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Abstract

We consider asymptotic expansion of density function of Wiener functionals as

in [4] and give a formula for the first coefficient.

1 Introduction

Let (O, ]|-]|o) be a separable Banach space and (H, ||-|| ) be a separable Hilbert space such
that H is a dense subspace of © and the inclusion map is continuous. Let us, s € [0, 00),

be the (necessarily unique) probability measure on (0, Bg) with the property that
S *
[ expl/ T 8)s(8) = exp(~ 3l w e O
)

Then (©, H, 1) is an abstract Wiener space in the sense of L. Gross.

Given a separable Hilbert space ' and an n € Z>;, let C’O/O(]R”; E) be the space of
smooth E-valued functions f on R"™ with the property that, for each multi-index o € Z%,,
there exist v,, C, € (0,00) such that -
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Next, define FC%([0, 00) x ©; E) to be the space of f : [0,00) — E for which there exists
ann € N, an f € C’C}O(RH”), and a continuous linear map A : © — R™ such that

f(s,0) = f(s, AB), (s,0) € [0,00) x O.

We use H(E) to denote H ® E (or equivalently, the space H.S.(H; E) of Hilbert-Schmidt
operators from H into E). We define an operator D : FC%([0,00)x0; E) — FC%([0, 00) x
©;H(E)) b

Df(s,0)(h) = lim f(s,04+7h) — f(s,6)

T—0 T

, (5,0) €[0,00) x© and h € H.

We define H™(F) inductively for m = 2 so that H™(E) = H(H™ (E)). Then D™ can
be defined inductively so that D™*! = D o D™. Noting that, for any f € FC /([0 00) X
©;E),(s,0) € [0,00) x ©, and complete orthonormal basis {h;} C H, the Laplacian Af
of f given by

Af(s,0) = traceg D*f(s,0) = ZD2 (s,0)(hi,h;) € E

is well defined and independent of the choices of basis {h;}, we now define the heat
operator A : FC%([0,00) x ©; E) — FC%([0,00) x ©; E) by

of
0s

We consider a certain class of seminorms on the vector space FC%([0, 00) x ©; E) and

Af(s,0) = =(s,0) + Af(s 0), (s,0) € [0,00) x O.

its completion G*(A; E'), and also introduce a notion, complete P-regularity for functions
in G*(A; E) (see Section 2 for the precise definitions).

Now let f, g € G*(A;R) and F € G®°(A; RY) be completely P-regular functions and
Y be a compact subset in R”.

First we assume the following.
(A1) there is an a > 0 such that

sup slog(/e exp(wms(de)) <0

s€(0,1]

We define e : RY — (—o0, o0| by

We also assume the following.
(A2) For each y € Y,
M(y)={h e H;F(0,h) =y} #0
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and that L2
efw) = O 50, 1(w))

for precisely one h(y) € M(y).

We assume moreover the following.
(A3) T(y) = DF(0,h(y)) has rank N for every y € Y.

Let w(y) = T(y)*(T(y)T(y)*)'T(y), y € Y. w(y) is an orthogonal projection in H.
Let m(y)* = Iy — n(y). Then m(y)* is also an orthogonal projection in H onto ker T(y).
Let V(y) : H x H — R be a bilinear form given by

V(y)(h, k')

= D*£(0, h(y))((y) " h, w(y)"h)
+(h(y) = Df(0,h(y)), T(y)*(T(y)T(y)*) " D*F(0, h(y))(x(y) " h, w(y)" 1)) .

We assume the following furthermore.
(A4) For ally € Y and h € H \ {0}

V(y)(h, h) < ||h][7-
Finally we define

A(s,0) = DF(s,0)DF(s,0)"
= ((DE(S, 9)} DFj(S7 9))H)1§i,j§N

and assume the following.
(A5) For any p € [1,00)

T s log( / | det A(s, 0)] P pu.(d6)) < 0.
S. ©

Then Kusuoka-Stroock [4] proved the following.

Theorem 1.1. For each s € (0,1], a signed measure P,(-) on RY given by

R = [ e ne (M) 4a(d0), T € BRY),

admits a smooth density ps(-) with respect to Lesbegue’s measure. Moreover, there exist
sequence {a,}52, C C(Y;R) and {K,}22, C (0,00) with the property that, for every
neN,

(2ms)N/2ecWsp (y; 0) — Z sm/Qam(y)’ < K,s™2 0 (s,y) € (0,1] x Y.

m=0



Note that the relation of functions p in [4] and e in this paper is given by p(y) = —e(y),
yey.

