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Abstract
In this paper, we consider the stability of an inverse spectral problem for a nonsymmetric
ordinary differential operator. We give an estimate for deviation in the coefficients of this
operator when the spectral data perturb. Our result shows that if two spectral data are
sufficiently close to one another, then the corresponding two differential operators must be
close each other in the sense of C”-norm (¢ = 0,1).

1 Introduction

In this paper, we prove a stability result for an inverse spectral problem for a system:

Bj—i(x) + P(z)p(z) = do(z), 0<z<l,
(1.1)

©®(0) cosh 1 — ™M (0) sinh . = @ (1) cosh v 4 ) (1) sinh v = 0,

_ (01 _ o) 1 2 _ ( P11 P12 1 4 G
where B = ( 10 ), v = < o) e (CHo,1)*, P = o poa € (CYo,1))* with

complex-valued components, and the constants p,» € C. Physically, problem (1.1) can describe
proper vibrations for various phenomena (cf. [2], [8], [11]), etc. On the other hand, this eigen-
value problem can also generalize the Sturm-Liouville problem ([9]) and the one-dimensional Dirac
equation ([6]).
Now we define a differential operator Ap,,, in (L*(0, 1))2 by
d

AP,u,u =Ap = B@ + P

with the domain

D(Ap,,.)={p€ (Hl(O, 1))2 : g0(2)(0) cosh pu — go(l)(O) sinh p = 0,
¢ (1) coshv + M) (1) sinh v = 0}.

*The author was supported by the Scholarship of Japanese Government and is supported by JSPS Fellowship
P05297.



This operator Ap, , is nonsymmetric and the corresponding inverse problem is more difficult. In
[6] the authors discussed an inverse problem of determining a coefficient matrix by data on spectra,
which are called the spectral characteristics, and proved a uniqueness theorem and a reconstruction
formula for (1.1). For the reconstruction procedure a nature question comes out: if there is a
perturbation in the spectral characteristics, then how much deviation in the reconstructed matrices
will appear. For clarity, we give a description of the spectral characteristics S(P, u,v) as follows.
The spectrum of Ap,, . is 0(Ap.) = {A }<i<n U{An tnez, where the algebraic multiplicity of A,
is 1 (i.e. A\, is simple) and m; > 2 is the algebraic multiplicity of eigenvalue A, and p’ (respectively
pr) are the scalar products of the corresponding root vectors (respectlvely elgenvectors) of Ap,.
and those of the adjoint operator A} , , of Ap .. Moreover, o' = = (od, - ,ak, ) are m; — 1-
dimensional constant vectors whose components are determined by the root vectors of A} v Which
are orthogonal to those of Ap, , in (L*(0,1))?. The definition of p’, &’ is constructive, and the
detailed description can be found in [5] and [6]. Then {X*,m;, p', ai}lgiSN U{Ans pn}nez is called
the spectral characteristics.

We first give the Gateaux derivatives for P which has been obtained as solution of an inverse
spectral problem, and then apply these Gateaux derivatives to obtain stability result. Here and
henceforth, for convenience, we use the same symbols as in [6].

For eigenvalue problem (1.1), Trooshin and Yamamoto [8] showed that the eigenvalues have an
asymptotic behavior

An = 1/0 (p11 + pa2)(s)ds — p— v+ nmv/—1+ O <|i|) (1.2)

2
as |n| — oo, and the set of all the root vectors of Ap,, is a Riesz basis in (L?(0,1))%. For
simplicity, throughout this paper we assume that matrix-valued functions P € (C*[0,1])* under
consideration satisfy 6y := %fol trP(s)ds = 0, where trP denotes the trace of P. In this case the
asymptotic forms for the eigenvalues and the norming constants are given as

Ap=—p—v+nrvV—14+Ky, pn=1+C (1.3)

=0(m) e=0(pm): (1.4

If 6y # 0, then the asymptotic form for the norming constants p, remains the same while A,

0o —pu—v—+nmy/—1+k,. However, if we put )\ = \,—0p and P=pP— 0o F where E denotes the 2 ><2
unit matrix, then, by replacing P, A, by P and A respectively, the same argument will be effective
as before, and a similar result can be obtained except that 6y = nh_)ngo (A + g + v — nm/—1) should

with

be appended into the spectral data.

