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1 Introduction

Let (2, F, P) be a probability space. Let X,, n = 1,2,..., be independent identically
distributed random variables, and F : R — [0,1] and F : R — [0, 1] be given by

F(r)=P(X;<x), and F(z)=P(X;> 1), z € R.

We assume the following.
(A-1) F(x) is a regular varying function of index —a, for some a > 2, as ¥ — oo, i.e., if
we let
L(z) = 2°F(x), z € R,

then L(z) > 0 for any = > 0, and for any a > 0

— 1, T — 00.

Also we assume the following.
(A2) 22 9F(—z) — 0, as  — oo for any & > 0.

Since a > 2, we see that E[|X;]?] < co. We assume furthermore for simplicity that
(A3) E[X4] =0.

Our first main theorem is the following.

Theorem 1 Assume the assumptions (A-1), (A-2) and (A-3), and let 5 : N — (0,00) be
such that
B(n)

W—)OO, n — oQ.

Then we have PIS X
sup | (> ke Xk > 5)

3 — 1| =0, n — 0.
s2nl/23(n) nF(s) |
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We remark that the following has been shown essentially by Feller [1].

Theorem 2 (Feller) Under the assumptions (A-1),(A-2) and (A-3), we have for any

N=>1

P, X > )
NF(z)

— 1| =0, T — 00.

Note that the number of random variables is fixed in Feller’s result, but is increasing
in our result.

Let us assume the following furthermore.
(A-4) There is an ¢ > 0 such that F' is twice continuously differentiable on (z, 00) and

that
)

d _
x2wlog F(z) = «, T — 00.
Then we have the following.

Theorem 3 Assume the assumptions (A-1), (A-2), (A-3) and (A-4) and let § : N —
(0,00) be such that

Bl — 00, n — oo.
(logn)'/
Let v = E[X?]. Then we have
2P X > 1
sup S—| (Zkzl k> 5) —(1—1—&(0[4_2 )vn)| — 0, n — 0o.
s>nl/2p3(n) n TLF(S) 2s

2 Preparations
Proposition 4 Let Y be a random variable and v € (1,2], and assume that
E[lY]"] <0 and E[Y]=0.

Then for any s € R\ {0} and b >0

Elexp(sY1gyizp)] = 1+ |s[7(1 + (ﬁ)%l) exp(|s[b) E[[Y]"].

Proof. First, note that
|exp(z) — 1| = 1V exp(z),

and N
lexp(z) — 1] = | / evdy| < 2|1V exp(x)),  z€R.
0

So we have
lexp(z) — (1+ )| = !/ (e = 1)dy| = (|| Alz|*)(1 V exp(z))
0
for any z € R. Therefore we see that

|exp(z) — (1 +2)| < [z|"exp(|z]),  z€eR



for v € (1,2].
Therefore we have
|E[exp(sY1{‘y|§b})] —(1+ E[3Y1{\Y\§b}])|
< |s|” exp(Js|b) E[[Y ]

Since

(BlsY Lyl = [SELY, Y] > 8] < sl EY ],

we have our assertion. I

Proposition 5 Let X be a random variable and v € (1,2]. We assume that
E[|X|"] < 00 and E[X] = 0.

Then for anyt >0 andn = 1

6

+

Proof. Let Y = (1/t)X, s = +n~'/7, b = n'/7, and apply Proposition 4. Since log(1+4z) <
z, x = 0, we have our assertion.

1
nlog Elexp(£—=X1( x| <miy)] <

v
— B(XP)

Now let X,,, n =1,2,..., be independent identically distributed random variables and
v € (1,2]. Throughout this section we assume that

E[|X1|"] < oo and E[X;] = 0.
Proposition 6 For any s,t >0 and e > 0

(1Y XL o] 2 sn'/7) = 2exp(Z B Xa 7)) exp(—).
k=1

Proof. We see that

P(£)  Xilqx, <mimy 2 sn'/7)
k=1

n

+1

S
= eXP(—;)E[eXP(tn—W ; Xk1{|xk|§m1/v})]

5 +1 "
< eXp(—;)E[eXP(WXl1{\X1\§m1/w}>] -
Then by Proposition 5 we have our assertion.
Let F: R — [0,1] and F : R — [0, 1] be given by
F(z) = P(X; £ x), reR

and

F(z) = P(X; > ), z € R.

