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Abstract
Let u = u(q) satisfy a hyperbolic equation with impulsive input:
Otu(z,t) — Au(z,t) + q(z)u(z, t) = 8(z1)d (t)

and let u|t<o = 0. Then we consider an inverse problem of determining
q(z), z € Q from data u(q)|s, and (Ou(q)/0v) |sy. Here Q C {(z1,...,zn)
€ R"*|z1 >0}, n > 2, is a bounded domain, St = {(z,t); = € 99,

21 <t < T+ x1}, v =v(x) is the unit outward normal vector to 9

L2(ST)}7

provided that g1 satisfies a boundedness condition and g2 satisfies a small-

at ¢ € 99, and T > 0. For suitable T' > 0, we prove an estimate:

ou Ju
91 = @220y < C {'“(q” o+ 5 - 5

ness condition in the Sobolev norm of order n + 2.

1 Introduction and main results

We consider an inverse problem of determining a coefficient in a hyperbolic

equation by an impulsive source located outside the domain where a coefficient
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is unknown. Let z = (z1,...,2,), n > 2 and ¢t € R. Let u(x,t) solve the Cauchy

problem in (z,t) € R*+L:
O2u(x,t) — Au(z, t) + q(z)u(x, t) = 6(x1)8'(t), uli<o =0, (1.1)
where § and &’ are the Dirac delta function and the t-derivative:

<5(5U1)77/)> = ’l/} (0,%27 e »xnat) )

and
(0'(t),0) = —0pp(z,0), Vap € C5° (R™).
As for the regularity of the solution, see Proposition 2.2 in Section 2.
Let R} = {(z1,...,7,) € R"|zy > 0} and let @ C R"} be a bounded domain
with Cl-piecewise smooth boundary 9. Furthermore let T > 0 be suitably

given. Set

Gr={(z,t); 2€Q, 21 <t <T+x1}, (1.2)
Yo={(z,t); z€Q, t=121+0},
Sr={(z,t); z€Q, t =T+ 21},

St ={(z,t); €I, v1 <t <T+z1}. (1.3)

‘We consider:

Inverse problem. Let Cauchy data of the solution u to (1.1) be given on Sr:

u(z,t) = f(x,t), %(:ﬁ,t) =g(z,t), (z,t) € Sr, (1.4)

where v = v(z) is the unit outward normal vector to 02 at x € 9. Then
determine ¢(x), z €  from given data (1.4).

If we can assume the positivity condition u(-,0) > 0 on 2, then the method
on the basis of a Carleman estimate which was discussed first in Bukhgeim
and Klibanov [2], implies the uniqueness. As for the stability, see Imanuvilov
and Yamamoto [5, 6], Khaidarov [10], Yamamoto [22], and we refer also to

Isakov [7, 8, 9], Klibanov [11], Klibanov and Timonov [12]. In (1.1) we take



an impulsive input 0(z1)d’(t) and the initial values can be zero. The impulsive
input is acceptable from the practical viewpoint.

This paper aims at the stability in this inverse hyperbolic problem with-
out positivity of u(-,0) by a single measurement, which is a longstanding open
problem. Theorem 1.1 stated below is a partial answer to the open problem.

In order to state the main result, we introduce notations. Let r =(diam
Q)/2. Assume that

QOCB (xo,r) = {x € R"; ’x —xo‘ < r}
where 20 = (x(l),O,...,O) € R%} and 29 >7r>0.

Set
K=K (@°Tr)={(zt); |za| <t < (T+ay+2r) - ‘x—x0|}.

Noting that 1 > 0 and T + 27 < T+ 2 +r < (T—&—x?—l—Qr)—’x—xO‘ for

x € ), we see that G C K. Denote by
P=P(a°Tr)={zecR" |z1| < (T+a)+2r) — |z —2°|}

the projection of K on the space R™. Throughout this paper, H!(St), H""2(P),
etc. denote usual Sobolev spaces (e.g. Adams [1]), and [«] denotes the greatest

integer not exceeding or. We set
UQ) = {qg € H(P)|llgllgn+2p) < Q} (1.6)
for any fixed @ > 0. Furthermore, we take a constant 3 such that
0<ﬂ<1and0<5(rﬂ+$?+2r)2<(:v?—r)2. (1.7)
Now we state the main result.