The method used here is similar to that of [4] which discussed the classical inverse Sturm-
Liouville problem, but some difficulties have to be overcome. First, in our case it is more compli-
cated to obtain the Gateaux derivatives. Second, in our case, the relation between the reconstructed
matrix-valued function and the continuously differentiable matrix-valued function which contains
the useful information of the spectral characteristics is nonlinear, while in [4] it is linear. Third,
due to the non-symmetry of the operator under consideration, we have to take the adjoint system
of (1.1) into consideration simultaneously. One of our result shows that the maximum norm of
deviations in the reconstructed matrices can be estimated by an {!-norm of differences between two



sequences of spectral characteristics. Our result coincides with [10] where under special conditions,
the stability problem for the inverse spectral problem of determining the matrix-valued coefficient
P from two spectra (cf. [2] and [9]) was studied by means of the contraction principle. As for the
other results of stability on one dimensional inverse Sturm-Liouville problems, we refer to [3] and
[7]. For a multidimensional case we refer to [1].

This paper consists of four sections. In Section 2, we will prove the analyticity in components
of spectral characteristics of the solutions of the Gel’fand-Levitan equation. In Section 3 we will
calculate Gateaux derivatives and give their bound estimates. In Section 4 we obtain the main
results on stability.

2 The analyticity of the solution of the Gel’fand-Levitan
equation

First we introduce some notations. Let

Q={(z,9) €(0,1)*:0<y<z<1}.

<(§C) ﬂpz'j(ﬂf) },

where ¥ = 0, 1 and we set (%)0 f = f. Henceforth for a scalar or vector continuously differentiable
function we define || - ||gv (9 = 0, 1) similarly. As stated in Section 1, we take the same symbols as
in [6]. In particular we set p11 = p1, p12 = P2, P21 = u, P22 = v, where u, v are given functions.
Next we show

For P = (pij) <, j<o € (C1[0,1])* we define

1P|

cv =max{ max max |p;(z)], max max
1<4,j<2 0<z<1 1<4,j<2 0<z<1

Lemma 2.1 Let the matriz-valued function ﬁ(a:,y; z;N) be in (01 (ﬁ))4 and in
_ \4
(C’l((O7 1)2\9)) as a function of x and y, where z is a complex parameter and N denotes two

complex parameters. If ﬁ’(x, y; z; X)) is analytic in a neighbourhood of the origin with respect to z
with F(xz,y;0;X) =0, and M (z,y; z;R) is the unique solution to a Fredholm equation

F(z,y;2;8) + M (z,y; ;R) +/ M(z,7;2;R)F(1,y; 2;R)dT = 0, (z,y) € Q, (2.1)
0

then M (x, y; z; R) is analytic in some neighbourhood of the origin with respect to z with M (x,y; 0; R) =
0.
Proof. By the assumption we can express ﬁ(x, y; z; V) as

F(z,y; % R) = Zan(:c,y;N)z”, where a,(z,y; ) € (C! (ﬁ))4 , € (Cl(((), 1)2\9))4. 02)



Put M (z,y;2;N) Z (z,y; N)2", where by, (z,y; R) (n > 1) satisty

51(1773/7N) = _al(JC yvN ) n= 17
zn—l1

bp(z,y; R) = (z,y; X Zbk (, 73 N)ap—i (7, y; N)dr, n > 2.
0 :

(2.3)

In view of (2.3), we can see that {b,(z,y;N)}, >, can be uniquely determined by {an(z,y;N)},, 5,
For any a = (a;;)1<ij<2 € (Cl (ﬁ))4 we let

Fall o)y =  Jax, mex_ laij (2, )|

Then for n > 2, we have
n—1
n n k n—k
602" oy Il ane™ @yt + | ; bz an—2" " o)
n—1 N

S” anz" ||(C(§))4 +2Z ” bkzk ||(C(§))4H an*kzn_k ||(C(§))4
k=1

Hence, summation over n from 2 to co yields that

ZﬂbfﬂamKEZMnW 4m2wbwnwn§jwnw )

Since || b1z H(C(ﬁ))4:H ayz ||(C(§))4, we have

Z IFanz™ 1l (o)
m n=1
Z || bn2" ||(C(§))4§ < o0
" - 22 Fanz™ Nl o @)
n=1

oo
when |z] is sufficiently small such that Z I anz™ Therefore, the infinite sum

1
||<C(§))4< 5
M (z,y; z; R) is convergent absolutely and uniformly. Hence M (z,y; z; X) is analytic in a properly

small neighborhood of the origin with respect to z, which leads to the following equality

zn—l1 r oo n—1
Z/ Zbk 2, T3 N)an—p (7, y; N) 2 dT—/ ZZbk(x,T;N)an_k(T,y; N)z"dr.