Then we have the following.



Proposition 7 (1) For any t,s >0, and n = 2,

n

6 S
P(| Y Xkl yx, smimy| > sn'/7) < 2eXp( [|X1|”])6Xp(—;)
k=2

(2) For any s,t >0, € (0,1) witht < (1 —¢)s,

P(Z Xk > snl/”’)—nP(Xl—i—Z Xk1{|Xk|§tn1/7} > S’I’Ll/’y, |2Xk1{|Xk|§tnl/7}| § 5sn1/7)|

k=1 k=2 k=2

< 9n(n — )(F(~tn") + F(tn'"))? + 2exp(;. B me])exp(_;)

$2n(F(~tn') + F(tn'/) exp( > B|X, ) exp(~ o)

Proof. Note that

P(| ) Xlqx, <t > sn'7)

k=2
n—1
= P(] ZXkl{\Xk\gz(nq)l/vﬂ > §(n — 1)),
k=1
where n n
7 1/ 3 — 1/~
=T, s= s

So we have the assertion (1) from Proposition 6 .
Let us denote

F(z) = P(|X1| > z) £ F(—x) + F(z), x> 0.
Note that . .
PO Xy >sn'") = "I,
k=1 m=0
where

= P(Z Xk > Snl/’y, Z 1{\X;€\>tn1/7} = m), m = O, 1, oo,
= k=1

Then we have

I, = <n>P(ZXk > snt |1 X >t i =1,...,m, |X;| = ', j=m+1,...,
m
k=1
form=0,1,...,n. So we see that
“ “ -1 — 2\ -~ . —1) ~
N 5. < nn—1) <n )F(tnl/'y)m(l _ Fnt/)ym < Mp(ml/v)%
— = m(m—1)\m—2 2

Also, by Proposition 6, we have

Iy  20xp(~ ) exp( [ [7]).

n),



Let
A =A{|Xyq] > tnl/V}, Ay ={|Xy| = tnl/V,k: =2,3,...,n},

B1 = {Xl + ZXkl{\Xk\gtnl/V} > 8n1/7},
k=2

and

B, ={| ZXk1{|Xk|§tn1/’y}| < esn'/7}.
k=2

Note that By N By C Ay, since t < (1 — g)s. So we see that
|P(B1NA1NAy) — P(By N By)|

SP(BiNBsNA NA)+ P(BiNByNA N AS)
S P(A1)P(B35) + P(A1)P(A3). (3)
Note that .
P(A5) £ P(|Xi| > tn'/7) = (n — 1) F(tn'/").
k=2
Also, by the assertion (1) we have
6 €S
P(BS) < 2exp( BI|Xa ") exp(— ).

Since I; = nP(B; N A; N As), we have the assertion from Equations (1), (2) and (3).
This completes the proof. 1

3 Proof of Theorem 1
Now let us prove Theorem 1. Let 5: N — (0, 00) be such that

pn)

W—)OO, n — oQ0.

Assume that Theorem 1 is not valid. Then there is a sequence of positive numbers {s/ }2 ;
such that s/, > n'/28(n), n =1,2,..., and

Let s, = n~ Y25/ > B(n). Let us take an r € ((a + 2)/(2a),1) and fix it. Let t,,
n=1,2,..., be a sequence of positive mumbers given by

tn = (logn) ™% + (logn) ~ts(IH7/2, n = 2.

n

Then we have the following.

tnSn = — 00, N — 00, (4)

n
= (logn)' 2



2 2 ((logn)2s,) A (logm)si ), n22, (5)

250 o B(n)
(logn)t, = *(logn)

LA GE?) 500, oo, (6)

and

(tnn1/2)2 (log n)—231+rn
> n
(s )i = sl — 00, N — 00. (7)

Therefore by Equation (7), we have

(F(=tan'/?) + F(t.n'?))”
F(s))r

—0, n— oo

Since 2r — 1 > 2/a, we have

(F(=tan'"?) + F(tan'/?))?
F(s)

n

(s,)?