Theorem 1.1. Assume that Q satisfies (1.5). Let M > 0 and

4(x9 + 2r)

T>2r+
B



where [ satisfies (1.7). Suppose that ¢ € U(M) and g3 € U(e) for e > 0. Fur-
thermore, let uy, be the solution to (1.1) with ¢ = qi, fr and g, Cauchy data in
(1.4) foru = uy, k = 1,2. Then there exist constants ey = g (Q, T,2°% r, M, ﬂ) >
0andC =C (Q,T, 29,7, M,ﬁ,ao) > 0 such that for any 0 < & < gq the following

estimate

0~ @l sy <€ (I8~ Bl sy + o~ oallagsn)  (L9)
holds for any q1 € U(M), g2 € U(e).

Estimate (1.8) establishes the Lipschitz stability which is the best possible
for the inverse problem, but we need the smallness for either of ¢; and g. We
can interpret the setting of the theorem as the determination of not necessarily
small ¢; around fixed but small g5 (i.e., g2 € U(e)).

If we can be allowed to repeat infinitely many measurements, then the Dirich-
let to Neumann map can guarantee the uniqueness and the stability with the
zero initial condition (e.g., Sun [21]).

The above referred results by a Carleman estimate or the Dirichlet to Neu-
mann map, hold without smallness assumptions of unknown coefficients or the
spatial domain 2 under consideration. However, the Dirichlet to Neumann map
requires the infinitely many repeats of the measurements, which is not realistic.
On the other hand, the positivity of the initial displacement which an approach
by Carleman estimate needs, may be difficult to be realized in practise even
though a single measurement can guarantee the uniqueness and the stability in
the inverse problem.

In the case where the spatial dimension is greater than 1, it is a hard open
problem whether in the inverse problem for (1.1), one can establish the unique-
ness without any smallness conditions on the coefficients or 2. In Romanov
and Yamamoto [18], if both ||q1 || gn+2(py and ||gz|| gn+2(py are sufficiently small,
then with suitable 7', we can prove the Lipschitz stability for ||g1 — gal/z2(q) by

means of the boundary data. As related results, see Glushkov [3], Glushkov and



Romanov [4], Romanov [14, 15, 16, 17|, Romanov and Yamamoto [18, 19, 20].
In Li [13], assuming that g = 0, the stability is proved, which means an L?-size
estimate of a coefficient by the boundary measurement.

Our proof is inspired by the argument in §4.1 in [17] and [18], but we will

use an inequality of novel Carleman type.

2 Proof of Theorem 1.1

First we show a new Carleman inequality estimating also the solution on the
characteristics, which is an independent interest. For T > 0, 2§ > 0 and

B € (0,1), we define a function ¢ = ¢(z,t) by

1 T\?
ant) = JlaP - 9 (¢ a2 - ) (2.)
Furthermore, we set
0 0 .
8t:§7 aj:ax’ 1S.]Sna vx_(817 -~;an)7
J

Vm,t:(817"'aanaat)) Vm':(82a"'?an)7 Dy:agy_Ay

Proposition 2.1 ([13]). Let v € H?*(Gr). Assume (1.5), (1.7) and (1.8).
Then there exists a constant ¥ > 0 such that for T € (27‘ +4 (a:(f + 2r) /B,
2r+4(m?+27") /ﬁ—l—ﬂ) there exist s > 0 and C; = Ci(so,T,2°,7,8) > 0
such that

/ (s |va|2 + 53112) e2*?dadt

Gr

+ (5 (O + 8111)2 +s \Vm/v|2 + 531}2) e2%?dx (2.2)
SoUXr

<0 {/ (Dv)2 e?%?dxdt +/ (S |Vz,t’U|2 + 331;2) e2ssoda-dt}
GT ST
for all s > sq.

An estimate on Xy U X7 is given by Romanov [17] (Lemma 4.1.4), but in

[17] any weight function with large parameter s, is not considered. On the other



hand, Proposition 2.1 is attached by a weight function with a large parameter,
which is an inequality of Carleman’s type. In Li [13], the proof of Proposition
2.1 is given, and for the completeness of statement, we will prove Proposition
2.1 in the appendix.