n=2 k=1 (2.4)

Consequently, multiplying (2.3) by z™ and then summing over n from 1 to co, we see by (2.4) that
M (z,y; z; R) satisfies the following equation

o~ g;/—\/ ~
meam+M@uam+/Aanmwmwamw:&
0



By the assumption, we obtain M (z,y; z;R) = M (x,y; z; X). Thus the proof of Lemma 2.1 is com-
pleted. O

Next we apply Lemma 2.1 to the Gel’fand-Levitan equation ([6]) for the nonsymmetric system
(1.1) in the following five cases, where only one spectral datum perturbs. Before doing that,

we first give some remarks. We only consider a stability problem for P = ( 1;1 1;2 ) and

0 .0
Py = ( 2;1 122 ) corresponding to the following spectral characteristic respectively:

S(P, ) = {N miy o' 0} | s b es

and
S(P03/“’L’V) = {Az)vmi»ng?a%}lgigN U {)\g’pg}nEZ'

That is, throughout this paper, we assume that the number N of non-simple eigenvalues ! is same
as the one of A\f and the multiplicities m* are same.

Remark 2.1. The direct problem for (1.1) is unstable, namely, it may happen that the deviation
between P and P, is sufficiently small, while the deviation between two spectral characteristics is

large. For example, take Py = ( 2(? 8 > and P = < 27T0+ ¢ 8 > where ¢ is a sufficiently small

real number. In S(Fy,0,0) there is one eigenvalue with algebraic multiplicity 2, while in S(P,0, 0)
each eigenvalue is simple.

For our stability problem, we restrict ourselves to the case in which there is only a small per-
turbation in the spectral characteristics. Therefore, we will not consider the cases in which the
algebraic multiplicities of eigenvalues for Ap,, and Ap, ,, do not coincide. Now let us give
some notations. For A € C, let S(z,\) and S*(z,\) satisfy the following initial value problems
respectively:

{ (Ap, — \) S =0,

S(O’)‘) = 55
{ (Ap, —A) S* =0,
S*(0,A) =,

where
¢ = cosh B cosh
~ \ sinhp /)’ = —sinhpm /°
Let S(jy(, ), SE“].)(:L",X) and §{j)(x,X) (1 < j < m;) satisty the following initial value problems
respectively:
(.APO — /\) S(l) =0, (APO — )\) S(j) = S(j_l), 2 <5< my,
SiH0,A) =& 1<) <my,

( }0_)‘,)5?%):0’ (j’o _A)SGZSGH)’ l<j<m—1,
S* (0,A) =ain, 1 <j<m;—1,

(mi)(oa )‘) =, SEKJ)



{ (AR, = X) S(ny =0, (Ap, = X) Sty = Sy, 1< G <mi— 1,

Sty (0,X) =1, S7,(0,X) = (ad)on, 1<j <m;—1.

(@)
Here we should note that Sé‘mi)(m,X) = SZ‘mi)(x,X) and hence

= (Stm (A 7oy (5 20))

Py = (S ml)( AO) S L)(.’)\O))(L2(071))2

Thus we see that o = p{ and hence in Theorem 3 of [6]

N m; — )
Fley) = Flay) + 30 ( (2.28) = S5, (@.20)) (S (w:20) "
=1 j= 1
where
82
Fo) = 5920,

and f(z,y) is defined by:

flz,y) = Z

ot | Oy MG WA Gy (0 M) (. 4%)
P PO

O*(:L‘,E)OT(];,)\”) C*(I,T%)OT(y, /\%)
2 pn - o '

Here we set

C@ N = [ ST LN, O, N) = /0 St (1 Nt

Yy
CluN) = [ SNt Coplh) = [ (k0.
0

Case 1: Let m be an integer. Let the spectral characteristics of P and P, be

S<P’M’ {)\07mlap07a0}1<z<N U {)\n’pﬂ}nGZ,n;ﬁmU {)\m7p9n} ’

S(P07/1'7 {)‘Oa m“p07a0}1<l<N U {)‘n7pn n€Z.n£m U {)‘217 p(r)n} .

