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Abstract. We discuss an operator equation Kf = g where X, Y are reflexive
Banach spaces of functions in bounded domains Q C RY and Qp, and K : X — Y
has no continuous inverse. Let V and Vi be another reflexive Banach spaces of
functions in 2 and D C 2 respectively such that the embedding V' C X is continuous.
In order to stably reconstruct g by noise data gs with ||g — g5]ly < J: noise level,
we consider the Tikhonov regularization: Minimize ||K f — gs||2- + | f||?,. We prove
that if @ = c9d? with a constant cg > 0 and the Vi-norms of the regularized solutions
fs are bounded uniformly in §, then the exact solution f is in Vi. This property can
be applied to the determination of non-smooth points of a function f for example in
the case of X = L2(Q), V = HY(Q) and Vi = H(D) with £ € N and small ball D.

§1. Introduction.

In terms of an operator equation, we can describe inverse problems for partial
differential equations or integral equations such as determination of coefficients.
Throughout this paper, let X,Y be reflexive Banach spaces and let K : X — Y
an injective continuous operator. Then the inverse problem is given by an operator

equation:
Kf=gy.

We note that K may be nonlinear. Henceforth we assume that V' C X is another

Banach reflexive space and the embedding V' — X is continuous, V is dense in
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X. We assume that

(1.1) K fo = go, foe X.

We discuss a stable reconstruction scheme from noisy data gs:

(1.2) llgo — gslly = 6.

Here § > 0 is a noise level and we assume that gy cannot be known but g5 is available
data with known noise level. Then our task is to establish a stable reconstruction

method satisfying the following requirements:

(1) We can stably find f5 from gs.

(2) fs — fo in a suitable norm as 6 — 0.

For it, the Tikhonov regularization is widely used. We set

(1.3) Fo(f.9) = |Kf = gl§ +all I}

Here a > 0 is a parameter which we have to choose appropriately, and « is called
a regularizing parameter. Then under suitable assumptions (see Lemmata 2.1 and
3.1 below) we can prove that there exists a minimizer fs5 of F,,(f, gs) over a suitable
admissible set and that fs5 satisfies the above requirements. As for the Tikhonov
regularization, we have many works and here we refer only to books by Banks and
Kunisch [2], Baumeister [3], Engl, Hanke and Neubauer [4], Groetsch [5], Hofmann
[6], Kirsch [7], Kress [8], Tikhonov and Arsenin [9].

In order to guarantee the convergence of fs5 to fy with concrete convergence
rate, the choice of regularizing parameter « is important and in general we have
to assume extra regularity on fy which is called a source condition. Such a source

condition means that fy should belong to some subspace e.g., V of X. In the case
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where V' = X is a Hilbert space, we refer to [5] as one typical source condition. The
determination of interfaces, non-smoothness or discontinuities is a practically very
demanded class of inverse problems and the edge detection is one typical example.
In those cases, we are mainly concerned with a not smooth exact solution fj.

The main purpose of this paper is to prove the asymptotic behaviour of the
regularized solutions for a non-smooth exact solution fy. More precisely, we prove
that if the exact solution is not in a space V; of locally smoother functions, then
the Vi-norms of the regularized solutions blow up. The property can be applied in
order to detect irregular points of a function as the exact solution, and in a forth-
coming paper, we will develop a numerical method for detecting irregular points of
a function. In the case where the solution of K f = ¢ is a numerical differentiation,
more detailed studies and applications to the edge detection problem, are done in

Wan, Wang and Yamamoto [10], Wang, Jia and Cheng [11].

§2. Main result - linear case.
In this section, we assume that K is a linear operator. Hence a Banach space V' is
called to be uniformly convex if for any € > 0, there exists § = d(¢) € (0,1) such
that ||z||lv = 1, |lyllv =1 and ||z —y|lv > e imply |[x+y|lv < 2(1—9) (e.g., Adams
[1], Yosida [12]).

Let © € RY be a bounded domain with smooth boundary 0€2. Then it is known
(e.g., Adams [1]) that LP(€2) and the Sobolev spaces W*P(2) with 1 < p < oo and
¢ € N are uniformly convex. As is directly checked, every Hilbert space is uniformly

convex.

