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CALCULUS OF PRINCIPAL SERIES WHITTAKER FUNCTIONS
ON GL(3,C)

MIKI HIRANO AND TAKAYUKI ODA

ABSTRACT: In this paper, we discuss the Whittaker functions for the non-spherical principal series

representations of GL(3,C). In particular, we give explicit formulas for these functions.

1. INTRODUCTION

The global Whittaker function of automorphic representations on GL(n) is uti-
lized to have automorphic L-functions, as can be seen in the theory developed by
Jacquet, Piatetski-Shapiro, and Shalika (c¢f. [2]). The basic parts of local investiga-
tions are to handle the unramified p-adic cases and the archimedean cases.

Compared with the explicit formula of Whittaker functions for unramified prin-
cipal series representations of GL(n) over p-adic fields ([20]), the history to have
explicit integral expressions of Whittaker functions for principal series representa-
tions of GL(n) over the archimedean fields R and C is more involved and longer. The
classical case GL(2) is found in the literature of automorphic forms such as Jacquet-
Langlands [12] and Weil [28]. The beginning works beyond this point seems to be
those of Vinogradov-Tahtajan [25], Proskurin [18], and Bump [1]. They obtained
the explicit integral formula of archimedean Whittaker functions for class one prin-
cipal series representations of GL(3) by evaluating the Jacquet’s integral ([11]) or
by solving the differential equations for them. And further investigation of the class
one Whittaker functions is developed gradually by the papers of Stade and Ishii (cf.
[21], [22], [23], [9], [10]).

Contrary to the class one case refereed above, explicit integral formulas of the
archimedean Whittaker functions for non-spherical principal series representations
begin to be investigated rather recently (Manabe-Ishii-Oda [13]). The reason of this
delay is not clear. But it is true that the discussion of non-spherical cases which is
not a trivial extension of the spherical cases is more time-demanding and requires
some new ideas.

In this paper, we discuss the Whittaker functions with minimal K-types belonging
to general principal series representations of GL(3,C). We need two new ideas in
this paper. One is the use of Gelfand-Zelevinsky basis of simple K-modules in order
to treat the Whittaker functions which is vector-valued different from the spherical
cases. This basis is defined in the paper [3] and is recognized as the (classical limit of)
dual of canonical basis in quantum groups investigated by Kashiwara and Lusztig.
The other is the use of Dirac-Schmid operators in our constructions of differential
equations satisfied by the Whittaker functions. These operators are elements in
U(gc) defined by the injectors of the minimal K-type 7 into the tensor product

pc ® 7 and their explicit descriptions require the Clebsch-Gordan coefficients.
1
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The main results are explicit formulas for Whittaker functions in section 7. In
more detail, the results are explicit formulas for the secondary Whittaker functions,
two equivalent integral representations for the primary Whittaker function, and the
factorization theorem of the primary function by the secondaries. These formulas
are a natural extension of the class one case and can be handled easily like as
those for class one functions. We expect that our results are applicable for deeper
investigation of automorphic forms on GL(3).

Also, based on the explicit formula for the primary function, we derive an inductive
procedure to write Whittaker functions on GL(3, C) by these on GL(2, C) in section
8, which we call a propagation formula. This is an analogue of the formula in the
real cases by Ishii-Stade [10] and Hina-Ishii-Oda [5]. It seems not only to show the
similarity between the real and the complex cases in the non-class one situations
but also to give a hint on a basis of gl,-modules which is suitable for an explicit
description of general principal series Whittaker functions on GL(n, C).

2. PRELIMINARIES

2.1. Groups and algebras. Let G = GL(3,C) be the complex general linear
group of degree 3. We view G as a real reductive group and denote the imaginary
unit by J; J%2 = —1. The center Zg of G is {ruls|r € Rso,u € U(1)} ~ C*. Here
13 is the unit matrix of degree 3. For a Cartan involution 0(g) = ‘g™, g € G of G,
its fixed part K = {g € G|0(g) = g} = U(3), the unitary group of degree 3, is a
maximal compact subgroup of G.

Let g = gl(3, C) be the Lie algebra of G. If we denote the differential of 6 again
by #, then we have §(X) = —'X for X € g. Let £ and p be the +1 and the —1
eigenspaces of 6 in g, respectively. Then € = u(3) is the Lie algebra of K and g has
a Cartan decomposition g =€ & p.

In general for a Lie algebra [, its complexification is denoted by Ic. For 1 <
i,j < 3, let Ey; (resp. Ej;) in g be the matrix unit with its (i, j)-entry 1 (resp.
J) and the remaining entries 0. Moreover put H;; = Ey — Ej;, Hj; = Ej; — EJ,
I3 = Eyy + E9y + Es3, and I = B}y + E)y + Ej5. Then we have £ = Z @ €, and
p = Z, ®po with

Z¢=RI;, & =RH, ®RHy & {@iR(Ej; — Bj)} © {@iqR(E + E}) }
and
In the complexification ¢ and pc, we use the following symbols.
1
k k k
I§ = —/-1I;, Hj;=+-1H,, Ef= 3 {(E; - E;)—vV-1(E; +E},)}

in €c and

1
I§ =1, HY=H; E= 3 {(E;+E;)—vV—-1(E,—-E})}
in pc.

Put a = Z, ®RH12® RHj3. Then a is a maximal abelian subalgebra of p. Also if
we put n = @;;(RE;; ®RE];), then n is the direct sum of the all positive restricted
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root spaces with respect to (g, a) and we have an Iwasawa decomposition g = n®adt
of g. Moreover, we have an Iwasawa decomposition G = NAK of G, where A and
N is the analytic subgroup with Lie algebra a and n, respectively, that is,

A= {dlag ((11,0,2, CL3> €G | a; € R>07 1= 17273}7

1 1 T2
N = 0 1 231€G|z;€C,1=1,2,3
0 0 1

Consider the centralizer M of A in K;
M = {ke€K|kak™' =a,ac A}
= {diag (u1, ug,u3) |u; € U(1), i =1,2,3} ~ U(1)*.
Then the upper triangular subgroup P = NAM is a minimal parabolic subgroup

of G and the right hand side gives its Langlands decomposition. Namely, N is the
unipotent radical of P and AM is a Levi subgroup whose split component is A.

2.2. Representations of K. According to the theory of highest weight, the equiv-
alence classes of irreducible continuous representations of the maximal compact sub-
group K = U(3) of G are parameterized by the set of highest weights

A ={p = (pa, pa, ps)lpi € Zpa > pio > pis}.
The representation of K corresponding to a highest weight 1 € A is denoted by

(74, V). The dimension of V), is given by the Weyl dimension formula (cf. [27],
Theorem 2.4.1.6).

Lemma 2.1.
. 1
dime V), = 5(#1 — p2 + 1) (k2 — pis + 1) (11 — pz + 2).

In the following, we often use the symbol e; for 1 < ¢ < 3 which means the unit
vector of degree 3 with its ¢-th component 1 and the remaining component 0 in order
to write an element in Z3.

2.3. Principal series representations of G. The (irreducible) characters of M ~
U(1)3 are exhausted by
ni, ng, N3

on(diag(u, us, uz)) = ui'uy*uy®, 0= (n1,n2,n3) € Z°.

Since the Lie algebra a of A has a system of generators consisting of diagonal matrix
units {Ej;|i = 1,2, 3}, each linear form v € Homg(a, C) can be identified with the
complex vector (v1,vs,v3) € C? of degree 3 via v; = v(E;) for 1 < i < 3. The
adjoint action of A on the Lie algebra n of N induces the action e* on the top
degree wedge product A%n. Here p is the half-sum of the positive restricted roots,
ie.,

2
ep(dia‘g (a/b a2, CL3)) = (%) ) dla‘g (a/l) a2, CL3) S A.
3

Let us take a character o, of M parameterized by n = (ny,ne,n3) € Z* and an
element v in af identified with (11, vs,v3) € C?. Then the induced representation

T =nv,0q) = IndS(1ly ® "™ ® 0,)
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of G from the parabolic subgroup P = NAM is called the principal series repre-
sentation of G. The representation 7 is a Hilbert representation (i.e., a Banach
representation on a Hilbert space) with the representation space

Lyt on)(E) ={f € LX(K) | f(mk) = ou(m)f(k), m € M, k€ K},
and the action of G on L?), , (K is given by
(m(x) f)(k) = a(kz)" " f(k(kx)), k€ K, z € G.

Here g = n(g)a(g)k(g) € G is the Iwasawa decomposition of g € G. If we put
UV =1+ 15+ v3 and n = ny + ng + ng, the central character of 7 is given by

Za > ruls — r’u™, 1 € Rag, u € U(1).
The K-types of the principal series representation m = 7 (v, 0y,) are understood

via the right K-action on L%M,an)(K ). A standard argument using the Frobenius
reciprocity for induced representations leads the following proposition.

Proposition 2.2. Let m = 7(v,0,) be a principal series representation with data
(v,0n). A necessary and sufficient condition for a representation 7, of K correspond-
ing to a highest weight pn = (u1, pe, it3) € A to be a constituent of the restriction 7|
of ™ to K is that the convex closure of the subset

{(wiy 1y, ) € 2% | (4,4, k) are permutations of (1,2,3) }

in R? contains the point n = (ny,ne,n3). In particular, if m = (ng, ny, n.) is the
dominant permutation of n (namely n, > ny, > n.), then the representation Ty, is
the minimal K -type of m and occurs with multiplicity one in 7|f.

2.4. Unitary characters of N. Since a set {E;;, Ej;|1 < i < j < 3} gives a
system of generators of n, a non-degenerate character n = 7., ., of N can be specified

T](Elg) = 27T\/—_1Re (Cl>, T](EQE}) = 27T\/—_1R€ (02),
n(El,y) = 27/ —1Im (¢1), n(Ehy) = 27/ —1Im (cy),

with two non-zero complex numbers c¢q,co € C*. Then we have

1 Tr1 T2
n 1 XT3 = exXp (27T\/ —1Re (61.171 + 62.1'3)) , X; € C.
1

3. WHITTAKER FUNCTIONS

For a finite dimensional representation (7, V;) of K and a non-degenerate character
n of N, we denote by Cp (N\G/K) the space consisting of smooth functions ¢ :
G — V, satisfying the condition
p(ngk) =n(n)(k)"¢(g), (n.g,k) € N x G x K.