Our main result is the following.

Theorem 1.2. e is smooth in the neighborhood of Y and

a0(y) = (det Ve(y))"*deta(In — B(y)) ™ exp(z S (AP0, b)) + AT, 1)),

where

y)D2FY(0, h(y)) + D*£(0, h(y)).

Q)|Q3

Here we identify a continuous symmetric bilinear form B : H x H — R with a bounded

symmetric linear operator B : H — H given by
(Bh,k)y = B(h, k), hk € H,
and dety is a Carleman-Fredfolm determinant (c.f. Dunford-Schwartz [3] pp.1106).

An application of this theorem to finance will be given in Osajima [5].

2 Definitions

In this section and the next section, we summarize the results in [4]. Let (Qe, || - ||ag) be

a Banach space given by

Qo ={w € C([0,00);0); w(0) =0, and lim m =0},

t—o0

and

lw(®)lle
Wl = Sup —————.
[lwllae S0 T

Let P be a (unique) probability measure on g such that for any n = 1, and 0 =ty < ¢; <
- < tp, w(t;) —w(t;—1), i = 1,...,n are independent under P and that the probability
1=1,...,n
Let E be a separable real Hilbert space. For any measurable map f : [0,00) X © — E,
p € (1,00) and R € (0,00), let us define || f||, rz by

law of w(t;) — w(t;—1) under P is py, 4

i—19

| llp,pee = sup  sup (/ [1£(s,w(s) + B[P (dw))"/”.

0<s<R|[hln<R
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Let G!(A; E) be a set of measurable maps f : [0,00) x © — FE such that there are
measurable maps Df : [0,00) x © — H(E), Af : [0,00) x © — E and a sequence { f,,}7>;
in FC*([0,00) x ©; E) such that

IIf = fallprie = 0, |[Df = Dfullprae) — 0, ||Af — Afallpre — 0

as n — oo for all p € (1,00) and R € (0,00). We define seminorms || - HpRE, p € (1,00)
and R € (0,00), on G'(A; E) by

AR = {ILAIE

porie T IDFIL pagey + A1 s}

The closability of the linear operators D and A is guaranteed by Ito’s formula
f(s, h+w(s)) = f(0, h)+/ Df(t,h+w(t))dw(t)+/ Af(t, h4+w(t))dt, P—a.sw € Qo h € H.
0 0

We define G"(A; E), n = 2, inductively in the following. We say that f € G"(A; E), if
feGYAE),Df € G Y A;H(E)) and Af € G"1(A; E). We define seminorms ||||](3"I)%E,
p € (1,00) and R € (0,00), on G"(A; E), n = 2, inductively by

15 = L1 o+ IDF Iy il ” + AT 5me P3P

Finally we define G*(A; E) by
G(A4; E) ﬂ G"(A E).

We regard G*(A; E) as a topological vector space with seminorms || - ||}(7n1)% mn > 1
p € (1,00) and R € (0,00). Then D : G*(A; E) = G®(A; H(E)) and A : QOO(A E) —
G>(A; E) are continuous linear operators.

Let Y be a compact metric space. We say that a measurable map f : [0,00) X
© x Y — E is P-regular uniformly on Y into E, if there exists a sequence {f,}>
C C([0,00) x © x Y; E) with the property that

for any L > 0, and

lim Tim sup slog(P({|lf (s, w(s),4) = fuls, w(s),y)llz > 6})) = —oo

n—oo sl0 ye

for any § > 0.

We say that a map f:[0,00) X © x Y — E is completely P-regular uniformly on Y,
if y €Y — f(-,*,9) is a continuous mapping into G*(A; E) and, for each n,m € Zx,
DA™ f :[0,00) x © XY — H"(FE) is P- regular uniformly on Y into H"(E).
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3 Asymptotic Expansions

Let Y be a compact metric space, and let f : [0,00)xOxY — R, F : [0,00)xOxY — RY
and ¢ : [0,00) X © X Y — R be completely P-regular uniformly on Y.

