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1. INTRODUCTION

Arithmetic quotients of hermitian symmetric domains are important objects to inves-
tigate. For example, the moduli spaces of abelian varieties with certain endomorphisms
and polarization types, and the moduli spaces of K3 surfaces are realized as such. To
understand the cohomology groups and the cycle geometry of these quotients is very
interesting arithmetic problem. There is a history to investigate this theme around the
time of establishment of the Matsushima isomorphism. The construction method of cycles
by means of equivariant embeddings of locally symmetric spaces are called ‘generalized
modular symbols *. (¢f. [13]).

If both the embedded and the ambient spaces are of hermitian type, there is an extensive
study by Satake [25] for possible embeddings. Sometimes they have been called modular
embeddings. The Hirzeburch-Zagier cycles are typical examples ([11], [18]). Let

i A\H/HNK - T\G/K

be a modular embedding with G' a semisimple Lie group, K a maximal compact subgroup
of G, H a symmetric subgroup such that H N K is maximally compact in H and ', A
are compatible arithmetic subgroups of G, H respectively. Then 5 yields the restriction
map of cohomology

jo :HH(M\G/K,C) — H,(A\H/H N K, C),

where © € {empty, c,!} is a support condition of cohomology theories. Then we have the
Poincaré dual map

(jo). : HY"(A\H/H N K, C) — HY' *(I'\G/K, C)

with # the support condition dual to ©. We propose here a
Problem:  Construct the Poincaré dual map (jo). explicitly.

This problem seems to be quite difficult to answer generally. But at least for special
case, we have a tractable method: to use Poincaré series and derived Green currents.

In a previous paper [21], we discuss the case when the complex codimension of A\H/HN
K in I'\G/K is one. We can extend the similar construction for higher codimensional
case associated with the symmetric pair U(p,q), U(p — 1,¢q) x U(1) in this article. We
note that its dual symmetic pair U(p+ ¢ — 1,1), U(p — 1,1) x U(q), which yields a class
of higher codimensional cycles in a discrete quotient of a complex hyperball, is already
treated in [27] by a similar method. This paper is a continuation of our previous works

[21] and [27], which we follow technically and logically.
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Let us explain the organization of this paper briefly. The aim of this paper is twofold:
one is local investigation of the secondary spherical function (§§4-5), and the other is
global investigation of the associated Poincaré series (§§6-8). Our spherical functions
are left H-invariant smooth functions on G which have special right K-type and are
eigenfunctions under the Casimir operator. The secondary spherical functions have similar
property, but they are distributions on G with singularities along HK. This kind of
functions play a crucial role in our construction of Poincaré series and Green currents.

Here is more detailed explanation of each section. The second section is prelimi-
nary, where we fix basic notations and assemble relevant facts about our symmetric pair
(G,H) = (U(p,q),U(p — 1,q) x U(1)), and also fix a normalization of Haar measures.
In §3, we study a certain invarinat tensor associated with the submanifold H/H N K by
means of representation theory of compact groups. The §4 is an analytical preliminary,
where we give a concrete expression of the Hodge Laplacian and the operator 00 on the
symmetric space G/K in terms of the ‘polar coordinates’ on H\G. The secondary spher-
ical function is studied in §5. In Theorem 18, we define the secondary spherical function
o\ for each 0 < d < ¢ as a family of H-invariant (d, d)-forms on G/K with singularities
along the submanifold H/H N K which holomorphically depends on a complex parameter
s and satisfies the five characterizing conditions (i)—(v). We explicitly construct such
a family by using the Gaussian hypergeometric series. The characterizing conditions in
Theorem 18 are effectively used to prove the equation in Theorem 26, which is important
to show the Green’s equation (7.1) in §7 Theorem 35.

The remaining sections are occupied by the investigation of global currents. We study
a modular cycle CL : TN H\H/H N K — I'\G/K defined by a uniform lattice I of
G such that I' N H\H is also compact. In order to obtain the Poincaré dual of C%,
in §6, we define a (q,q)-current ¥, (s) = @gi’g and the related (d,d)-currents 3 on

I'\G/K as the Poincaré series using the secondary spherical function gogd) as the seeds of

‘geometric current ’ constructed in the last part of the paper. After establishment of its

L'-convergence in the range Re(s) > p+¢— 1, in Proposition 31, we show the generalized

Poisson equation for @g'f).

Although the form W' (s) is not square-integrable itself, we can establish the square-

integrability for the auxiliary currents <1>§‘f,? with sufficiently large r by a similar way
to [21]. We obtain the spectral decomposition of the square-integrable form <1>§‘f,? as a
Fourier series of the eigenfunction of the Hodge Laplacian, which eventually yields the
meromorphic continuation of WY (s) from the original convergence region Re(s) > p+q—1
to the whole complex plane.

In §7, we establish Green’s equation (7.1) in Theorem 35, which, together with the gen-
eralized Poisson equation, is used in Theorem 36 to show the current U5 = 2X=1Res,_,,, 1 TL (s)
is harmonic and is cohomologus to the fundamental class of C};. We also show that the

constant term of <I>§‘fg” at s = p+ q — 1 yields a Green current of C}; in the sense of
Gillet-Soulé [4], though the condition at singularities are different.

In §8, we study some representation theoretical aspects of our global construction W',
We collect miscellaneuos remarks and perspectives related to the theme of this paper in
§9.




In §10, we amend the introduction of [17], recollecting the advise of Professor Hirze-
burch.

Notations:
The number 0 is included in the set of natural numbers: N = {0,1,2,...}.
For any matrix B = (b;;) with coefficients in C, B* = (b;;) denotes its conjugate-

transpose matrix.
We follow the usual convention that the Lie algebra of a real Lie group G is denoted
by the corresponding german letter g.

2. PRELIMINARIES

2.1. Unitary group and its symmetric space. Let G = {g € GL,,(C)| ¢*I,,9 =
I,,} be the unitary group of the Hermitian form I,, = diag(1l,,—1,) with signature
(p+,q—). We assume p > ¢ > 2 from now on.
The inner automorphism 6 : g — I, ,91,, is a Cartan involution of G' and its fixed
point set
K = {diag(ki, k2)| k1 € U(p), k2 € U(q)}

yields a maximal compact subgroup of GG. The (—1)-eigenspace of df : g — g denoted by
p is identified with the tangent space of the G-homogenous manifold G/K at its origin
o = K. The adjoint action J = Ad(z,)|p by the element z, = diag(v/—11,,1,) in the
center of K yields a K-invariant complex structure on p = 7T,(G/K), which propagates
a G-invariant complex structure on G/K. The complexification pc is decomposed to its
holomorphic and anti-holomorphic subspaces: pc = p. & p_ with pr = {X € pc| J(X) =
+v/—1X}. If we identify gc = gl,,,(C) naturally, we have

pr = {p(2) = [§ 9] € 8L (C)] 2" € M, ,(C)},
p- = {p-(a") = [ 5] € glp14(C)] 2" € M,,4(O)}.
Let X — X be the complex conjugate in gl,,,(C) with respect to its real form g. Then
X =-1,,X*I,,(VX € gc) and py(z) = pz(z*) (Vz € M, 4(C)).
The non-degenerate R-bilinear form By(X,Y) = 2 'tr(XY) on g entails a positive

definite K-invariant inner product B, on p, which propagates a G-invariant metric on
G/K. The mertic on G/K is Kahlerian and the associated 2-form form is given by

(21) wP(Xay):BP(Xa']Y)a X,Yep
on p =2T,(G/K).

Let By: be the complex bilinear extension of the inner product By on p* dual to
By. Then p is equipped with the hermitian inner product (£[¢') = By (&,€), which is

extended to the exterior algebra A p{ canonically. Note the natural decomposition of
A P& to its bidegree (a, b) part

a,b a b
Avi=Avi e A
is orthogonal. It is sometimes convenient to note that the inner product of typical elements
£ = p(x) € pe, (x € M4(C)ye = £) and n = pa(y) € pe, (y € Mpyy(C), e = £) is
computed as (£|n) = 26, tr(zy*).
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The Hodge star operator * is defined to be the C-linear endomorphism of A pg such
that x&@ = ¥a and such that («|3)vol, = aA 3. Here vol, = @wf" is the Kéhler volume
form. For a € Apg, let us define e(a) : Apt — Ape by e(a)f = a A 5. The operator
L = e(wy) is commonly called the Lefshetz operator. The adjoint of e(«) with respect
to the hermitian inner product of A pf is denoted by e*(«). In particular, the operator
e*(wp), the adjoint of the Lefshetz operator, is denoted by A (¢f. [1, Chap.II, §4]

2.2. A symmetric subgroup. Let us consider the involution o of GG defined by

o(g) = diag(1,-1,—1,1,) gdiag(l,—1, -1, 1,).

Let H = G” be the o-fixed point subgroup of G. Since 6 is commutative with o, the
restriction §|H provides H with a Cartan involution. The #-fixed points

H’ = HN K = {diag(hy,u, ho)| hy € U(p — 1), u € U(1), hy € U(q)}

is a maximal compact subgroup of H. The Cartan decomposition of the Lie algebra h of
Hish=(Enh)® (pnh). Since the element z, defining the complex structure J of p
belongs to the center of HN K, J yields an H N K-invariant complex structure of the real
vector space h Np = T,(H/H N K), which propagates an H-invariant complex structure
of H-homogenous manifold H/HN K. We put H/HNK the H-invariant metric comming
from the restriction of By to h N p. The metric is Kéhlerian and the associated 2-form on
pOh=T,(H/HNK) is wyny = wp|(p N h) x (pNh).

As a consequence of the constructions so far, the inclusion H/H N K — G/K is a
holomorphic map between Kéhler manifolds and codim¢(G/K; H/H N K) = q.

In the following subsection, we recall the standard set up to investigate the affine
symmetric pair (G, H) (c¢f. Rossmann [24], Oshima-Sekiguchi [23], Schlichtkrull [26]).

2.3. Root vectors. For 1 < 4,5 < p+ ¢, let E;; = (0;0d;3) denotes the matrix unit
in M,14(C). The matrices E; ; comprise a C-basis of the complexified Lie algebra gc =
8lp14(C).

Let q be the (—1)-eigenspace of do : g — g. Since § and o are mutually commutative
involutions, g is decomposed to their joint eigenspaces: g = (¢Nh)D(pNg)d(pNh)D(ENq).
The pair (g, h) is a symmetric pair of split rank one, and a = RY; with Yy = E,, , 11+ Ep 11,
is a maximal abelian subspace of pNq. The set of a-roots in g is X(a) = {+\, £2\}. Here
A € a* is the unique simple root such that A\(Yy) = 1. The multiplicity ([23]) of each root

. mT(A\) mt(2N) \ _ [ 2(¢-1)1
is computed as (m,(/\) m,(”\)> = (Q(Z,l) 0) .

Set M = ZHQK(CL). Then
M = {diag(xlauauaxZH T € U(p - 1)7 u € U(1)7 Ta € U(q - 1)}

coincides with Zk(a).