Then the function ¢ € Cp5(N\G/K) is determined by its restriction ¢[4 to A,
because of the Iwasawa decomposition G = NAK of G. Moreover, let C>Ind$ ()
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be the representation of GG induced from 7 as C*°-induction. Here the representation
space of C®Ind§ (n) is

CP(N\G) ={¢ € C7(G) | p(ng) = n(n)e(g), (n,g) € N x G},
on which G acts via right translation.
If we denote by (7%, V,«) the contragradient representation of (7,V;) and by (-, -)
the canonical bilinear form on V.« x V., then the relation

(v*)(g) = (v*, F)(g)), v € Ve, g€G,
defines an association from ¢ € Hom g (7, C®Ind{ (7)) to FU e Cro (N\G/K),
which gives an isomorphism Hom (7%, C*°Ind$ (1)) = Cro(N\G/K).
For an (irreducible) admissible representation (7w, H;) of G, we choose a K-

type (7%,V;+) in m which occurs with multiplicity one and fix an injective K-
homomorphism i € Hom g (7%, 7|k ). Let

7, = Hom (g, i) (m, C*Ind§j ()

be the intertwining space between (g¢, K )-modules 7 and C*Ind$(5) consisting of

all K-finite vectors. For each T' € T, , we define an element T; € Cp° (N\G/K) by
T(i(v"))(g) = (", Tilg)), v* € Ve, g €G.

Then we call the subspace

Wh(r,n,7) = U {T; € C2(N\G/K) |T € T, }
t€Hom g (7*,7| k)
of C7° (N\G/K) the space of Whittaker functions with respect to (m,n,7). More-
over, we denote by Z7  the subspace of 7, » consisting of the intertwining operators

whose images in Cp°(N\G) are moderate growth functions ([26] §8.1) and define the
subspace

Wh(r,n, )"t = U {T, e C.(N\G/K)|T € T; .},
iGHOmK(T*,ﬂ'IK)
of Wh(m,n, 7). An element in Wh(m,n, 7)™°? is called a Whittaker function of mod-
erate growth.

4. A SMALL U(3) MACHINE

4.1. Gelfand-Zelevinsky basis. Let (7,,V),) be an irreducible representation of
K = U(3) associated with a highest weight v = (p1, 2, p3) € A. The representation
space V), of 7, has a Gelfand-Zelevinsky basis (or a proper basis) defined and studied
in the paper of Gelfand and Zelevinsky [3]. This basis can be parameterized by the
set G(pu) of G-patterns belonging to p as well as the Gelfand-Tsetlin basis. Here a
G-pattern M € G(u) belonging to p is a triangle

K1 p2 J3
M = a1 as
B

consisting of 6 integers satisfying the inequalities

1 > aq > g > ag > ps and ag > 0 > ao.
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A Gelfand-Zelevinsky basis for gl3 has the ambiguity of scalar multiples. In the paper
[3], a normalization of this basis was defined and the explicit action of gly on them
was given. We denote this normalized Gelfand-Zelevinsky basis by {f(M)} e
and call it the GZ-basis simply.

In order to describe the explicit action of £c on the GZ-basis, we introduce some
M1 p2 J3

notations for G-patterns. For a G-pattern M = ( a1 az ) € G(u) belonging to
B

113 923 133

1 € A and a triangular array I = < i1z ig2 > of integers, we define the shift M (1)

11
of M by I as
p1+i13 p2+i23 M3 +1i33 )

]V[([) = ai+ii2 az+ig2
B+i11

If the vector (i3 a3 i33) is zero, we omit the top row of I, that is, M ([) is written

as M ( mmm ) We use a convenient symbol M [k| defined by M ( b gk ) Put
O(M) = ar+az — p2 — 3,

and define the characteristic functions X@(M ) and X@(M ) of the sets {M | 6(M) >

i} and {M |6(M) < —i}, respectively. If i = 0, we write X(f)(M)_simply by x+(M).

Moreover, we introduce 'piecewise-linear’ functions Cy(M) and Cy(M) by

ﬁ_QQ, 1f5(M)ZO

C1(M) = Min{f — ag, o1 — pia} :{ oy — pig, it 0

Ci(M) = Min{ps — az,0q — 8} = { ‘fl__og’ if &

and put Co(M) = Cy(M)C,(M). Also we define the functions
D(M) —p +ar = 6(M),
EM) = Ci(M){m —ps+1—=Ci(M)},
F(M) = —Cy(M)

—X=(M){(1 — ar)(a2 — p3) — (1 — p3 + 1)6(M)},
and its duals
D(M) —ag + 3+ 0(M),
E(M) Ci(M) {1 — pz + 1= Coy(M)},
F(M) = —Cy(M)
—X+(M) {(p11 — )2 — pz) + (1 — pz +1)6(M) }.
Lemma 4.1. Let V), be an irreducible finite dimensional representation of €c cor-
responding to a highest weight € A and {f(M)}nec( be the GZ-basis of V,,. If
we take the subalgebra consisting of diagonal matrices as the Cartan subalgebra, the

actions of the elements EX in the Cartan subalgebra and the simple root vectors Efj
on { f(M)}mea are given as follows.

ESf(M) = wif(M),
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B i) = (r=p)f (M (7))
(m
B fM) = (5-a)f (M ()
(m
B f(M) = (u—anf (M ()

B f (M) = (s —ps)f (M(°51))
+X4+(M) {oz — ps + 6

(M

B (M) = (u—anf (M (1))
—cong (m () [-1).

B S(M) = —(az—ps)f (M (5" ))
+eianf (M () 1=1).

Here, (wy,wa,w3) = (6,00 + as — B,my + ma + m3 — oy — az) is the weight of
mi meo ms
the vector f(M) associated with a G-pattern M = ( ar ap ), and we promise
B

the corresponding vector f(M') is zero if a shift M’ of M appearing in the above
formulas violates the conditions of G-patterns.

4.2. pc as a K-module. Let p = Z, ® py be the (—1)-eigenspace for the Cartan
involution 6 in g as explained in §2.1. It is well known that the complexification p¢
of p is a K-module via the adjoint action and has the irreducible decomposition p¢e =
Zpc @ po,c, where Z, ¢ and pgc are isomorphic to the trivial representation V(g )
and the 8 dimensional representation Vg, _e, corresponding to the highest weight
e; — eg, respectively. The correspondence between the GZ-basis {f(M)}rec(er—es)
of Ve, e, and the elements in py ¢ is given by the following lemma.
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Lemma 4.2. We have an isomorphism Ve, _e, =~ Poc by the following correspon-
dence between their basis.

e] —e3 b e] —e3 0 e; —e3 0
f 110 < By, f| 1 1—1 < —Ey, f 100 = s,

e; —e3 1 1
f 1-1 « §(H52 + Hf?,) = §(2Hf2 + H§3),
0

1 1
F(("00" ) e gl + 2118) = ~ (08, + HE),

€1 —e3 ey —e3 el —e3
f( 0(;1 )<—>—E§2, f( 1_11 )<—>E§1, f( O_Il )<—>E§1

Proof. We can find the following table of the adjoint action of €c on the elements
in poc by direct computation. Comparing this with the action of the simple root
vectors of €c on the GZ-basis {f(M)}rec(ei—es) Of Ve,—e, in Lemma 4.1, we have
the assertion. O

Hy | 0 [ 0 | 0 [-2B], |28 | Ehy [—Eh|-FEy| By
Hyll 0 | 0 | 0 | B}, [-Fj|-2F5[2E, | -Fy| By
El || By [—El | 0O 0 | Hj [ —Ejy| 0 [ 0 | Eb
Ey | —Ey | By [ 0 | Hy | 0 | 0 | Ey [—Ei| O
Ep | 0 [ Ehy |—Eh| By [ 0 | 0 | Hp | 0 [—F)
Epp | 0 [—E5,| B | 0 [-E§[ Hy | 0 | B[ O
B |l By [ 0 [—FEyy] 0 | By | O [-E},| 0 | HY
B [—ES ] 0 [ BR[| -Ehb| 0 | B | 0 [Hy| O

TABLE 1. The adjoint actions of Ef; on poc.

By the isomorphism in Lemma 4.2, we identify the tensor product poc ® V,, with
Vei—es ® V), for a general irreducible representation V,, of K.

4.3. Injectors and their Clebsch-Gordan coefficients. For the 8 dimensional
representation (7Te, ey, Ve,—es) 0f K = U(3), we consider the tensor product with
a general irreducible representation (7,,V),) associated with a highest weight p =
(p1, p2, 13) € A. The tensor product Ve, _e, ® V), has the following irreducible de-
composition.
Vey—e; @ V) = (@iijvu%i—ej) ® VN@Q'

Here, if the weight 11+ e; —e; is not dominant, the corresponding irreducible compo-
nent Ve, —e; does not appear, and if either p; = iy or iz = 3 holds, the irreducible
component V), occurs with multiplicity free in Vg, _e, ® V,,. Among others, the inter-
twining space Hom (Ve, _e, ® V,,, V,) has dimension 2 if p11 > pg > p3. An explicit
description for projectors from Ve, _e, ® V), into its irreducible components with re-
spect to the GZ-basis are given in our previous paper [7]. Now we give an explicit
formula of injectors from the irreducible component V), into Vg, _e, ® V},. The injec-
tors we construct here are based on the following lemma given in our previous paper
[7], Lemma 3.9.
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1 42 143

Lemma 4.3. Let L) = ( 1 o ) € G(u) be the G-pattern giving the highest
M1

weight vector f(LW) in V,,, and let us define two vectors v, = vgl) and vy = vél) in

Vei—es @ V), by the formulas

v o= f ( elo_ooeg ) © f(LV) - f ( elfooe?’ ) ® f <L(1) (00—1 >>
S )er ()

w o= f ( i ) ©f(LW) - f ( 1 ) @ (L0 (2)
o (5 )es (0 (20)

Then, if p1 > pe > us, each of vy and vy respectively generates a representation

isomorphic to V, in Ve, _e, @ V), and gives the highest weight vector in each space.
If 1y = po (resp. pe = ps), then the vector vy (resp. vi) is not valid.

