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Abstract

We consider the initial value problem for the reaction-diffusion
equation u; = Au + f(u). In this paper we show the existence and
nonexistence of the global solutions in time. Especially, we extend the
condition of the nonlinear terms to more general. We have the results
of the existence and the nonexistence for the equation with the nonlin-
ear term f satisfying liminfs o f(s)/s? > 0 and limsup,_,, f(s)/s? <
oo with some p > 0 and ¢ > 0.
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1 Introduction and main theorems

We consider the nonnegative solutions of the initial value problem for the

equation
ur = Au+ f(u), reRYLt >0, (1)
u(z,0) = up(z),  ze€R,

where ug is a nonnegative, bounded and continuous function in R?, f satisfies

feC([0,00)) and f(r) >0, f'(r) >0 for r >0, (2)
f is locally Lipschitz in (0, 00). (3)

We let X be a set of f satisfying (2) and (3).



Problem (1) has one and over nonnegative and bounded solutions at least
locally in time. Let T = T™(u) be the maximal existence time of u. When
u is the unique solution of (1), it can be expressed T* = T*(uo, f) with a
given initial value ug and nonlinear term f. If 7" = oo, the solution exists
globally in time. If T* < oo, the solution does not exist global in time and
there exists the solution that blows up in finite time such that

lim sup [u(-,#)]|oc = o, (4)

t—T*

where ||u]|~ denotes the L>-norm of u in space variables. We set

ZP = {g e X; limsup@ < oo} and Z, = {g e X; liminf@ > 0} .
r—0 rP r—0 rP

Note that if there exists f € ZP' N Z,,, then p; < po. Moreover, if f

satisfies lim,_o f(r)/r? = C, with some p > 0 and C, € (0,00), then we

have p; < p < py. For the nonlinear term f we set

< d
J:{geX;/ —S<oowithsomea€(0,oo)},
o 9(s)

J.={g € J;g(r) is convex for r > ry with some 9 > 0} .

For example e*, u(log(u + 1))® with b > 1 and u” +u? with p or ¢ > 1 are in
J. (see [9] and [10]). We denote by BC' the space of all bounded continuous
functions in R%. For a > 0 we put

1" ={¢ € BC;&(x) > 0 and limsup |z]|%(z) < oo},

|| —o0

I, ={{ € BC;¢(x) > 0 and l|ir|ninf]3:]“£(3:) > 0},
L ={¢ € BC, ||¢|loca = sup < x> |£(x)| < 00},

zeR?

where < 2 >= (|z|? + 1)'/2. It is clear that I* C L for a > 0. We use the
notation S(t)£ to represent the solution of the heat equation with an initial
value &(z);

S(06la) = (amt) 2 [ ey )

We briefly recall the history of the study on the blow-up and the global
existence of the solution to the equation (1). First of this field, the blow-up



and the global existence of solutions of the equation (1) in the case f(u) = u?
with p > 1,

ur = Au + uP, reRLE>0 (6)
u(z,0) = up(x), r € R?

was studied by Fujital4]. He proved that when 1 < p < 1+ 2/d, the solution
of (6) blows up in finite time for any continuous function uy #Z 0. On the
other hand he also proved that when p > 14 2/d the solution of (6) exists
globally in time if the initial value wug is small and has an exponential decay.
The number pr = 1+ 2/d is called a critical blow-up exponent or Fujita
exponent (We call pg first cutoff.) for (6).

Fujita’s results were also extended by some researcher. Hayakawa|6],
Kobayashi-Sirano-Tanaka[8] and Weissler[14] proved that when p = pp, the
solution of (6) blows up in finite time for any continuous uy > 0, # 0. Lee-
Ni[11] considered the condition on the initial value whether the solution blows
up or not when p > pp. They proved that if uy € I, with a < 2/(p—1), then
every nontrivial solution of (6) blows up in a finite time. They also had the
result that if ug € I* with a > 2/(p — 1) and ||ug||oc,e is small enough, then
every solution of (6) is global. The words “nontrivial solution” denotes that
u Z 0 in this paper. Here we call the exponent a = 2/(p — 1) second cutoff
for initial value.

For the case p < 1 Aguirre and Escobedo[l] studied and they got the
result that if p < 1, then every solution of (6) is global in time.