Lemma 2.1. Let o > 0 and let the embedding V. — X be compact.

(i) There exists a minimizer to F(f,g) over V' for an arbitrarily given g € Y.
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(i) Moreover let V' be uniformly convex. Then the minimizer is unique.

The lemma is well known, but for convenience we will give the proof in Appendix
I. For the existence of a minimizer, we need not assume the linearity of K.

For example as X and V, we can set X = L?(Q) and V = H*(Q) with £ € N.

Our aim is the behaviour of the regularized solutions fs if the exact solution fj is
not in V. Moreover for an effective reconstruction of non-smooth points of fo & V,
we will observe the V-norms of fs locally in 2. For it, we introduce subspaces
Vi = Vi(D) and X; = X;(D) as follows. Let Q be a bounded domain in RY with
smooth boundary 0€) and let X and Y be reflexive Banach spaces of functions
defined in bounded domains €2 and € respectively such that C§°(Q2) C V C X
topologically. We arbitrarily choose a domain D C €2 such that the boundary 9D

is smooth. Let X; = X;(D) and V; = V;(D) be reflexive Banach spaces such that

the weak convergence in V; implies the convergence in
(C§°(D))’ (i-e., in the distribution sense in D) and Vi C X; topologically.

Moreover the restriction Rf of a function in € to D, is defined by Rf = f|p.

We assume that
RX C Xy, RV C Vj.

Henceforth f € X and f € V are regarded as f € X; and f € V; by means of R,
respectively.
Example. Let X = L?(Q), V = HYQ), X; = L?*(D) and V; = H(D) with ¢ € N.
Then if f, — fo weakly in V; then f, — fo in (C§°(D))’".

Let f§* be a minimizer of F,(f, gs) over V. We note by Lemma 2.1 (i) that f§'

exists and by Lemma 2.1 (ii) that f§' is unique if K is linear and V' is uniformly

convex.
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Theorem 2.1. We assume that the embedding V — X is compact and that
(2.1) lim Kf, =Kf inY implies lim f, = f in (C5°(Q))".

Let ¢y > 0 be arbitrarily fized. If sups ||f§052 v, < oo, then fo € V1.

Proof. We set fs = 66052. For fo € X and n € N, by the density of V in X, we

can find h,, € V such that

(2.2) 1n = follx

IN
S

Then we may assume that

(2.3) sup || by ||y = 0.
neN

In fact, let sup, ey [|Anlly < oo. Then, by the reflexiveness of V, there exists a
subsequence h,, and h € V such that h, — h weakly in V. On the other hand,
we see from (2.2) that h,, — fy strongly in X. Therefore fy = h € V and we have
already proved the theorem.

We assume (2.3).

1
(2.4) op = , n € N.
113

Then we see that lim,, o 9, = 0.
Since sup, ey || f5,[lva < 00, by the reflexiveness of V;, we can choose a subse-

quence f5, and fe V1 such that
fs, — f weakly in V.
By the assumption on the weak convergence in V;, we see that

(2.5) fs. — [ in (C5*(D))".
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On the other hand, by the definition and (2.4), we have

1K f5, = 95,115 + codull 5, 1% = 1 KR — g5, 113 + codil| [

<K hn = K folly + 1K fo = g5, 1ly)* + codn-

Hence
1K fs. —gs. |y < ” [

by (1.2). Therefore

K fs, — Kfolly S 1K fs, — 95,

y + 195, — Kfolly

§” + 0n + Vco0n + 6n — 0

as n — oo. Hence Kfs, — Kfyin Y. By assumption (2.1), it follows that
fs, — fo in (C5°(R2))’. Note that C5°(D) C C§°(€2) topologically, by the 0-
extension. Therefore if f5, — fo in (C§°(?))’, then fs, — fo in (C§°(D))".
Since the limit of a sequence in (C5°(D))’, is unique, it follows from (2.5) that
fo= ]7 By fe V1, we see that fo € V1. The proof is complete.