Since each of the vectors v; and vy defined in the above lemma is a highest weight
vector for a representation isomorphic to V), in Vg e, ® V,,, two injectors which
map the highest weight vector f(L™M)) in V,, into v; and v, can be constructed. The
following theorem which is the main theorem in this subsection gives an explicit
description for such injectors.

p1 2
Theorem 4.4. Let M = ( aran ) € G(pu) be a G-pattern belonging to . Then,
B

fori=1,2, the following formulas give injective K-homomorphisms v; from V,, into

1 pz
Vey—es @ V,, satisfying v;(f(LW)) = v; with the G-pattern L) = ( ps )
7

1.
t ((pr = ps + 1) (p2 = pa) f (M)

= (T ) @ {om - anta s (v ()
FE(M) S (M( 10 ) [—1])}
w1 (55 ) @ {n - s = (a1 ()
rns (e () 1) +rcncong (u () -2)

w1 (75 ) @ {n - atas - (1 (*7))
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—X+(M)(M1 - 041)(042 - M3)}f <M( ! Il ) [‘H)
e nEDf (3 (171 -2}
+f ( 911;_613 ) ® {—2(M1 —an)(ag — p3) f (M < ! 81 ))
+[_<N1 —ay)(ag — pz) — Co(M) + E(M)

x-S g = s+ D] £ (M (15" ) 1=1])
—Ca(anf (M (") [—2])}
+f ( EIO_OO% ) ® {—(Ml —ap)(ag — p3) f <M ( ! 61 ))

= = )0z = pa) = Co(M)
+(on — pz + 1) (a2 — p3)
x-S = s + V)] £ (M (151 ) 1)

20, (M) f (M( Lo ) [—2])}

+f < 611;13 ) ® {(Ml - 041)(042 - M3)f (M ( 1__11 ))
—Ff (M (1) )
weneaons (o (151 -2) |

+f<611;093 ) ® {—(041 — pz + 1)(a2 — p3) f (M< o >>

—x (M) (o = pis + (as — )| £ (M (°5 1) 1))
e neons (o (°51) -2)}

wf (") o {len gt via =)t (31 (°51))

| ~caons (r (°5) 1)

vo (1 — pa + 1) (1 — p2) f(M))
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= (%) o fin—anm -+ v (ur (1)
(g (M (1)) [—1])}
4 f ( %10_313 > ® {—(m —an)(p — a2+ 1)f (M ( o ))
+[02(M)
—x- (M) (= ) = az +1)] £ (a1 () [=1])
+%MMMMV@“?>“m}
Lf ( T___lef’ ) ® {(m —an)az =) f (M (7))
—Foayf (M () [-)
NG f (M (1) [—2])}
+f ( ‘?gef’ > ® {—2(u1 —an)laz =) f (M ('51))
+[_(M1 — 1) (0 — p3) — Co(M) + E(M)

X (NS (= s+ 1)] 7 (M (157 ) [-11)
~Co(nf (a5 [—2])}
+f ( el%oes ) ® {—(Ml —an)(ag — p3) f (M ( ' 81 ))

[~ = an)laz = ) = Co(M)
(1 — a2 + 1) (1 — o)
(SO i — s + 1] £ (3 (150 ) 1)

—20(n)f (M (") HD}
iy ( ef_l—ef > ® {(m —ay)(ag — p3)f (M ( = ))
+[—E(M)

X (M) (1 — ) (g — M3)]f <M< 1__11 ) [—1])
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caneans (v(15") 1-2)}

+f ( 61100e3 ) ® {(Ml —aq)(ag — p3) f (M ( 00_1 ))
—Fa)f (M (%" ) 1))
reneons (o (°51) -21)}

+f ( el{o% ) ® {_(,Ul —ay)(ag — p3) f (M< o ))
+E)f (M (05 [—1])}.

Proof. 1f we put M = L™ in the formula, then we have ¢;(f(L(M)) = v; for each
7. Thus, to prove the formulas, it suffices to check that each of these injectors ¢;
gives a gls-homomorphism. An essential part which we should check is to confirm
the commutativity ¢; - Ex; = Ey; - t; with the simple root vectors Ey; for |k — | = 1.
This is done by a direct but a long computation. We leave it for the reader. O

A generic irreducible representation 7, corresponding to a highest weight p =
(1, p2, 13) € A has the 6 extremal weight vectors. Here an extremal weight means
a weight given by permutations of u. Each extremal weight vector is annihilated
by the action of three different simple root vectors. If we evaluate the formulas in
Theorem 4.4 at the G-patterns which give the extremal weight vectors in V,,, all
extremal vectors in ¢;(V,) are obtained. The explicit description of the five extremal
weight vectors except the highest weight vector in ¢;(V},) is given as follows.

Corollary 4.5. Fori=1,2, let 1; be the injectors V,, — Vo, _e, ® V), defined in the

above lemma.
Bl p2 p3

1. For the G-pattern L?) = ( 1 o > € G(u) giving the extremal weight vector

2

F(L®) of weight (pa, p1, p3) in 'V, we have

o =u (f(L?) = f ( elioes ) ® f(L?) + f ( e11_1063) ® f (L(2> (0_11 ))
S () s (),

o =a(r@?) = (T3 )er(za())

-1

) () fer e
o (5 )er (e (1),
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H1 p2 p3
2. For the G-pattern L®) = ( [ g3 ) € G(u) giving the extremal weight vector
M1

F(L®)Y of weight (uy, ps, pr2) in V., we have

o =u(rL9) = ( o ) ® FL ()

() () e
+f<ef—ef)®f< ().

o =i = g (V) r (B0 ) s (59 ()
() e {r o)) e (o ()

3. For the G-pattern LY = ( i p3 > € G(u) giving the extremal weight vector

B3

F(LW) of weight (us, g1, pt2) in V., we have

o a0 = (T Yo r(zo () v s (T ) o s )

-1

() elel (1) s (1)}

! = u(f(IV) = f(e )®f( ()

{53 (F oo
(M) er ()

M1 g2 B3
4. For the G-pattern L©®) = ( p2 13 > € G(u) giving the extremal weight vector
H2

f(L®)) of weight (pa, ps, 1) in 'V, we have

o =ure®) = £ (55 ) e (5)
B oo
+f(‘?ef)®f(L<5>(gg)),

o) =) = 7 (3 Yor (20 ()4 s (M0 ) o 20)

~1 0
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() e o (9) s (0 (9)}
5. For the G-pattern L®) = ( MLSZSJ ) € G(u) giving the lowest weight vector
F(LOY of weight (us, pa, f11) mMXZ, we have
o =ur@o) = £ (55 ) e s - (VYo r (o))

o (7)o (0 (4)),
v = L(f(LO) = f ( 0_00 ) @ f(LO) — f < %1;13 ) @/ (L(G) ( o ))

() e s (o).

-1

4.4. The realization of 7, in L*(K). Let (7,,V,) be a representations of K as-
sociated with a highest weight p© = (u1, p2, 3) € A. In this subsection, we give a

natural construction of 7, of K in L?(K). To do this, it suffices to investigate 7,0,
with p = 1 — pe and ¢ = pe — 3 instead of 7, since there is an isomorphism

T ™ T(p0,—q) @ det .

Here det#? = 7(,, 4, ) is the character of K = U(3) given by X — (det X)#2.
First, we remark the following lemma which is easy to prove, say, utilizing the
harmonic polynomial model (cf. [24] for example).

Lemma 4.6.
min{p,q}

T(p7070) ® T(O,O,—q) = @ T(p—i,(),—q—‘ri)'
=0
In particular, T(,0,—q) 0CCUTS 1N T(p0,0) @ T(0,0,—g) With multiplicity one.
Now we give a natural construction of the representation 7,04 in L*(K). In
the tautological representation

K 3k s(k) = (si(k))i<ij<s € UB) C G

of K, we can consider each of the matrix coefficients s;; as a L>-function on K. Then,
for each fixed 1 < ¢ < 3, the set {s;1, Si2, i3} of the matrix coefficients generates a
representation isomorphic to 7, in L%M se)(]0). The correspondence to the GZ-basis

is given as follows.

e] el €]
sipe> f| 10 ), spe f| 10 ), sz f| 00 |.
1 0 0

L [ B [ B [ B [ B [ By | B |
Si1 0 Si2 0 0 0 Si3
Si2 Si1 0 0 Si3 0 0
Si3 0 0 Si2 0 Si1 0
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TABLE 2. Actions of the simple root vectors Efj on {s;;(k)}.
Similarly, if we consider the matrix coefficients 5;; of the representation

K 3k s(k) = (si(k))1<ij<s € U(3) C G,

as a L2-function on K, the set {5;1, 55, 53} generates a representation isomorphic to
T oy NN L%M o o) (J) for each fixed i. The correspondence to the GZ-basis is given

by
—e3 —es —e3
ot (3) s (5 ) ().
0 0 -1

| | EY | B | EY | EY | B | EY |
S5 0 | 0 | 0 |—sa2| 0 |—sa
52| 0 |—su|—sa| 0 | 0 | 0
Sa |l —Siz| O 0 0 [=si3| O

TABLE 3. Actions of the simple root vectors Ef; on {s;;(k)}.

Since we have the isomorphisms 7;,0,0) ~ Sym”7e, and 70 —¢) ~ Sym?7_e,, the facts
discussed above lead the following lemma immediately.

Lemma 4.7. Let p,q € Z>,.

1. For each fized 1 < i < 3, the function s}, € L%M,apei)(K> generates a repre-
sentation isomorphic to 1,00y by its Tight translations and becomes its highest
weight vector.

2. For each fized 1 < 1 < 3, the function ;39 € L%M707q9i)(K) generates a repre-
sentation isomorphic to T ,—q) by its right translations and becomes its highest

weight vector.

3. Foreach fizred1 < 1,5 < 3 such thati # j, the function st,5;37 € L%M’Up%_qej)(K)

generates a representation isomorphic to T, 0. —q) by its right translations and
becomes its highest weight vector.