Fori<i<p—land1<j<qg—1,set

Xg = Eppi1, Xg = Ept1p, Z(? = \/__1(Ep,p - Ep+1,p+1)a
X]q = Epptj+1, X; = Lp+j+1,ps

Z; = _Ep+1,p+j+17 Z] =k p+j+1,p+1)

X} = Ejpe, X} = Epi1i,

qu = Ei,]n Zq = _Ep,ia

Xihj = Lipyjt1, Xihj = Lpt+jt+ls

This notation is consistent with the complex conjugation, and

F(0<j<g—1)c,
p-Ngc = <_]q(0<j<q—1)><c,
prNbe= (X! (1<i<p—1)ec®(XJ(1<i<p-1,1<j<q- 1),
poNbhe=(X)(1<i<p—1)cd(XFA<i<p-1,1<j<q—1))c,
enb)e=(2), Z), Z) (1< j < q—1))c®mg,
(eng)c=(Z}, Z}(1<i<p-1))c

Here is a list of useful bracket relations, which is checked by a direct computation: For
1<i<p—land1<j<qg—1,

128, X3) = 2V/=IXY, (25, X3] = —2V/~IX, [X3, X3) = —v=12),
128,28 = —/=12!, (X3, 2" = 0, X3, 20 = X7,
(20, X9 = VEIXY, (XX = —Vo1Z), (XX =0,
128, 28] = —V/=120, X3, 20] = 0, (X3, 73] = ~ XD,
20, X0 = VEIXD, [RLXN = -z, [X§XM =0,
20, X5] =0, X3, X5 =0, X3, X5 =0,

Consider the one parameter subgroup
ar = exp(1Y;) = ding (L, [0 o], 1,.), (1€ R)

of G. Then by general theory, the group G is a disjoint union of double cosets Ha, K (t > 0)
and the Lie algebra g = Ad(a;)™'h + a+ €if ¢ > 0. By direct computation, we have

. | T Ly | V=T cosh(2) /b

(2.2) X§ = 3Yo — sty Ad(a) 20 + e 2o, 77
X1 = LoAd(a) 1 Z) —eshtzh (1<j<q-1),
XD = G Ad(a) ' X) — gzl (1<i<p-1).
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Lemma 1. For 1 <i,a<p—1and1 < j,86<qg—1 andt > 0, the following hold in
U(gc) modulo (A ( t)” bc) Ulgc):

XIXJ = L¥2 + L(tanht + cotht)Y; + < (tanht 4 cotht)?(29)? — Y51 2,
XIX) = —tanhty, 78 VL1 4 tanh?t) Z0 2 — 73,

X)X = —tahty] 78 + V=L(1 + tanh’t) Z) 77,

X§X9 = —ehty, 70 — YZ1(1 + coth’t) 20 20 — 77,

XX = —cothty, 70 1 Y11 + coth®t) 29 22,

X)XD = 0,008y, + tanh?t 2970 — YZH(1 + tanh?t)6,, 2,

XJX] = 0,54y, + coth’t ZZZ;-’ — @(1 + coth®t)d,52),

X“X" 737,

X"X‘1 Z”Zq

Proof. By using the formulas (??), we prove this lemma in a similar way to [21, Lemma
7.1.2]. O

The definitions and formulas of this section are used in §4.

2.4. Invarinat measures. Let dk and dky be the Haar measures of the compact groups
K and H N K with total volume 1 respectively. Then we can take a unique Haar measure
dg (resp. dh) of G (resp. H) such that the quotient measure g—z (resp. j—&) coincides
with the invariant measure on the symmetric space G/K (resp. H/Kp) determined by

the Kahler volume form.

Lemma 2. For any integrable function f on G, we have

(2.3) /G Fg)dg = /H dh /K d /0 " hagk) oft) di

with dt the Lebesque measure of R and

(2.4) o(t) = %(sinht)zq_l(cosht)%_l.

Proof. Similar to [27, Lemma 4.1]. O

3. CERTAIN INVARIANT TENSORS

For a C'*°-manifold U, let A(U) denote the space of C'*°-differential forms on U and
A.(U) the subspace of those forms with compact support; when neccessary we topologize
these spaces in the ususal way. When U has a complex structure, A%*(U) denotes the
space of C*°-differentail forms of bidegree (a, b).

In this section, for U = G/K we define some element dual to A.(U) by the H-orbit in

U. Somce of the contents of this section may be not found in the literature.
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3.1. Current defined by the symmetric subgroup. Let j : H/HN K — G/K be
the natural inclusion. Then a (g, ¢)-current 055~k on G/K is defined by the integration

(0m/mnK, @) :/ jfa, a€ A(G/K).

H/HNK

Lemma 3. For a € A.(G/K), we have

- /H (A (svolymy )| (h)) d.

Here
-1 (p—1)g,(p—1)g
-1 %
VOlPﬂf) = 7(q(pi1))!wgﬁph c /\ pC

is the K N H-invarinat tensor corresponding to the Kihler volume form of H/H N K.

Proof. We may assume the bidegree of a is (¢,¢). Let vy gnkx be the Kéhler volume
form of H/H N K and g the Hodge star operator of H/H N K. Then the 0-form
{xuj* (A% @)} Avggnx on H/HNK corresponds to the function (A7%(x@(h))|volyny)
on H. By this remark, we compute

<AQ7d5H/HﬂK7 *Qr) = <5H/HﬂK’ Agid(*d»

- /I{/HOK(Aqd(*d(h))|V01pﬁh) dh
N /I{/HQK(VOIPﬁh|Aqd(*a(h))) dh

= /H/HHK(Aq_d(*VOIPQh)|a(h)) dh.
O

3.2. K-spectrum of certain cyclic K-module. For our purpose, it is important to un-
derstand the nature of the tensor A?"%(xvol,~y) in some detail. The aim of this subsection
is to obtain an 2g-eigendecomposition of the tensor Aq*d(*volpmh). Here €2 is the Casimir
element of K corresponding to the invariant form By. Because for the construction of the
secondary spherical function in §5, we need the decomposition of A7 ¢(xvol,~y) given in
Proposition 11.

The coadjoint representation of K on p{ is naturally extended to a unitary represen-
tartion 7 : K — GL(Ap{) in such a way that 7(k)(a A B) = 7(k)a A 7(k)5 holds for
o, € \ptand k € K. For (a,b) € N>, 7%° denotes the subrepresentation of 7 on /\a’b pe.

For1 <i<p,1<j<q, letusdefine w;j € pi. by wij(Eapis) = 0indjp (1 <a<p, 1<
B < q), wijlp— = 0. Then w;;’s and their complex conjugates w;; comprise a C-basis of p:
dual to the basis of matrix units in pc.

Lemma 4. (1) The family 27 (wi; + @;5), 27V =1(@ij —wij), (1 <i<p, 1 <j<q) is
an orthonormal basis of p* with respect to By- and is dual to the orthonormal basis
Eipsj + Eprjis V=UEip+j — Eprji) of p-

(2) We have (wijlwap) = (@ij|@ap) = 20i00,5 and (wij|was) = 0.
7



(3) The action of the matriz units in c on w;;j (1 <i < p, 1 < j < q) is given by

(Bua)wij = =0ipwaj,  T(Eua)wij = iawyj, (1< p 0 <p),
T(Eptvp+8)wij = 0jswiv, T(Epruprs)ij = =050, (1 < v, 8 < ).
Proof. Direct computation. O
For 1 < p, a0 < p, set
q 1,1
Yy = @Zw”j NWqoj € /\p(*c.
j=1
We have a concise expression of Kahler forms in terms of ,,:
Lemma 5. We have
p
Wp = Z’Yuua Wpnp = Wp — Vpp-
p=1

The tensor v,, ts H N K-invariant.
Proof. Direct consequence of definitions. O

The action of £ on the tensors v,, is given as follows.

Lemma 6. For1 <i,a,pu <p—1, we have

T(Z)¥op = Vi T(Z{) Yop = Vi

T(Ziq)f)’ap = —0iaYpp T Vai 7( _zq)f)/pa = —01aVpp T Vias
T(Z{)YVpa = 0, 7( _zq)f)’ap =0,

T(qu)%zu = —diaYpus 7( _?)’Yau = —0iuVap

For1<j5,86<q—1,1< p,a<p, we have
T(Z]) Ve = T(Z]) e = 0,
T(Eptjtip+6+1)Yua = T(Ept1,p41)Vpa = 0.
For1 <i,a<p, 1< u,\<p, we have
T(Eia)Yur = —0ipnYar + OarVpi-
Proof. This follows from Lemma 4 readily. O
Lemma 7. For 0 < d < g,

AT (svolyny) = (qfd)!fy;lp.

Proof. For any subset M of {(i,7)|1 < i <p, 1 < j < q}, set wy = H(i,j)eMwij A Wjj.
Then from [33, p.20,p.21], we have

(2 2v(M)—pq
(3.2) Awa) = 25 D Wi
pEM
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with v(M) the cardinality of M, and M’ the complement of M.
If suffices to show

(3.3) *VOlpny = %,ng,
(3.4) Aryg) =dlg—d+ 1)y ", (1<d<yg).
Since
T\ Pa—q pl 4 g
vy = ()" [T TLws roue 2=t [Jom Ao
=1 5=1 7j=1

by (3.1), we compute

p—1 ¢ g
1\ P44 B 1\ ¢ B
i=1j=1 J=1

This completes the proof of (3.3). Let Sy be the set of all M C {(p,j)|1 < j < ¢} with
v(M) = d. Since v, = ( L) a > aes, War, by (3.2), we compute

v ‘

d —1 2
A(Vpp) - <T> d! MGZS \/——_llg;[wM{“}
d
1
:(T—1> di(g—d+1) > wy=dg—d+1)y,"
NeSq_1
to have (3.4). -

For v € /\1’1 pe, the r-fold wedge product y Ay A--- Ay is denoted by 7". In order to
have a decomposition of fy;fp into eigenvectors of the Casimir operator €2y, we first analyze
the K-spectrum of U(€c)vs,, the cyclic U(€c)-submodule of A“ pz generated by Ve

Since t¢ = gl,(C) @ gl,(C), the highest weight of an irreducible representation of € is
supposed to take the form

(35) A= [ll,lg,...,lp]® [ml,mg,...,mq]
with [;, m; € Z such that [y > lo > -+ = 1,, mi > mg > -+ my.

Lemma 8. Let 0 < d < q and V an irreducible K-submodule of U(E@)fygp. Then the
highest weight of V' is of the form [k,0,...,0,—k|® [0,...,0] with an integer 0 < k < d.

Proof. Let us fix a K-invariant inner product on U(c)vg, and take the orthogonal com-
plement V- of V' in U(c)vs,. Since the projector pr : U(tc)ys, — V associated with
the decomposition U(tc)vs, = V @ V* is a surjective K-homomorphism and since ), is
H N K-invariant, the vector v = pr(vg,) € V yields an HN K-invariant U (c)-cyclic vector
of V. In particular, v # 0 and V#7% #£ {0}. Let X be the highest weight of V', which is
supposed to have the form (3.5). Since ¢ N he = (gl,-1(C) & C) & gl,(C), the condition
VHOK £ L0} yields that the irreducible gl,(C)-module of highest weight [l,...,[,] con-

tains the trivial representation of gl,_1(C) and that the irreducible gl,(C)-module with
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highest weight [my,...,m,] is trivial. Hence

(3.6) L=0Mie{2...,p—1}), m;=0(Vj€{l,...,q})

by the gl,_; — gl, branching law ([5, Theorem 8.1.1 (p.350)]). The center of K acts on
V trivially because a central element of K fixes the tensor vgp. Hence the sum [; +---+1,
should be zero. This, combined with the condition (3.6), forces that A = [k,0..., —k] ®
[0,...,0] with some x € N. It remains to show 0 < x < d. For that, we examine the
T-weights occuring in V, where T = {diag(t1,...,tp4q)|t; € U(1)}. For 1 < i < p+gq,
let €, : T'— U(1) be the character defined by ¢;(diag(ty,...,ty+q)) = t;- From Lemma 6,
the T-weight of the element 7,, (1 < p1, @ < p) equals €, — €,. Lemma 6 also shows that
U(E@)fygp is contained in C[T]¥, the subspace of A pi spanned by the products of d of p?
tensors 7,4 (1 < g, @ < p). In particular the highest weight A = k(e; —€,) of V' is one of
T-weights occuring in C[T'](¥. Tt is obvious that a T-weight of C[['](?, especially x(e; —¢,),
is a sum of d weights of the form €, — €, (1 < p, @ < p). This implies 0 < &k < d. O

For 0 < k < d, let Vi be the (k,0,...,0,—k] @ [0,...,0]-isotypic part of U(E@)yl‘fp.
Then Lemma 8 implies
d
(3.7) U(tc)vs, = EP V.

k=0

Note that Vo(d) is a trivial representation of K.

Lemma 9. For 0 < d < q, the K-module Vd(d) 15 irreducible.