We assume that there is an o > 0 such that

sup sup slog(/@ e:x:p((1 i oz)f(s,@,y)ms(de)) < 00

y€Y 5€(0,1] S
We define é : RY x Y — (—o0, 0o] by
1Al7
2

é(z,y) = inf{ (0,h,y) : F(0,h,y) =z}, zeRY, yeY.

Remind again that the function p in [4] is expressed by p(y) = —€(0,y), y € Y. We assume
that for each y € Y

WI(y) = {h € H; F(0,h,y) = 0} £ 0
and
e(0,) = O _ 10, 15),0)
for precisely one h(y) € M(y). We assume moreover that

T(y) = DF(0, h(y),y)

has rank N for every y € Y. Let #(y) = T()*(T(y)T(y)*) T (y), y € Y. #(y) is an
orthogonal projection in H. Let 7(y)* = Iy —7(y). Then 7(y)* is an orthogonal projection
in H onto kerT(y). Let V(y) : H x H — R be a bilinear form given by

V(y)(h, k')

= D?£(0,h(y), y)(7(y)"h, 7(y) ")
+(h(y) — DF(0, h(y),y), T(y)" (T(y)T(y)") ' D*F (0, h(y), y) (7 (y)"h, 7(y) 1))
We assume furthermore that
V(y)(h,h) < ||h||% forally € Y and h € H \ {0} .
Finally we define
fl(s, 0,y) = DF(s,0,y)DF(s,0,y)"
= ((DE(S7 97 y)v DF‘j(57 95 y))H)l§i,j§N

and assume that

hmslog sup/ |det A(s, 0,y)| Pus(df)) £0, p € [1,00).

yey

The following has been shown in [4].



Theorem 3.1. For each s € (0,1] and y € Y, a signed measure Py(-,y) on RN given by

= [ ot tmenll ), e BEn)

admits a smooth density ps(-,y) with respect to Lebesque’s measure. Moreover, there exist
sequences {a,}>>, C C(Y;R) and {K,}:>, C (0,00) with the property that, for every

neN,

(2ms)N/2ee0W)/5p ( Z s™2a,, ) < KpsH2 0 (s,y) € (0,1] x Y.

We will show the following theorem in the following sections.

Theorem 3.2. é(-,y) is smooth in the neighborhood of 0 for each y € Y, and

aoly) = (et V2e(0, ) et (T — By))~ exp (Y 55 (0.0)AF'(0,h(y), ) + AF(0, h(0).)).

where

™

1(0,9)D*F'(0, h(y), y) + D*f(0, h(y), y)-

Q3|Q3

We have Theorem 1.2 as an immediate corollary to Theorem 3.2, applying Theorem 1.2
to the Wiener functional F(s,0,y) = F(s,0) —

4 Preparations

We make some preparations to prove Theorem 3.2. The statement in Theorem 3.2 is
just an equation for each y € Y. So we may assume that Y consists of one point y,. For
simplicity, we denote (-, o), h(yo), T(yo) and 7(yo), by eo(-), ho, To and my respectively.
Also, we denote f(s,0,v0), F(s,0,y0) and g(s,0,y0) by f(s,0), F(s,0) and g(s,0).

We have to follow the argument in p.49-59 in [4]. For any completely P-regular map
G :[0,00) xO — E, G :[0,00) x © = C®(RY;E) is defined in Theorem 4.19 in [4].
Then Z(s,0)(:) is defined as a modified inverse function of F(s,#)(-) in p.57 in [4]. Then
J(s,0) is given by

J(s,0) = |det(VE(s, 6)(0))].

Finally g and f are defined in the following.
9(s,0) = J(s,0)3(s,0)(Z(s,0)(0)),
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and
F(s,0) = (s, 6)(E (5. 0)(0)) — 5[UsZ(5.6) + mohl?.

Then it is shown in [4] that

f(s,9)

T s 10g I, (0, o) / 3(5,0) exp(22 )1, (d9)]| < eol0).

So by (3.16) in [4], we see that
(41) CL()(y()) = g(O, ho)detg(IH - D2f(0, h0)>_1/2 eXp(.Af(O, ho))

Therefore what we have to do is to compute the right hand side of Equation (4.1).
Since hg € H is a minimizer of 1||h|[> — f(0, h) subject to the condition F(0,h) = 0,
and Ty has rank N, we can apply Lagrange’s method and there is a Ay € R" such that

N
ho = Df(0,he) + > NgDF*(0, hy).

i=1

Let Uy = (ToTy)"Y/*Ty. Then 7y = UiUp. Remind that my : H — H is an orthogonal
projection onto the image of DF(0, hg)* and that my- = Iy — 7 is an orthogonal projection
onto kerDF(0, hy).