In [17, 18], the following proposition is proved.

Proposition 2.2 ([17, 18]). . Let ¢ € U(Q). Then the solution to (1.1) can be

represented in the form

u(z,t) = = (t — |z1]) + alx, t)b (t — |21]) (2.3)

| —

where @ € H™(K), m = [“1]+1, 6o(t) is the Heaviside step function: f(t) =1
if t >0 and 0p(t) =0 if t < 0. Moreover

~ 1, .
u(z, |z +0) = —Z(szgn 1’1)/ q(&,2")dE, xeP (2.4)
0
with ¥’ = (z2,...,2,), and there exists a constant Cy = Ca(T, 2%, r,Q) > 0 such
that
[u(z,t)] < CaQ, (z,t) € K. (2.5)

The constant Cy is a non-decreasing function of parameters T, r, Q.

Remark 2.1. The representation (2.3) means that the regular part of the
solution u(z,t) coincides with @(z,t) for (x,t) € K. Moreover u € H'(Sr) and
Ou/dv € L?*(St) by the trace theorem (e. g., [1]), because 9 is piecewise C*
smooth and u € H™(K) with m > 2.

Now we prove Theorem 1.1.

Proof of Theorem 1.1. For any T > 0 satisfying (1.8), we set

~ 4 (29 +2
T:min{T,2r+($lﬂ+r)+g}, (2.6)

where 9 is given by Proposition 2.1. Therefore, estimate (2.2) holds in G5.
We set

Yy=up —uz2, pP=4q1— g2 (2-7)



Then by

Duk(xat) + qk(x)uk(z7t) =0, (:C’t) € GT’
we have
Oy(z,t) + q1(z)y(z,t) + p(x)ua(z,t) =0, (2,t) € Gz (2.8)

By ¢1 € U(M) and the embedding theorem, we see that ¢; € C(P) and there

exists a constant Cy = Co(T, 2%, 7, Q) > 0 such that
la1llcry < Collgl|mn+epy < CoM. (2.9)
By g2 € U(e) and (2.5) in Proposition 2.2, we have
lug(x,t)| < Coe, (2,t) € Gz, (2.10)
It follows from (2.8), (2.9) and (2.10) that
(Oy(x,t))? < 203M%y*(x,t) + 2C3e%p*(x), (z,t) € Gz

Then, by Proposition 2.1, there exists sg > 0 such that

/ (s Vaeayl” + 53y2) e**¢dxdt
G

T

t [ (50 ) 4 s [Tyl 4 5) o0
ZoUEf

<Cy /
G 7

<C | 2037 / y2e®Pdxdt 4 2033 / p2e?*Pdxdt

Gy Gy

+/ (s |Vz,ty\2 + 83y2) eQS‘/’dadt>
S~

(Oy)? e**?dadt + /

5| Vary)® + 5%9? ) e2*?dodt
(o5 ) .

T

T
for all s > sg, where ¢ = p(x,t) is defined by (2.1).

By (2.4) in Proposition 2.2, we have

1
Oy + 01y = —Zp(x), (z,t) € Xo. (2.12)



It follows from (2.11) and (2.12) that

/ (s Vol + (s — 20,C2M2) yz) 2P dpdt
GN

T

+T86 pP(x)e? @) dy (2.13)
Q
< 20,0363 / pPe®*dadt + C4 / (s|vz,ty\2+s3y2) e**?dodt

Gr S

for all s > so. We take s; > max{so, \3/20103M2} and fix it. Then using
(2.13) and noting G5 C 2 x (O,T + 29 + r), we have

: ~
L ezt /Qp2dfr < Ope?si®: {202252 (T + x? + r) /Qp2dx

16
+/ <31 \me|2 + s?yz) dadt} ,
Sz

where &1 = inf(, o(z,t) and ®g = SUP(, )G o(x,t). We choose g9 > 0

(2.14)

such that

1 _
176816281% > 26’102253 (T + :c(f + 7") e2s1 P2

and fix 9. Then it follows from (2.14) that, for any e € (0,¢¢], there exists a
constant C, = C,(T, 29, r, Q, M, 3, ¢) such that