Proof. We have T(Zf)fygp =d! vfp by a short computation using formulas in Lemma 6.
Hence the tensor 7, belongs to U(€c)7s,. Let u be the nilpotent subalgebra of gl,4(C)
formed by all the lower trianglular nilpotent matrices. Then by the formulas in Lemma 6,
it is easy to see that fyfp is annihilated by all the matrix units F,3 € €c Nu. This proves
that v‘fp is an extremal vector of £- lying in U(E@)%‘fp, which generates an irreducible
K-module of lowest weight —d(e; — €,). Therefore Vd(d) # {0}. It is easy to show that
the d(e, — e1)-weight space of C[I'] coincides with the one dimensional space Cy,.
This implies d(e, — €;)-weight space of Vd(d) also coincides with Cy{ . Hence Vd(d) is
irreducible. O

Corollary 10. Let 0 < d < q. Then the operator [[_y(—=4~'Qe+r(k+p—1)) annihilates
the tensor fygp:
d

H(—4_1§29 + k(k+p—1)) vﬁp =0.

k=0

Proof. Write the element fyl‘fp as the sum

d
(3.8) =S 0, e V@
k=0

along the decomposition (3.7). Since the eigenvalue of ; on an irreducible K-module of
highest weight [k,0,...,0,—k] @ [0,...,0] is 4k(k + p — 1), the element v, is annihilated
10



by —4'Q+k(k+p—1), a factor of [[*_,(—4 Qe+ r(s+p—1)). The conclusion follows
from this remark and the decomposition (3.8). O

For 0 <d<q,0< K <d, set

—d)! —4 %+ ala+p-—1)
3.9 pd) — L d
. " ¢ 0«1:[<d (a—’i)(a+ﬁ+p—1 E/\p@

QFK

Proposition 11. Let 0 < d < q.
(1) For each 0 < k < d, the tensor 0\¥ is a nonzero etgenvector of Qe with the eigenvalue

dk(k+p—1), i.e
Q0D = dr(k +p—1)0D, 9D £ 0.

K

The tensor 9,2'1) is H N K-invariant and is a U(8c)-cyclic vector of V,.;(d)
(2) We have

d
(3.10) AT (svolyrg) = > 0,
k=0
Moreover the tensors Qt(id) (0 < d < q) are primitive, i.e., Aﬁl(id) = 0; we have

A =61 (0 < k< d).

Proof. Let T be an indeterminate and consider the polynomial Fy(T) = [[*_,(T + s(s +

p—1)). The d+ 1 integers a,, = —k(k +p — 1) (0 < k < d) are mutually distinct and
o . d

coincides with the set of roots of Fy(T'). Hence the formula % => 0 m, or

equivalently

(3.11) 1= Fylon) " Fuu(T)

holds, where Fy(T') = (T — ) Fue(T). A computation shows

(3.12) 0D = F(oe) " Fye(—410) & ,'yd

pp’
The substitution T'= —471 in the identity (3.11) yields yet another identity of operators
on A pg; apply this to the element A9"%(xvol,~). Then we obtain the identity (3.10) by
(3.12) and Lemma 7.
Since (T + k(k +p — 1)) Fur(T) = Fy(T), we compute
(47" + Kk +p — 1)}D = Fi() T Fy(—471Qp) 204 = 0

pp

using Corollary 10 to prove the second equality. This shows the second statement of (1).
Since 4, is H N K-invariant (Lemma 5), the defining formula (3.12) shows the H N K-
(d)

invariance of 0,
Lemma 7 implies

—d)! —d+1)! _d—
A((qd!) d ) = (q(d:lr)!) ’ng 1
11




Let 0 < k < d. Then Fj(ay) = (o +d(d+p—1))F)_,(a,) and Fy . (T) = (T +d(d+p —
1))Fy_1,(T). Using these formulas and noting A is commutative with €2, we compute
(3.13)
A(BL7) = Fiow) ™" Fau(—4712) A5y,
(3.14)

= Fj{o) " a7 Uty

(d-1)! Ipp
= {on +d(d+p— 1)} (o) Fuae(=47100) (=471 - d(d 4+ p - DI
={a,+dd+p—1)}y"H{=4'Qe+d(d+p—1)} 04!
= gl=b),

Note we use Qgﬁ,&d*l) =4k(k +p — 1)9,@:171) to obtain the last equality. This proves the
last statement of (3). In the computation above, the first two equalities (3.13) and (3.14)
are true even for k = d. Since Fy4(T) = F4_1(T), the right-hand side of (3.14) equals
zero by Corollary 10. This proves A(G((id)) = 0.

The element v, in the decomposition (3.8) has to be a U(E@)—cyclic vector of V. Both
(3.8) and (3.10) give Qe-eigenvector decomposition of 4% ; comparing them we obtain

9,(51) =l d,d U, because the relevant eigenvalues —4a,$ of  are d1fferent for different x.

Consequently 61" yields a U (c)-cyclic vector of V . Since V )+ {0} (Lemma 9),

9 £ 0. When & < d, the formula A®*(\") = ) £ 0 shows 6% 0.
O

Remark: The ¢-module Véd) with 0 < k < d is not neccessarily irreducible. For example,
when p = ¢ = 2, VO(Q) = C & C is two dimensional and contains a non trivial K-invariant

tensor orthogonal to w;.
Example: Consider the case of the rank 2 unitary group G = U(p,2) (p > 2) as an
example. We can make the invariant tensors 6% defined by (3.9) more explicit:

(2)

0y = (p+1)(A+2B C—-E),

07 = - L5{A—(p—2)B+ (p—1)C+pD - E},

05 = oo {A = 20B — (0 + p+1)C +2(p+1)D — B},

where
p—1 p—1
= _Z Yiee N Vais B = _Z%p/\%ﬂ: C:%%p,
i=1 a=1 A
D = wy A Ypps E:wg.

4. POLAR DECOMPOSITION OF SEVERAL DIFFERENTIAL OPERATORS

In this subsection we have an expression of several differential operators acting on the

space of H-invarinat forms A((G — HK)/K)".
12



4.1. Differential forms. For a right K-stable open subset S of G and a unitary repre-
sentation (p, W) of K, let C*°(S/K; p) denotes the space of C*°-function ¢ : S — W such
that

o(gk) = p(k) 'o(9), (Vge S, VkeK).

For g € G, let L, : tK — gxK be the left translation on G/K by g¢. Its tangent
map T,(L,) at the origin o = K is regarded as a linear map p — T, x(G/K). Given
a € A(S/K), a function & € C*(S/K; 1) is defined by the formula

(a(9),€) = (a(gK), {AT,(Ly)} &), (Vg €5, ¥E € \p).

The map « — & yields a linear bijecion from the space of forms A**(S/K) onto the space
of functions C°°(S/K;7%%); we identify these two spaces by this isomorphism.

Since G — HK is left H-stable and right K-stable open subset of G, both A%*((G —
HK)/K) and C*((G—HK)/K;7*") have natural left actions by H, and the isomorphism
A((G - HK)/K) 2 C®((G — HK)/K; ") preserves the H-actions.

Lemma 12. Let ¢ € C®((G — HK)/K;7)". Then for each t > 0, the value p(a;)
belongs to the M -invariant part () pt)™. Conversely, given a C*°-function ¢ : (0, +00) —
(A pe)M, there exists a unique function ¢ € C°((G — HK)/K;T) such that p(a;) =
o(t) (Vt > 0).

Proof. Let t > 0. Since M is pointwisely commutative with a; and since M C HN K, we
have p(a;) = p(maym™") = 7(m)¢(a;) (Ym € M), which implies ¢(¢) € (Api)™. Let us
show the converse. Given a C*®-function ¢ : (0,+00) — (A p&)*, we define a function
¢ H x (0,400) x K — Apt by ¢(h,t, k) = 7(k)*¢(t). Obviously, ¢ is a C*°-function
and is constant on an M-orbit in H x (0,4+o00) x K with the M-action m - (h,t, k) =
(hm~1,t, mk). Since (h,t, k) — ha;k induces a diffeomorphism (H x (0, +00) x K)/M =
G — HK ([24, Theorem 9,10]), ¢ yields a function ¢ € C*((G — HK)/K;7)" such that
par) = ¢(t) (vt > 0). O

Lemma 13. We have 74(Z0)¢ = 0 (V€ € (A p2)™) for all d € N.

Proof. The operator 7(W;) with W, = \/—1diag(1,,—1,) € € acts on pL by the scalar

+2y/—1; hence 7%¢(W;) = 0. Since the difference ZJ — Wy = v/—1Idiag(—1,_1,0,0,1,_1)

belongs to m, 7(Z) — Wy) is zero on (A p)™. From these, the conclusion follows. [
13



4.2. Laplacian. Let Q, Q¢ Qyne and €y be Casimir elements of M, K, HN K and G
respectively, corresponding to the invariant form By. Then

q—1
Uy = O — (2 = 2)_(2)7) + 2} 7)),
j=1
(4.1)
qg—1 p—1
Qe = QO — (20)?=2> (2)Z)+ Z)2)) -2 (Z]Z} + Z}Z),
7j=1 =1
(4.2)
q—1 p—1 p—1 g—1
by h by b \ \
Qg = Qe +2) (XJXT+ X7XY) +2Z (XPX) + XPXD) +2) 0> (X)X + X X)),
Jj=0 i=1 j=1
Let us introduce the operators
p—1
(4.3) Sea =13 T2 2} + Z]7]) = TH{7(U) — 7(urp) }
=1
q—1
(4.4) Sep =13 T(Z20Z2)+ Z207)) = Z{r () — () +7(20)*}

1

J

acting on A pi.. Let A be the Hodge Laplacian acting on A((G — HK)/K).

Proposition 14. Let ¢ € C®°((G — HK)/K;7)" and set ¢(t) = ©(a;) (t > 0). Then
(A)(ay) = —Dyp(t) (t > 0) with Dy the (N pi)M -valued differential operator

Dy =4 + ((2p — 1)tanht + (2 — 1)cotht) &
+ 2o _48?’2 + L(cotht — tanht)*7(Zg)? + 7(Qm)-

sinh?t cosh?

Proof. By Kuga’s lemma ([1, Chap.II, Theorem 2.5]), the action of Laplacian A on
A(G/K) = C(G/K; ) is given by the action of the Casimir R, . Hence the formula
follows from (4.2), (4.1) and Lemma 1 by a direct computation. O

The next lemma, which is obtained by integration-by-part, will play a key role in this
paper (cf. Propositions 23 and 31).

Lemma 15. Let a, 3 € C®((0,+00); (Ape)™) and 0 < e < R. The formula

/ (@(B)|Df(1)) o(t)dt = R(a, 5: R) — R(ov, fire) + / (Dya(®)|3(1)) olt)dt
holds, where
Rl B 1) = olt) {(o/ (1)]B(1)) — (a(B)|F'()}

Proof. Fix 0 < ¢ < R. In the following computation we use the relation 4 dtQ +((2p —

1)tanht + (2¢ — 1)cotht) 4 = o(t) "4 o(t)4 and the fact that the operaters Sgy, Seq, 7(Z0)
14



and 7(£2y,) are self-adjoint. Then by the integration-by-part twice, we have

[ @@mis) etrar

R
1 / ()| {256 4 28 (cothlotanht)” 77002 4 7(Q) (1)) o(t)dt

= —(a(e)[e(e)8'(€)) + (a(R)[o(R) B'(R)) —/ (o) e(t) 5(2)) dt

“f (S + S o702 ()} (1)]6(1) ot
= ~(a(9e()3'(9)) + (aR)|e(R)F'(R)) — (e(R)a' (R)|B(R)) + (ele)a’ ()| (e)
+ [ (et gatlsm) i

R
[+ i+ S (2004 (00))a(0)|5(0) )

— R0, B €) — Rl i ) + / “(Dal180)) olt)dt

O

4.3. dd-operator. Since (G — HK)/K is an open subset of the complex manifold G/K,
we have the usual operators 0, 0 and their formal adjoints 0%, 0* acting on A((G —
HK)/K) = C>(G—-HK)/K;T):

=1 j=1 =1 j5=1
q q
€ (Wij REP_H - € \Wij RE p+i
=1 j=1 i=1 j=1

The aim here is to obtain an expression of the composite operator 90 and 0*0* on the
H-invariant forms.

Let us introduce operators acting on A pg:

p—1 p—1 p—1
e(wi)T P_=> elwn)r(Z]), eln) = Z e(wir A wyp)
=1 =1 =1
q—1 q—1 q—1
Ry = e(@p,j+1)7( = Z e(wpjr1)T(Z]), elng) = e(Wpj+1 A Wpjs1)
J=1 j=1 j=1



and

(45) A= (77[]) + %G(WO A (DO) - 6((:}0)7)_ + 6((4)0)7)+,
(4.6) B =e(ng) + 3e(wo A wo) — e(@o)R- + e(wo) R,
(4.7) C=e(wo)(P++Ry) +P-Ry +R_Ps.