In the above realization, the highest weight vector f(LW) in Vip,0,—q) corresponds

to the function s},55% in Lf, ope g0y (J£)- The next lemma gives the correspondence
k] e; — e]-

between the extremal weight vectors f(LW¥)) for 1 < k < 6 in V{0, and the
functions in L%M oo g0y (JC) tOgether with their neighbors.
’ e; — ej

Lemma 4.8. Let u = (p,0,—q), and for 1 < k < 6 let L™ be the G-patterns
belonging to the highest weight p defined in Lemma 4.3 and Lemma 4.5 which give

the extremal vectors in V,. In the above embedding of V, in L%M7Up6i_qej)(K), we

have the following correspondence with the GZ-basis.
1.

f (L) o s55, F(E0(99)) < s tsamat,
PO (05h) e st f(L0(00")) o s
f(Lm __110 )) o st sissgt.
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2.
f(L?) o shsgt, FLP (7)) < sl tsass?,
F@ (05" ) < s mn F(LO(00") < s sam
FE®(50)) = s s,
3.
f(L®) — st (=55)", FL® () ))HSZ(—S?) 53,
F(L? _7110 < sy sis(—552)1, f(L® 0,? ))Hsfl(_sj_g)q 51,
FILO () < s 'sin(—52)" 155
4.
f(LW) < shsp, FLW () < shsn s,
FLD (7" ) o o tsmmn?, LB (%)) < sh tsasn?,
FIZO( 711 )) & s tsusnt 5.
5.
f(L9) = siy(=532)", FLLO(Y)) o sl su(=55),
PO () = sth=msmm F(2O () = sl sl
FLO(5))) = shl=smr s
6.
F(LO) & siys, FLO( ) < b tsomn?,
FLO(F)) e shsn (=s),  F(LO( )« sl sasn?,
FL© 011 o sp510 5.

Proof. First we prove the correspondence in the assertion 1. From Lemma 4.1, we

have
B P =p-f (L0 (). BRfE) =q-f (20 °51)).
On the other hand, by using the actions given in tables 2 and 3 we obtain
E§1(5f1$q) =p 3?1_131'2%(1’ Egz(sﬁ%q) = —q- 55" 5
These give the second and the third correspondences in the assertion 1. The fourth
and the fifth one are obtained by the equations

B A = =g f (L0 (05 ) e s (L0 ().

Bt (19 (%)) = - r (80 (5 ) s s (10 20)).
from Lemma 4.1 and

K (P —q\ _ p———q-1 p—1. =——q
B3 (shi5537) = —q-spspspt +pesh sisssd,
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k r.p—1_ — _ Rl R— p—1 ——qg-1
Ego(siy si2553") = siy sisSjs’ +q- 81 $i25j2 555"
a1 -1 —
= —q-spspsEt A (gt 1) sy sesE
from tables 2, 3 together with the relation
$i18j1 + Si2Sj2 + 8383 =0, 1 # j,
which comes from the unitarity.
The correspondences given in the other assertions are obtained similarly, if the

correspondences for the extremal weight vectors are given. Lemma 4.1 gives the
following relations between the extremal weight vectors in V,.

(BS)' T (L) = (). (B 7 (L0) = aif (L),
(E5)" f(LP) = ql(=1)2f (LW), (E%)" f (L®) =p!f (L),
(B T(9) =y (E9). 7 (8h)" 7 (10 = i ()

2
(M,0pe; —qe;

dences for the extremal weight vectors in the assertions 2 to 5. O

By considering the corresponding actions in L )(K ), we have the correspon-

5. (gc, K)-MODULE STRUCTURE

Let m = (v, o) be an irreducible principal series representation with data v =
(v1,12,v3) and n = (ny,ng,n3), and let 7 = 7, be the minimal K-type of . Here
m = (my, mg,m3) € A is the dominant permutation of n. In this subsection, we
explain some equations for weight vectors in the minimal K-type 1y, of 7, which are
determined from (gc, K)-module structure of m. Although we need only a partial
result here, we can describe the whole (gc, K)-module structure of the principal
series representation as in the case of Sp(2,R) ([16]), Sp(3,R) ([14]), and SL(3,R)

([15]).

5.1. Differential equations for generators of Z(gc). For a Lie algebra [ over
C, let us denote the universal enveloping algebra of [ by U(I).

It is well known that an element C in the center Z(gc) of U(gc) acts as a scalar
on the K-finite vectors in 7. Thus, if we take an injection j € Hom g (7, 7|k ), then
each element of the GZ-basis {f(M)}rrcc(m) of Vm satisfies the equation

(1) C-j(f(M)) = xei(f(M)),
for a scalar yc.

Now we construct a set of generators of Z(gc). To do this, we use the Capelli
elements in U(g) given in the following lemma (cf. [8] §11).

Lemma 5.1. Define three elements
Cpl,R = I,
Cpar = (B —1)Ey + Eyn(Ess+ 1)+ (B —1)(Es3 + 1)
—Eo3FE3y — FEi3bs — EpFoy,
Cpsg = (Ey1 —1)E9(Ess + 1) + E1oEo3Es + Ei3Es Eso
—(E1 — 1) By B3y — Ei3EynEs — EipFy (B33 + 1).
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in U(g). Then the set {Cppr |1 < k <3} is a system of independent generators of
Z(9)-

The complexification g¢ of the Lie algebra g can be identified with g & g in such
way that X € gc¢ corresponds to the element X @ X, where X is the complex
conjugate of X. Hence the universal enveloping algebra U(gc) of gc is isomorphic
to U(g) ®c U(g). From this identification and Lemma 5.1, we have the following
lemma which gives a set of generators of Z(gc).

Lemma 5.2. For 1 < k < 3, put C’pk = Cprr ® 1 and Cpk = 1® Cpir in

U(g) ®c U(g). Then the set {C’p 1 < i <21 <k < 3} gives a system of
independent generators of Z(gc), considered as a subalgebm of U(g) ®c Ul(g).

For the generators C’pg) given in Lemma 5.2, we give their expression as the
elements in U(gc).

Lemma 5.3. As the elements in U(gc), the generators C’p,(f) of Zigc) are given as
follows.

) = (1),

oY = (-1,

O = (R B~ 2) (B + ) + (5, + BYy) (B + Hy +2)
+ (B, + EY, —2) (ES; + ES; +2) — (B8 + EX;) (E5, + EY,)
— (BB + Bly) (R + Byy) — (5, + By) (B3 + B) |.

O = L{ (B — By~ 2) (B — BYy) + (5 — By) (B — By +2)

+ (Efl —- EY, — 2) (E:g:a — Efy + 2) - (E§2 - E§2) (ES?: - EI2(3)
- (E§1 - E?Ifl) (Eiz - Elfs) - (Egl - E|2(1) (Efz - EI1(2) }7
O = (B + B~ 2) (B + BYy) (B + By +2)

+ (BRy + BY,) (ES; + ES;) (ES, + EY)

+ (EYs + EY3) (B, + ES)) (ES, + ES,)

— (ED + EY, —2) (ES; + Eby) (B, + ES)

— (Eby + EX,) (ES, + EY,) (E5, + EX)

(

— (BL + Bly) (BS + BS)) (B + By +2) },
1
opf = S{(Bh - B —2) (B% — BY) (B} — By +2)
+ (B — BS)) (BS, — Bly) (EY, — BYy)
+ (B — BY,) (B, — By) (B3, — BY,)



CALCULUS OF PRINCIPAL SERIES WHITTAKER FUNCTIONS ON GL(3,C) 19
k k k
— (BN — EYy —2) (B, — Esp) (B3 — Eas)
k k k
- (E§1 - E31) (E§2 - E22) (Efz - E13)
k k k
— (Bf — EX) (B, — BY,) (B - Bl +2) ).
Proof. From the definition, the elements EZ'-‘]- and Efj in gc correspond to the el-
ements E;; & (—E;;) and E;; @ E;; in g @ g, respectively. Therefore, we have the
correspondence between EY; 4+ EY (resp. El, — Ef;) and 2E;; & 0 (resp. 0 & 2Ej;).
The assertion can be obtained from the above correspondences and the definition of
the generators Cpk by direct computation. O
For each C = C’pk), the scalar value x¢ in the equation (1) can be obtained by
considering the evaluation of the left hand side at the identity.

Lemma 5.4.

1 1
chgl) = 5 Z (I/i + ni), chgg) = 5 Z (Vi — ni),

1<i<3 1<i<3

1 1
Xew) = 7 > (i) (v +ny), Xep? = 7 > (- n) (v —ny),
1 1<i<j<3 1 1<i<j<3
chg) = g H (l/i —+ TLZ'), chgg) = g H (Vi — TLZ)
1<i<3 1<i<3

Proof. We evaluate the actions of C’p,(f) on the representation space L%Mpn)(K ) of
7 = 7(v, 0y) at the identity using their expressions in Lemma 5.3. Then the elements
EP,, E5,, and E%, in a act by the scalar vy + 2, v, and v3 — 2, respectively. Also,
the elements EX,, EX, and EY, in mc act by the scalar ny, ng, and nz, respectively.
Moreover, E;; + Ell-‘j = Eij—V—1E}; and E}, — E}‘Z = Eij + v —1E}; belong to nc for
© < 7 and thus their actions are zero. From the above facts, the eigen-values Xop®
k
can be calculated as in the assertion. O
5.2. The Dirac-Schmid eigen-equations. For ¢« = 1,2, let ¢; be the injectors
from Vi, into poc ® Vin =~ Ve,—e; ® Vi defined in Lemma 4.4, and fix an injection
J € Hom g (T, 7| k). Since 7y, occurs with multiplicity one in 7|k, the composition
Vin — poc ® Vin — 7(po,c)i(Vin) C L(M,an)(K)
is a scalar multlple of j, where « is the evaluation map. Thus, if we write
Z X M/ ® f ), X](\?,M’ E pO,Ca
M'eG(m)
for the GZ-basis {f(M)}rmec@m) in Vi, then we have the following system of equa-
tions
(2) S X i(F(M) = Xig(f(M)), M € G(m)
M'eG(m)
for a scalar A\;. We call this system of equations (2) the Dirac-Schmid eigen-

equations. Here if m; = mgy (resp. mg = mg3) then the Dirac Schmid eigen-equation
(2) for i = 2 (resp. i = 1) is not valid.
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The scalar values \; in the Dirac-Schmid eigen-equations (2) are given as follows.

Lemma 5.5. If m = (n,, ny, ne), then we have

Here v = v; + 19 + 13.