Additionally, Garaktionov-Kurdyumov-Mikhailov-Samarskii[5, CapterlV,
§7, 3, 1 and 2] studied for the case f(u) = (1 + u)[log(1 + u)]? with 3 > 1,
and they have the result that if § < 1 + 2/d then the solution with wy # 0
blows up in finite time, and if 5 > 1+ 2/d, |Jug|| is small enough and wy
decays fast, then the solution is global in time.

In this paper, we have following results.

Theorem 1. Assume that f € X\J. Let ugp > 0 and € BC. Then every
solution of (1) is global in time.

Remark. It is not necessary that solution of (1) is unbounded as much as
the case f(u) = uP with 0 < p <1 (see [1]). For example, if f € ZP* with
p > 1+2/d and up < Coel=1* with sufficiently small Cy, then the solution
is bounded (see [}] or Theorem 3).

Theorem 2. Assume that f € J. and ug > 0, € BC and Z 0. If f and ug
satisfy the one of the following four conditions;

(1) f(0) > 0.



(i) feZ, with0<p<pp=1+2/d.

(iii) uo(z) > Ce ™ for some vy > 0 and C = C(1y) > 0 large enough.
(iv) ug € I, with a <2/(p —1).

Then every solution of (1) blows up in finite time.

Remark. In Theorem 2 if (i) is hold, then it is possible to remove the con-
dition uy # 0.

Theorem 3. Assume that f € ZP with p > pr. Let ug > 0. Suppose that
up € I*  with a>2/(p—1) (7)

and ||upl|so 2 small enough. Then, every solution of (1) is global. Moreover,
if [|uolloop is small enough for b € (2/(p — 1),a), then we have the estimate
that

u(z,t) <mS(t) <z >7" (8)
in R x (0,00).

Remark. By comparison Theorem 3 implies that if ug < Ce e with some
vy > 0 and C sufficiently small, the solution of (1) is global (See Theorem
3.1).

If f satisfies lim,_o f(r)/r? = C, and lim, ., f(r)/r? = C, with some
p>0,¢>0,C,>0and C;, >0, then by Theorems 1, 2 and 3, the solution
of (1) satisfies following table.

| lp<1|p=1|1<p<pr|p=pr]|p>pr]

g<1 G G G G GB
q=1 G G G G GB
l<qg<pr| N N N N NB
q=Ppr N N N N NB
4> pr N N N N NB

In this table the signs “G”, “N”  “GB” and “NB” denote as following;
G: Every solution is global in time.

N: Any nontrivial solution is not global in time. (Of cource there does not
exist bounded nontrivial solution.)



GB: Any solution is global in time and there exist also the bounded solu-
tions.

NB: There exist both bounded solutions and non-global solutions in time.
(There may exist the unbounded and global solution in time.)

The rest of the paper is organized as follows. In section 2 we show the
local existence of the solution for the equation (1) in time together with the
comparison principle. For the proof of the blow-up result, we prepare some
tools in section 3. In section 4 we note some preliminary results for the proof
of the global existence of the solution of (1). Finally, we give the proof of
Theorems 1, 2 and 3 in section 5.

2 Local existence in time

First we show the local existence of the solutions of (1).

Theorem 2.1. Assume that f € X and ug > 0, € BC. Then there exists
T > 0 such that (1) admits a nonnegative and bounded classical solution u
in [0,T) x R*. Moreover, if f(r) is locally Lipschitz function for r € [0,00),
then the solution is unique.

Remark. If f(r) is locally Lipschitz function for r € [0,00), then the condi-
tion f € X can be changed to only f € C(]0,00)).

First, we proof the case f(r) is locally Lipschitz function for r € [0, 00).

Proof of Theorem 2.1 (the case f is locally Lipschitz in [0,00)). Although we
follow the same argument as in [1, Lemma (1.3)], we give the outline of the
proof for reader’s convenience. For arbitrary 7" > 0, let

Er ={u:[0,T] = L% [lull g, = sup [Ju(-;1)[[e < 00}, (9)

t€[0,T

We consider in Ep the related integral equation

u(z,t) = S(t)up(x) +/0 S(t—s)f(u(x,s))ds. (10)

where S(t) is defined in (5). Note that in the closed subset Pr = {u €
Er;u > 0} of Ep, (1) is reduced to (10). First, we show in the case
limy, o [(f(u) — f(0))/u| < co. Define ¥(u)(x,t) = (S(t)uo(z) + ®(u)(x, 1)),
where @ (u)(x,t) = fot S(t — s)f(u(z,s))ds. Then we can easily obtain that
1S uoller < [luolloos [®(w)]lmr < TN f(w)l2r-