Here we set wy = wp 1.

Proposition 16. Let ¢ € C°((G — HK)/K;7)" ad set ¢(t) = p(a;) (t > 0). Then
(00¢)(ar) = E1p(t) (t > 0) with St the (A p&)™ -valued differential operator

& = Le(wo A @)L dtQ 1(tanht A + cotht B) 4
+ tanh?t P P, + coth®* R R, +C

+ ﬂ(l + tanh’t) (\/%e(nh) — e(wo)P- — e(wo)P+) m(ZY)
+ Y (1 + coth’t) <\/L_—16(77q) —e(@o)R- — G(WO)RJr) 7(Z3)
+ F e(wo A @o)T(Z)) + = (tanht + cotht)?7(Z))2.
We have (5*8*@)(@) = E;p(t) (Vt > 0) with E; the formal adjoint of &, defined by

/ " ea®)15(1)) olt)dt = / +00(Oz(t)|82‘ﬁ(t)) oft)dt,

(Yo, B € C2((0,+00)); (/\ p2)™)
Proof. Using the expression of 9 and 0 above and also the formulas in Lemma 1, we prove
the formula (00¢)(a;) = €,4(t) by a direct computation. O

Lemma 17. Let a, 3 € C®((0,+00)); (Api)™) and 0 < ¢ < R. The formula

[ €0 o =8 - o0 + [ @10 ot

€

holds, where
() = Z2{(e(wo A @0) B'(8)] (1)) = (e(wo A o) B(E)] (1))

+ tanht ((24 — (2p — 1)e(wo A @q))B()|c(t)) + cotht ((2B — (2¢ — 1)e(wy A QO))ﬁ(t)|a(t))}.
Proof. Similar to the proof of Lemma 15. U

5. THE SECONDARY SPHERICAL FUNCTIONS

Set po = p + ¢ — 1. In this section, we fix an integer 0 < d < ¢ and set
)= C—{po—2(q—d+n)|neN}.
Here is the main theorem of this section.
Theorem 18. (1) There exists a unique family gogd) (s € DY of functions with the
properties:
(i) Fors e D@, o\ ¢ C°((G — HK)/K; 74!

(ii) For each g € G — HK, the value ol )( ) depends on s € DY holomorphically.
16



(iii) For each s € D,
QplP(9) = (s* = p) e\ (9), (9 €G- HE).

(iv) It has the ‘small-time behavior’

tEgElro 207D (a,) = AT (+v0lyr).

(v) It has the ‘large-time behavior’
A0 a) = O(e ), (¢ toc).

(2) The radial value gpgd)(at) is given by the explicit formula

(5.1) () = 3 Fulsin) 60, (1> 0).

Here for each k €N, s € C and t > 0, we set
D(ZL + k)T(EL + g — k)
I(s+1)I'(g—1)

x (cosht)~He0) o By (500 g 00 g — s 15 1)
(@) (d)

The next corollary says that only the function ¢, is essential, from which others
with smaller bidegree (d, d) are obtained by successive application of A.

Fy(sit) =

Corollary 19. We have A(pgd) = wgdfl) whenever 1 < d < q, s € D@,

Proof. This follows immediately from the explicit formula (5.1) and the last statement of

Proposition 11 (2). Another proof is first to check that Ap” has the same properties (i)
to (v) as wgdfl), which is easy, and then to use the uniquness of gogdfl). O
5.1. Some properties of the secondary spherical functions. In this subsection, we
fix a family of functions wgd)(s € DY) satisfying the conditions (i), (ii), (iii), (iv) and (v)
in Theorem 18. Starting with these five properties, we deduce several substantial results
which will be used not only to prove Theorem 18 but also to study Poincaré series in the
next section .

First of all, to study the local behavior of gogd)(at) near the boundary points t = 0, +o0,
we introduce the local coordinate z = tanh?*¢ around ¢t = 0 and the one ¢ = ﬁ around
t = +o0.

Proposition 20. (1) There exist 0 < e < 1 and a (N pz)™-valued holomorphic func-
tion R(s,¢) on DD x {|¢| < €} such that

(5.2) 0 (a;) = CUTIPR(s,¢), (s €D, (€(0,¢)).

(2) There ezist N € N, 0 < 6 < 1 and (N p)M -valued holomorphic functions Py (s, z) (0 <
h < N) on D@ x {|z] < §} such that Py(s,0) = A4 (xvolyny) and

(5.3)  @W(a) =270V Py(s,2) + Y _ 2(log2)" Py(s,2)}, (s € D, z € (0,9)).

17



Proof. Set V = (A p&)™. From the condition (iii), ¢(t) = wgd)(at) satisfies the differential
equation D;p(t) = (s> — pa)¢(t) on t > 0. Here D, is the differential operator given in
Proposition 14. By the change of variable z = tanh?¢, which yields a diffeomorphism from
t>0to0< z<1, the equation Do (t) = (s* — p2)¢(t) becomes

(5.4) {L£+(2+22)44Qs2) )} o(z) =0, (0<z<1)

with

_ §2_p2
Q(S; Z) = z(f—k;) + z;?;—hz) + élz(l—p,zo)2 1V (E End(V))

This implies that the function ®(z) = Lﬁz)] (€ V?®) is a solution of the first order
differential equation

0 Iy

1—

(5.5) ()= A(si2)B(2), Alsiz) = [ZQW) (=2, )] .

dz

Since z = 0 is a simple pole of A(s;2), z = 0 is a regular singular point of the equation
(5.5) ([3, Theorem 2.(p.111)]). The integer —(¢ — 1) is one of its characteristic roots at
2z = 0, which are the eigenvalues of the operator

0 1
(5.6) Res.—0A(s;2) = Ag = [789,,, (1fqv)1v] :

By Lemma 21 below, the characteristic roots are integers; hence by [3, Theorem 4.2(p.121)]
the solution ®(z) has to be of the form ®(z) = 2 3>V (logz)"Fy(s, 2) with )y the
smallest characteristic root. Here IEh(s,z)’s are V?®-valued holomorphic functions on
D®) x {|z| < 6} with small § > 0. Let Py(s, z) be the first projection of Fj(s, z) to V.
Then we obtain this local expression of ¢(z):

N
$(z) =2 (log2)"Pu(s,2), (0<z<9).
h=0
By the condition (iv), the function z97'¢(2) has the limit A7"%(xvolyng) as z — 040 with
z € R. This implies that Py(s, z) = 22147 'Py(s, z) should be holomorphic at z = 0 with
constant term A% %(xvol,ny) and that 2*+9=1P, (s, 2) should be of the form 2P}, (s, z) with
P.(s, z) holomorphic at z = 0. This completes the proof of (5.3). The proof of (5.2) is
similar. O

Lemma 21. The eigenvalues of the linear operator Ay coincides with the set of numbers
A € C such that det(Sey + A(A+ ¢ — 1)) = 0, which consists of integers.

Proof. For a given w = (vy,v9) € V2, the equation Agw = Aw is equavalent to the system
of equations vy = Avy, {Sep + A(A+ ¢ — 1)}v; = 0. This shows the first assertion of our
lemma.

Let Ape = @,.; Wi be a K N H-irreducible decomposition. Taking M-fixed part,
we have the decomposition V' = €, , WM, by which the Casimir operator Qgy is di-
agonalized. Since Sgp = Z27(Qnp) on V by (4.4), the eigenvalues of Sy on V' are

computable from this decomposition. Identify & N he = gl,—1(C) & C & gl,(C) and
18



me = gl,_1(C) & C & gl,_1(C) naturally; then by gl,_; — gl,-branching rule ([5, The-
orem 8.1.1(p.350)]), the highest weight of W; such that WM # {0} is of the form
[a,0,---,0,—a]l ®[0]®[0,...,0] with a € N. The eigenvalue of Q¢ny on this W; is easily
calculated as 4a(a + ¢ —1). Hence Sey|WHM = —a(a +p—1). The argument so far shows
an eigenvalue of Sgy on V' belongs to {—a(a+ ¢ —1)|a € N}.

If A satisfies det(Sep + A(A+¢—1)) =0, then A\(A+¢ —1) = a(a+ ¢ — 1) with some
a € N. Hence A =a,1 — ¢ — a, in particular A € Z.

U

Since HK is a zero set of G with respect to the Haar measure, the form gogd) is regarded

as a measurable form on G/K.

Lemma 22. The measurable form gps on G/K is locally integrable.

Proof. Let {U,}nen be an open covering of H by relatively compact subsets. The sets
Gen = Uy exp([0,€]Yy) K, (e > 0,n € N) form an open covering of G by relatively compact
sets. Fix € > 0 and n € N. From the property (iv), there exists a constant C. > 0 such
that ||<pg (a;)]] < Ct=24=Y) (V¢ € [0, €]). Using this estimation and Lemma 2.3, we have

| 169@ldg = vol@) [ 6@ @l di < ool [ o2 (0.
Gen 0 0

Since t=24= V() = O(t), (|t| < €) by (2.4), the last integral is convergent. O

Proposition 23. Assume Re(s) > py. Then the (d,d)-current o\ on G/ K satisfies the
differential equation:

(A + 5" = p3) &P = B AT o
Proof. Let f € A.(G/K). Then
(.7)  ((A+ =)D« f) = (D, (A + 52— p2) * f)

:Am@@@m/m+ﬁ—£vwmﬁmwﬁ

Since f is of compact support, the integral f(g) fH (hg) dh (g € G) converges abso-
lutely and defines an H-invarinat function f¥ & C’OO(G/K 7)". Moreover, f — ffis a
Z(gc)-homomorphism from A.(G/K) to C*(G/K;7)". Here Z(gc) is the center of the
universal enveloping algebra of gc. By this remark and Proposition 14 , we have

l@@+¥—£vwmm=m+ﬁ—%vﬂw
= (D&~ ) (@)

for ¢t > 0. Use this formula to obtain the expression of the paring (5.7) in terms of f%

(5.8) (& + 5" =gl xf) = /0+00(90§d)(at)|(—®t +5% = pp) S (ar)) o(t) dt.
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Fix 0 < € < R and apply Lemma 15 with a(t) = gogd)(at) and ((t) = f%(a;). Then

(5.9) / (6D ()| (= Dy + 5> — 2) 1" (ar)) o(t) dt = R(e) — R(R)

since (=D, + 52 — p2)¢' (a;) = 0 (V¢ > 0) by the property (i) and Proposition 14. Here

(5.10) R(t) = —o(t) (el (a) | G (ar)) + o(t) (50l (ar) | f (ar)) }-
Let us compute the limit of R(e) as e — +0. By differentiation of (5.3), we have

L6900 = ~(g — )7 [Pofs,2) + D (o) Pals, )

h=1
N N
£ (5 2) > (log 2 + B)(log 2)' Pa(s, 2) + 3 2(log )5 2 (5, 2))
h=1 h=1
Since Py(s,z) = Aq_d(*VOIpﬁh) + O(z2), Pu(s,2) = O(1), %(572) = O(1) and % =

223 (1 — 2), we have the estimation

%gpgd)(a )= —2(q — l)zz 11+ 0(z {Aq (xvolynp) + O(2) + Z O(z(log z)h)}

+ Zlf'l{O(l) + Z O((log 2)") + ZO(Z%(IOgZ)h)}

=—-2(q — l)z%_qu_d(*volpmh) +0(z' " (log 2)™)
_ _2(q . ]_)t_2q+1Aq_d(*VOle]) —+ O(t2_2q(10g t)N)
for small ¢ > 0. Since %fH(at) is continuous at t = 0 and SOgd)(at) = O(t%7%2), o(t)

%th—l(l—i—O(t)) for small ¢, the first term of (5.10) is majorized by O(p(t)t729%2) = O(t).
Hence

(5.11) im 9R(e) = lim o(1) (¢ (a0) 1 (00)
= s (AT (ev0lyry) £ (€)).