—0, n—oo. (8)

Also, by Equations (4), (5) and (6) we see that for any m = 1

m 1s,
(”Sn) exp(g - Ea)
m 1 1 S
= —(1 — ——t,s,))n*"/? —(1 — 2
exp(t%( 73 tn )™= exp( (ogn)sm (logn)tn>
X (50)™ exp(———51) 5 0 =
Sp) " exp(———— , n — 00.
P 3mt,

Let us take an € € (0,1) and fix it. For n = 1, let

Cn(S) = P(Xl + ZXk1{|Xk|§tnn1/2} > snnl/2, |ZXk1{|Xk|§tnn1/2}| é ESnnl/Q).
k=2 k=2

Note that t,, < (1 —¢€)s,, for sufficiently large n. Taking v = 2 in Proposition 7 (2) we see
that by Equation (8)

(u)” " nF \P ZXk > s1) —ney(e)] — 0, n — 0o. 9)
Note that
F(sp(1+¢)) — |ZX/€1{\Xk\<tnn1/2}| > es,n'/?) < cu(e) £ F(s),(1 - ¢)).
k=2

By Proposition 7 (1), we have

1

s P(] ZXkl{ngtnn1/2}| > es,n*?) — 0, n — 0o.

k=2




Thus we have

n—00 F(s, ) n—o0 F(S{n) n—o0 nF(S;’L)
and PO X ! F(s (1
— > — — - .
m (Zk 1Yk Sn) é lim g (E) é m (S'ri( 5)) _ (1 —8) o
n—00 nF(S%) n—00 F(s%) Nn—00 F an)

Since € € (0, 1) is arbitrary, we see that

T nF(s))

This contradicts our assumption.
This completes the proof of Theorem 1.

4 Some estimates

In this section, we assume that (A-1) and (A-4).
Let g : (zg,00) - R and H : [-1/2,1/2] x (2z9,00) — (0,00) be given by

2

d _
g(x) = 902@(10% F)(z) - a, T > T,

and

F(xgl +v))
F(z)

We prove the following in this section.

H(y;x) = , y €[—1/2,1/2], = > 2.

Proposition 8 There are functions a : (2x9,00) — R, ¢ : (2z9,00) — [0,00) and a

constant C > 0 such that a(z) — 0 and c(x) — 0, as x — oo, and that

a(a+1)y?

|H(y; 2)—{1+a(z)y—ay+ 5

First we prove the following.

Proposition 9 (1) For any x > x,

d a7 9)
%log(a: F(z)) = —/m .

(2) For anyy € [—1/2,1/2] and x > 2z,

o)

H(y;r) = (1 +y) “exp(— /Oydy’/l g(m)dz)-

+y z

HECle@)y*+lylP),  yel-1/2,1/2], x> 2z



Proof. Note that

2 —

g(2) = L (log(aF(x))

dx?

and g(x) — 0 as £ — oco. Then we see that

log(y F(w) ~ 2-togaF ) = [ L (10)
and so we see that
co = ylggo —y(log(y"‘F ()
exists. Note that
exp( [ 4 ogl P = S0 51 2o

So we see that ¢y = 0. Therefore letting y — oo in Equation (10) we have the assertion

(1).

By the assertion (1), we have

Log((1+ ) ) == [ g [T L,

(1+y) ~ +y ?

Q

Since H(0;x) = 1, we have the assertion (2).

Proposition 10 Let a : (2z9,00) — R and ¢ : (2z9,00) — R be given by

(2) = %«1 9 H (Y, 7))o,

N

and
2

3 d a
é(x) = sup T2 s(L+y)*H(y, x))|.
ye[-1/2,1/2) @Y

Then a(x) — 0 and é(x) — 0, as x — oo, and that
[H(y;2) — (L+y) ™ —al)y(l+y) " S 2%(a)y",  y€[-1/2,1/2], 2> 2.

