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Abstract

We consider the initial value problem for the reaction-diffusion sys-
tem with inhomogeneous terms. In this paper we show the existence
and nonexistence of global solution in time. Especially, for the nonex-
istence we extend the conditions of the nonlinear terms and the initial
data to the weaker conditions. We prove that for the nonlinear term
and the initial data whose support is included in some unbounded do-
main (for instance, the corn), there do not exist the global solutions
in time.
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1 Introduction

We consider nonnegative solutions of the initial value problem for the reaction-
diffusion system

(x,t)vPr, z e R" t>0,
vy = Av+ Ky(x, t)uP?, =€ R" t>0, (1)
0, r e R,
0, r e R,

where py, ps > 1 with pips > 1. The inhomogeneous terms K;(z,t) (i = 1,2)
are continuous functions satisfying

Ki(z,t) < Cy(x)? (t+1)% forany z € R", t >0, (2)
Ki(z,t) > Crla|7t®  for any x € | ] Bym, t >0, (3)
m=1

where Oy > Cp, > 0,0, >0, ¢; >0 (i = 1,2), (x) = (Jz|* + 1)*/? and

By = Briz,|(%m) (4)

denotes the ball with radius r|x,,| centered at x,, for some constant r >
0 and a sequence {x,,}>_; satisfying 0 < |z,,| < |zmy1] for any m and
limy,, o0 |Tm| = 00. The initial data ug and vy are assumed to satisfy

lim sup |z| ug(z) < oo, limsup |z]®v(z) < oo,

|| —o0 || —o0

with pi +

OiDs 4 O

o =" ((i,5) = (1,2),(2,1)). 5

p— ((4,7) = (1,2),(2,1)) (5)
Example. Put ! C R" be a half line such that |x| > 1 for any x € l. Define
Dy = UzeiByjg(x) and Dy = Uy Bagpy () with some s € (0,1/4). Let K,
(1 = 1,2) be nonnegative continuous functions defined by K;(x,t) = t%|x|%
(x € Dy), =0 (x € R"\Dy), € [0,t%|x|?] (x € D\D1). Then K; satisfy (2)
and (3). (The supports of K; are included in some corn in R™.)

For given initial values (uo, vo), let T* = T™(uo, vo) be a maximal existence
time of the solution of (1). If T* = oo, the solutions are global in time. On
the other hand, if 7" < oo, the solutions are not global in time, and they
satisfy

limsup [|u(-,t)]|oc =00 or limsup |[v(:, )|l = 00, (6)
t—T* t—T*
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where || - || denotes the L>*-norm with respect to space variable. The phe-
nomenon is called that the solutions blow up in finite time, too. We define
constants

(2+0i +2¢:) + (2+ 0 + 2¢;)pi

;= ((5,5) = (1,2),(2,1).  (7)

pip; — 1

Denote by BC' the space of all bounded continuous functions in R". For
a > 0 we define the following sets;

I° = {5 € BC;¢(x) > 0,limsup |z]|%(z) < oo},

|| —o0

I, = {f € BC;¢(x) > 0,limsup inf |z|"¢(x) > 0}

m—oo TEBrm

with B, ,, defined in (4). Let L be the Banach space of L>®-functions in R”
with the norm

1€lloc.a = sup {(x)*|&(x)].
zeR?

It is easily seen that I* C L2°. We use the notation operator S(t) of the heat
equation defined by

4t

Set) = [ (amt) ey (—M) () (5)

As noted in Theorem 3 of section 2 below, if (ug, vo) € I°* x I°2 and K;(x,t)
(1 = 1,2) satisfy (2), the problem (1) has a unique, nonnegative solution
(u(-,t),v(-,t)) € Lg® x LgS at least locally in time.

Now, the results of this paper are summarized in the two theorems. The
first theorem asserts nonexistence of the global solution.

Theorem 1. Assume that (ug,vo) € 1% x I1°2, (ug,vo) # 0 and K;(z,t) (i =
1,2) satisfy (2) and (3). Suppose that one of the following three conditions
holds;

(i) max{ay, s} > n.

(i) uy € fal with a1 < ay or vy € fa2 with as < ao.
(iii) uo(z) or vo(x) > Me " for some vy > 0 and M > 0 large enough.
Then, every solution (u,v) of (1) is not global in time.

The method using the sequence of balls in (3) was used in [16, 4] and
other papers.



Remark. Fro proving only non-existence of the global solution in time, it is
not needed that (ug,ve) € I x I°2 and K;(z,t) (i = 1,2) satisfy (2).

The second theorem assert the existence of the global solution in time.