>



For some vy, vy € Bg = {u,, € E7; ||un| g, < R}, we have

¥(00) = ¥(ea)ler o) < (6= )| or(a,)) = Fluato )i

We consider this expression in Bg N Pr for R sufficient large. Thus we
have [[W(v1) — W (v2)||p,(2,t) < CTFsupepq llvi(-,s) — v2(-, 8)loo, where
F = F(R) = supy, y,eo.r |(f(u1) — f(uz))/(ur — ug)|. Since f is locally
Lipschitz in [0, 00), F' is bounded. Take T is small enough. Then we obtain
[V (v1) = W(vg)||p, < CTFlor = va|lg, < pllor — voflp, for some p < 1.
Then WV is a strict contraction of B N Pr into itself, whence there exists a
unique fixed point u € Br N Pr which solves (10). Thus we obtain a unique
nonnegative and bounded solution u(t) to (1) in R x [0, T) for some 7. O

Next, we show the more general case with following lemma.

Lemma 2.2. Assume that u(x,t) and u(z,t) are solutions of

U =Au+ f(uw), x€Rt>0, (1)
u(r,0) =To(r),  x€ R
and
u,=Au+g(u), weR,t>0,
u(x,0) = uy(z), r € RY,
where Uy, uy > 0 € BC, f, g € X and f or g is locally Lipschitz in |a,o0)
with some a € R. If Uo(x) > uo(x) > a for x € R and f(s) > g(s) for
s > a, then u(x,t) > u(x,t) for v € R x [0, T*(q, f)).

Proof. If f is locally Lipschiz in [a,c0), then from (11) and (12) we have
(@—w)y=A@—u)+ f@) —g(u) = Al —u) + f(u) — f(u).
Put w =@ — u. Then w satisfies

{ wi(x,t) = Aw(z, t) + a(z, t)w(x, t), reRYt >0, (13)

w(z,0) = (T — uy) (x), z € RY,

where a(z,t) = fol f'(0u+ (1 —0)u)(x,t)dd. By the maximum principle (see
[13, CHAPTER 3, SECTION 6, THEOREM 10}), we have w(x,t) > 0. Thus
we have @ > u. When g is locally Lipschiz in [a, 00), we can show this by
same argument. O

Proof of Theorem 2.1 (general case). We put g,(r) = c,r (0 < r < 1/2n),
= f(r) (r > 1/2n), where ¢,, = 2nf(1/2n). Here {g,} is a sequence of locally
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Lipschitz continuous functions in [0, 00) for any fixed n > 0. Consider now
the approximating problems for (1);
(Un); — Aty = gn(un), t>0,2€ R (14)
un(z,0) = up(x) + 1/n, 2 € R%

Define U, (u,)(z,t) = (S(t)un(z,0) + $p(uy)(z,t)), where @, (uy,)(z,t) =
[y S(t = 8)gn(un)(x, s)ds.

Let Br = {u, € Er;||un|le, < R}. If R is large enough and 7" > 0 is
small enough, WU, is a strict contraction from Bg N Pr into itself by using
same argument as the case lim, o |(f(u) — f(0))/u| < co. Whence there
exists a unique fixed point u,, € Br N Pr which solves

up(z,t) = S(t)un(z,0) +/0 S(t— s)gn(un(x,s))ds, (15)

Thus we obtain a unique nonnegative and bounded solution w,(t) of (14)
in R x [0,7) for some T. Furthermore, we can show u,(z,t) < wum(z,t)
for n > m by Lemma 2.2, where we use the argument of [1, Lemma (1.3)].
Therefore, the sequences {u,(t)} are nonincreasing with respect to n and
bounded below. So, we can define u(z,t) = lim,— o u,(z,t). Then we can
conclude that wu(t) satisfies (10) (see [1]).

To complete the proof of Theorem 2.1, let u(x,t) be the nonnegative
and bounded solution of (10) that has been obtained in [0, T) x R for some
T > 0. By (10), u(x, t) is continuous in [0, 7)) x R%. Moreover, by considering
the difference quotients (1/h){u(z +e;h,t) — u(z,t)} with h — 0, one easily
sees that du(x,t)/0x; is locally bounded in R* x [r, T') for j = 1,2,...,d and
any 7 such that 0 < 7 < T, where e; is j-th unit vector of R?. Then f(u)
are locally Holder continuous functions in space uniformly with respect to
time. It then follows from the representation formula (10) that u is a classical
solution of (1) in R% x (0,T) (see [3, Chapter 1, Theorem 10] ). O

Remark. By Theorem 2.1, solutions are unique when lim,_o(f(u)—f(0))/u <
oo. If this assumption is dropped, this result is false in general (see [1]).