Proof. By Proposition 9 We have

%((1 +y)*H(y;z)) = —(1+y)*H(y; x) /

i(z) = —/loo glez),,

> g(zz) @

2
and so

22
Similarly, we have

A Hs) = 1+ ([ L2

1+y #

o0

dz)* — (1+y)2g(z(1+y))}




Thereforewe have

ox) = QQ{(/OO ’g(:—;)‘dﬁ +4sup{|g(z(1+y)|; y € [-1/2, 1/2]}}exp(/°° lg(z2)|

2
1/2 12 7

dz)

These imply that a(z) — 0, é(z) — 0, as © — oo. Also we have
(+y)*H(y;2) — (1 +a(e)] S el@)y’,  © 22w, y € [-1/2.1/2].
This implies our assetion. 1

Now Proposition 8 is an easy corollary to Proposition 10.

5 Proof of Thoerem 3.

In this section, we assume that X,, n = 1,2,..., are i.i.d. random variables, o > 2 and
(A-1) - (A-4) are satisfied. Let p = (o +2)/2 and f = (a + p)/2. Then we see that
E[|X1]P] < oo and there is a Cy > 1 such that

F(—2) + F(z) < Coz ™", x 21

Proposition 11 Let b(z) = E[X1,|X1| £ 2] = —E[X1, |X1| > z], x> 0. Then we have
the following.
(1) [b(z)| = B[ X[P]VP(F(—2) + F(2))'"17 < Cox P0-VPE[I X, PIVP, - 2 2 1.

(2) There is a constant Cy > 1 only dependent on p such that
E[1Y ) Xilgx, zn )P £ Cin' (B[ X1 P17 + |b(x)]) + nlb()|
k=1

< CLE[IXP)YP(1 4 Co)(n'/? 4 na =P 1/P)
foranyn=1,2,..., and z = 1.
Proof. The assertion (1) is an easy consequence of Holder’s inequality. So we prove the

assertion (2). Since E[Xilyx,|<sp — 0(7)] =0, k =1,2,..., we see by Burkholder-Davis-
Gundy’s theorem that there is a constant C; > 0 depending on p only such that

B[ ) (Xilx,zap — b@)1V? £ OB (Xilyx, oy — b)) P77

k=1 k=1

Then by Holder’s inequality, we have

EH Z(Xkl{|Xk|§I} - b(x))|p]1/p < CIE[np/2_1 Z |Xk1{\Xk\§m} — b(x)‘p]l/p
k=1 k=1

= Cin'PE[| X1l x, 0y — b(@)[P]Y7 < O (B[ X111, <0y P17 + [b(2)))

This implies our assertion. 1



Remind Proposition 8 and let

ala+1)y?

R(y;z) = H(y;x) — {1+ a(z)y — ay + 5 }, y € [-1/2,1/2], > 2x0.

Then there is a Cy > 0 such that
|R(y; )| < Cole(x)y® +4%),  ye[-1/2,1/2], = > 2.

Let

Yn(t> = ZXkl{\Xk|§tnl/2}7 n z 2, t>0.
k=2

Proposition 12 Let r € ((a +2)/(2a),1). Then for any € € (0,1/2)

_ 1
. 2 - 1/2 < 1/27
T sup (B[ H(——5Ya(t), sn'/%), Va(t)] < sn?] — (1+

ala+1)
2s%n

v)|;
s > (logn)Y?, t > (logn)~tst+/2} = 0.
Proof. Let s = (logn)'/?, ¢t > (logn)~'s*7)/2 and n > 3. Then tn'/? > 1. We see that

ala+1)

1
E[H(_—Y (t)7 S’I’Ll/2), |Yn(t)| g 53n1/2] - (1 + 252

v)

_a(sn'?) —a ; ala+1)

2s%n

ala+1)
2s%n

(E[Ya(t)"] — )

a(sn/?) — a
snl/2

—E[1+ Y, (t) + Y, (1)2,|(sn?) 7Y, (2)] > €]

FE[R(———Ya(t), ™), |(sn1/2)1Ya(t)] < 2.