Theorem 2. Assume that max{ai,as} < n and K;(x,t) (i = 1,2) satisfy
(2). Suppose that

(wo,v) € I X I with ay > o, as > g, (9)

and that ||ug||oo.a, and ||vo]|co.ay are small enough. Then, every solution (u,v)
of (1) is global in time. Moreover, we have

u(z,t) < CS@)x)™ ™ and wv(z,t) < CS(t)(x)"* (10)

in R" x (0,00), where C' is a positive constant and a; < a; and as < as are
chosen to satisfy

p;min{a;,n} —a;, >2+o0;+2q ((i,7) =(1,2),(2,1)). (11)

Remark. In Theorem 2, take a; > a; (i = 1,2). If one needs only global
ezistence of solution of (1) in time, then by comparison the condition of
(uo, vo) may be replaced by the condition that (ug,ve) € 1™ x I%2 with a; >
a; > a; (1 =1,2), and ||ug||eo and ||vo||ee are sufficiently small. In fact since
a; > «; (i =1,2) are arbitrary, we need only a; > «; (1 =1,2).

Theorems 1 (i) and 2 assert that there exist both non-global solutions
and non-trivial global solutions of (1) when max{ai,as} < n. Precisely,
assuming the polynomial decay of initial values (ug, vp);

—al —az

ug ~ (x) and v ~ (x) as |x| — oo, (12)
we obtain the “second critical exponent” a; = a1, as = ay on the decay rate
of initial values by which the global existence case and nonexistence case are
divided.

We briefly recall a history of the study on global existence and global
nonexistence of solutions to the system (1). First, the global existence and
nonexistence of solutions in the case ug = v, p; = pand K; =1 (i = 1,2),
ur = Au + uP, reR" t>0,

n (13)
{ u(,0) = ug(z) = 0, € R,

was studied by Fujita[3]. Fujita proved that when p < 1+ 2/n the solution
of (13) is not global in time for any ug # 0. On the other hand, he also

4



proved that when p > 1+ 2/n the solution of (13) is global in time if ||uol|s
is small enough and ug has an exponential decay. The number p =1+ 2/n
is called a critical exponent for (13). Fujita’s results were also extended by
some researcher. Hayakawa|7], Kobayashi-Sirano-Tanaka[9] and Weissler[20]
proved that when p = 1+ 2/n, the solution of (1) blows up in finite time for
any ug Z 0.

For the case p > 142/n, Lee-Ni[10] studied that if ||ug||~ is large enough
or liminfj; o |2|*uo(x) > 0 with a < 2/(p — 1), the solution of (13) is not
global in time, and if ||ug|| is small enough and wy € I* with a > 2/(p — 1),
the solution of (13) is global in time. The number a = 2/(p — 1) is called the
“second critical exponent”.

Fujita’s results were extended to the case K;(x,t) = K(z,t),

up = Au+ K(z,t)uP, ze€R" t>0,
u(z,0) =up(x) >0, ze€R"™

In the case K(z,t) = |z|” with ¢ > 0, Bandle-Levine[l] had that when
p < 14(2+40)/n the solution is not global in time for any uy # 0. Hamada|6]
had the same result for the critical case p = 1+ (2 + 0)/n (see also [13]).
Thereafter, Qi[14] extended the result to the case K(x,t) = t9z|u?P with
q >0, 0 > 0. He proved that the number p = 14 (2+ o + 2¢)/n is a critical
exponent in this case.

Moreover, Fujita’s result were also extended by Escobedo-Herrero[2] and
Mochizuki[11] to the system (1) with K;(z,t) = Ky(z,t) = 1, by Uda[17] to
the system (1) with K;(z,t) = t% (i = 1,2), and by Mochizuki-Huang[12]
to the system (1) with K;(z,t) = |z|% with o; € [0,n(p; — 1)) (i = 1,2).
Additionally, Guedda-Kirane[5] and Kirane-Qafsaoui[8] studied in this field.
They studied the case K;(x,t) ~ t%|z|7 as t — oo and |z| — oco. But they
needed the condition max{2¢;,0;} <n(p;, — 1) (i =1,2).

Although the Fujita type critical exponent to the system (1) was estab-
lished by Escobedo-Herrero[2] and Uda[l17], their proofs were rather com-
plicated. Mochizuki[11] and Mochizuki-Huang[12] simplified their proof and
also determined the “second critical exponent” on the decay rate of the ini-
tial data. Our results are natural extensions of Mochizuki-Huang[12], and
are proved by applying the arguments of Mochizuki-Huang[12], Pinsky[13]
and Umeda[18, 19].

The rest of the paper is organized as follows. In section 2, we note some
preliminary results including the local existence for (1). The result of global
nonexistence (Theorem 1) is given in section 3. In section 4, we show the
result on global existence (Theorem 2).



2 Preliminaries

In order to show the local solvability of the Cauchy problem (1), we consider

the associated integral system
t
u(z,t) = S(t)ug(x) +/ S(t — s)Ki(x, s)v(x, s)Pds,
0
t
v(x,t) = S(t)ve(x) + / S(t — s)Ka(x, s)u(x, s)Pds,
0
where S(t) is defined in (8). Define
U(u,v) = (S(H)uo(x) + D1 (v), S(t)vo(x) + Po(u)),
where .
O (v) = / S(t — s)Ki(x, s)v(x, s)Pds,
0
t
Dy (u) = / S(t — s)Ka(x, s)u(zx, s)Pds.
0
For T' > 0, set
Er = {(uav> : [OaT] - Lgf X Lg;a H(U,U>HET < OO}
with the norm
[(w; v) |z = sup {[[w(t)]|oos, + [[0(E)]locs.}-
t€[0,T
It is easily seen that E7 is a Banach space.