Proof. Let us assume that n; > ny > ns3, i.e. m = n. Then the Dirac-Schmid
equation (2) for i = 1 and the G-pattern M = L™ becomes the following equation
in L%M’Jm)([().
1 p p D =—q ng
3 (H31 + H32) (s11533" det(5)"™) (k)
— By (—sTi5m 53" det(S)™) (k) + Efy (s1,531 533" det(S)™) ()
= A1 (15337 det(5)™) (k),

with p = n, —ny, = ny —ny and ¢ = ny, —n. = ny —ng. Here we use the identification
of po,c with Ve, _e, in Lemma 4.2, the expression of the highest weight vector v; =
L1 ( f (L(l))) in Lemma 4.3, and the correspondence between the GZ-basis of V},, and
L%M’Un)(K ) in Lemma 4.8. If we evaluate this equation at the identity k = e after
computing the actions of the elements in U(gc), we obtain \; = v3 — $0. Similarly
we have \y = vy — %ﬁ.

For the other cases of m, the scalar-values \; can be obtained by evaluating the
Dirac-Schmid equation (2) at the G-patterns corresponding to the other extremal
weight vectors as in the following table. O

(a,b,c) (1,2,3) [ (2,1,3) [ (1,3,2) [ (2,3,1) [ (3,1,2) [ (3,2,1)
G-pattern M || LM L® L® LW L®) L©)

TABLE 4.

For our later computation, we define A3 by the relation A\; + Ao + A3 = 0, that is,
A3 = 1 — %D if m = (ng, ny, ne).

6. WHITTAKER REALIZATION

Let 7 = m(v,0n) be an irreducible principal series representation with data
v = (v,,v3) and n = (ny,n9,n3), and let 7° = 7, associated to the dominant
permutation m = (my, mg,m3) € A of n be the minimal K-type of 7, as in the
previous section. Moreover let n = 7., ., be a non-degenerate unitary character of
N specified by the parameters ¢; and cy. In this section, we write the Whittaker
realization, i.e. the realization in the space C)°(N\G), of the equations (1) and (2)
explicitly.

6.1. Preliminaries. A Whittaker function ¢ € Wh(mr,n,7) C C(N\G/K) is
expressed as

T(j(w))(g) = (W, ¢(9)), v" €V, g€G,
with an intertwining operator 1" € 1., and an injective K-homomorphism j €
Hom g (7%, 7| k), by definition. Now, for each G-pattern M € G(m) belonging to m,
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we define a function ¢(M) in C7°(N\G) by taking the element f(M) of the GZ-basis
{f(M)}rec(m) for Vin as v* € Vie = Vi, in the above equation, that is,

¢(M;g) = T((f(M)))(g) = {(f(M),6(g)), g€GC.

We call this function ¢(M) the M-component of a Whittaker function ¢.
Whittaker functions are determined by its A-radial parts (i.e. its restriction to

A) because of the Iwasawa decomposition of G. Moreover, the values of Whittaker

functions on the center Zg of G are given by the central character of «, i.e.,

¢(rug) = r"u"¢(g), ¢ € Wh(m,n,7), r € Rso, u€U(1), g€G.

Therefore, we can describe Whittaker functions as functions of two variables with
the coordinates

aq a9
Y1=—5 Y2=—
Q9 as
for diag (ai, az, az) = asz - diag (y1y2, Y2, 1) € A, which correspond to simple roots of
0
(a,g). Also, we denote the Euler operator with respect to y; by 0; = Yigo
Yi

6.2. Differential equations. Let ¢ € Wh(m,n, 7) be a Whittaker function deter-
mined by an intertwining operator 7' € 7, , and an injection j € Hom g (7%, 7|k)
and ¢(M) be its M-component. For each M € G(m), we consider the image of both
side of the equation (1) by T

T(C-j(f(M)(g) =T(xei(f(M)))(g), g€G.
Then the intertwining property of 1" leads the differential equation
(3) Co(Msy) = xed(M3y), y= (y1,92)-

for the A-radial part of ¢(M). Similarly, the Dirac-Schmid eigen-equation (2) leads
the differential equation

(4) Z XMM’ sy) = Xo(Miy),  y = (y1,52)-
M’e€G(m)

In this subsection, we write these equations (3) and (4), explicitly.
First, we observe the following fundamental lemmas.

Lemma 6.1. Let f € C20(N\G/K). For X € U(tc), Y € U(nc), Z € U(ac), and
a € A, we have (Ad (a )Y ZX f(a) =n(Y)T(=X)(Z f)(a).

Lemma 6.2. Let ¢ = ¢(y) € Wh(m,n,7)|a.

1. The actions of elements Hy,, HY, and I} in ac on ¢ are the following differ-
entials.

Hyp = (201 — 92)p, HSsop = (=01 + 205)¢, 150 = 0.
Thus, for EY, we have

Bho=(0+5) 0. Bho(-a+a+ ) o Bo=(-a+ )0
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2. The actions of elements E}; + Ezkj and EY; — Ejkz with i < j in nc on ¢ are the
following multiplications.

(ES, — E) ¢ =2V —1awyg, (B, + EY,) ¢ = 2nv/—1aiyo,
(E§2 — E'§2) ¢ = 21V — 1oy, (E§3 + E'2<3) ¢ =21V —1¢120,
and (E§1 - EI§1) ¢ = (Eijg + Eif:s) ¢ = 0.
The proof is omitted (c¢f. [13]).
By using the above lemmas together with Lemma 4.1 which gives the actions of

elements Ei-‘j in t¢, the following explicit description of the equation (3) is obtained
from Lemma 5.3 and Lemma 5.4.

Proposition 6.3. Let ¢(M) be the M-component of a Whittaker function ¢ €
Wh(m,n,7) and put ¢(M;y) = y2y2p(M:y). Then the differential equations (3)
for the Capelli elements C = Cp,(f) with k = 2,3 and i = 1,2 are given as follows:
Let (wy, w9, w3) = (B,01 + g — B, mq1 + mg + m3 — oy — a) be the weight of a

mimoms
G-pattern M = < o az )
B

1. ForC = Cpgl), we have

[(81—1—%4—101) (—31+32+§+w2)

+(—81+82+§+w2) <—82+g+w3)

+(&+§+w0(—%+g+w9

- (27T\/—_1)2 (leaPyi + [eal*y2) — Z (vi +ni)(v; + ”])} o(M;y)

—47r\/—_152y2{(042 —mg3) ¢ (M ( 0 0_1 ) ;3/)
P () (= o+ 300)6 (31 (3" Y}
—4%\/—_151y1{(5 - 042)€g <M< 0_? ) ;y)

2. ForC = Cpg), we have

|:<81+§—w1> <—81+32+§—w2>

+(—81+82+%—w2) <—(92+§—w3)
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t(oa g -w) (o Do)
- D) Pt +leaP) = X 4= ) = )| G0110)
+vakw{um—aaé@4(?)w)
b0 = o =303 (3 () ) )
i -2 (1 (%))
b (0)m —ad (1 (11 )20) | o
3. For C = Cp", we have
(s ) (oo 2 (e o)
— (2nvV " Tlealin)’ (al + g + wl) ~ (2nvTlerlmn)” <—82 + g + wg)
— IT wi+n) } (M;y)

1<i<3

+2 - 277\/—_1513/1 . 27T\/—_152y2
[t —md (a (°5 )w) + cana (a1 (20 ):0)]
-2 27?\/_02342( +w1)
{tea=mad (3 ("5 ) i) + 00 00 = a4 5000)

2
<
VS
oL

o
~—
<
"
H/_/

o (M
-2 27?\/_cly1( Oy + = +w3)
{000 (312 ) 0) s x-000 = mts ((21)) =0
4. For C = Cp$, we have

{(814—%—11)1) (—814—82—1—%—102) (—824‘%—103)

— (27’[’\/ —1|02|y2)2 (81 + g - w1> - (27T\/ —1|Cl|y1)2 <—82 + g - wg)
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- I & —nz‘)} S(M;y)

1<i<3

221/~ 1ewy - 2mv/—1eoys
{im = (00 () :0) = s (3 (7 ) )]
+2 - 21/~ 1oy, (al + % - wl)
fom = a)d (31 (19 )10) -0 0m — aw = 50003 (a1 (' Yin)}
+2 -2y =1y (—82 - g — wg)
Ll =93 (3 (%) 10) + xe0)(ma— )b (v (1) )} -
If we evaluate the above equations from Cp” with k = 2, 3 at the G-pattern L() =

mi1meoms
( my ma ) associated with the highest weight vector f(L() in Vi, we obtain

mi

the following system of differential equations for the L™M-component of Whittaker
functions.

Corollary 6.4. Let ¢(L™M)) be the LW -component of a Whittaker function ¢ €

Wh(m,n,7). Then the function ¢(LY)) = y72y;26(LMV) satisfies the following two
differential equations.

1.
[af +05 — 010 — p(01 — Na) — q(D2+ M)
(A1 A2 + A2Az + AzAy)
5 _
+ (2nV=1)" (P} + leaPad) | (L) = 0.

Here p =mq —ms and ¢ = mo — ms.

2.
|:(61 + g —ml) (—81 +62+ g —mg) (—82+§—m3)

— (27‘(’\/ —1’02‘3/2)2 ((91 + % — ml) — (271'\/ —1|C1|y1)2 <—82 -+ % - mg)

- <)\2 + g —m1> <)\3 + g —m2) (/\1 + g —m3)}95([/(1);y) =0.

Proof. In the equations 2 and 4 in the above proposition evaluated at M = LW,
all terms in the left hand side except the L(Y)-component ¢(L™")) vanish, since the
highest weight vector f(LW) in Vi, satisfies EY f(LW) = 0 with ¢ < j. Then direct
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computation leads the equations in the corollary. Here we remark the equations

S (5-m) (5-m) - oa-n)es -y

1<j 1<j

= —(MA2+ XA+ Ash1) — Ao + g,

H(l/i—ni): (A2—m1+§> <>\3—m2+§) (Al—m3+§>,

7

and

which can be shown by using the definition of \; in Lemma 5.5. O

Similarly to the equation (3), we can describe the explicit form of the Dirac-Schmid
eigen-equation (4) for each G-pattern M. However we need only the following partial
result in our later discussion.
Proposition 6.5. Let ¢(M) be the M-component of a Whittaker function ¢ €
Wh(m,n,7) and put ¢(M;y) = yiy30(M;y).