spl/2 "
Note that
S|E[Y, ()] = ns|b(tn'/?)] < CoE[| X1 [P]'/Ps(tn'/?)-P®- 1P

< CoE[|X1[P]V/P(n}/?(log n) 1) AP-1/pgl=(4n)5(p=1)/2p
EYi(t)"] = v = n(E[(X111x,jzm12)"] = b(tn'/?)?) + E[Y,(0)]* = nv
= —nE[X7,|X1| > tn'?] + n(n — 1)b(tn"/?)?,

and
n PPE[|Y,(8)]7]

< CP(1+ Cy)PE[| X1 [P](1 4 t=AP=D/P)p1/20=E=1)/P)yp
Also, note that

3(a—2)

> 1.
8

rBp—1)/p>1+

So we see that

1
—|E[Yx(t)*] = nv| £ BIX},|Xa| > tn'"?] + Co(n — 1)n~ "= D/P (log n) > *=V/P B X, P/,
n

10



s2(sn'2)F B[V, ()], |(sn'/?) Yo (8)] > €]

< 2P PR PR EY, (0P, k=0,1,2,
and .
LER(——¥a(t), 5012, [(s012) Yo ()] < €],
< Oy(Je(sn?)|n " E[Y,(t)?] + e Ps* Pn P2 B[, ()P
Combining them, we have our assertion. 1

Now we prove Theorem 3. We use the same idea in Section 3. Let §: N — (0, 00) be
such that
B(n)
(log n)1/2

Assume that Theorem 3 is not valid. Then there is a sequence of positive numbers {s/,}>°
such that s/’ > n'/28(n), n=1,2,..., and

— 00, n — oo.

(S;L)Q‘P(Zzzl Xy >s,) % ala+ 1vn

lim L > 0.
AT T (s ChE
Let s, = n~Y2s/ > B(n). Let us take an r € ((a + 2)/(2a),1) and fix it. Let t,,

n=1,2,..., be a sequence of positive numbers given by

tn = (logn)~Y% + (logn) ~ts(+7/2, n=2.

n

Then from Proposition 12, we see that

2|nP(X1 + Y, (t) > sn'/2, Y, (t)| £ esn'/?) 1+ ala+ 1)Un)|
o nF (s,n1/2) s2n
1 ala+1)vn
= si|E[H(—mYn(t),snl/2), Y, (1) £ esn/?) — (1 + Tﬂ — 0

as n — 00. Then Theorem 3 follows from this, Proposition 7(2), Equations (4), (5), (6),
(7) and (8).
This completes the proof of Theorem 3.

6 Remarks

Let X, n =1,2,..., be independent identically distributed random variables. and F':
R — [0,1] and F : R — [0, 1] be given by

F(z) = P(X; < x), reR

and
F(z) = P(X; > z), z € R.

Let us assume the following.

(B-1) F(z) is a regualar varying function of index —a, o € (0,2], as  — 00, i.e., if we let

L(z) = z°F(x), z € R,

11



L(z) > 0 for any = > 0, and for any a > 0

— 1, T — 00.

(B-2) 2 9F(—z) — 0, x — oo for any § > 0.

In the case o > 1, we see that E[|X;|] < co. Let us assume furthermore that
(B-3) E[X;] =0if a > 1.

Then we have the following.

Theorem 13 Assume the assumptions (B-1), (B-2) and (B-3). Then for any v € (0, «)

sup ’P<ZZ:1 X > S)
s>nl/ nF(s)

—1] —0, n — 0o.

The proof is quite similar to that of Theorem 1.

The case that a € (0, 1], we need the following propositions instead of Propositions 4
and 5.

Proposition 14 Let Y be a random variable and vy € (0,1]. Assume that
E[lY|"] < o0
Then for any s € R\ {0} and b >0
Elexp(sY1yi<cny) = 1+ [s|” exp(|s|0) E[|Y]].
Proposition 15 Let X be a random variable and v € (0,1]. We assume that
E[|X]"] < 0.
Then for anyt >0

6

ZE(XP)

1
nlog Elexp(£ 7 X1jx|zmim)] =
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