3 Preliminaries for blow-up

In this section we prepare some tools for proving main theorems. First, we
consider the case f is more general form. Let f € J. and f(s) > 0 for s > 0.

Then, we can take a convex and strict increasing function f satisfying

f(s) >0fors>0, feZPNJ with some p > 1, flu) > f(u) (16)
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We consider the equation

{ i = At+ f(a), xeRLt>0,

u(z,0) = uo(x), r e R (17)

By Lemma 2.2 we see u > 4, where u is solution of (1). Put
Ge(t) = /Rd pe(x)0(x, t)dx (18)
for € > 0, where p.(x) = (¢/m)"¥2e~l*I* | Then, we have
G () = /R pl) <Aﬁ(x,t) + f(ﬁ(x,t))) dz.

Since Ap.(z) > —2dep.(x) and f(u) is convex, we have

GL(t) > —2deG.(t) + [ (G(t)) . (19)
by Green’s inequarity and Jensen’s inequarity. We consider the equation
{ gu(t) = —2dege(t) + f(g:(1)), (20)
9:(0) = G(0).

We see that g.(t) < G¢(t) by comparison. If g.(t) blows up in finite time,
G(t) does, too.
If G.(0) satisfies

F(G(0)) > 2deG.(0), (21)

we see that limy_7 g.(t) = oo for some T' € (0, 00]. (Because —2des + f(s) is
strict increasing function for s satisfying cof(s) > 2des.) Next, we estimate
T. From (20), we have T = fGOj(O) de/(f(€) — 2de€) < oo. Thus g.(t) blows
up in finite time with G¢(0) satistying (21), and G.(t) blow up in finite time,
too.

This fact shows the following Lemma.

Lemma 3.1. Let G.(t) satisfy differential inequality (19). If (21) hold for
some € > 0, then G.(t) blows up in finite time.

In fact, for ug satisfying (21) for some € > 0 with (18), the solution @(z,t)
of (17) blows up in finite time.
Since f € Z,, we can put

a=a(f,p,c1) =sup{a: f(r) > cr? for r < a} (22)
for some ¢;. If we confine to € < ¢;a?~!/2d, we can change (21) to
G(0) > (2de/cy)7T . (23)

with some ¢; > 0. Thus, we have following result.
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Proposition 3.2. Let G.(t) satisfies defferential inequality (19). If (23) is
satisfied for some € € (0,c1aP~1/2d), then G.(t) blows up in finite time, where
a is defined in (22)

With this proposition, we have following lemmas.

Lemma 3.3. Let f be a strict increasing function, fe JNZs with1 <p <
pr, ugp >0, #0, € BC. Then, solution of (17) blows up in finite time.

Proof. Since ug € BC and # 0, we can assume ug € L'(R) and [p4 uo(x)dz >
0. By the Lebesque dominated convergence theorem, we have that there exist
€0 € (0,aP~1/2d) such that

G.(0) = (;)d/2 /R wo(x)e— 4 > % (%)dﬂ /R wo(z)dz

for any € € (0, €]. Since p < a+2/d and 2/(p — 1) > d by assumption, that
the codition (23) of Proposition 3.3 is satisfied if € is sufficiently small. Thus
G(t) blows up in finite time, and u(z,t) does, too. O

Lemma 3.4. Let f be a strict increasing function and a(z,t), and fezing
with p > 1. Suppose the following two conditions.

(1) up € I, with a <2/(p —1).
(11) uy > Cel2* for some v > 0 and some C large enough.

Then, solution of (17) blows up in finite time.

Proof. First we show the case (I). From assumption, we have

/2 , .
GE(O) = <£) / Uo(l‘)e_dx' dr = 7T_d/2/ u0(6—1/2x>€—|x| do.
Rd Rd

™
Then, it follows that

6_1/(73_1)G6(0) > Ce_ﬁlTl”L%W_dﬂ/

2 1/(p—1)
i )

2| %" dx > (—
d C1
for € € (0,c1aP~1/2d), with a defined in (22) . Thus, we see that G.(t) blows

up in finite time by Proposition 5.2, and u(z,t) blows up, too.
Next, we consider the case (II). We have

/2 ) /2
G(0) > C <§) / e~ ety — ¢ ( ‘ ) :
Rd € + 1/0
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So, if we choose € = c;a?~! /4d and

N Ad d/2
C>L(1+ ) ,

21/G—1) Iy

the condition of Proposition 3.3 is also satisfied in this case. 0
Next, we consider the case lim,_q f(r)/r?* > C with some constant C'.
For showing this case, we should following propositions.