/ pPda < C*/ (\Vw,tyﬁ + y2) dodt (2.15)
Q Sz

for any ¢ € U(M), g2 € U(e). By (1.3), (1.4), (2.6), (2.7), and (2.15), we obtain
(1.9). The proof of Theorem 1.1 is completed. O
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Appendix. Proof of Proposition 2.1

The proof is inspired by Lemma 4.1.4 in [17], but we have to treat the weight

function carefully. First of all, we note that the following inequalities hold:

0<al—r<a <a¥+r, 0<|x|2§(r+x?)2, zeQ, (A1)
T T T —
and —r—gét—a??—gﬁg‘*‘ﬂ (z,t) € Gr. (A.2)

In fact, the first inequality in (A.1) follows from (1.5). The second inequality in

(A.1) can be proved as follows:
j2|* = Jo—a®[? +af — (21— 2})? < r®+2a12% — (27)? <12+ 22} (2 +7) = (2])*.

(A.2) can be proved by (1.2) and (A.1).

By (1.7), there exists a constant ¥ such that

0 2
0< %ﬂg (47“ + 4(:61;_%) + 19) < (29 — 7). (A.3)

By (1.8), we can assume that T € (2r +4 (29 +2r) /B,2r +4 (29 +2r) /B +0).

Then we have

0 0
Aoy +2r) (xll[;r 2r) <T+2r <4r+ Ao t2r) (xl/; 2r)

It follows from (A.3) and (A.4) that

dr + + 9. (A4)

1
(29 —7)? > TGﬂB (T +2r).
Therefore we can take a constant p > 0 such that

, 64 (29 —1r)*
0<2ﬁ<p<mln{2,ﬁ2((?_’_27;n))2—26}. (A.5)

Furthermore, by (1.8), we can obtain

B2 (1 1 0n 2 pT  pr
L S (2 + PL_PT 0590 (A
At >4(r ) and 1 5 ~ %1 >2r (A.6)



Let s > 0, w = e%?v and Lw = e*?J (e *?w). Then we obtain that

Lw = {Dw + 52 ((@@)2 - |Vch\2> w+ ispw}
+s{(=0p — 1p) w — 2 (8pp) (Oyw) + 2 (Vo - Vow) }
= (Ow + s*dw + $spw) + s (cw + b (Qyw) + a - Vyw)
where a = 2V, = 2, b = —2(9p) = B (t — a8 —T/2) /2, c = —Op — p/4 =
B/4+n/2—p/dand d = (3,p)° — |Vap|® = B2 (t — 29 — T/2)? /16 — |z|/4. We

note that c is a constant. Furthermore, by p < 2, we have

>0
— 4

N | =

8 n
c> 1 + 5
Using the inequality: (o + )2 > 2y, we have
1
(Lw)® > 2s (Dw + s%dw + 4spw> (cw +b(Ow) + a- Vyw). (A7)

Noting that

\
1
>
X

we can verify that
2(0w) (cw+b(Ow) +a-Vyw) =0 P+V,-Q+R

where
P = (@) + [Vowl) +2(9w) (0 Vow + cw), (A.9)
Q = (IVaul® = (Ow)*) a = 2(a- Vow + b (Bw) + cw) (Vow),  (A10)
R=3(p—26) (Ow)* + 5(4 p) [Vaul?. (A11)
Therefore,

2/ (Ow) (cw + b (Ow) + a - Vyw) dedt
G

:[ (P—Ql)dm—i—/ (Q1 — P)dx + Q - vdodt + Rdxdt.

S >o St Gr
(A.12)

10



By (A.9) and (A.10), we can obtain that

P—Qi=(b+a) (0w + 31111)2 +(b—a) \Vm/w|2

(A.13)
+2 (Oyw + Dw) (a’ - Vyw + cw) ,

where a’ = (a,...,a,). Then by 29 > 0 and the inequality: |(a’ - Vyw)| <

|a'| |V w]|, we have

P—Q1 > (b+ay) (8w + dw)’ + (b—ay) |Vew|?
—229 (8w + B1w)? — ﬁ (a - Vw/w)2 + 2¢ (Qpw + w) w
> (b+ a1 — 229) (Qpw + ow)® + (b —ay — 2315(1) |a’|2> IV orw|®
+2¢ (Oyw + Oyw) w.