Let us compute the limit of JR(R) as R — +o00. Since f is of compact support in
G and Hexp([0,R)Yy)K, (R > 0) is an open covering of G, there exists an Ry > 0
such that supp(f) C Hexp([0, Ro]Yp)K. Hence f"(a;) = 0(Vt > Rp). This yields
R(R) =0 (VR > Ry), especially

(5.12) lim R(R) = 0.

R—+o00

By (5.8), (5.9), (5.11), (5.12) and Lemma 3, we obtain
(0 + 5 = ey = 7y [ (AT (svolyop) ()

= FZ;ﬁ) <Aq7d5H/HmK, «f).
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5.2. Proof of Theorem 18.

5.2.1. Construction of a solution. By Proposition 14 and Lemma 12, finding a function

o\ with the properties (i) and (iii) is equivalent to finding the function ¢(t) = gogd)(at)

on t > 0 which takes its values in the vector space (/A pi)" and satisfies the ordinary
differential equation

(5.13) Did(t) = (s* — po)(1).

We search for a solution of (5.13) assuming the form

(5.14) o) =D ou(H) 6" (t>0).

with d + 1 unknown functions ¢,(t). By (3.10), the condition (iv) for (5.14) is equivalent
to requiring

(5.15) Jim g (1) = 1.

For the function (5.14) to meet the condition (v), we also have to require
(5.16) G (t) = O(e (Re()Frolty (t = +00).

By Lemma 13 and H N K-invariance of 6" (Lemma 5), the operators 7(Z(), Ses, 7(Qerp)
and 7(€y,) are all zero when applied to 0" By (4.3) and Proposition 11 (1), we have

S&qe,gd) = _TIT(QE)H,@ = —k(k+p— 1)9,@. Hence the equation (5.13) is simplified as

(5.17) {g—; + ((2p — 1)tanht + (2¢ — 1)cotht) 4 + dulntpol) 42 82} b (t) = 0.

cosh?t
Lemma 24. Let p,q, A, B,C € C and choose o« and (3 such that
(5.18) F+@-1)8+5 =0
(5.19) (a+B)(a+B+p+g—1)+<=0.

Then the ordinary differential equation

{g—; + ((2p — 1tanht 4 (2¢ — 1)cotht) 4 + (45 + B + (j)} f(t)=0

cosh?t sinh?t

for a unknown function f(t) on t > 0 is transformed to the Gaussian hypergeometric
equation

(5.20) CAL=QF(Q) +{c—(a+b+1)CHF'(C) —abF(¢) =0

with

(521)  (a+byabe) = (=20 —p+1,a>+ (p—1)a—24, —(p+q+2a+25-2)),

for the unknown function F(C) = (cosh?t)~*(sinh®t)=#f(t) on 0 < { < 1 by the change of
variable ¢ = —.

Proof. A direct computation. O
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Let us apply this lemma to our equation (5.17) taking A = 4k(k +p — 1), B =0 and
C = p} — s>. Then  =0,a = —%(po + s) satisfies (5.18) and (5.19). We can easily find

(a,b,c) = (S‘H’”Q'q_1 + K, s_p;’qH —K,s+1).

satisfies (5.21). The condition (5.16) is equivalent to the condition that F'(¢) = (cosht)**t7 ¢, (t)

should be bounded as ¢ — 0+ 0. The solution of (5.20) given by the hypergeometric
series

F(¢) = oFi(a,b;¢;¢) = ¢ (I¢) < 1)

L(ctn)n!

meets this requirement. Thus we have shown that the function
¢r(t) = C, (cosht) o), Fy (S42ta=l o sopbadl gy 1,
with constant C,, € C satisfies all the conditions we require except (5.15). For this function
. F(s+p+q*1 +H)F(Sfp+q+1 —kK)
to satisfy (5.15), the constant Cy has to be C, = ey by a formula
in [14, p.49]. This completes the proof that the function given by (5.1) satisfies all the
conditions in Theorem 18.

? cosh2 )

5.2.2. Uniquness. Let us prove the uniqueness of gogd) (s € D) satisfying the conditions

(i) to (v) in Theorem 18. For that, take another family n (s € DY) with the same
properties as ¢\, Fix s € C such that Re(s) > pp and consider the difference f;(g) =

oD(g) — v (g) (Vg € G — HK), which defines a (d, d)-current on G/K by Lemma 22
and satisfies the differential equation Af, = (p2 — s?) fs by Proposition 23. Since A is an
elliptic differential operator, f, is automatically real analytic on G/K.

Let 0 < € < R. Since D, fs(a;) = (p2 —5?) fs(ay) (Vt > 0) follows from A fs = (pi —s?) fs
by Proposition 14, Lemma 15 yields the identity

5.2 =) [ 1) P oty = 5(0) — ()
with
3(t) = Q(t){(fs(at)‘%fs(at)) - (%fs(at)‘fs(at))}-

Since f; is real analytic on G/K, the function ¢ — f(a;) is smooth on R. Noting this,
the limit of §(e) as e — 0+ 0 is easily computed as

(5.23) lim §(e) =

By (5.2), the function ¢ +— f,(a;) as well as its derivative 4 f,(a;) is majorized by
O(e~(Re()+r0)t) for large t. Hence F(R) = O(o(t)e Re()r0)t)y = O(e=Re(s)=p0)t) " wwhich
implies

(5.24) lim F(R) =

R—400
By (5.22), (5.23) and (5.24), we obtain

(2~ ) / a1 oyt = 0.
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This identity yields [," || fs(as)||? o(t)dt = 0 as long as s> ¢ R. Since the function
I fs(a)||?o(t) on t > 0 is continuous and non-negative, the vanishing of its integral im-
plies the vanishing of the function itself: ||fs(a;)|?0(t) = 0 (V¢ > 0). Noting o(t) >
0 (V¢ > 0), we consequently obtain f(a;) = 0 (V¢ > 0) under the assumption Re(s) > po,
s* ¢ R. By the decomposition G = H{a;|t > 0}K and by the equivariance f;(hgk) =
(k)™ fs(9) (V(h,k) € H x K), the value f,(g) has to be zero for all ¢ € G and for
all s such that s> ¢ R, Re(s) > py. Using the condition (ii), we finally conclude

ol (9) = n (9) (Vg € G — HK) for all s € DY by analytic continuation.

5.3. A finer form of small-time asymptotic. By the explicit formula (5.1), we obtain
a finer small-time asymptotic than (5.3).

Proposition 25. There ezists a unique family c,(s) (0 < a < g — 2) of tensors in
(A" p=)ENE syuch that the following properties hold.
(1) There ezist (\ )" K -valued holomorphic functions P(s,z) and Q(s,z) on D@ x
{|z] < 1} such that

(5.25)

= an(s)z_q+a+1 + P(s, z) + log 2 Q(s, 2), (s € D9 2 = tanh’t € (0,1)).
a=0

(2) We have cy(s) = Aq_d(*volpm,) and c,(s) satisfies the recurrence relation:

(5.26) da(q—a—1)cq(s Z{T () + (o — k) (p2 — 5%

—4(po—1)(¢g—rk —1)}ce(s), (0<a<qg—2).
(3) For a,r € N such that 0 < a < inf(r,q — 2),
(2L)" cals) = 0.
Proof. The formula (5.25) follows readily from our explicit formula (5.1) combined with
a property of the hypergeometric function [14, p.49].

The recurrence formula (5.26) is obtained first by substituting the expansion (5.25) to
the equation (5.4) and then by equating the coefficient of 2~ 7**"! in the left-hand side
with 0.

By (2), it is obvious that c,(s) (0 < o < ¢ — 2) is a polynomial function in s € C such
that c,(s) = co(—s) and degc,(s) = 2a. Hence c,(s) = b(s?) with some polynomial b(t)
of degree . Using the variable t = 52, we compute (524)" c,(s) = (—4)" b(t) = 0 to
see (3) is true.

U

5.4. A differential relation. The functions ¢, = ™" = Ap? and ¥, = ¢\? are of
particular importance in our investigation of the modular cycles arising from H. They
are related by the simple formula:

Theorem 26. Let s € D9, Then we have

65(155(9) = mws(g), g€ G- HK.
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In order to prove this, it suffices to show that 1, = 2¢/—1(s> — p2) 'dd¢p, has the
properties (i) to (v) for d = ¢ which characterizes the function s by Theorem 18.

The property (i) for v, is obvious by definition. The property (ii) is also obvious by
the explicit formula (5.1) and Proposition 16. The property (iii) for 1, follows from the
corresponding equation for ¢, because (}; is commutative with the operators 9, 0. The

large-time asymptotic of s(a;) is easy to prove by Proposition 16, because (5.2) shows
that any derivative %qﬁs(at) is majorized by O(e~(Re()+r0)t) for large ¢. It remains to
show

(5.27) lim 29" Y90¢,(a,) = M % VOlpnp.

t—+0

The rest of this subsection is devoted to the proof of (5.27).
From the equation Q4¢5(9) = (s> —p3)¢s(g9) (¢ € G— HK) and Proposition 14, we have

420(t) = —((2p — 1)tanht + (2g — 1)cotht) £ 6(t) + =20(1) + (s* — pp)(t)

with ¢(t) = ¢s(a;). Using this, we can eliminate the second derivative ¢”(¢) in the formula
€:4(t) in Proposition 16 to obtain

90¢s(a;) = {—1((2p — 1)tanht + (2q — 1)cotht) e(wo A @) + l(Atanht + Beotht) } ¢'(¢)
+ {dwen, e(wo A o) } B(1):
By the coordinate z = tanh?¢, this becomes
00¢s(a) = (1 — 2) { 5((2p — 1)z + 2¢ — 1) e(wo A @) + (A2 + B)} )
+ {(1 — 2) e(wo A @0)Seq + P_Ps 2+ R_Ry 2 +C + 228 e(wp A wg)} ().

Using this and (5.25), we can compute the first two terms of the singular part of 00¢,(a;)
in the z-expansion, which is of the form

q
(5.28) 00¢(ar) = 221 4 Py (s, 2) + (log 2) Pa(s, 2)

i=1

with some polynomial functions a;(s) and some holomorphic functions Py (s, z), Pa(s, 2).
We are interested in ag(s) and a;(s). A short computation yields

a(s) = {—(¢— 1) (-5~ e(wo Ado) + B) + R_R} cols)

a|(s) = { (g—1) (=22 e(wg Awo) +A) + (¢ — 1) (— 2L e(wp A wo) + B)
+ e(wo A D) Seq+C + = po e(wo /\wg)} co(s)

JERR 4 (a-2) (=25 e(wo A o) + B) } ea(s), (¢>2)
{252 e(wo A @) + B} Q(s,0), (¢ =2).
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By (5.26), we have
(¢ —1Dleco(s) = 731)_1 - (QYI (wp1 A @p1 + nq)q_la
(-a-Dal) = {5+ @D - Vs + Sl @>2)
Q(s,0) = #%’P + StaVops (¢=2)

. o qg—1 -
with 7q = Zj:l Wpj+1 N\ Wpj+1-

Lemma 27.
2q2 241wy A wp) B} *yg;l ={(q — D)wp1 Awp1 — g} A ,ng—l =0.
Proof. Since vy, is H N K-invariant, Ry}, 1 = 0. Hence we have
{ZQTe(wo A &) B} 71)1)
{(a = Dwpt Ay — g} Ay

e
)
(21)

{(g = VDwpr Ay — 77q} A (Wpr A &y + nq)qil

,_. ,_.

»Q

1
{(g = Dwpr Ay = ng} A {07 + (@ = Dewpa A@p Ay}

O

Since ¢y(s) and c¢;(s) are H N K-invariant (Proposition 25), Ricy(s) = Rici(s) = 0.
Therefore, by Lemma 27, ag(s) = 0.
By (4.5), (4.6), (4.7) and Lemma 27, we have

2 _
Pe(wy A G)O)} o !