In this case, by (2.7)-(2.9) F(z,y) possesses the following form:

Fa9) = = (5@ M) ST () = 52,3057 (0. A0))
Note that

57 ) S (9, M) = 57 (2, 10,05 (3,05,

(S( > (@ N0)) (ST Am) = S7(9,05))

= 5@, 20)) ST(5, A5) + 5% (2 25) (ST (5 Am) = ST (5 X)),

(L2(0,1))2

(2.7)

(2.8)



Let z = A\, — A2 Consequently, if we prove that

both S*(z, An) — S*(2,A0)) and S(z, A,n) — S(x, %)) are analytic in a (2.10)
neighborhood of the origin with respect to z and vanish at z = 0, ’

then we can rewrite F(x, y) by ﬁ'(x, y; 2, R) where R = {p2 /A% 1 and see that ﬁ(x, y; z; N) satisfies
the assumption of analyticity with respect to z in Lemma 2.1.

Now let us prove (2.10). First let us give the definition of transformation operator X (0, P, ).
Let

00 (z) = ;/OI (ps + ) (s)ds, Oa(x) = ;/O (p1 + v)(s)ds.
Set

R(0, P)(z) = e~01(@) ( coshfy(z)  —sinhfy(x) ) '

—sinhfy(z)  coshbq(x)

Now we define a transformation operator X (0, P, ) on (Hl(O7 1))2 by
(X(0, P, p)w) () = R(0, P)(x)w(x) + /0 " K0, P, 1) (2, y)w(y)dy, (2.11)

where K (0, P, pu)(z,y) € (Cl (ﬁ))4 is the unique solution to the following system:

OK(0.Pp)  \ OK(0.P.p)
B, ot =5
K(0, P, p)(z,0)BE =0,

K(0, P, p)(a,2) B~ BK(0, P, p)(w.) = BR(0, P)(x) + P()R(0, P)(z).

(x,y)BJrP(x)K((),P, u)(x,y) =0, (l’,y) €,

By Lemma 3.3 of [6], we have the following transformation formulae

S*(x,X) = X(0,—PT, —@)e*(x,X), S(z,\) = X(0, Py, p)e(z, \),

where e*(z,)\) = ( —(32151}11}(1?%:5++ﬁﬁ)) ) , e(z,\) = ( Z?SE((;;C::__Z)) ) . By the regularity of the

hyperbolic functions cosh and sinh, it is easy to see that both e*(x, A,,,) — e*(x, A0)) and e(z, \,,) —
e(x, \))) are analytic in a neighborhood of the origin with respect to z and vanish at z = 0. There-
fore, by the linearity of the transformation operator X(-,-,-), we have the assertion.

Case 2: Let m be an integer. Let the spectral characteristics of P and P, be

S(P, p,v) = {)‘é’mi’pé7aé}1§i§N U {)\’(f)l’pgl}nez,n;ému { Ao P}

S(P07M’V) = {Aéﬁmiapz)?a(i)}lgiﬁN U {)\%’pg}neZ,n;ﬁm U {Agl’pgn} .

If we let 2 = p,,, — p2,, then we can easily prove that
~ ~ 1 1] ————
F(z,y) = F(z,y; z;R) = (;T - pT)S*(x,/\%)ST(y,A%)

where R = {p% AV } satisfies the assumption of analyticity with respect to z in Lemma 2.1.



Case 3: Let i be a positive integer with 1 < ¢ < N. Let the spectral characteristics of P
and P, be

S(Pa,u/7 V) = {Algamk7pg7 alg}lgkﬁN,k;ﬁi U {)‘iamivp67 aZ)} U {A%’pg}nez’

S(Pos psv) = {8, £ @ by g v NG i 2 @} U A0 Y s
In this case we have by (2.7)—(2.9) that

m;

= 1 o o0 N i
Flew) == (55 @ ADST () = 555 (@, ) ST (0, A))-
j=1

Let z = A — \}. Similarly to Case 1, in order to prove that

= = IS (o B @ (0 i) i

F(z,y) = F(z,y;zR) = FZ (S(*j)(x, N)STy (y, A) = g (2, A0) ST (v, )\0))

0 j=1
where R = {p§, \}, satisfies the assumption of analyticity with respect to z in Lemma 2.1, it is
sufficient to show that for 1 < j < m; both S(*j)(LF) - SZ‘].)(%)\*%) and S(j) (2, \Y) — S (@, X)) are
analytic with respect to z and vanish at z = 0.
First, by Lemma 3.3 (ii) in [6],