By (A.1) and (A.6), we have

1 T
b+a1—2x?:25<x1—x?+2>+x1—2x?

1 (T 1 1
225<2—r> —i—m(l)—r—Qx(l):zﬁT—iﬁr—x?—r
>, (x,t) € Xp.

By (1.5), (A.1) and (A.6), we have

1,2 1 o T 1 & o
b—a1—2—x(1)|a’| :2ﬂ<x1—x1—|—2> _zl_ﬁ;z‘]
1. /(T r? 1 1 3

> 2ﬁ<2 —r> —x?—r—Z—T:ZﬁT—§ﬁr—x?—§r

> g (z,) € S
Therefore,

1

P—Qy > r (0w +81w)2+§7“ IVorw|® + 04 (chIET) , (z,t) € 7. (A.14)

Similarly, by (A.13), we have

Q1 — P =(=b—ay) (8w + 81w)* + (a1 — b) [Vpw|?
=2 (Qyw + Dw) (a' - Vyw + cw)

T 2
> (—b —ay — 5) (Byw + B1w)? + (a1 —-b— - |a’2> |V zrw|?
—2¢ (Opw + Oyw) w.

11



By (A.1) and (A.6), we have

r 1 T r
bra—g =30 xg_x1+2)—x1-2
1 T r 1 1 3
>g, ($,t>€20.

By (1.5), (A.1) and (A.6), we have

2 1 T 2 &
a1—b—r|a/|2:$1—25($1—$0—2)—TZ$J‘2

=2
1 T 2 1 1
zx?—r—iﬁ (x(1)+r—x(1)—2) —;TQZEﬁT—ﬁﬁT‘HU?_&”
> (2r+af) +2) —3r=220 —r >, (x,t) € Xo.
Therefore,
1
Qu=P = 51O+ drw) 41 [Vorul® — 0, (cw2|20> . (x,t) € So. (A.15)

By (A.10), we have
Qv = (IVsul* = (Ow)?) (a-v) = 2(a- Vow +b (D) + cw) (Vaw) ).
Then by (A.1), (A.2) and (A.8), we have
Q- v| < Cs (\vmwf + w2) . (2,0 € Sr. (A.16)

Here and henceforth, Cy(k = 3,4,...) denote generic positive constants which
may depend on 9, r, T, n, 3, p, S0, and sy, but are independent of s. It follows

from (A.11), (A.12), (A.14), (A.15) and (A.16) that

2/ (Ow) (cw + b (Orw) + a - Vyw) daedt
Gr

1
> 77“/ (((%w + ow)? + \Vm/w\2) dz
S0 U S

_c/ w2do — 03/ (\Vl.,thQ + w2) dodt
320 UGET ST

I /G (=2 @)+ (4 ) Vo) doct

12



where 0%y and 0¥ denote the boundaries of 3y and X7, respectively, and do

is an area element of 0. Furthermore, as (4.1.40) in [17], we can show that

/ w’do < T/ (w,? + 32w2> dodt.
820 USET ST T

Therefore,

2/ (Ow) (cw + b (Qw) + a - Vyw) dadt
Gr

1
SoUZr (A.l?)
—04/ (|vmw|2 + w2) dodt
St
1
45 [ ((0-20/ @) + 4 p) V0l doct.
Gr
Moreover, we can verify that
2dw (cw + b (Oyw) + a - Vzw)
=V, - (dw?a) + 9, (dbw?) — w? (V, - (da)) — w0, (bd) + 2dcw?.
Then we have
2/ dw (cw + b (Qyw) + a - Vyw) dedt
Gr
= dw? (b — ay) dx + dw? (ay — b) dx (A.18)
ZT EO
+ [ dw?(a-v)dodt + / w? (2dc — V- (da) — 0, (bd)) dadt.
ST GT

By (1.5), (A.1) and (A.6), we have

1 T\> 1 1 T
de — 32 0y s gl
16" (xl e 2) T T

>1(2r+x?)2—i(r+x?)2:

By (A.1) and (A.6), we have

S| 2
> —Z(r—f—x?)

r2, (z,t) € Ep.