1. If my # ms, the Dirac-Schmid eigen-equation (4) fori =1 at M = LV < 22 )

with 0 < k < p=my —mgy 15 given by

(8y + M\)(M;y)
a6 (0 (5" ) s (0 ):0)}

2. Ifmy # my, the Dirac-Schmid eigen-equation (4) fori =2 at M = L™ < 0 gk )

with 0 < k < q=my —mg is given by
(01 = A2)d(M;y)
= —2mv/—lay {é (M( o > ;y) +x- (M) <M( .y ) y)}
Proof. Assume my # mg3. If we evaluate the formula 1 of the injector +; in Theorem
44 at M = LW < 22 ), then we have

W) = f(%?)®fwﬂ

0

() e (0 erns (e ()
(7 )es ()

By using the correspondence between Ve, _e, and poc in Lemma 4.2 and the funda-
mental lemmas on the actions of U(gc) on the space of Whittaker functions given in
the top of this subsection, the above injection formula leads the following equation
for the M-components of a Whittaker function ¢ € Wh(m,n, 7).

(02 + A1) d(M:y)
= - (2¢\/—_152y2—EI2<3) {¢ <M< 081 ) ;y) + X+ (M) (M< 730 ) 53/)}
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o (M ("5 ) sw).

Thus we have the equation in the assertion 1, because of the equations

Eég{f (m (5" ) +xeang (ar( " ))} — Bl (M (°51)) = s,

which are obtained from Lemma 4.1. The equation in 2 can be shown similarly. O

7. EXPLICIT FORMULAS

Let us take 7 = (v, o), 7 = Tm, and n = 1., ., as in the previous section. In this
section, we discuss explicit descriptions for the Whittaker functions with respect to
(m,m, ) which is our main theme in this paper.

7.1. Preliminaries. Let ¢ € Wh(m, 7, 7) be a Whittaker function with respect to
(m,m,7). Then the set {¢(M)}recm) of M-components of ¢ satisfies the system
of equations (3) and (4) in §6.2. Before studying explicit formulas, we observe the
following lemma concerning this system of equations.

Lemma 7.1. A Whittaker function ¢ € Wh(nm,n,7) is determined by its L™)-
component ¢(LWN). That is, all M -components ¢(M) of ¢ € Wh(rm,n, 7) are uniquely
determined from qﬁ(L(l)) by the equations in Proposition 6.3 and Proposition 6.5.

Proof. To prove this assertion, we may give an effective procedure for determining
all M-components ¢(M) from ¢(L(M). In the following, we promise that ¢(M’)
means zero if M’ violates the conditions of G-patterns.

First, we can find the components ¢ (L(l) < 0 0_1 )) and ¢ (L(l) < 0_(1) )) from the
equations in Proposition 6.5 for k£ = 0;

(02 + )\1)$<L(1)§y) = —27T\/—_1523/2<5 (L(l) ( ° 51 ) ;Z/) )
(1 = A)d(LVy) = —2nv—lawyd (L(l) ( o) ) ;y> .

Next let us take 1 < k < m; —ms and assume that the components ¢ <L(1) ( 0_? )),
¢~> (L(l) ( 0_;1 >>, and ¢~> (L(l) ( 7_11.0 )) for 0 < i < k—1 are all known. Then, in the

00
—k+1

function is gz~5 (L(l) ( 22 )) with the coefficient —4m+/—1¢1y1(my —mo—k+1). Thus

00
the L) ( k

equation 1 of Proposition 6.3 evaluated for M = L) ( ), the only unknown

)—component is determined. Moreover the equation 3 in Proposition

—k+1 —k
have the unknown terms

2- 27T\/—_151y1 : 27T\/—_152?/2
X {—(m2 — m3)<5 (L(l) ( 0_;1 )) + (my —mg —k + 1)@3 (L(l) ( 7—1k0 ))} ’

6.3 for M = LM ( 00 > and the equation 1 in Proposition 6.5 for M = L) ( 00 >
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e T o (9 (2 ) o (1 (),

respectively, and thus these two unknown components are determined from these two
equations. Similarly, for fixed 1 < k < mgy—myg, if the components (/5 (L(l) ( 0 Oﬂ )),

b <L(1) ( 0__1i )), and ¢ (L(l) < —t i )) for 0 <i < k —1 are all given, then the

1

three components <5<L(1) ( 0 gk )), é(L(l) ( O:lk )), and é(L(l) ( i :fH ))

can be determined from the equations 1 and 3 in Proposition 6.3 and the equa-
tion 2 in Proposition 6.5. Therefore the M-components ¢(M) corresponding to
the weights (my —i,ms +i — j,mg + j) for 0 < i < m; —my and j = 0,1 and
(my —j,ma —i+j,ms+1) for 0 <i<ms—mgzand j =0,1 can be determined.

To determine the remaining M-components, we need only the equations 1 and
3 in Proposition 6.3. This process is done one by one from the larger pair (w; —
ws, [0(M)|) in lexicographical order, where (wq,ws,ws) is the weight corresponding
to G-pattern M. We leave the details for the reader. O

The proof of this lemma shows that all M-components ¢(M) of a Whittaker
function ¢ are moderate growth functions if and only if ¢(L™) is. Thus a Whittaker
function is in the space Wh(r, 7, 7)™°? if and only if its L(Y)-component is a moderate
growth function.

and

7.2. The highest weight components of Whittaker functions. According to
Lemma 7.1 in the previous subsection, we may consider their L(M-components in
order to determine Whittaker functions, which satisfy the holonomic system of par-
tial differential equations in Corollary 6.4. In this subsection, we describe the space
of solutions for this holonomic system explicitly.

The holonomic system of partial differential equations in Corollary 6.4 has regular
singularities along 2 divisors y; = 0 and y = 0 which are of simple normal crossing
at (y1,y2) = (0,0), in the sense of [17]. First, we consider the power series solutions
of this system at the point (y1,%2) = (0,0), which give the L")-components of the
secondary Whittaker functions with respect to (m,n, 7). For a power series
(5)  (wlely) (wlealy2)® D el y(wlerlyn)* (wlealya)', v = (m,72) € C,

k,1=0

with a characteristic index v = (71,72), it is easy to see that the holonomic system
in Corollary 6.4 can be translated into the following system of difference equations
for the coefficients {c} ,;}.

Lemma 7.2. The power series (5) satisfies the holonomic system in Corollary 6.4 if
and only if the coefficients {CZJ} satisfy the following system of difference equations.

1.

{(n+ k) + (e +D* = (n+ k)2 +1)
_p(71 + k— )\2) - CI('YQ + l + )\1) + ()\1)\2 + )\2)\3 + )\3)\1)}0171

9 7Y _
_4%72,1 - 4%172 =0,
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v v v
1% v 1%
_()\2+§—m1) (/\3+§—m2) <A1+§—m3>}cz7l

v v
+4 (71 +k+ 3 m1> Chiot+4 (—72 -1+ 3~ mg) Ch_9; =0.

Here we understand cz’l =0ifk<0orl<0.

Observe that all coefficients ¢}, are determined inductively from an initial non-
zero coefficients cj o by the first difference equation in Lemma 7.2. The characteristic
indices v can be found by putting k£ = [ = 0 in the equations in Lemma 7.2.

Lemma 7.3. The set of characteristic indices {y¥) = (”yf ,72 ) |1 < i <6} of the
holonomic system of partial differential equations in Corollary 6.4 at (y1,y2) = (0,0)
s given as follows.

D= (A2, — A1), 7(2) = (A3 +p,—\1),
Y3 = Ay, — A3 + q), YW = (A +p+4q,—As +q),
Y= +p.—X+pt+q) 1 =+pta—dtp+o).

Now, for each 1 < i < 6, we define the coefficients {C,S?}kko by

ay ;a2 , a3 , Q4 ,
PYRETY 2V [y Ay VR R
PR = i 2y 2 2 if (k1) = (2K, 20,
Ck,l: kK §—k/—l/

0 otherwise,
with the parameters

(%) (4) (4) (@) (4)

ap=az3=b=—y" =7 +p+tq, aa=-2v" +v +p, as=7 —%i)

+q.

Here we use the notation

G = v/ TIves

Since I'(z + 1) = z'(x) for x € Z<(, we have the relations

-1
: i @ asg b

oo = el (G -n)(3-0) (3-7-1)

C(l) — C(l) % (—l/) % 7 % _y é oy -1
k-2 o 5 > 5 7

if (k,1) = (2k',2l"), and thus,

4(Ck b+ 0 2) — OO (K = KL+ * — ask — aul) .
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This identity shows that the coefficients {C’,izg} satisfy the first difference equations
for v = 4% in Lemma 7.2. Therefore we can state the following proposition on
an explicit formula for the L™M-components of secondary Whittaker functions with
respect to (m,n, 7).

Proposition 7.4. For each 1 < 1 < 6, we define the function gbgi)(L(l);y) by the
power series (5) with the above coefficients {C’,E,Zl)}, that is,

~(i () (4) > i ’ ’
28 (LW y) = (xleryn)™ (wlealyn)™ Y CHb o (mlelyn)? (wlealyn)®
k' I'=0,

Then the set {@é”(ﬂ”)} gives the complete system of linearly independent solutions
for the holonomic system of differential equations in Corollary 6.4 at y = (0,0).

Next, we consider a solution with moderate growth property for the holonomic
system of partial differential equations in Corollary 6.4. As we mentioned in the
previous subsection, a Whittaker function ¢ is of moderate growth if and only if its
LM-component ¢(LM") is. Therefore the local multiplicity one theorem for Whit-
taker model (cf. [19], [26]) tells that the holonomic system in Corollary 6.4 has
a solution of moderate growth unique up to scalar multiples, which gives the L()-
component of the primary Whittaker function. Here we give two integral expressions
of this unique solution of moderate growth.

Proposition 7.5. 1. Put

1
pmod (1. 4y = —/ / Va(LW: s, s c Y (mle “2ds1dss.
25 y) Qrv—12 /., /., s( 1, 82) (mlenly) ™™ (mlealy2) 10452

Here

51+A14+p+q si+d2 s1+A3+Dp sa—A1 s2—A2+p+q s2—A3+q

1). _ ) ) ) ) )
Va(LW;s1,89) =T [ 2 2 itsatpta 2 2 ;
2

and the paths of integrations are the vertical lines from Res; — /—1oo to
Res; + v/—1oo with large enough real parts. Then, up to scalar multiples,
the function @F°Y(LM) gives a unique solution with moderate growth property
for the holonomic system of partial differential equations in Corollary 6.4.

