp 20, 0< gy Sm+2i and 0 < g5 < n+2j.
Proof. We see that

T(v,0) (X(my))s(my (pl;pQ)v ((117 q2)) = T(v,0) (X(x,y))n?;l ’pZ)(UEI(;l,qz))

= ﬁg;hpz)(X(wwy) ® nglmp))

= ﬁghpz) Z I(rzj) © (t;ylj)(X(xvy) ® v&ll»%))
ij=—1,0,1

Z FE}J) (77221 ’P2)) © P(Tj)(X(zﬁy) ® qu]l,qz))'

i,j=—1,0,1

By Theorem 5.2 and Proposition 5.4, we have

Z [m,(,5)] m+2(1,5)
(p1.p2). (k1)) p1.p2)+(i,5)+(k,1)
(k,1)=(0,0),£(1,1),£(1,-1)

F?;»j) (ng’ll 7102)) =

and
m m _ [m,(i,j)] m+2(i,j)
Py (X @) © 041,02)) = Bligr mm(au))(arog2) +(1) + (@) —(1,1)7

hence

T(v,0) (X (a,y))s(m; (p1,2), (41, 92))

_ (m, (5,)] [(m, (4,7)] m+2(i,j) m+2(i,j)
- . _72 o1 V1,020, (601 Bla1,03), (2,001 o1 p2)+ 1)+ (o) Par a2) + (5,3)+ (2) — (1,1))

(B ) =(0.0), (11}, (1,—1)
= > A Bl s 26, 5): (P, p2) + (i) + (1), (a1, 02) + (i, ) + (2,) — (1,1)).

i,j=—1,0,1
(k,1)=(0,0),4(1,1),£(1,-1)
O]
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