In the case of Vi =V, we have a sharper result.

Proposition 2.1. Let the embedding V. — X be compact. Then fo € V if and

) 2
only if sups \|f§°§ v < oo.

Here we note that we need not assume (2.1) and the linearity of K, but only the

density of V' in X.

Proof. (i) Let fy € V. By the definition of fs = CO‘S , we have
15 f5 — gsll3 + cod® | f5115 = 1K fo — 951§ + cod®[| foll§ = 6% + cod® || foll5-

Hence | 53 = % + || foll#. Thus the the proof of the "only if” part is complete.
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(ii) Since supey || fs,|lv < oo, by the reflexiveness of V', we can choose a subse-

quence f5 and fe V such that

fs, — f weakly in V.
Hence, since the embedding V' — X is compact, we see that
(2.6) fs, — f strongly in X.

In the same way as the proof of Theorem 2.1, we can choose h,, € V and §,, > 0,
n € N, and we can prove K fs, — K fy in Y. By (2.6) and the continuity of K,
we have K f5, — K f in Y. Consequently K fy = K f Since K is injective and

fe V', the proof is complete.

Scheme for finding D where f; is not smooth, that is, fy & V1 (D).

(i) Find a minimizer fs of F,(f, gs) over V.

(ii) If supssq || f5|lv < oo, then fy € V. We can stop.

(iii) If sups~g || f5]|v = oo, then fo & V' by Proposition 2.1.

We start a localization process of singular points of fy to proceed to (iv).

(iv) For D C Q, if sups~q || fs]/v, (p) = o0, then it is possible that D may contain
points zo where fo & V1(U(x0)). Here U(zp) is a neighbourhood of zy € €.

For the scheme, we can replace the minimizer fs by a quasi-minimizer fg satis-
fying

1K fs = gslI3 + el felly < Inf IIKf = sl +all IV +e

with a fixed small € > 0. In a forthcoming paper, we will develop a numerical
method on the basis of the above scheme.
Since the converse of Theorem 2.1 is not true, we note that in (iv) we may still

have fo € Vi(D). If we assume that f € V if and only if f € Vi(D) for any
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subdomain D C 2, then fy € V means that there exists some D C ) such that
fo & Vi(D). Therefore supswq || fs|lv;(p)y = co. Thus the above step (iv) can be
considered effective for finding such D.

Condition (2.1) means that the topology in X induced by K~1! is stronger than
(Cg°(£2))". That is, we define a norm || f||x_, by [|fllx_, = |[Kf|y. Since K is
injective, || - || x_, defines a norm in X. Then the topology generated by || - ||x_,
is stronger than (C§°(€2))’. It is usually considered that the distribution (C§°(2))’
gives a weak topology, so that condition (2.1) seems generous. However (2.1) is not
satisfied by a backward heat equation.

Backward heat problems. We consider

( Ou(x,t) = OPu(x,t), O<z<mt>0,

u(0,t) = u(m,t) =0, t>0,

| u(x,0) = f(z), 0<x<m.
We set X =Y = L?(0,7) and

(K@) =Y (fron)e ™ Ton(x), fEX,
n=1

where

on(2) = \/gsinnx, O<z<m  (fign)= /O f(@)pn(z)d.

The backward heat problem of determining f(z) = u(z,0), 0 < x < 7 by g(z) =

2

u(z,T),0 < x < 7, is described by an operator equation K f = g. Let f,, = ez Ons
n € N. Then lim,, . || frllx_, = 0, but f,, do not converge to 0 in (C§°(0,))’.
n2T

In fact, || fullx_, =€ 2 — 0asn — oo. Let ¢p € C§°(0,7) be not identically

zero and let us assume that lim,, o (fn,?) = 0. Then

(2.7) = anen in L(0,7).
n=1
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Choosing a bounded neighbourhood U in C of [0, 7], we have
(2.8) lon(2)| £ Cre?m, neN, zeU.

By lim,, oo (fn, %) = 0, we have lim,,_, anenzTT = 0. Therefore

n2T

(2.9) lan| £ Cse™ 2, n € N.