S(j)(mv Az) = X(Oa POv/’L)e(j) (37, )‘i)7 SZ])(£>F) = X(Oa _PT)T; _ﬂ)e*j) (l‘, )‘l)

Here e(;)(x,\") and e’(*j)(x,ﬁ) are given as follows:

Zﬁvk(x,)vu) a%m%—j(%%#)
= . * N k=7 ’
8(]‘)(33, A) = éz_?xk 3 €(j)($, A) = T)‘?Lz _ l’k_j .
ﬁé'k(z,)\,,u) - Zazm(skﬁ(%}\aﬁ)
k=0 k=j

where ay, =1,

| cosh(Ax +p), k even | sinh(Axz +p), k even
(@A 1) _{ sinh(Az + p), k odd ~’ CRND _{ cosh(Az + p), k odd

By an argument similar to Case 1, the desired result follows from these explicit expressions.

Case 4: Let i be a positive integer with 1 < ¢ < N. Let the spectral characteristics of P
and Py be

S(P,u,v) = {/\g,mk,pg,alg}lgkgz\,’k# U {/\67mi70ia0‘8} U {A%,pg}nez,

S(P07,u7 V) = {A§7mkap§7a§}1§kSN’k7ﬁi U {A,LOamwp(Z)a aé} U {)‘%a pg}nez .



In this case, if we let z = p® — pj, then similarly to Case 2 the desired result follows since

~ ~ 1 1 A= ;
F(z,y) = F(z,y;2;N) = (E - ;) > 85 (@ 05T (. 20),
0 j=1

where X = {p§ A} 1.

Case 5: Let i,j be positive integers with 1 < 7 < m;,1 < i < N. Let the spectral charac-
teristics of P and Py be

S(Pp,v) 4 4 ,
_{/\O,ml,pa,((aﬁ)i,...,aé,...,(a%”_&)o)}

U{/\lé,mk,plo“,alé 1gng,k7£iU n’p"}nGZ’

S(POMU‘7V)
= {Aé,miapév (( 1)07""(al)o"'ﬂ(a:nlfl)o)}
U {)‘O’mk’P07a0}1<k<N k;ézU{ n’p"}neZ'

Let z = a’ — (a})o. In this case we have

- ~ 1 — = — ;
Fla,y) = Fle,yisR) = (sgj)(m, ) — 57, (@, Ag)) ST (5, M),
0

where R = {p}, \j}. From the definitions of S{;(z, A ML) and Sz‘j)( D) (see (2.5) and (2.6)), we

have

) = Sy (@ 30)) =0,

0 = (af — (@) n

57(0:25) = S >(

and hence by the transformation formulae

Sty 3) = S5 (2. 35) = X(0, =BT, =7) (o — (ad)o ) € (2, 3)):

Consequently the desired result follows.

Remark 2.2. In Cases 1 and 2, X = {p% A%} and in the rest three cases & = {p{, \{ }. Moreover,
corresponding to each case above, we list a1 (z,y; R) as follows:

1 —7 _( *sinh(A),z +7) T( 10

. T
PN ysinh(AD,y + p) .
+pmS (. Am) [X(O’PO’M) ( y cosh(A),y + 1) :

1 ———
oS NS )

(2) -



— X
. O‘}g 5k—j(x7>\0nu)
1§ — | = Ny
(3)[72 X(O7_P() 7_:“) ’miixk;_j_i,-l . S(])(ya AO)
0= - Osz Vk—j ('Tv )‘61 ;“)
Py (k—j)! |

J1k+1

Y
mi Z k! yv ,,LL)

7 Zs* 2, Np) | X (0, Py, p) | B0 i

Z k(s A )

@) - — Zsm 2, M) ST (4, 20);

(pé) j=1

1 —  _ cosh( Nz + 1)

3 The Gateaux derivatives and bounds estimates

First we give the Gateaux Derivatives of p; and ps in each case of Section 2. Let M(z,y) =
(Mit)y<p <2 € (Cl(ﬁ))4 be the solution of the Gel’fand-Levitan equation (see (2.27) in [6]). Put

L(l‘) = 2(M12 — Mgl)(l’, CL‘), N(I) = 2(M11 — Mgg)(ﬂ?,l‘)

and "
wle) = [ =)o)
0
By Theorem 3 of [6],

L(z) = (v(z) = p1(@)) coshw(z) + (p2(2) — u(z)) sinhw(z) + pj(z) — v(2),

N(z) = (v(z) = pi(2)) sinw(z) + (p2(2) — u(x)) coshw(x) + u(z) — p5(x).