Let vy € RY be given by

(42) Vo = (TQTJ)_lTon(O, ho)

Then we have

N
(43) (T()Ték)_lT()ﬂ'oho = Vo + (ToTJ)_lTo(Z )\BDFZ(O, ho)) = Vo + )\0

=1

So we see that
(4.4) Xo = (ToTy) " To(moho — Df(0, ho)).
In particular, we have
(4.5) V(yo)(h, h') = D*f(0, ho)(h, h') + Xo - D*F(0, ho)(h, ), h,h' € H.

Several cut-off functions and modified procedures are used in the definitions of G and E
in [4]. To avoid complexity, we use the following notion. For any separable real Hilbert
space E and completely P-regular maps, f; : [0,00) x © — E, i = 1,2, we denote
f1(8,0) =~ fo(s,0) if

D" A™ f1(0, w5 ho) = D" A™ f5(0, 75 hy)
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for all n,m € Zx,.

Let B, = {z € R; |z| < r}, r > 0, and let W}(B,; E), n = 1, denote L?-Sobolev
spaces of E-valued functions defined in B, (e.g. Adams [1]). Then there is a natural map
Jn.r corresponding ¢ € C®(RY; E) to ¢|p, € Wi(B,; E).

Then for any completely P-regular map G : [0,00) X © — E, jy, o G : [0,00) x
© — W3(B,; E) is also completely P-regular. Let us define a map G, , : [0,00) x © —
W3(B,; E) be given by

G0 (5,0)(6) = G(5,Us€ + moho + 3 0), £ € B,
Checking the definitions in [4], we have the following.

Proposition 4.1. Let n > N + 2. Then there is an r > 0 satisfying the following.
(1) For any completely P-regular map G : [0,00) X © — E,

Jar 0 G(s,0) =~ G, (s,0).

(2)
F(s,0) 0Z(s,0) ~ Idp,.

Here Idg, € W3'(B,;RY) is given by Idp, (€) =&, £ € B,.
Then we have the following.

Proposition 4.2. For any completely P-reqular map G : [0,00) X © — E, we have the
following.

(1)
G(0, 75 ho)(0) = G(0, ho).

(2)
DG(0, 73 ho)(0) = DG(0, ho)(0)mg-.
D2G(0, 3 ho)(0)(hy, ko) = D*G(0, ho)(0)(mghy, mghy),  hy, he € H.
V:G(0, 73 ho)(0) = DG(0, ho)(0)U;.

VEG(0, 75 ho)(0) (&1, &2) = DG(0, ho) (U, Ug&a), &,6 € RY.

AG(0, 7o) (0) = AG(0, ho) — %traceHDQG(O, o) (0) (-, 0-).



Proof. The assertion (1) is obvious. Since
DG'W(S, 0)(&) = DG(s, USE + moho + 3 0)my,

we see that
D(jny © G(5,0)(€)) = jiny 0 DG(s,0)(€) g

So we have the assertions (2) and (3).
Since

VfG:L,r(Sv 0)(5) = DG(S7 Ugf + 7T0h0 + ﬂ-OLH)U(T7

we see that
Ve 0 G)(5,0)(€) = jnr 0 DG(5,0)()Us.

So we have the assertions (4) and (5).
Finally we have

AG,,.(5,0)(€)

1 -
= AG(s, Us€ + moho + 7y 0) — itraceHDG(s, U € 4 moho + m3-0) (-, mo+).
So we have the assertion (6). 1
Proposition 4.3. (1) V¢E(0, w5 ho)(0) = (ToUg) ™.
(2) DZ(0, 75 ho)(0) = 0.
(3) D?*Z(0, 75 o) (0) (g b, g he) = —(ToTy) ™2 D*F(0, ho)(mgha, mg ha) for any ha,hs €

H.
(4)AZ(0, w3 ho)(0) = —(ToTg) "2 AF(0, ho)+tracey ((ToTy) =2 D*F (0, ho)(0)(mo-, mo*))-

Proof. By Proposition 4.1 (2), we have
Identitypy ~ Vg(F/@’T(s, 0)(2(s,0)(&)) = DF (s, Uj€ + moho + Wé‘@)(USVEE(S, 0)(£)).