By (2.8) and (2.9) the series (2.7) is convergent uniformly in z € U C C, so that
is holomorphic in U. By ¢ € C§°(0, ), the unicity theorem yields that ) = 0 in U.
This contradicts that i) # 0, and so f,,, n € N do not converge to 0 in (C§°(0,7))’.

Thus in the next section, we give a criterion for fy ¢ V4 without (2.1) for non-

linear K.

§3. Main result - nonlinear case.
We treat general K which may be nonlinear. However, in order to prove the corre-
sponding result to Theorem 2.1, we have to modify the regularization scheme. We

consider a minimization problem:

3.1 inf Kf—gl|3 +«o|f|?
(3.) BT = gl +all A1}

for a fixed constant M > 0. In other words, we will consider the Tikhonov functional
over a bounded set in X. From a numerical viewpoint, this extra constraint of the
X-boundedness can be expected not to be a serious inconvenience, but we have to
take extra cares of the constraint || f||x < M in the numerical implementation.
We can prove the existence of a minimizer of problem (3.1) by the same manner

as Lemma 2.1 (i) and for convenience the proof is given in Appendix II.
Lemma 3.1. Let K be compact. Then there exists a minimizer of (3.1).

Here we do not know the uniqueness of a minimizer.
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We assume that X and Y are reflexive Banach spaces of functions defined in
bounded domains 2 and €y with smooth boundaries respectively, and V C X
topologically. Moreover let V; and X; be reflexive Banach spaces of functions in
a subdomain D C Q and Vi C X; topologically. We set F,(f,g) = [|[Kf — g3 +

all f1I5-

Now we are ready to show our main result for general K.

Theorem 3.1. We assume that K is compact and that the weak convergence in
X implies the weak convergence in Xy. Let co > 0 be an arbitrarily fixed con-
stant and let f§°52 be a minimizer of F, 52(f,g5) over {f € V; ||fllx < M}. If

2
SUPs>0 ||f§05 ||V1 < 00, then fO € ‘/1

Example. Let X = L?(Q) and X; = L*(D). If f, — f weakly in X, then
fn — f weakly in X;. Then the assumption in Theorem 3.1 is satisfied. In fact,
we have limy, .o [, fapdz = [, fedz for any ¢ € L*(Q2). In particular, the limit
holds for any ¢ € L?(Q) with ¢/o\p = 0, which means that f, — f weakly in

X, = L*(D).

Proof. In the same way as the proof of Theorem 2.1, we can find h,, € V satisfying
(2.2) and (2.3). We choose d,, > 0 defined by (2.4) and set f5, = gsai, n € N. The

reflexiveness of V; yields a subsequence { f5, }nen and ]76 V1 such that
(3.2) fs, — ']? weakly in V.

Moreover, in the same manner as Theorem 2.1, we can prove

(3.3) Kfs, — Kfy weaklyinY.

Here we note that for nonlinar K we can still obtain that lim,, o || Kh, — K fo|ly =

0 by lim, o ||hn — follx = 0 by (2.2). On the other hand, by || fs5,||x < M for
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n € N, we can extract a subsequence, denoted by the same notations, such that
fs, — ﬁ] weakly in X. By the compactness of K, we see that Kf;, — K ﬁ)
in Y. Hence (3.3) yields K fy = K]?o, so that fy = fo by the injectivity of K.
Consequently f5, — fo weakly in X. By the assumption of the theorem, we see
that fs5, — fo weakly in X;. On the other hand, since V; C X; topologically,
(3.2) implies that f5, — f € Vi weakly in X;. Hence fy = f € Vi. Thus the

proof of the theorem is complete.