2. The function T°Y(LMV) has the following integral expression of Euler type.

—X3+p+g Az+p+q

@?Od(L(l);y) :24(7T|Cl|yl) 2 (7r|02|y2) 2

& 1 d
></ Ky (27r|01]y”/1+;> K4 (27r\02|y2\/1+v) UB%).
0

Here K, (z) is the modified Bessel function of the second kind and the parame-
ters A and B are given by
AM—XA+p+gq B 33 +p—q

2 S

A:
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3. The functzon gmed(LW)Y has the following factorization by the power series
(LMY defined in Proposition 7.4.

6
S5mod _ Z g ’

Proof. The Stirling formula for the gamma function shows that the double Mellin-
Barnes integral defining the function @§°4(L™)) converges absolutely and also defines
a moderate growth function of y. The second assertion follows from Lemma 7.1 in the
paper [13]. Moving the integration paths in the definition of @°(L(") to the left, we
have the third assertion after the standard residue calculus. The factorization in the
third assertion means that the function g°d(L(1) satisfies the holonomic system in
Corollary 6.4. Therefore, gmed(L(l)) gives a unique solution with moderate growth
property for the system, up to scalar multiples. O

7.3. Explicit formulas of Whittaker functions. As we asserted in Lemma 7.1,
all M-components of a Whittaker function are determined from its L™™-component
whose explicit formulas are given in the previous subsection. In this subsection, we
give explicit formulas for the whole components of Whittaker functions with respect
o (m,n,7). For simplicity, we assume ¢; = ¢, = v/—1 in the following discussion.

First, we consider the power series solutions of the holonomic system of differential
equations (3) and (4) at (y1,y2) = (0,0), which we call the secondary Whittaker
functions. That is, we give a family {¢(M;y)} MeG(m) of power series

(6) &(M;y) = (773/1)71 7Ty2 w Z Ckl 7Tyl *(rya),
k,1=0

with a characteristic index y(M) = (v1(M),v2(M)) € C? satisfying the differential
equations in Proposition 6.3 and Propositions 6.5.
Now, for each G-pattern M = < 1a1 ;2 ’ ) € G(m) and each 1 < i < 6, we
B
define the characteristic index v (M) = (1\” (M), ~{”(M)) and the set of coefficients
{C’,gf;(]\/[)}mzo as follows. Put

C(M) = M\ —mgs + B, MY = =X\ +my — B —6(M),
MM >—A2+m1 3, (M) = =Xy —ms + B+ (M),
GV (M) = X3+ a1 — oy — |6(M)], (M) = =Xg +my —mg — ay + as.

Then we define v (M) = (QS})(M), 1(,12)(]\/[)) with the index (u;,v;) given in the
following table.

7 1 2 3 4 5) 6
(uiavi) (271) (371) (273) (17?)) (3’2> (1’2)

TABLE 5. Index (u;,v;) in v (M)
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Here we observe that 4 (L(M) = 4 is the characteristic index given in Lemma 7.3.
Moreover we define the coefficients {C,Ef;(M )}k >0 by

ay ,
gt [ Bk, 2k, 2, F
() | 2 2b 2 if (k1) = (28,20),
Ck,l(M): kK- §_k1_l/

0 otherwise,

with the parameters given by
{aras} = {¢P(M) =P (M)|
{ag,a} = {¢P(M) = (P (M)

and b = —QS?(M) — (M) + Cél)(M) + Céz)(M). We write the power series with
the characteristic index (M) and the coefficients {C,S?(M ) } k>0 defined above by

G (M;y), ic

(1)(

@éi)(M;y) = (my )M 7ry2 72 Z CQk’ o ( Wyl)%/( Y2 )21/

kU=

When M = LW this power series coincides with the one (for ¢; = ¢, = /1)
defined in Proposmon 7.4.

Theorem 7.6. Let 1 = w(v,04) be an irreducible principal series representation
with data v = (v1,19,v3) and n = (ny,n2,n3), and let T° = 7, associated to the
dominant permutation m = (my,mg, m3) € A of n be the minimal K-type of 7.
Moreover let n be a non-degenerate unitary character of N specified by the parameters
¢ = ¢y = /—1. Foreach 1l < i < 6, let gogf) € Wh(m,n,7) be the secondary
Whittaker function whose LY -component is goéz)(L(l)) = y%y%gég)([/(l)) defined in

Proposition 7.4. Then, for each G-pattern M, the M -component of cpéi) 18 gpg)(M) =

y1y2<,0§) (M)

Proof. We can obtain this assertion similarly to Proposition 7.4, that is, by showing
directly for each 1 < i < 6 the set {C’,@(M )} satisfies the difference equations for

the coefficients {chlM)} of the power series (6) which is equivalent with Proposition
6.3 and 6.5.
In the case of §(M) > 0 and y(M) = vV (M), since

O (i (070 )) =4 (3 (750)) = (a0 () +1))
7(1)( ( >) <(” +1,7§1)(M)>,

the difference equation for {ck, ’ )} equivalent to the equation 1 in Proposition 6.3
is given by

K%(M) +k+ g + w1> (—71(]\/[) +y(M)—k+1+ g +w2>
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# (=m0 =k 15 b ) (a0 =14 5 4 wa)
+ (%(M)+k+g+w1) (—%(M)—Hngws)

M
- 2}@~mmW+mﬂ¢5>

1<i<j<3
+4CZ(—A24)J + 4Ck(zM%
0 -1 10
ttoa 0D iy —mr syt o")
00
—4(8 — O./Q)CZ(Z( - )) = 0.

Then direct computation shows that the coefficients {C,Sl)(]\/[ )} satisfy the above
difference equation by using the relations

-1
i =G =) (5 %) (5-#-0) ction
’ 2 2 2 :
1
ctaon = (5 1) (5 1) (5-# 1) ctian,

if (k,1) = (2K',2l"), where
ar = ¢V(M) = VM), ap = V(M) - (M),

= &M = (M), as =GP M) - (P (M),
and b = —Cél)(M) — P + C?El)(M) + C?EQ)(M). The other cases can be shown
similarly and we omit their detail. O
Finally, we state our main result for the primary Whittaker functions with re-
spect to (m,n,T), i.e. the unique solution of moderate growth for the holonomic
system of differential equations (3) and (4). If we write such a solution by ¢ €
Wh(m, 7, 7)™4, then a family {¢(M;y)}reccwm) consisting of all M-components

d(M;y) = y220(M:y) of ¢ is the unique solution of moderate growth for the
differential equations in Proposition 6.3 and Propositions 6.5. Also, ¢ is given by a
linear combination of the six secondary Whittaker functions ¢ in Theorem 7.6.

The following theorem can be seen by the same way as the proof of Proposition
7.5.
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Theorem 7.7. Let 1 = w(v,0n), T = Tm, and 1 be the representations as in
Theorem 7.6. Moreover let p°4 € Wh(m,n, 7)™ be the primary Whittaker function
whose LW -component is oF°d(LY)) = y2y2pm0d(LWV) defined in Proposition 7.5.
Then, for each G-pattern M € G(m) we have the following assertions on the M -
component p§°4(M) = yiys G54 (M) of 5.

1. The function meOd(M) has the following integral expressions:

@?Od(MJ?J) = (27T /— //Vé (M 51, 89)(my1)” " (my2) "2 ds1dsy

)\3+m1 m3 Az+mq—m3

= 2myp)" 2 (my)” 2

0 / 1 dv
X / Ky (27Ty1 1+ ;) K a5 (27Ty2\/ 1+ v) (1 + v)c 5
0

Here, in the integral of Mellin-Barnes type, the paths of integrations are the

vertical lines from Res; — +/—1oo to Res; + v —1oo with large enough real
parts and the integrand V3(M; sy, s2) is defined by

siHc V) sV ) s eV ) st P (M) st (M) sa+¢P (M)
. — 2 ) 2 ) 2 ) 2 ) 2
Va(M;s1,85) =T s1+s2+<§”(M)+<§22’(M)
2

Also, in the integral of Euler type, the parameters A, B and C are given by
1 1 1 1
Lo Gton-glan o 260 - ¢Von) - ¢V
2 ’ 4 ’
0(M)]
2 .
2. The function g5°4(M) has the followmg factorization by the power series géél)(M).

mod Z 90

8. PROPAGATION FORMULA

and C =

Based on our main result in the previous section, we give here an expression of
Whittaker functions on GL(3,C) in terms of those on GL(2,C), which we call a

propagation formula. This is an analogous formula in the class one case obtained by
Ishii-Stade [10].

8.1. Principal series Whittaker functions on GL(2,C). In this subsection, we
derive an explicit formula of principal series Whittaker functions on GL(2,C) by
similar computation to the case of GL(3,C).

Let G’ = GL(2,C) be the complex general linear group of degree 2 and G’ =
N'A'K’ be its Iwasawa decomposition, where K’ = U(2) is a maximal compact

subgroup of G’ and
a; € Rug,i = 1,2}, N' = {n(x) = (é f) x € C}.

(G
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The center Zg of G’ is {ruly|r € Rsg,u € U(1)} ~ C*. The upper triangular
subgroup of G’ is P’ = N'A’M’, where M’ is the centralizer of A’ in K’ given by

{5 )

Next, we recall the representations of K’, G', and N’ which we need in order to
describe the Whittaker functions. We can parameterize the equivalence classes of
irreducible continuous representations of K’ = U(2) by the set of highest weights

N={p = (o) | 1 € 22,y > piy}-
The representation space V,, of the representation 7,/ associated with p' = (u}, pb) €
A" has the (normalized) GZ-basis {f'(M’)}mreqqr) as in the case of U(3). Here

G(u’)z{M’z(“ﬁé)’a’EZ, u’lza’Zu’z}~

The explicit action of the complexification €. of the Lie algebra ¢ of K’ on the
GZ-basis is given as follows. Let us put

ro 1
B = (B - B - VT (5, + B)).

u; €U(1),i= 1,2} ~ U(1)%

for the matrix unit £ (resp. Ej;) with its (4, j)-entry 1 (resp. J) and the remaining
entries 0. Then

ESF(M) = wif(M), =12
ESLF(MY) = (uy —d)f (M'(1)),
ES (M) = (o —ph)f (M'(-1)).