Proposition 3.5. Let ug # 0, € BC and @ be the solution of (17) with
initial data ug. Then for any T > 0, there exist constants v > 0 and C =
Cvo,up) > 0 such that a(z, 1) > Ce 1,

Proof. (cf. [2, Lemma 2.4]) Assume for instance that u; o #Z 0. Since u(z,t) >
S(t)uo(z), it follows that
X x|? _
u(z,t) > exp(—%)(llmf) d/Q/dexp(—]y[Q/Qt)uo(y)dy.
R

Define @(xz,t) = u(x,t + 71) for some 73 > 0. Then, we obtain

a(z,0) = a(x, ) > Cexp(—v|z|?) (24)
with
v = L, C= (47r7'1)_d/2/ exp (—M) uo(y)dy. (25)
21 R 21
U

Proposition 3.6. Let ug > 0, # 0, € BC and lim, . f(r)/rPF > C. As-
sume that p = pp. Then the solution of (17) satisfying that

a(x,t) > Ct= 21"/ 10g(t /2b)
fort e (b,T*) with any b € (0,T*) and C > 0 sufficientry small.

Proof. By Proposition 3.5, we may assume ug(z) > Ce e for some C' > 0
and g > 0 without loss of generality. From (10), we have

Wz, t) > St up(x) > C(4ut + 1) 2elel/Et1/n,

10



By using (10) again, we have

¢ t
iz, t) = / S(t— s)f(u(z, s))ds > 01/ S(t — s)uP(z, s)ds
0 0
t
> 02/ (4ps + 1) P25 (t — 5)e PI#l/ s/ g g
0
with p = pp. Since

S(t) —plal?/(4s+1/v) 5 2pt +1 e —l=[?/2t
€ =3 4s +1/v © ’

We obtain

t/2
iz, t) < 04/ (dsp + 1)~ W2 leP120=9) gg < Cot(t 4 1)~/ 21/,
t/4

By using (10) one more time. Then we have

‘ 2p(t — /2
a(z,t) > 06/ (s + 1)—dp2/2 {u + 1} el /2(t=9) g o
0 s

t/2
> Cq(t + 1)_d/2€_|“”|2/t/ sl =042} /2
b

for small b > 0. Since d(p* — 1) — 2p = 2, then we have
a(z,t) > Cs(t+ 1) Y2 1" 10g(t /2a).
]

Lemma 3.7. Let f be a strict increasing function satisfying lim,_ f(r)/rer >
0 with some constant C' > 0 and uy > 0, # 0, € BC'. The the solution of
(17) blows up in finite time.

Proof. From Proposition 3.6, we obtain

t 2 t
S(t)u(0,t) > Cyt~% log (%) /Rd e PP/ s > ot % log (%) (26)

inb<t<T*with be (0,7%).
We should show T < oo. Assume that 7" = oco. Then by Proposition
3.2, it hold that

E(t) = <E)/ U(x,t)e_emgdx < Ae/=1)
Rd

™
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for any ¢t > 0 and € € (0, ¢y) with some ¢y > 0. Thus, choosing € = (47)7!,
we obtain

Fiya = S(t)u(0,t) < A(4t) V=D = A(4t)=/2 (27)

for t > 1/4¢y. If T* = oo, the contradiction is caused in (26) and (27). Thus
we have T™ < o0. O

4 Preliminaries for global existence

In this section, we consider the case f € ZP with p > pp. In the case,
the solution of (1) can be bounded with some inital value uo. We put g(u)
satisfying g(u) > f(u) and some condition. Next lemma, we use this g(u).
For v > 0 we set

ny(x,t) =S(t) <z >7" (28)
Lemma 4.1. Define n, such as (28). Then

Na(a, 1) < C(1+t)lerrmimtaddZy, (2.4) i R x (0, 00).