This implies our assertion (1).

By Proposition 4.1 (2), we also have
0~ D{F; ,(s,0)(E(s,0)(£))}

= DF, . (s,6)(E(s,0)(§) + VF, .(s,0)(E(s,0)(§)) (DE(5, 0)(€))-

Therefore we have
0= DF, (0,75 ho)(0) + VE, (0, ho) (0)(DE(0, ho)(0)).
= DF(0, ho)mg + DF(0, ho)Us DZ(0, 75 ho)(0) = (ToTg) Y2 DZ(0, 15 ho)/(0).
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This implies the assertion (2).
By Proposition 4.1 (2), we have

0~ D*{F, ,(s,0)(Z(s,0) ()}
= D’F,,(s,0)((s,0))(€) + 2VDF, .(s,0)(E(s, 0)(€))(D=(s, 0)(€))
+VE, (5,0)(2(s,0)())(D*E(s,0)(€)+VF, ,(s,0)(Z(s,0)(€)) (DE(s, 0)(€), DE(s,0)(€)).-
So we see that
0 = D*F(0, ho) (g h1, miha) + (ToTy) 2 D?*Z(0, 73 ho ) (0) (g by, i ha).

This implies the assertion (3).
By Proposition 4.1 (2), we have

0~ A{F; .(s,0)(E(s,0)(£))}
= AFT;,T<87 0)(5(35 9)(5) + VF?Q,r(‘Sv 9)(5(5, 9)(§))<AE(37 0)(5))

—tracen(DVFE, ,(s,0)(E(s, 0)(£))(DE(s, 9)(5)))—%V2FA,T(& 0)(=(s,0)(E))(D=(s,0)(£), D=(s,0)(€))-

So we have
0 = AF(0, 75 ho) + VF(0, 75 ho) (0)(AZ(0, 75 0)(0))

= AF(0, ho) — %tmceHD2F(O, ho)(0)(mo-, mo-) + (ToTi) Y2 AZ(0, 7 ho ) (0).

This implies the assertion (4).
This completes the proof. I

Proposition 4.4. (1) D?f(0, 73 ho)
= D2f(07 hO)(ﬂ-d_'aﬂ'(J)_') + (DZF(O, hO)(Fé_Wﬂ-d_')v )‘O)RN'
(2) A0, 75 ho)

— AF(0, ho) — %tmceHDQ £(0, o) (7o 70-)) + (AF(0, o)), Ao

1
—E(traceH(DQF(O, ho)(mo, T0°)), Ao)RN -

Proof. Let

f1(8,¢9> = f(S,@)(E(S,Q)(O)),
fa(s,0) = [[UE(s,0)(0)| I3,

11



and
f_3(8,¢9) = (UJE(S,H)(O),Woh())H
Then we see that
_ _ 1- _ 1
f(5,0) = fi(s,0) — §f2(579) — f3(s,0) — §||7Toho||%{-
Since Z(0, 73 ho) = 0 and DZ(0, 7y hg) = 0, we have
D?f5(0, g ho) = 0, and

Aﬁ(oﬂﬁ)lho) =0.

By Proposition 4.3, we see that
D2f3(0,7r0Lh0) = _(TJ(TOTJ)ADQF(Q ho)(ﬂolwﬁol'),ﬂoho)}l

= —(D*F(0, ho)(my -, m5+), Ao + Vo),

and

Af3(0, Wé‘ho)

1
= —(Tg (ToT(;k)_lAF(O, h()), WOhO)H + §(traceH(T8‘ (T()TS)_lD2F(0, ho)(ﬂ'o', 7'('0'), ﬂ-OhO)H

C(AF(0, ho), Ao + o)y + %(tmceH(DZF(O, ho) (0 70, Ao + o)
Note that
D?fi(s,0)
= D’ f(s,0)(E(s,0)(0))+V f(s,0)(Z(s,0)(0)) (D°Z(s, 0)(0))+2DV f (s, 6)(Z(s, 0) (0)) (D(Z(s, 6)(0)),

and

.Afl(s 9)
= Af(s,0)(Z(s,0)(0)) + V f(s,0)(Z(s, 0)(0))(AZ(s, 6)(0))
—|—2t7“aceH(DVf(s 0)(Z(s,0)(0))(D(E(s, 6)(0)))