(g—Dlay(s) = {—(q — 1) (=2 e(wo A @) + A) + e(wy A D9)Seq
+{- q Le(wo A W) —i—B}Sg,qug;l
(5.20)
= (¢ =D {(p— De(wpr A@p1) + e(@p)P- — e(wpl)P+ - 6(77'))}73;1
+ {e(wp1 A @p1)Seq + €(wp1) Py + R_P} ’ypp

{0~ D A sy + b AL (23R 40— Do — 1) 5" + ey )

+ 52;”36(%1 A @1 )"

= (¢ =D {(p = Dewp Awp) + e(wp)P- - 6(%1)7’ —e(m)} v,
+ {e(wp1 A Wp1)Seq + €(wp1)Py + R_P} fypp
+{—=(g = Dwpr Awpr + 19} A S?,pr

s>~ pg - -1
q
4 6( pl A pl)f)/pp )

using Lemma 27 to have the third equality.
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Lemma 28. Set B = ZZ L Vi N\ Vip- Then

- g—1 _
e(wpt AWp1) Vpp = q\/—_ﬂpp’
p—1

Pt =(a=1)) wn A Ay s

=1

,P+’ng q - 1 szl A ’77,11 7

p—1
R_PAyLt=(qg—1) {\/L__lB/\ngp2_ZWPIA@i1A7ipA73p2}7

=1
Se,q%?ipl:(q—l){ D)7y +Z%zAvpp q—2)B/\7§p3},
p—1
18eant = —wpt A@p A Sty — (P — Dy + D> _ i A+ (@ — 1)B A,
=1

p—1
- (Z wit N\ @n) At (p = Dwpr At Ay
i=1

p—1 p—1
+(¢— 1)@y A (Z wit A fypi) A2 = (g — Lwpr A (Z i1 A W,) vi2.

i=1 i=1
Proof. A direct computation with the aid of Lemma 6. O

By this lemma, a direct computation yields the identity
(=1 {(p—1e (wpl N “jpl) + e(wpl)P— - (wpl)P-lr - 6(%)}73;1
+ {e(wp1 A u)pl)Sg q + €(wp1)73+ +R_ P+} prp
+ {_(q - l)wpl N Wy + 77q} N Sé,qupp
— g1

q
- q SE,q nq )

which simplifies (5.29) considerably:

2_ 2
(g = Dlai(s) = T Seant + 52 e(wpr A wpr) vy
_ 5°=pp
Qq\ﬁo Tpp
= Z\;_ifl’ (g — 1)! = volyn,
where the second equality follows from 7§ = 0 combined with the first formula in Lemma 28
and the third equality follows from Lemma 7. Summing up, we obtain

ao(s) =0, ay(s) = L) oyl

This, combined with (5.28), implies the desired limit (5.27). As explained at the begining

of this subsection, this completes the proof of Theorem 26.
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6. POINCARE SERIES

Let T' be a discrete torsion free subgroup of G such that the quotient spaces I'\G
and I' N H\H have finite invariant volumes. For simplicity we set 'y = I' " H and
Ky = HN K. Since I' is torsion free, the Kahler manifold structures on the discrete
quotients I'y\H/Ky and I'\G/K are entailed from those on their universal coverings
H/Kpy and G/K. Moreover, I'H is a closed subset of G and the inclusion TNH\H — I'\G
has the closed image.

6.1. Currents defined by Poincaré series. Let gogd) (s € D9) be the secondary spheri-
cal function of bidegree (d, d) constructed in Theorem 18. For r € N, we define an auxilialy

function gog',i) by
P Dg) =% (L) o W(g), (s€DY, geG-HK).

r! \ 2s ds s

Let us consider the Poincaré series

(6.1) oW (g) =" N oW (yg)

y€T\T

for (s, g) belonging to the set {s € C|Re(s) > po} x (G — 'HK), where the series is
L'-convergent as the next theorem shows. Note Re(s) > pp is contained in the domain
D@,

Proposition 29. Suppose Re(s) > py. Then

/ S 16(g)]] dg < +oo.
I\G

yelg\l'

In particular, the measureable function (9) on T\G/K is integrable.

Proof. By the integration formula (2.3), the integral in question equals

+0o0
/ 1o (g)]| dg = / dh / n / 16 (hark)]| o).
I'u\G Ty\H K 0

Since p\? (hgk) = 7(k)" ¢\ (¢) (V(h, k) € H x K), and since 7 is unitary, the integral
over I'y\ H yields the factor vol(I'y\ H), which is finite by assumption, and the integral
over K yields the factor 1. To complete the proof, it sufices to show that the convergence
of the integral [;" [|pl% (a;) o(t) dt.

By applying the differential operator (;—;%)’" to the formula (5.25), noting Proposi-
tion 25 (3), we obtain the estimation ||o{?(a,)|| = O(t=20+>+2) on (0,1]. Hence the
function ||¢{% (a,)|| is majorized by O(o(t)t=24+2+2) = O(t2+1) on (0, 1], especially inte-
grable there.

By applying (512)" to the formula (5.2), we easily see that gpg‘?(at) is still majorized
by O(e~(Re()+r0)t) on the interval [1,+00). Hence ||\ (a;)||o(t) = O(e~Re(=)=ro)t) \which
implies the convergence of the improper integral over [1,4+00) when Re(s) > py. This

completes the proof. O
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Therefore the measurable (d, d)-form o\ on ['\G/K yields a current, denoted by the

same notation <1>§f?, by the integration:

Whar= [ ana (e e AMG/H).

6.2. Poisson equation. Let CL : 'y\H/Ky — I'\G/K be the holomorphic map ob-
tained from the inclusion H/Ky < G/K by passing to the discrete quotients. Then C}
is generically one to one and its image is a closed complex analytic subset of '\G /K. The
integration

(bep ) = / eChye e AMG/K)

defines a (g, ¢)-current on I'\G/K.
Lemma 30. For a € A.(I'\G/K), we have

(AT 5o xa) = / (AT (xvolyny) [\ (€)) dh,

Tp\H
where
TV () — / o(h) dh.
Tp\H
Proof. This is proved by a similar way to Lemma 3. See also [27, Proposition 6.1]. O

Sometimes we use the simpler notation C for C,. Our currents <1>§‘f,? satisfy the gener-

alized Poisson equation:

Proposition 31.
(& + 5% = R 10 = —4p145,

N

for Re(s) > py, r € N.

Proof. The proof is similar to the local counterpart Proposition 23. For a € A.(I'\G/K),
set I, (c) = (A + s% — p2) 10 «a). Then it suffices to prove I, (o) = I,_1(e) (Vr > 1)
and Iy(a) = (—4A7 45¢, xa). We have

I(a) = (@), (A + 5" = p§) ' x @)
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Since the support of the function « is compact modulo I" and since 'y \ H is closed in T'\G,
the integral a7\ (g) converges absolutely and defines a function o "\ € C>*(G/K;1)".
The map o — o\ is a Z(gc)-homomorphism from A.(T'\G/K) to C*(G/K;7)". By
this remark and Proposition 14, we have this expression of I,(«) in terms of the integral
o\

(6.3) o) = 22 D @ o (1) olt)dt

with f,(t) = (=D, + 5 — p2)"a"#\(a,). Fix 0 < ¢ < R. Then by Lemma 15, we have
R
(6.4 [ @l ®) et

— R(e) — R(R) + / (=i + 8% — )@ (an)| (1)) alt)dt

with
R(t) = o(t){— (ear(a)| /(1)) + (Foar(a)lfr() }-

Let us compute the limit of 2R(¢) as € — 0+0. As we noticed in the proof of Proposition 29,
we have the estimations o(t)@\% (a;) = O(o(t)t=24+2+2) = O(t*+') and Q(?ﬁ)%(pg?(at) =
O(t?") for small ¢ > 0. Since f.(¢) is continuous, we have f.(t) = O(1). Hence if r > 0,
then J(t) = O(t) for small ¢ > 0, which implies lim o9 (¢) = 0. When r = 0, we
compute the limit exactly the same way as in the proof of Proposition 23. Summing up,
we obtain

(6.5) lim M(e) = =22 (AT (xvolyng)| £6(0)) 6.0.

€040 [(g—1)
Let us compute the limit of R(R) as R — +oo. As we have seen in the proof of Propo-

sition 29, the estimation Q(t)gp,(ffs (a;) = O(e~(Re(s)=p0)t) holds for large ¢. Since f.(t) is
bounded on t > 0, we have

(6.6) Jim R(R) = 0.

By the formula [s%, L(514)7] = (rjl)!(’—;d%)’"_l, we have

(6.7)  (=Di+ 5> — p)psrlae) = L (L) (=D + 5% — )l (ar) + 0\ ()
= ng,ir—l ar)

using (=D, + 5% — p2) o' (a;) = 0 (V¢ > 0). Hence taking the limit as e — 0+0, R — +00
of (6.4) and using (6.5), (6.6) and (6.7), from (6.3), we obtain

I () = —4(AT(xv0lyy) | fo(0)) 0 + L / oo((—17:: + 5" = )l (a) £+ (1) e(t)dt

0
“+00
= —4(A(xvolyg) " () 89 + T /0 (PS0_1(an)| £:(8) o(t)t

= (—4AT Y (xvolpny ), *@) 6.0 + I, 1 ().

Note the last equality is by Lemma 30. O
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6.3. Spectral expansion of Poincaré series. In order to obtain meromorphic contin-
uation of the function s — <I>§ff3 beyond the convergence region Re(s) > py, we want to
use L?-theory, i.e., spectral decomposition of the Laplace-Beltrami operator acting on the

Hilbert space of square integrable (d, d)-forms. Unfortunately, the form (ID% is not square-

integrable, even when I'\G is compact. This difficulty is circumvented by considering @2?2

with large r, similarly to [7].
Proposition 32. Let r > q — 1. Suppose one of the conditions (a) and (b) is satisfied:
(a) I\G is compact, and Re(s) > po.
(b) G has a Q-structure with respect to which the involution o is Q-rational and T is
arithmetic, and Re(s) > po(3 —2p~1).
Then the measurable (d,d)-form o on I\G/K is L**¢ for some ¢ > 0.

Proof. From Proposition 25 (3), the term Y972 ¢, (s)2~9+ ! in the formula (5.25) is an-
nihilated by (52-4)"if r > ¢—1. Hence wgg(at) = P, (s, tanh’t )+log(tanh2t) Q, (s, tanh?t)

for small ¢ > 0 Wlth Pr(s,2) = Z(Z2 L) P(s, z) and Q. (s,2) = (52 4)"Q(s, 2). For large

t > 0, the estimation gps,«( 1) = O(e~Re()H+m)ty holds as we notlced in Proposition 29.
Using these estimation of gogd,?( ¢), we can argue exactly the same way as [21, Section 5]
to have the conclusion. O

Remark: Since vol(T'\G) < +oo, L?*¢ implies L? for a function on T'\G by Holder’s
inequality.

Let A'(ié')i(F\G/K) be the completion of the space A%¢(I'\G/K) by the inner product

(alB) = / e

From now on we further assume that T is a uniform lattice, i.e., the manifold T\G/K is
compact. Then the Hodge Laplacian A with the domain A%¢(I'\G/K) is essentially self-

adjoint operator on the Hilbert space A‘(ié')i(F\G/K). The domain of A, the minimal closed
extension of A, consists of all « € Ad’d(F\G/K) such that the distribution A« belongs
to Add(F\G/K) There exists an orthonormal basis {a;, }nen of Add(F\G/K) consisting

of elgenvectors of A; let {\,} be the corresponding system of elgenvalues Ay, = Aoy
Note «,,’s are C'*°- forms and \,’s are non-negative real numbers because the differential
operator A is positive, formally self-adjoint and elliptic.

Theorem 33. Let r > g — 1 and Re(s) > py. Then

2 4N, xan,)

(d (o) n

O = Z (An + 52 — p2)r L On
—0

is the spectral expansion of ®% € A'(ié')i(F\G/K).

Proof. Since T\G/K is compact by assumption and since ®{%) € A2 (I'\G/K) by Proposi-

tion 32, we have &% = Zn<<1>gd,2 |aiy) v, in a weak sense. By Theorem 31, we can evaluate

the coefficeint of a,, concretely :((Pg‘,iﬂan) = —4{\N145¢, xary,). O
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The spectral expansion immediately yields a meromorphic continuation of @g’? if r >
q — 1. After a bit more argument, we can remove the restriction on r.