Here (w},w)) = (o/, p) + phy — o) is the weight of vector f'(M’) associated with
a G-pattern M’ = < “/1045‘/2 ) and M'(i) = ( ‘;/}f:% ) Moreover, we promise the
corresponding vector f'(M’) is zero if M'(i) appearing in the above formulas violates
the conditions of G-patterns. A principal series representation

=7V, o) = Ind% (1y ® " @ o),

of G’ with data v/ = (v, ) € C? and n’ = (n),n}) € Z* induced from the minimal
parabolic subgroup P’ = N'A’M’ is defined similarly to the case of GL(3, C). Here,
the half-sum p’ of the positive restricted roots is given by

e (diag (a1, as)) = %, diag (a1, az) € A"
2

The central character of 7’ is
Zer druly — " v, reReg, u€ U(l),

with 7/ = v]{+v} and 7’/ = n{+nj, and the minimal K’-type of 7’ is the representation
(T, Vi) associated with the dominant permutation m’ = (m},m}) € A’ of n’.
Finally, we take a non-degenerate character ' of N’ defined by

7' (n(z)) = exp (2rv/—1Im (2)) .
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As in the case of GL(3, C), for each element C in the center Z(g) of the universal
enveloping algebra of g each M’-component ¢(M') of a Whittaker function ¢ €
Wh(n' 1/, ') satisfies a differential equation

(7) CH(M') = xcp(M')
with an eigenvalue xc. We can give the following explicit description of the differ-

ential equation (7) in terms of the coordinate

y=—, fordiag(a;,az) = ay-diag(y,1) € A,
asz

by computations similar to the case of GL(3,C).

Proposition 8.1. Let ¢(M’) be the M'-component of a Whittaker function ¢ €
Wh(n',n',7") and put ¢(M') = yp(M'). Then the differential equations (7) for the
Capelli elements of gly are given as follows: Let us denote the Fuler operator with

d
respect to y by 0 = Vo and put (wi,wh) = (/,m} +mh — ') be the weight of a
Y

G-pattern M' = ( ™y )

[0

1.
[(6+ +w1><8+ +w2)
- VD) = 04+ )0 + )| 0r')
—dmy (o —mh) ¢ (M'(=1);y) = 0.
2.

(042 4) (029
- VD) = 0 - i) - )| G0r')
—dry (m} — ') & (M'(1);y) = 0.

In particular, the second equation at the G-pattern L' = ( ! ) associated
with the highest weight vector f'(L’) in Vi gives the following differential equation

for ¢(L'). ~ )
|:<a+%l_m/1) (—3+V§I—m/2)
— (2rv=1) = (v — ) (v — n’z)} o(Lsy) =

If we put
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for m’ = (n},,n}), then we have the relations A} + A\, = 0 and

~/ ~/
(v; £n))(Vy £ nb) = (XQ + % + m/l) (XI + % + mg) ,

and thus we can write the above equation for ¢(L') as
0% — (mf —mb) (0 + N)) + N\, + (2#\/—1)2?;2} o(L':y) =0.

As solutions for the differential equations in Proposition 8.1, explicit formulas of
the M'-components of Whittaker functions are given in the next theorem.
Theorem 8.2. Let 7' = w(V/, o) be an irreducible principal series representation
with data v/ = (v}, V) and n' = (n),n}), and let (7')* = Ty associated to the domi-
nant permutation m' = (m},my) € A’ of n’ be the minimal K-type of w. Moreover
let ' be a non-degenerate unitary character of N defined above.

1. For each G-pattern M' = ( ™ s ) and i = 1,2, we put

(i) n_ )\'2+m’1—0/7 1 =1
YH) { N—mh+ad, 1=2"
and define the coefficients {C’é?(M’)}kzo by
Wy 218 fd
CQk: (M ) - k! r 9 —k )
with the parameter a’ = (—1)" (yV(M') — v (M")). Then the power series

@S)(M 7y) _ (Wy)W(i)(M/) Z Cg];;) (M/>(7Ty>2k

/ -1 / /
= 27 (sin%) (my)~ 7 1w (2my),
2

for1=1,2 give the complete system of linearly independent solutions at y =0
for the equations in Proposition 8.1. Here 1,,(z) is the modified Bessel function
of the first kind.

2. Let p7°Y(M'") be the unique (up to constant multiples) solution with the moder-
ate growth property for the differential equations in Proposition 8.1. Then we
have

P (My) = Vo(M'; s)(my)*ds = 4(my)* Kp(2my).

27r\/_
Here, the path of integration is the vertical line from Res — /—1oo to Res +
v/—1oo with enough large real part and the integrand Vo(M'; s) is defined by
s+yO(M) s+ D (M)
2 ’ 2 ’

and the parameters A and B are given by
my — m) B AL = Ay +w) — W)

2 2

Va(M'; 5) :r{

A:
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3. The function g5°4(M') has the factorization
2
FrelM ) = Y@y (M),
i=1
8.2. Integral formulas. Here we recall some integral formulas which are funda-
mental to derive our propagation formula (see [4] for example).
The modified Bessel function K, (z) of the second kind has several integral ex-
pressions. Among them, we need two expressions: One is the integral expression of
Mellin-Barnes type

1 1 S+Vv s—=v| 2\
K(:)=>-—— [T , (-) ds.
() =1 on/ / { 2 9 } 2)
Here, the path of integration is the vertical line from Re s —v/—100 to Re s++/—100
with enough large real part. Another is that of Euler type

1 [ —z(t+t7! dt
KV<Z> = —/ exp <M) tV_7
2 Jo 2 t

which is valid only for Re z > 0.
Also we need the following integral formula so-called Barnes’ lemma

1 B a+c,a+d,b+c,b+d
mlr[2+a,2+b,—z+c,—z+d]dzF|: a+b+c+d

Here the path of integration is the vertical line from Re z — v/ —100 to Re z++/—100
with enough large real part.

8.3. Propagation formula. Let 7 = 7(v, o) be an irreducible principal series rep-
resentation of G = GL(3,C) with data v = (v, 15,153) € C* and n = (ny,n9,n3) €
Z3 and let 7 be a non-degenerate unitary character of N specified by the parameters
c1 = co = +/—1 as in §7.3. For simplicity, we assume that the parameter n satisfies
the regularity condition
ny = ng > ng.

Then the minimal K-type of 7 is (Tm, Vin) = (Tn, Va)-

Let ¢°d € Wh(m,n, 7)™ be the primary Whittaker function with the M-

mimeoms

components pRY(M) = y2y2p0od(M) for each G-pattern M = ( a1 o > €

B
G(m) given in Theorem 7.7. Under the regularity condition on n, we have the

parameters

v v v
(/\17/\27/\3> = <V3 - §7V1 - §7V2 - 5) .

Theorem 8.3. Let 7, 7" = Ty, and n be as above. The integrand V3(M; sy, s9) in

~mod

the Mellin-Barnes type integral expression for the M-component @§°%(M) in Theo-
rem 7.7 has the following expression.

s1+ V(M) sp+ <§2><M>]
2 ’ 2

Va(M;si,s2) = T
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/ z+81+u172+82+m Va(M': —2)dz,
271'\/ 2

where Vo(M'; s) is the integrand of the integral expression of 3°Y(M’) in Theorem
8.2 for a triple (7'(V',on), 0, Tm) and a G-pattern M' € G(m') and the path of
integration is the vertical line from Re z—+/—100 to Re z++/—100 with large enough
real part. The parameters and the representations are given as follows.

1. If 6(M) > 0, we have

, A A
Jj=2, M1=—§2+ﬁ—042, M2 = 72+m1—0é1,

V= (V27V3)7 n'=m' = (m27m3)’ M = < mQOt;ng > ’
2. If (M) <0, we have
A

) A
J=1 ,Ulz_?"i‘@l_ﬁ, M2:é+062—m3,

V= (n,1p), n'=m'=(mi,my), M'= < m;:m ) :

Proof. Assume 6(M) > 0. Then, since ¢\V(M) + (P (M) = Cél)(M) + C?EZ)(M),
Barnes’ lemma leads the equation

s1+ M) sy + ¢ (M)
2 ’ 2

/ {z%—sﬂ—m 24 S+ o —2 + i3 —z+u4]
7 Y ) dz7
27‘(’\/

‘/3(M7 51752> - F

2 2 2

where the parameters p; and ps are given in the assertion of theorem and u3 and
[y are

—Vy U3 Vy — U3
#3=T+@2—m3, Ha = 7 — Qg + Mmo.
A —Vy + U A Vo — U
Here we use the relations A\ + 22 - “tls and 3 + 22 _ 2 3

2 2 2 2
In the case of §(M) < 0, the relation (" (M) + ¢ (M) = V(1) + ¢ (M)
brings the assertion by similar computation. O

Corollary 8.4. We have the following expression of F°4(M).
Py (M:y)

Ty) TR s (2my0) () BT K s gy (2 Va(M'; —2)d.

i

Here .
=3 {C](-k)(M) + Mk} , Ap = Cj(-k)(M) —ap, k=12,
and the parameters and the representations are given in Theorem 8.5.

Proof. Using the first integral expression of K,(z) of Mellin-Barnes type in the
previous subsection, we can get the corollary from Theorem 8.3 together with the
integral expression of Mellin-Barnes type for @°4(M) in Theorem 7.7. O
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Corollary 8.5. We have the following expression of @3°4(M).

) iy ety [ 1 1
Py (Msy) = dAmmterypriiygemde / / oxp (—W (yful + — + yaus + —)>
o Jo uy Uz
Uy \ duy du
sty 42 s <M’;y2 _2) du duy
U1l U1 U2

Here the parameters and the representations are given in Theorem 8.3.

Proof. By applying the second integral expression of K, (z) in the previous subsec-
tion to the expression of @¥°4(M) in Corollary 8.4, we have

gae(M;y)
4 o[ 1 1 A A
= — e — uy + — | — U + — | | uytu, 2
s [ e (o () = (s )i
a1 as 2 U2 % y duldu2
X (Y1) (7ys) myye— | Va(M'; —z2)——dz.
U1l Uy U

Then we can get the assertion by the substitutions u; — w1y, us — usy», and
2z — —z in the above integrals. O
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