Eliminating ps(x) in (3.2) and (3.3), we have

L(z) coshw(z) — N(z)sinw(z)
=v(z) — p1(z) + (pYz) — v(x)) coshw(z) — (u(z) — pY(z)) sinhw(z).

In each case of Section 2, we may reset
L= L(z;2z;N), N=N(x;z;N),

p1=p1(x; 23 R), pa = pa(x; 23 R).

(3.1)

It is known in [6] that the spectral characteristics S(Py, 1, ) can uniquely determine p?,p9 if u, v
are given a prior. Therefore, in each case of Section 2, if we let A denote the unperturbed spectral

datum (for example, we let h = A0, in Case 1), then we can set

pY =pY(x;h), pS = pS(x;h),

10



where for simplicity we have omitted the dependence of other spectral data in S(Py, i, v).
Remark 3.1. By Theorem 1 of [6], it holds that p;(z;0;R) = p{(z; h) and pa(z;0;R) = pd(z; h).

Since (3.4) can be rewritten into

d

W= d—(: = (p} —v— L) coshw + (N — u+ p) sinhw + v — pi, (3.5)
by the perturbation theory of differential equations containing parameters (see, e.g., [12]), the
obtained results in Section 2 show that w = w(z; z;R) is analytic at the point z = 0 with respect
to z, and so is p1(x;2;R) — p{(x; k) by (3.5). Moreover, in view of (3.2) and (3.3),

P2 — U= (N—u—i—pg) coshw + (p? —’U—L) sinh w. (3.6)

Then ps = pa(x; 2; X) is also analytic at z = 0 with respect to z.
Now let
z = ¢en.

By the above discussion, we can obtain the Gateaux derivative of p; merely by taking the partial
derivative of (3.4) with respect to € and then setting e = 0. The computation procedure will be
shown as follows.

OL 5] ON 0
—coshw + L—w sinhw — — sinhw — N—w coshw

Oe Oe Oe Oe

= _% + (p(l) — v)g—j sinhw — (u —Pg)g% coshw.

Then, noting that w|__, = N|._, = 0 by Remark 3.1 and (3.3), we have
oL * Ip
— . . N

oLl _ _9m
Oe

i ds, (3.7)

e=0

e=0

where we set
g=u-—py.
Solving (3.7) gives

Oy,
/OE(S’W’N)

oL
d,s:f/ —(s;e7; R
. ; e )

rﬂeXP<m£mgﬁﬁdT>d& (3.8)

If we set 5 oL
P1
Y PR PINIE —_ S~ N Dy SPINIE — dL(x:~. R
(95 (Z‘,E’)/, ) o dpl(x7,)/7 ) and 85 (x,eq/, ) o d ('/1:777 )
then we have by (3.8) that
(i) = ~dL@s. ) + o) [ atsvWen (- [Cgnir)as @)
0 s

11



Similarly, by (3.6) the Gateaux derivative of ps is

dpa(;7y,R) = dN (z;7,R) + (p] — v)() /Ox dL(s;7,R) exp <— /;g(f)d7> ds.

On the other hand, by Lemma 2.1, we can find that

OM (z,y; 2, R)

5 — by (z,y;8) € (C* (@))".

z=0

Now let us set
b= (b (z; N))lgk,lg2 = by (x, z; N).

Hence in view of (3.1) we see that

dL(x;y,R) = 2y(big — b21) (23 R), dN (x5, R) = 2y(b11 — baz) (3 V).

Moreover let
_ b1
P= ( P ) '
Then by (3.9), (3.10) and (3.11) we have

dp(z;7,R) = vq(z;N),
where q(x; R) = ( (hg; ) ) with
q1(2;N) = —2(b1z — bo1)(7;R)

Jrg(;z:)/olc 2(b12 — b21)(s; V) exp < /: g(T)dT) ds,

q2(w; ) = 2(b11 — baa)(x;N)

—(p} — v)(x)/om 2(b1a — ba1)(s;N) exp (— /: g(T)dT> ds.

Obviously, q is C!-differentiable with respect to x on [0, 1].