Proof. See [7, Lemma 4.2] or [12, Lemma 5.2]. O

We define the Banach space E, , of u(x, t) such that ||ul|g, , = [[|u/Nal|lee <
00, where |[|w][|oo = SUD(; R (0,00) [W(T; )| We consider the integral equa-
tion (10) in E, ,

Lemma 4.2. Let u(x,t) satisfy

(29)

iy = Au+g(u), x€ Rt>0,
u(x,0) = uo(z), x € RY,

where g(s) € C([0,00)), = CsP for s < 1 with some p > prp and C > 0. If
ug € 1* with a > 2/(p—1) and ||ug||eo is small enough. Then, every solution
a(z,t) is global. Moreover, if ||uo||oop is small enough, we have a decay
estimate that i(x,t) < mS(t) < x >~ in R*x (0,00) with b € (2/(p—1), a).

Proof. (See [7], [11] or [12].) Let u = @ in this proof. Assume that uy € I°
with b € (2/(p — 1),a) and |[up||cop is small enough. Let ||upllcos < m/2.
Define M, mp = {u € Epp; HuHE < m} and P, = {u € E,p;u > 0}. Let
u € My mp with m < 1. Put ®(u = [ S(t — s)g(u)ds and U (u(w,t)) =
S(t)uo(x) + (u(z, ).

12



First, from the definition of £, ; we have
1S C)uollz,, < Clluolloo- (30)

with some C".

Next, since u € M, 1, then ®(u(zx,t)) < Cfot St — s)ny (s)ds|||w/mwl||%-
Since u € B, With m < 1, we have v < 1. Then, by Lemma 4.1, we have
O(u(z,t)) < Cp(,t) fy(1+ 5)3P2ds|||u/m|[|%,. Since (p — 1)b > 2 in the
assumption, we have ®(u(z,t)) < Cny(x,t)||lu/m|||2, for some C. Then, we
have

|®lz,, < Cllullg, ,. (31)
From (30) and (31), we can choose m sufficiently small such that

m
15, < 2+ Cm? < m

in Bn,m,b N pn,b-
We should show that W is a strict contraction of B, ,,, 5 N Py for m small
enough. For vy, vy € M, N B, we have

wie) - vl <[ [0 ((2) = (2)) ey

Since vy, v2 € My mp N P,y and from Lemma 4.1, we have

V1 — V2
UL
V1 — V2
UL

W (v1) — W(wg)| < CpmP~? /0 S(t—s)n(x,s)ds

o0

t
< Cpm™ / (1+ )22y, t)ds
0

o0

by definition of 7. Since pmin{b,d} —b > 2
19 (01) = U(vs)||g,, < CmP o1 — ol

with some C. If m is sufficiently small, then ¥ is a strict contracion in
P,y U M, 1 p. Thus we can take u(x,t) < mS(t) < z > and u(x,t) is global
in time.

Finally, take @ > b. Then by Lemma 2.2, the condition of uy may be
replaced with the condition wy € I* with a > b > 2(p — 1) and ||uo||« is
sufficiently small. In fact, b > 2/(p—1) is arbitary, we need only a > 2/(p—1)
for global existence of the solution in time. O
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5 Proof of Thoerems

In this section, we proof Theorems 1, 2 and 3.
First we consider the case

> ds
i m—oo (32)

with m = m(f) satisfying f(s) > 0 for s > m.

Proof of Theorem 1. Let v be the solution of (1) with the initial data ||ug||e—+
m+ 1= M. From Lemma 2.2, we have o(t) > u(xz,t) for x € R? x [0,T5),
where T; = T*(M, f). It can be assumed that lim,_r, ¥(t) = oo for some
T; € (0,00]. (If this assumption is dropped, v(t) does not blow up in finite
time.) But from (32), it seems easily that T, = [} ds/f(s) = co. Thus, v is
global in time, so u is, too. O

Secondly, in the case f € J., we consider the solutions blowing up in finite
time.

Proof of Theorem 2. We can put strict increasing function f satisfying fe
J.N Z, with 1 < p < pp such that f(u) > f(u) for u > 0. We consider the
solution w of (1) with the nonlinear term exchanged for f. From Lemmas 3.3,
3.4 and 3.7, u blows up in finite time. Thus from Lemma 2.2, the solution u
of (1) blows up in finite time. O

Finally, we estimate the condition of ug and f € J for the solution existing
global in time.

Proof of Theorem 3. Let f(s) = max{Cs?", f(s)} for u > 0, where C suffi-
ciently large satisfying f (u) > f(u) for u near 0. We consider the solution u
of (1) with the nonlinear term replaced with f From Lemma 4.2, u is global
in time. Thus, from Lemma 2.2, the solution u of (1) is global in time. O
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