Theorem 34. Let r € N and 3 € A('\G/K). The function s <@gd,2|ﬂ) has a mero-
morphic continuation to the whole complex plane C. A point so € C with Re(sg) > 0 is

a pole of <<I>gd,2|ﬁ> if and only if there exists an index n € N such that (AN7~40¢, xa,) # 0,
{ay|B) # 0 and s3 — p2 = —\,. The function

4<Aqid(50 *Q >
(I)(d ) n
< s,r|ﬂ> + Z ()‘n + 82 _ pg)r—l—l

neN
)\n:p%—sg

(| B)

s holomorphic at s = sog. We have the functional equation <1>§‘f2 = <I>(_dz,r.

Proof. Suppose first r > ¢ — 1 and fix a point sy € C such that Re(sq) > po. Given a
reralively compact open set U disjoint from the discrete set S = {s € C| s> = p2—\, (In €
N)}, there exists a constant Cyy > 0 such that |\, — p3 + s3] < Cy|\, — p2 + %[ (Vn €
N, Vs € U). Using this and the Parseval equality, we obtain
d 2 d 2
D sup RIS ol 8)] < OOV IBIP D R
nen * neN

= CpVBIP 1@4, I < +oo.

I
S0,T
This shows that the series
— 4N 450 a
(@16 = D Grarsr (aulB)

converges absolutely and uniformly on arbitrary compact set disjoint from S, providing a
meromorphic analytic continuation of ((1>ng| () to the whole C. The remaining assertions
are also obvious from this formula.

We use a downward-induction to establish the theorem for r, assuming it holds for
r+ 1. Fix § € A(I'\G/K). Then there exists a meromorphic function F,(s) on C

g—d JkQip,

such that £ (s) = (@{0,1]8) (Re(s) > po) and Fria(s) + 3 nep |, o rr ozt (om]5)

An= po
is holomorphic at s = sy for each sy € C. This implies the re51due of sF.1(s) at its

arbitrary pole is zero, which guarantees that the integral

(6.8) Fo(s)==2(r+1) [ CFra(C)d¢+ (29, 15)

L

is independent of the choice of the path L, connecting so and sin C—S. Since (r+1 . ds( Py |B>
F,11(s) on Re(s) > py, the function F,(s) defined by (6.8) establishes a meromorphic an-
alytic continuation of (®{%|8) (Re(s) > po) to the whole C. All the assertions except
the functional eqaution F,(s) = F,(—s) are obvious from (6.8). It remains to prove the
functional equation. By induction-assumption, F,,(s) = F,;1(—s) holds. Therefore,

i (Fr(s) = Fr(=s)) = F{(s) + Fi(=s) = =2(r + D)s{Fr11(s) = Fra(=5)} = 0.
This implies the difference F,(s) — F,(—s) is a constant, which should be zero since
F,.(s) — F.(—s) is an odd function of s. Hence F.(s) = F,.(—s) as desired.

U
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7. AUTOMORPHIC POINCARE DUAL FORM AND (GREEN CURRENT
Set Gy (s) = <I>§‘f[;” and Uk (s) = @g‘f()).
Theorem 35. The equations
(8 + 5 = ) Gl (5) = ~4A3gy,
(D + 5% — () Why(s) = 460z
(7.1) ded G(s) + (s* = p) Uiy (s) = 4dcr,

Va)

hold for s outside the poles of G%(s) and WY (s).

Proof. Since the first two equation is already proved in Theorem 31, it sufficies to show
the third equation (7.1). Let a € A.(I'\G/K). Then similarly to the computation (6.2),

(7.2) (3dcd Gy (s), xa) = 2\}51(65 G (5), xa)
= L(GY(5),00 @)
= 7‘27_1<G1;{(s), x0*0*ar)

= =R / " olt) (6(a)] (070"0) ™\ ()

= ~V"Irla-1) / " 0lt) (64(a)| (30 @7V (@) dit

= ) / " oft) (85(a0) €] {77V (ap)}) .

Here we use Lemma 16 to obtain the last equality. Fix 0 < € < R. Then by Lemma 17,
using Theorem 26 and Proposition 16, we have

1) [ (oualeire) o)t = —S(R) + 6(0) + L= [ (el (1) oty

with f(t) = a"#\(a;) (Vt > 0) and
(7.4)
(1) = ZE{(e(wo A @o) fds(ar)| f(£)) — (e(wo A @o)s(ar)| f'(1))
+ tanht ((24 — (2p — 1)e(wo A wo))ds(ar)| f(t)) + cotht ((2B — (2¢ — 1)e(wo A wo)) s (ar)| f(2)) }-
We have

S(t

= T{ e(wo A @) % py(ar)|f(t)) + cotht (2B — (2q — 1)e(wo A @o))ds(ar)|f(£)} + O(tlogt)
13 = ({—2(q — 1)e(wo A @o) A(xvolyng) + (2B — (2¢ — 1)e(wy A @o))A(xvolyng) } | £(0)) + O(tlogt)
G 0)A

”q e(wo A @) A(xvolyng) | £(0)) + O(tlogt),
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since (2B — (2¢ — 1)e(wo A @p))A(xvolyny) = 0 by Lemma 27 and Lemma 7. Therefore, we
obtain

(7.5) lim &(€) = w2 (e(wo A @o)A(xvolyny) | £(0))

=040 I'(¢—-1)
= F(q—’iql) (e(wo A @) 7= 1 A1 £(0)
=t vera Ol f(0)
= ety (+volyey | £(0))

by the first formula in Lemma 28 and Lemma 7. Since f(t) is bounded,
(7.6) lim G&(R) =

R—+o00
is proved similarly to corresponding part in the proof of Proposition 31. From (7.2), (7.3),
(7.5) and (7.6),

(1d.d Gy (s), ¥a) = (+volyy| £(0)) — AT / " (ulanl £(2)) olt)dt
— (5¢, xa) — SZL(WY (s), *a).

Here the last equality follows from Lemma 30 and by a similar computation we did to
prove (6.2). This completes the proof. O

Since G%(s) and WY, (s) are meromorphic on C with at most simple poles at s = py, we
can consider the constant term and the residue of their Laurent expansion:

gll; = iCTs:poGII;(S)v \IIIF‘I = %0 Ress:pollf%(S).
Theorem 36. We have
AGy=—Acr, AUE=0, ddGy+ Ty =dcr.

Proof. The first equation is obtained by comparing the constant terms of the Laurent
expansion at s = py in both sides of the first equation of Theorem 35. The last equation
is justified by the equation (7.1) in the same way. The second equation is proved by taking
the residue at s = py of the second equation of Theorem 35. O

Remarkl: By the Hodge theory for compact Kahler manifolds, the fundamental class of
the cycle C} has a unique harmonic representative in A%Y(T'\G/K) called the Poincaré
dual form of C%,. Our result tells an explicit way how to construct that harmonic form.
Indeed, the second equation in Theorem 36 shows the (g, ¢)-form W% is harmonic and
the third one means W', is cohomologus to the current 505. Therefore, U), meets the
requirments of the Poincaré dual form.

Remark2: Theorem 36 also tells that (¢ — 1, ¢ — 1)-current G}, is a Green current for the
cycle C; in the sense of Gillet-Soulé [4]. Though there are many Green currents for C,
our construction fixes a choice, whose dependance on T is tractable. Another advantage

of our choice GY; is that the form W is harmonic.
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8. SOME GLOBAL CONSEQUENCE ON CYCLE GEOMETRY

Along the K-module decomposition (3.7), the current Uk (s) is decomposed as
q
= W (s), Uy (s) € C®((G— HK)/K; V)"

Each component function ¥y (s) is also meromorphic in s € C and the Poincaré dual
form Wy is a sum of forms Wy = 2Res,_,, U (s) (0 < & < ¢), each of which is also
harmonic. Moreover \I!ELq is primitive, i.e., A\I!ELq = (. The aim of this section is to study
these forms ‘1121,,ﬁ by using the knowledge on the (gc¢, K)-module they generates in the

space of L2-automorphic forms.

The form Wy, is fairly easy to deal with.

Proposition 37. We have

r _ volCy\H/Ku) n(a)
Vo = Ovol(I;‘\G/Kf O

In particular, Wy, # 0.

Proof. Since 8% is a K-fixed tensor, it is obvious from the construction that U o(sig) =
3°(g) 0%, where

®(g) =1L > W(yg), Re(s) > po

’YEFH\F

with ¢? € C*°((G — HK)/K), a scalar valued function, such that ©%(a;) = Fy(s;t) (Vt >
0). Set f(g9) = Res,_,,®%(g). Then f € L*(P\G/K) and Wl , = 2f(g)6\". From
AWY . = 0, the function f(g) should be a harmonic function of the compact Riemanian
manifold I'\G/K. Hence f(g) has to be a constant, say C. To determine this constant
C, we compute the integral

— 0 — 1 I'(g—1) 0
T /F\G ®,(9) dg = Gimmmy o /F e (9)dg
+o00
1D [ s oty
0

+P0 s—PQ

+00
— 2 I( (= +l1)/ (Sinht)2q—1(Cosht)—(8+po—2p+1)
0

q—1 (5+1) (¢—1)

X o F} (5“’0 4 gs+ 1 )dt

’ cosh2

s+eo

s—ro !
_ 2 I zo*‘l)%/ (1—2)71t _O_QFI( £o B0 4 gis 4 1;2) dz
0

g=1  T(s+1)I'(¢—1)

(1 T3P0 4q) D(s+1)I'(*52)I'(q)
T o=l T(s+D(g—1) (L0 4 q)r(SLo 4 1)r(2HP0 41)
_ Fo)r(H0)
r(32Lo pnyr(itee 1)
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Here we use the integration formula (2.3) to have the second equality, make a change of
variable z = ﬁ to obtain the fourth equality and use the formula [8, 7-512,3(p.806)] to
prove the fifth equality when Re(s) is sufficiently large. Taking the residue at s = py, we
have

vol(T'sr\ H) PCFOCCT?) o T(eo)
Vol(FH\G C' = Ress—p, (=20 2”02+1)F(@+1) T TT(po+1)”
Hence ¥}, = 2C ) = %96@ as desired. O

To investigate the other components \If%ﬁ (1 < Kk < q), we recall basic facts about
cohomological unitary representations (Vogan-Zuckerman [29], Wong [31], Vogan [30]).

Let T (= U(1)?*?) be the compact Cartan subgroup of G formed by all the diagonal
matrices in G. For a te-root € tf, let ge(t; 3) = {X € g¢|[Z,X]| = B(2)X (VZ €
t)} be the corresponding root space in gc. Note a t-root [ is real valued on /—1t.
For Hy € /—1t, let q(H,) be the f-stable parabolic subalgebra of g with Levi part
[(Hy) = {X € gc|[Ho, X] = 0}, and whose radical u(H,) is the sum of those root spaces
gc(t; ) such that B(Hy) > 0. The @-stable parabolic subalgebra q = q(H,) determines a
unitarizable irreducible (gc, K)-module A, with non trivial cohomology H*(gc, K; A4) #
0; A4 is characterized as a unique irreducible unitarizable (gc, K)-module with the two
properties: (1) A, contains the K-type of highest weight A(q) = 2p(u(Hp) N pc), the sum
of those T-roots [ occuring in u(Hy) N pc; (2) Q4 acts by 0 ([29, Proposition 6.1]).

About the intermediate forms ¥}, (1 < & < ¢ — 1), we have the vanishing theorem.
Proposition 38. For 0 < k < ¢, we have ¥, = 0.

Proof. On the contrary, suppose that \If%ﬁ # 0 with 0 < k < ¢q. Let V be the closed
G-submodule of L?(T'\G) generated by the coefficient functions ¥y (v;9) = (¥} .(9)|v)

with v € V{?; by assumption V # {0}. Since I'\G is compact, the unitary representation
L*(T'\G) is discretely decomposable, a fortiori its closed submodule V is. In particular,
V has an irreducible closed subspace H # {0}. By definition of V, there exists a v € V,.;(q)
such that the orthogonal projection of \IJI;LK(U) to H is nonzero. Let 7, be the irreducible
K-module with the highest weight x(e; — €,). Then 7, occurs not only in A" p& by
Proposition 11 but also in the K-module H. Moreover, since AWY, = 0, the Casimir
element 2, annihilates the space 3. Hence H??(gc, K; H) = HomK(/\q’q pe, H) # {0} ([1,
Proposition 3.1(p.52)]). Then by [29, Theorem 4.1], there exists an element Hy € v/—1t
such that the (g, K¢)-module Hg is isomorphic to A, with q = q(Hp). Set u = u(Hp)
for simplicity. Since T-weight A(q) is the highest weight of the unique K-type shared
by Ap&(=2 Apc) and A, ([30, Cororally 5.3, Theorem 5.6]), and since 7, occurs both in
A" pt and in Hy = A;, we must have A\(q) = k(€1 — €p)-

Let X be the set of eigenvalues of 7(H,) acting on /\ p¢. Since both A(q) and ¢(e; —€,)
are T-weights of A pg, the numbers (A(q), Hy) and (¢(e; — €,), Hp) belong to the set X.