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Second, we will show the bounds estimates about the Gateaux Derivatives obtained above. It
should be noted that w = O(]z]) by Remark 3.1 and the analyticity of w. We point out that here
and henceforth the bound O always depends only on ||Py|lc1 and ||P||c1. Furthermore, for |z|

sufficiently small, by (3.4) and the expansions

2
coshw =1+ “’7 L O(lw]?), sinhw =w + O(|w]?),

we see that

2 2

L1+ %) = N+ O(lof) = v = p1 + () = 0)(1 + %) — gw + O(|u),

12



ie.,

2
L+w' +(g— NJw+ (L= p +0) % +O(wf) = 0. (3.15)

Note that L = 2(b12 — ba1)z + O(|2]?), N = O(|z|), and L — p9 + v is bounded. Therefore it follows
from (3.15) that

2(b1g — b21)z +w' + gw + O(|z]?) = 0. (3.16)

On the other hand, putting v = 1 in (3.7), we see that

oL
2(bya — ba1)(x; ) = a(aﬁ, z;N)

IR CEEr / " (s N)ds.

Substituting this equality into (3.16) and setting
G(z; 2;N) = W' (23 2;R) — 2q1 (23 N),

we obtain .
Glai 263 + (o) | Glsi:0ds + O(12P) =
0

Then we see by Gronwall’s inequality that there exists a constant C' > 0 such that
|G ;2 X)| < Ol exp(zlgllco), Le., [Glleco = O(2]).
Moreover, if one differentiates (3.4) with respect to x, then similarly he obtains that

G'(z;2;8) + g(2)G(x; 2, R) + g’(x)/oz G(s;2;N)ds + O(|z]*) = 0,

which implies by the above result ||G|lco = O(]z|?) that
IGller = P15 23R) = P h) = za1 (5 ®) e = O(l2]?).
As for po, by (3.6) and the argument similar to p;, we can obtain
Ip2(52R) = (1) = 2q2(R) [l = O(I*).

In view of (3.12), these results can be put together as follows:

PO ’;o —2q(5R) [l (3.17)

4 Stability results

Now we apply the Gateaux derivatives established in Section 3 to obtain the stability results in
the inverse spectral problem as follows.

13



Theorem 4.1 Let Py and P be in a bounded set in (C1[0,1])* with fo trPy(s)ds = fol trP(s)ds =
0. Let the associated spectral characteristics be

S(Po, w1, v) {onmszOaa0}1<z<NU{)‘mpn}nez

and
S(Pvﬂ’l/) = {)\’L?mi,plaal}lgiSNU{An,pn}neZ'

Then, when ||S(P, u,v) — S(Po, 1, V)| is sufficiently small, there exists a constant C > 0 such that
for9=10,1

N N m;—1
lp = Pollcr < C D (18] +Iml) + Z D161+ D (Inl+ 17 (al + ) ¢ s
=1 =1 j=1 nez

where §; = X' = Xy, 7 = p' — ph, 0ij = & — (ah)o, Yn = An — A}, Vn = pn — py), and

||S(P,,LL,I/)—S(P07’[L,Z/)”

N N m;—1 1/2
= D 8P +1mP)+ D0 D 165+ D (l® + o)
=1 =1 j=1 nez

Proof. Let Z be the set of all spectral characteristics S(P, u, v) in which &, ,, have the asymptotic
behavior (1.4). Now we define the map M : Z — (C*[0, 1])2 with M[S(P, u,v)] = p. We set

SO(P,[L,Z/):S(P,,U,,I/)
and for 1 <i< N

SYP,p,v) = {)\]g’mk7pk’ak}1§k§i U {/\kymkmkﬂk}iﬂgkgzv U Ptz -
We set
Sco(P,p,v) = SN(P, p,v) = {06, mus o, 0"} U s pndnes,
and for n € Z
S’I’L(P7/'I‘7V) = {A%)’m’“pl’al}lf’LSNU {)\27pk}kSnU{)\k7pk}k>n N
Moreover we set
§0(Pa/1‘71/) = SOO(Pvl‘Lv - {)\Ovmlap aa }1<2<N U {)‘nvp’n}nez
and for 1 <i < N
§i(P’M’U> - {)\g’mk’plg’ak}lﬁkﬁ U {)‘gvmkapkaak}iJrlngN U {)‘(r)wpn}neZ'
Finally, we set for 1 <j<m; — 1,1 <i< N
SH(P,p,v)
= (Mmoo} UG map ((a)g oo (00) 0o ) }
U {)\]5’ mk7pg’ ak}i+1§k§N U {)‘2>Pn}nez
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and for n € Z