Also, we see that
D2 f1(0, 75 ho)
= D?f(0,m5ho)(0) + V £(0,75ho) (0) (D*(E(0, 7 o) (0))
= D*f(0, ho)(my -, 7 +) — D f(0, ho)(Us (ToTy) ™ D*F(0, ho) (w5 -, 75 ™))
= D f(0, ho) (g, my ) — (D*F(0, ho) (75, mg-+), vo e,
and

.Afl (0, Wé‘ho)
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= Af(0,75 ho)(0) + V £(0, 5 ho) (0) (A(Z(0, w5 o) (0))
— AF(0, ho) — %tmceHD2 (0, ho) (0 70°)) — DF(0, ho) (U (TyTi)~Y2AF (0, ho))

"—%DQf(O, ho)(Ug(TgTJ)il/QtTG,CGH(DZF(O, ho)(ﬂ'o', Fo')))

= AF(0, hy) — %tmceHDz (0, ho) (0, 70°)) — (AF(0, o)), v0)n

1
+§(t7“aceH(D2F(0, ho)(mo+, 70*)), Vo )RN -

Combining these equations, we have our assertions.

This completes the proof. 1

By Equation (4.1) and Propositions 4.2, 4.3, 4.4, we have the following,.
Proposition 4.5. aq(yo)

= ¢(0, ho) det(Tng)_l/Qdetg(IH — 7T0LBO7TOL>_1/2

N
x exp(Af(0, hy) + Z Mg AF* (0, ho) — §tmceH(7T0Bo)),

i=1

where

N
By = D’f(0,ho) + > _ AeD’F'(0, hy).

=1

5 Proof of Theorem 3.2

Proposition 5.1. There is an v > 0 and smooth maps h B, — H and A B, - R
satisfying the following.

(1) X
eo(w) = SI1A(@)|[5; — £(0, h(x)).
(2) N
h(z) — Df(0, h(z)) = Z Xi(z)DF(0, h(x))
(3)
F(0,h(z)) == for each x € B,.
Moreover,

>

(0) = ho and A(0) = Xo.
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Proof. Let us define a smooth map ® : H x RV — H x RN by

®(h,\) = (h—Df(0,h) — Z/\lDFZOh) F(0,h)) (h,A\) € H x RY.
i=1
Note that ®(hg, Ag) = (0,0). Also we see that the Frechét derivative ®'(ho, Ag) of ® at
(]'L(), )\0) is
CI)I(ho, )\0)(]{?, Z)
N
= (k—D?£(0, ho)( Z/\ZDZF’(O ho)(k,-)— Y 2'DF'(0, ho), DF(0, ho)(k)), (k,2) € HxR.
i=1
First, we prove that ®(hg, o) : HxRY — HxR¥ is nondegenerate. If & (hg, \o)(k, 2) =
0, DF(0, ho)(k) = 0, and so my k = k, and we have

k— D2f(0,ho)( Z)\ZD2FZ(O ho)(k,-) = 2*DF*(0, ho)(k) = 0.

=1 =1

Taking the inner product with k& = 73k, we see by Equation (4.5) that

||kl7r — V(yo)(k, k) = 0.

This implies & = 0. Then it is easy to see that z = 0. So we see that ®'(hg, Ag) is
nondegenerate.

So by the inverse function theorem, we see that there is an ' > 0 and smooth maps
h: B, — H and A : B — R such that

B(h(2), A(2) = (0,2), and (h(0), A(0)) = (o, o).
Let £ : H — R be given by
B = 5lIhlly — FO.1),  he

It is sufficient to show that there is an 7 € (0,7/) such that eo(z) = E(h(z)), for any
x € B(r).

Assume that such an r does not exist. Since f and F' are completely P-regular, we see
that f(0,-) : H - R, F(0,-) : H — RN, DF(0,-) : H — H(R") are weakly continuous
on bounded sets in H.