[

1 (37°2 + Qx?r) >

|

1 T 1 T
b—a1:25<1‘1—58(1)+2>—$1Z2ﬁ<2—7">—(1'(1)+7") >7', (l',t)EZT

(A.19)
Therefore,

dw? (b —ay) > gr?’wQ, (z,t) € Bp. (A.20)

13



Similarly, we have

16
1, (T 1 "2 b,
il Z_ _ - > 2
> 165 (2 r) 4(r+:v1) 24 (z,t) € X,
and
1 T
albxlﬁ(zl 170)2 e 5(7‘)
! (=) =5 2 (A.21)
> (2 —r) 4+ (2r+2Y) =220 +r >3r, (,t) € .
Therefore,
15
dw? (ay; —b) > <" rdw?,  (x,t) € 8. (A.22)

Furthermore we can verify that
2dc — V- (da) — 0, (bd)
Ry ) TN? 1 5, 1., o TV
=5 <37| *Pﬁ (t ) — 2) + me gﬁ t—z =3 .
Then by (A.1), (A.2) and (A.5), we have

2dc — V- (da) — 9y (bd)
2 1 T ? (64 (J:O - T)2
et g5 (5 ) (Gatrane )

1 1 . (T 2
+4p(:c1—r) —863<2+r) }

= ép (29 — r)2, (z,t) € Gr.

It follows from (A.18), (A.20), (A.22) and (A.23) that

>

wh—t

(A.23)

2 dw (cw + b (Qyw) + a - Vyw) dedt

1
/ wdz + ~p (2§ — r)2 / w?dzdt — Cy / w?dodt.
Uzr 8 Gr St

Furthermore, by (A.8), (A.18), (A.19) and (A.21), we have

(A.24)

[\]

/ w (cw + b (Oww) + a - Vyw) dadt
€]
(b—ay) w?dx + / (a1 — b)w?dx
ET E0

+/ w? (a - v)dodt + (2¢ — V, - a — Opb) w?dadt

T Gr

r/ widx — 7,0/ dexdt—C(;/ widodt.
Uxr 2 Gr St

14

(A.25)

v
0



Hence, by (A.7), (A.17), (A.24) and (A.25), there exists s; > 0 such that,
for all s > sy,

/ (Dv)QeQS“"dxdt:/ (Lw)? dzdt
Gr

Gr

)
> min (T, r3) / (s (Byw + Oyw)* + 5| Vpw|> + s3w2) dz
24 SoUSr

(A.26)
é/G (0= 26)s (ew)* + (4= p)s |V guul?

T

1
+gP (2 — 7‘)2 33w2> dadt — 07/
s

Furthermore, by (1.5) and (A.5), we see that

(s |Vgc7tw|2 + 33w2> dodt.

T

min<;,ir3)>0, p—26>0 4—p>0, and p(a:(l)—r)2>0. (A.27)

On the other hand, by w = e*¥v, we have

Vaiw = se*?v (Vg 1) +€°7 (Vyv) = 5 (V) w +€°? (Vg v) .

Therefore, we have

(8w 4 01v)% €% < 252 (Byp + 01p) w2 + 2 (Dyw + Hw)?,
(9)? €% < 25% (Byp)* w? + 2 (Qyw)?
|va|2 e2%% < 242 |V:,3g0|2 w? +2 |V$w|2 ,

V0] €259 < 252 Vo] w? + 2 |Vpw]?,

and

|Vg5,tw|2 <2 |va|2 e2%? 4 252 \Vmcp|2 e25Py2,

15



Using (A.26), (A.27), and the above inequalities, we have

—I—/ (8 (8w + dyw)” +3|V$/w|2+83w2) dz
ZoUZr

< Cy {/ (s |V,;7,5w|2 + 83w2) dodt +/
ST GT

< Cho {/ (s V0] + 331)2) e**?dodt + / (Ow)? eQS“’dxdt}
St G

T

(Ov)? eQ‘Qdedt}

We have completed the proof of Lemma 2.1. O
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