Su(P 1, v) = {6, mas plyy by ey MG PR e U A 26}
Note the formal relation

M[S(Pu, v)] — M[S(Fy, 1, v)]

N—
Z Sl P.ua ] [SlJrl P:u’ +Z P:u‘7 ] M[Sn+1(Pv/j‘7V)])
i=0 nez
N—-1
+3° (M5 (P v)] - MIS™ (P )] )
N e B (4.1)

ZZ( 85(P. )] = M) (P, v)])

=0 j=1

+3 (MIS (P, v)] = MBS (P, )

neZ

where we have set mg = 2, SY(P, 1, v) = SN (P, pi,v), Si, (P, i, v) = ST (P, p,v) (0<i < N —1),
SN (P, 1, 1) = S_oo(P, 1, v) = SWJXN_l(P,u, v) and Soo (P, i, v) = S(Po, p, ). Then, for each term
in parentheses in (4.1), applying the Gateaux derivatives established in Section 3 (see (3.17)), we
can prove by (4.1) and the triangle inequality that

[MIS(P 1, 0)] = MIS(Po, )] = ©0)||, = O (IS(P.ssv) = S )P) . (42)

where X = C? or C1,

N
O() = > 0ig({p", M) + > mal{pn: \0}) + ZTZ ${Phs A
=1 nez
N m;—1 4 . (43)
03 05 (5 {06 A6}) + D vaa(5 {05, A
i=1 j=1 nez

Since ||S(P, u,v) — S(Py, i, v)|| is sufficiently small, there exists a constant C; > 0 such that

HS(P7M»V) —S(Po,,u,l/)Hz

N m;—1
<G ZI6|+In YD 1051+ D (vl + )
i=1 j=1 nez

Therefore, to prove Theorem 4.1, by (4.2) and the triangle inequality it is sufficient to show that
there exists a constant Co > 0 such that for 4 = 0,1

[ISIQ]IfeE:
N N mi—1 (4.4)
SOUs+ D+ DD 10551+ > (Il + )7 (|| + [val)
=1 =1 j=1 nez
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By (1.2), (2.3) and Remark 2.2 we can show that there exists a constant C3 > 0 such that
16(;X)||co < C3 for each case of Section 2. And corresponding to Case 1 and Case 2, since
An, = O(|n]), we can show that

155 {pns A Dller < Callnl +1), 1605 {pp, AnDller < Calln] +1),

where the constant Cy > 0 is independent of n. Consequently, in view of (3.13) and (3.14), we can
choose a constant C5 > 0 independent of n such that

lg(:;R)||co < C5 for each XN as in (4.3), (4.5)
and
laC; {pn; AnDller < Cs(In] +1), llaC:i{ph Anbller < Cs(Inf +1). (4.6)

Then, by (4.3), (4.5) and (4.6) we can prove (4.4), since the number of the eigenvalues with alge-
braic multiplicities> 2 is finite. Thus we complete the proof of Theorem 4.1. |

Now we can give the stability result for the general case without the restriction 8y = 0 as
follows:

Theorem 4.2 Let the assumptions be same as in Theorem 4.1 except for fol trPy(s)ds
= fol trP(s)ds = 0. Then a constant C > 0 exists such that for 9 = 0,1

2 — Pollco

< [ Jim (v~ A9)]

N m;—1
+C Z (03 + 1m0 + >3 1051+ (Il + 1) (Fal + val) ¢
i=1 j=1 ne”Z

where &; = Xi — N — Jim (A — A%, A=A — A0 — Jim (A — A%).

Remark 4.1. In fact, the term |klim (Ax — A?)| can be thrown away in the estimate for ||ps —p3||co.
c— OO

Proof. As mentioned in Section 1 Theorem 4.1 holds for 736 =P — %fol trPy(s)dsE, P=PrP-

%fol trP(s)dsE and A0 = A0 — 1 trPo( )ds, An = Ap — %fol trP(s)ds, i.e.,
» » N m;—1
|P—Bylles < C Z Bl )+ 3037 (o5l + 32l + 17 (5] + o)
i=1 j=1 nez
Noting that 2]0 trP(s 2f0 trPy(s)ds = limg oo (Ax — A}) by (1.2), we complete the proof
of Theorem 4.2 by the trlangle inequality. (|
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