Appendix I. Proof of Lemma 2.1.
Let us set p = infrey Fo(f,g) = infrev |Kf —gl3 + a| fl|3

Proof of (i). We can choose a sequence f,, € V such that lim,,_,oo Fo(frn,g) = 1.
We see that al|f,||?, is bounded, and by @ > 0 and the reflexiveness of V, we
can extract a subsequence of f,, n € N, which is denoted again by the same
notations, such that f,, converge to some fweakly in V, and so strongly in X by
the compactness of the embedding V' — X. Since K is continuous, we see that
lim, ..o Kf, = K f in Y. Moreover the weak convergence in V yields ”J?HV <

liminf,, o || fn]lv (e.g., Section 1 in Chapter V in Yosida [12]). Therefore

p=lim Fo(fu.g) 2 IKf = gll¥ +al FII7-

Noting that p = infrey Fo(f, g), we see that Fa(f, g) = p. This means the exis-
tence of a minimizer.

Proof of (ii). Assume contrarily that there exist two minimizers f; and fa:

(1) 1K f1 = gl} +allfall = 1K f2 = gl¥ + allf2ll} = p

(2) If1— fellv > €
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with some € > 0. First, in a Banach space Z, by the triangle inequality we can

directly verify that

sllz)|Z + (1= s)llyllZ — llsz + (1 = s)ylZ

(3) >s(1=s)(|lzllz = Iyllz)* >0, 0Ss<1ayeZ

Next, by (3) with s = 2, we have

F, (f1+f2’g :HK(fl-Ffz) _yg

2 2

Ji+ f2
2
2

2

tal

Y 14

1 1
+ §f1+§f2

\%4
1
1K fi = gly +all Allv) + 5 (KK f2 = glly + el llV) = p

Since p is the minimum, we have

(5

2 2

fi+ fo
2

tal

Y \%4

(1K f2 = glI3 + all f2II5) ,

)

N | =

(1K £ = gll¥ + el A17) +

N | =

that is,

1 1
{§||Kf1 —glly + §’|Kf2 —gly -

Ji+ fo
() -

2
=0.
v

By (3), the two terms within the brackets are non-negative, so that

fi+fo
2

1 1
+a {§||f1||2v + 55l -

2

Ji+ f2
2

1 2 1 2
Al + 1Rl =

v
By (3) with s = 3, we have 3([|fillv — [|f2llv)* = 0, that is, B = || fillv = || fallv-
By fi # f2, we have § # 0.

On the other hand, let 8 > 0. Then, for any € > 0, there exists § = §(5,¢) € (0,1)

such that [|z|yv = ||y|lv = 0 and ||z — y||v > & imply H%”V < (1-90)p.
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In fact, by setting x1 = % and y; = %, the definition of the uniform convexity yields
the conclusion.

Hence we see that

() 1252 < s =1l =1l
14

Moreover
2

) (252 | =3 = ol + 5172 - gl
Y

again by (3). Therefore (4) and (5) yield

fi+ f2
< (55 -4,

1 1
<GUIKf = glly + allfall5) + UK f2 = glly + allfollir) = p

2 2

fi+ f2
2

ral

|4

This contradicts that g is the minimum of F,(f, g) over f € V. Thus the proof of

ii) is complete.
(ii) p

Appendix II. Proof of Lemma 3.1.

Let f, € V., ||fnllx = M be a minimizing sequence. That is, lim, oo Fo(fn,9) =
p=inf ey g x <m Fa(f, g)- Moreover {||fullv }nen is a bounded sequence, so that
the reflexiveness of V' implies that there exists a subsequence of { f,, },en, denoted by
the same notations, so that f,, — fweakly in V and Hﬂh/ < liminf, oo || fnllv
(e.g., [12]). Moreover, by the reflexiveness of X and ||f,||x < M, we can again
extract a subsequence, denoted again by {f,}nen, such that f, — f9 weakly in
X. Since the embedding V' — X is continuous, we see that the weak convergence
in V implies the weak convergence in X. Therefore f,, — f weakly in V' means

that f,, — fweakly in X. Hence f° = fe V. Since K is compact, it follows that

Kf, — Kf in Y. Therefore y = liminf,_ oo Fo(fn,g9) > Fa(f, g). Furthermore
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HfHX < liminf, o ||follx £ M by the property of the weak convergence (e.g.,

[12]). Since f € V, ||fllx £ M and p is the minimum, we see that Fy(f,g) = p.

That is, f is a minimizer. Thus the proof of the lemma is complete.
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