It is shown in [4] that there are ¢y, ¢; > 0 such that

1
Sl = £(0,h) = o = eal| bl for any h € H.

Since the function £ : H — R is lower semicontinuous in weak topology, we see that for
any x € B(r') there are h € H such that F'(0,h) = z and E(h) = eo(z).
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So from our assumption, there are z, € RN and h, € H,n =1,2,..., such that z,, —
0, n — o0, F(0,hy) = &, eo(zn) = E(hn), and hy, # h(zy,). Since ||hp||g, n = 1,2,.. .,
are bounded, we may assume that h,, n = 1,2, ..., converges weakly to a certain h., € H.
Noting
Blheo) < T B(ha) < T E(h(z,)) = E(h(0)) = e0(0),

n—oo n—oo
we see that he, = ho, and ||h,||g — ||ho||m, n — oo. Therefore we see that h, — hgy in
H as n — oo. Then we see that DF(0,h,) : H — R” is nondegenerate for sufficiently
large n. Then we can apply Lagrange’s principle and so there are )\, € R"™ such that
hn — Df(0,hy,) — Ay - DF(0, hy,) = 0 for sufficiently large n. Then we see that A, — Ao,
n — oo. These imply that ®(h,,\,) = (0,z,) for sufficiently large n, and (h,, A\,) —
(ho, \o), n — co. But the inverse function theorem implies that h, = h(x,) for sufficiently

large n. This is the contradiction. So we have our assertion. This completes the proof. g

Proposition 5.2. Iy — 7TOLB0 : H — H 1is byective.
Proof. By the definition of V(y,), By and Equation (4.4) we have
[1Al[7 =V (yo)(h, h) = (It — g Bomg )h, h)er, h € H.

If (I — w5 Bo)h = 0 for some h € H, then we see that myoh = 0. So we see that ||h||% —
V(yo)(h,h) = 0. This implies that h = 0 by the assumption on V. This proves our

assertion.

Proposition 5.3. (1) (mo=—h(z), DF?(0, h(z)))y = 0y, i,j=1,...,N.

09

(2) Ni(z) = gij( ), i=1,...,N.
(3)
N . 9 -
Z 81:3 (0)DF’(0,hg) = (Iy — Bo) (I — WOLBO)—lnoaxih(O), i=1,...,N.

Proof. Acting 0/0z" to Proposition 5.1(3), we have
0 -

DF/(0,h(z)) 2h(a) = b,
This implies the assertion (1)
Acting §/0x" to Proposition 5.1(1), we have
860 0

Oz (z) = (il(x) - Df(O,iL(m)) &B,ﬁ( ) u-

Then we have the assertion (2) by Proposition 5.1(2) and the assertion (1).
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Acting 9/0x" to Proposition 5.1(2), we have by the assertion (2)

(It — D*£(0, (@) 5~ (a)h(x)

This implies that

5.1) (1 B0 200 = 3 -2 0D (0,i0)
' i o B s Oxidx ’ '
Acting 7y, we have
9 .
75 (I — By) amih(o) =0,
which implies that
0 - 0 -
Therefore
9 4 11 O
axzh(O) = (IH — Ty Bo) Wo%h(())
Combining this with Equation (5.1), we have the assertion (3). 1

The following is easy to check.

Proposition 5.4. Let A be a bounded operator on RY. Assume that {e;}}¥, and {fi}¥,
are basis on RY satisfying

(€i7fj):6ij; Z,jzl,,N

Then
det A = det(((Aes, fj)ij=1,..N)-

Proposition 5.5.
det(TyTy)dety(Ig — w3 Bomy) = (det V2eo(0)) " dets (I — By) exp(—traces(moBy)).

Proof. Note that
IH — 7o —|— 7T0(IH — BO)(IH — W()LB())_l

= Iy — moBo(Ig — 7y By) ™ = (Ig — Bo)(Igr — 7y By) ™.

Let S = moBy(Iy — W&Bo)*l. By Propositions 5.4 and 5.3, we have
det(IH — S) = det(IH — 7o + 7T0(IH — Bo)(IH — 7T0B0)_17T0)
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0
aﬂfi
— det(V2e(0)) det(TpTy).

= det(((I — By)(I — w3 Bo) *mo)

On the other hand, we have
dety (I — Bo) = deta((Iy — S)(Iy — my By))
= dety (I — S)dety(Iy — w5 Bo) exp(—tracey (S(my By)))
= det(Ig — S)dety (I — 73 By) exp(tr(S(Ig — 73 By)).
= det(V?ey(0)) det(Ty Ty )deto(Ig — w3 Bomy) exp(traces (moBy)).
Thus we have our assertion. 1

Now Theorem 3.2 is a direct consequence of Propositions 4.5 and 5.5.
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