If the space uN pc were zero, then H'(ge, K; Aq) # 0, which yields A, = C, a con-
tradiction. This shows u N pc # {0}, which in turn implies (A(q), Hy) > 0, because the

number (A(q), Hp) is the maximal element of the set X ([30, Proposition 5.2]). We have
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the inequality
0< <)\(q), H[)> =K <€1 — Ep,H0> <q <€1 — €p, H0>,

which contradicts the maximality of the number (A(q), Hy) in X mentioned above. [

The remaining is the primitive form \I!I;Lq, which can be regarded as the essential in-
gradedient of the Poincaré dual form.

Lemma 39. The secondary spherical function s = gogq) has a simple pole at s = py with

Y = Ress=p,¥s such that

(8.1) Vi (ar) = 2500 B (cosht) 70 610, (V1 > 0).

The (q,q)-current ¢y is a harmonic form belonging to the space A% (G/K)". The co-

efficient functions g — (Yu(g)|v) (v € Vq(Q)) belong to L*(H\G) and together with their
right U(gc) translates span a (gc, K)-submodule m, of L*(H\G) isomorphic to Ag,, with

qip = d(q(er — €p)).

Proof. The formula (8.1) follows directly from (5.1) by taking the residue. The formula
(8.1) shows first that the singularity of ¢; along HK vanishes in the level of the residue
Yy, second that the K-type of ¢y is q(e; — €,) (see Proposition 11). Moreover, from
the equation in Proposition 23, ¥y € A% (G/K)" is harmonic, i.e., Ay = 0. By a
direct computation using the integration formula (2.3), we can easily confirm that ¢y is
square-integrable on H\G. From these properties, by the characterization of Ay,  recalled
above, we conclude that 7, is Ag, -isotypic. Irreducibility of 7, follows from [28, Lemma

5.3] since the K-module V,? is irreducible. O

Proposition 40. Our global construction \If%’q, if non-zero, yields an automorphic real-
ization of Agq,, in the sapce of L*-automorphic forms L?(T\G).

Proof. The U(gc) translates of the coefficient functions of U};  spans a (gc, K)-submodule
IT of L*(T'\G); II contains the K-type 7, and is annihilated by €. Use the characterization
of Ag,, and [28, Lemma 5.3] to conclude IT = A, . O

It is a subtle and difficult arithmetic problem to find whether the primitive form \Il%,q
is zero or not.

For analogous non-vanishing statement of the Poincaré series constructed from an ordi-
nary spherical function with regular spectral parameter (for small T') is found in Oshima
[22] and Tong-Wang [28].

9. REMARKS AND FURTHER OBSERVATIONS

e Let us discuss the case when G = U(2,2), K = U(2)xU(2) and H = U(1,2)xU(1) in
some detail. Since the complex dimension of the associated symmetric space G/ K is
4, the fundamental class of the cycle Cl; is in the cohomology group H*(I'\G/K; C) of
middle degree 4. Tt is known that a non-trivial (gc, K')-modules contributing degree

4 cohomology group is a member of the discrete series representations with the same
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infinitesimal character as C. By the classification, there exist 6 such representaions
m(A), labeled by the Harish-Chandra parameters A = A, (j € {1,2,3,4,5,6}):

_ (3 1 -1 =3 _ (3 =1 1 3 3 -3 1 -1
M=0355%), A= (3,53:3) A=03.253),
_ (1 -1 3 -3 _ (1 -3 31 _ (=1 -3 3 1
A4_(2727272)7 As (2727272)7 Ag (2727272)

The highest weight of the minimal K-type of the representaiotn 7(A) is given by
AL +1/2, 0 —1/2] @ [As — 1/2, A4 + 1/2] if A = (A1, A2, A3, Ay). The representation
Ag,, defined in the last section is m(A3), which is one of two ‘middle discrete series
representations ' m(A3) and 7(A4) contributing the (2,2) Hodge component of the
cohomology group.

The K-type decomposition of ¥}, in this case is

Uy = 7‘]0\1,5)111(?%;%{) T (wp + 951 + 7% + 2912 A1) + Uiy

If the primitive form W}, , is nonzero, it generates a middle discrete series 7(A3) in
L*(T\G). In order to investigate this form, the detailed knowledge about various
spherical functions on U(2,2) ([6], [10]) should be basic.

Though our global results after Proposition 23 in this paper are stated under the
assumption that I'\G is compact, the same statements (except a proper modification
of the functional equation of <1>§d2) should be true for arithmetic non-uniform lattices
['. But the situation is technically more sophisticated.

Finally, we should say a few words about existing works related to the theme of this
article.

When the complex codimension of H/HNK in G/K is one, the modular construc-
tion of Green current of C}; is obtained in [21] by the same way as explained here.
If G/K and H/H N K are type IV symmetric domains and if T" is a discriminant
group of some rational quadratic form, Bruiner [2] constructed a Green function for a
‘Heegner divisor’ (which is a member of the divisor class group of I'\G//K expressed
as a linear combination of C}; for various H;'s defined over Q) by a ‘regularized
theta lifting’. It turnes out the Green function in [2] is built from the one in [21]
according to the formation of the relevant Heegner divisor.

Based on a work of Oshima-Matsuki, Tong-Wang [28] provides a fairly general
and simple method to construct an automorphic realization of a discrete series of
a symmetric space, which yields a modular construction of the Poincaré dual form
associated with a cohomology class defined by the symmetric subgroup in a coho-
mology group with coefficients in a local system. For analytical reasons, they need to
assume that the coefficient system should be sufficiently regular. This requirment is
related to the L'-condition of the discrete series, which is indispensable to guarantee
the convergence of the Poincaré series they use. This is a serious technical limitation
to obtain the Poincaré dual forms in the cohomology with constant coefficient.

To be more concrete, let us pick the representaion A, defined above as an exam-
ple. It is easy to see that Ag,  is not integrable; so one can not expect the convergence
of the Poincaré series ‘Y- . \p ¢¥n(7g)" used in [28]. Though the secondary spheri-
cal function ¢, has a singularity, it is good enough to assure the convergence of the
Poincaré series U,(g) = >_ ., \p ¥s(79) for large Re(s). We can recover the object
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‘ZVeFH\F Y (vg)’ properly by taking the residue at s = p + ¢ — 1 after the mero-
morphic continuation of the series W,. This regularization procedure reminds us of
the ‘Hecke’s trick’ which is used to obtain an Eisenstein series with low weight in
the classical theory of elliptic modular forms ([32]). In this analogy, the construction
of the automorphic Green current G} can be regarded as a kind of the second limit
formula of Kronecker ([32]).

10. RETROSPECT FOR THE INTRODUCTION OF AN OLD PAPER [17]

Three decades ago Professor Hirzebruch gave a good advice to the senior author of this
paper to write the introduction of [17] more carefully in a less sophisticated terminology,
though the thoughtless youth did not follow it. Now he wants to amend this silly mistake
by adding some lines to the introduction in question, because his claim that he proved the
Hirzebruch-Zagier conjecture for the Hirzebruch-Zagier kernel as a special application of
[17] did not seem to be understood by the readers. Also since [17] has been a prototype
of the subsequent studies of the senior author including both the former paper [21] and
the present one in the same series, this extra section may be justified to exist.

In [17] we start with an integral quadratic form @ on a lattice L in R*™ with signature
(24, ¢—). Let G be the identity component of the real orthogonal group SO(Q;R) of @
over R with a fixed maximal compact subgroup K. Then X = G /K, which is isomorphic
to the symmetric space SOy(2,q)/SO(2) x SO(q), is a hermitian symmetric domain of
BD type with complex dimension ¢. Let N be the level of () in the sense of Hecke and let
['; be the unit group of ) which is a discrete arithmetic subgroup of GG, that acts on X
properly discontinuously. We can define the canonical automorphy factor associated with
the standard characters of the center SO(2) of K = SO(2) x SO(q). Thus we can define
the space Si(X;T';) of holomorphic cusp forms of weight k£ € Z on X with respect to I';.

For simplicity we assume that ¢ is even from now on. Let &y_(;_9)/2(I'o(N, x) be the
space of elliptic cusp forms of weight k—(¢—2)/2 and of level N with a quadratic character
x associated with the discriminant of (). Then the main construction of [17] is a pair of
linear maps between the spaces of cusp forms

Sk (g-2)72(Lo(N), x) % Se(X;T).

Here the point is the two maps j and P defined by the theta series # of () with spherical
functions as integral kernels, which are sometimes called theta correspondence etc., are
mutually adjoint with repect to the Petersson inner metrics on the two spaces of cusp
forms. This means we have the adjointness formula

(), F)x = (f; P(F))y  (f € Gp(g2)2(N, x), F € Sp(X;10)).

Here (%, %)y and (x, %)y are the Petersson inner metrics (h the complex upper half plane).
Moreover the map P has a geometric meaning.

Let v € L with positive length Q(v) > 0, then the stabilizer H, = SOy(1+,¢—) of v in
G = S0y(Q;R) = SOy(2+, g—) defines an affine symmetric pair (G, H,) and we have the
associated chain map

C,: Ty \H,/KNH, - '\G/K
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which is a special case of modular symbols (later investigated in Kobayashi-Oda [12] from
a different viewpoint).

The map C, is totally real (and totally geodesic), i.e., having opposite character to
holomorphic embeddings in general. But for small ¢ = 2, there is an exception, because
the group SO(2+,2—) is not simple.

When ¢ = 2, The spinor covering of the group G = SOy(2, 2) is isomorphic to SL(2, R) x
SL(2,R), and X = G/K is isomorphic to the product h x h_. Here h_ is the complex
lower half plane. Change the compex structure of X by mapping the second factor to b
by z € h_ — Z € h. Then we have another hermitian domain X*, and the space of cusp
forms Si(X;T1) is mapped to a space of non-holomorphic cusp forms Si(X*,I';). When
k = 2 this is a space of cusp forms harmonic of (1, 1)-type, which are holomorphic in the
first variable and ani-holomorphic in the second variable. Let ) be the direct sum of the

norm form of a real quadratic field and the hypebolic quadratic form <(1) (1)> Then I'y

is commensurable to a Hilbert modular group.
Let k = 2 here, then we have a correpondence of cusp forms:

S5 (Io(N), X) = S(X75T).

Set C,, = ZUGL, Q(v)=m modulo T'o Cy. Then for F* € So(X*;T'1) the m-th Fourier coef-
ficient of P(F™) (the adojoint map of Doi-Naganuma lift) is given as

/C wp = (P Py

Here P, is the Poincaré-FEisenstein series of degree m generating the m-th Fourier co-
efficient a,,(f) as the Peterson inner product (P, f), for any elliptic modular form
f € 63(I,(N), x). By the adjointness formula this is equal to

(J(Pn), F)x+ = (W, F*)y = / Wi A Wp.
P\X

Comparing the fist term and the last term in this series of equalities, we can tell that the
m-th Fourier coefficient w,, = j(P,,) of Hirzebruch-Zagier kernel is the Poincaré dual of
C,,., which was essentially the content of their conjecture.

Remark 1 This result has another interpretation. We can deduce a period relation
between the period of the primitive form f € Gy(I'y(NN), x) and that of the lifted form
J(f) (¢f. Chapter IV, §17 of [18]).

Remark 2 For a general even ¢, on G/K there is the other invariant closed (¢/2,q/2)-
form 7 orthognal to A%%k, the q/2-fold wedge product of the invaraint Kihler form &.
We can show that the series

o0

> { / mn} exp(2mimz) (2 € )

m=0

is an Eistenstein series of weight Z 41 by applying the Eisenstein-Siegel formula (cf. [19]).
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