Lemma 2.1. Let § > 0. Then,

IS s < €

(14)

(15)

(16)

forz € R" and t € [0,T) with every T' < oo and some C' = C(n,d,T) > 0.

Proof. From (8), we have

2
= (47t)"2 (/ —l—/ ) exp (—M) (x —y)°dy.
o—yl<lzl/2  J|o—y|>|el/2 4t



First, we estimate the first term, and we have

2
(4mt)”2 / exp bl (x —y)dy
jo—y|<lz]/2 4t

< (47rt)_%/ exp (—M) dy < Cy 'i
eyl <lz]/2 At Vi

" 1
exp | ——
P\ 716
Next, the second term is estimated, and we obtain

(4mt)”2 /|x oy P (—%) (x—y)dy
< Co(x) 0 (4mt) 2 / exp (—M) dy < Colz)~°.

4t

Thus, we have

<y

S(t) ()™

<

Vit

Since a"exp(—a?/16) < C(a)~° for a > 0 with some C' = C(n,d) > 0, we
have
S(t)(x) ™ < Cix/ V)™ + Cola) ™ < Cofa/VT) ™ + Cofa) ™
< OsT (1) ™% 4 Oy(z) ™0 < Cy(z)™?
with the constants C; = Cj(n,d,T) (j = 3,4). Multiplying both sides above

expression by (x)?,
(2)°S(t)(x)™° < Cu.

Hence, we have
IS () lloes < Ca

O

Lemma 2.2. (i) Let (ug,vo) € I’ x I°2. Then (S(-)ug, S(-)vo) € Er for
some T > 0, and we have

I(S(-)uo, S(-)vo)ll £ < Cl[uolloo61 + [[v0lloc,s, }

with some C' = C(n, 01,09, 1) > 0.
(ii) Let (u,v) € Ep. Then (®1(v), ®o(u)) € Ep for some T > 0, and we have

1(@1(v), ®2(w)) |, < C(TUT) + To(T)H{IIO, )1, + 11(w, 0)I13,}

with some C' = C(n, 8,05, T) > 0, where Ty(s) = {(s + 1)@ — 1} /(g + 1)
(i=1,2).



Proof. (i) is obvious from Lemma 2.1 with 6 = ¢; (i = 1,2).
(ii) Note that

/0 S(t— s)Ki(z, s)v(x, s)P'ds

t
< [ (= 9)Culs + 1)1 ds sup (ol 5) 2,
0 s€[0,1] ’
By a simple calculation, —oq + d9p; = ;1. Then it follows from Lemma 2.1
that
IS(t = 8)()7 " o5, < C

with some constant C' = C(n,d,T"). Thus we have

/o S(t — 5)Cu(s + DB () o(-s)ds|| < CTi(t) sup [[o(s) 2

00,09"
00,61 s€[0,t]

Similarly, we have

< CTy(t) sup lu(s)]2

00,01 "
00,82 s€[0,t]

/0 St — $)Cu(s + 1) ()72u(-, s)ds

These inequalities conclude the assertion (ii). O
Now we can prove the following:

Theorem 3. (The local ezistence of the solution) Assume that (ug,vy) €
I x I and K; (i = 1,2) satisfy (2). Then there exists a unique solution
(u,v) € Pr = {(u,v) € Ep;u > 0,v > 0} which solves (1) in R™ x (0,T) for
some T > 0.

Proof. Let Br = {(u,v) € Er; ||(u,v)||z, < R}, and define T; same as in
Lemma 2.2 (ii). For (uy,v1), (u2,v2) € Bg N Pr with R > 1 sufficient large,
W (u1, v1) = W(ug, va)l[ 2y = [[(P1(01) = Pr(v2), Po(ur) — Po(u2))l|E- (17)

We consider

@1 (1) — @1 (v2)] )™
< /0 S(t — 5)Cp(s + 1) (x)7 vy (, §)P1 — va(z, 5)P|ds(x)".

From proof of Lemma 2.2 (ii),

D1 (v1) — @1 (vo)|(x)* < O1T4(T) Slflp] |07 (-, ) — 05" (-, 8) || oo,
s€(0,t
< O\/TL(T) sup, IRP 1 (01, 8) — va(- 8)) [loosa
s€(0,t

(18)



with Cy = C1(n, 81, T). By same argument, we have
| (ur) — o (ug)| () < CyTo(T) up IRP "y (ua (-, 8) = ua(-, s)) oo,
s€|0,t

(19)

with some Cy = Cy(n,d9,T'). Substitute (18) and (19) into (17). Since we
can put T is small enough for R and max{pi,p2} < pip2 by pip2 > 1, we
obtain

[ W (ur,v1) — W (uz, va)l £,
< max{Cy, Co}(T1(T) + To(T)) RP'"*~ ' pipa||(ur, v1) — (uz, v2)| &y
< pll(ur,v1) — (ug, v2)|| By

for some p < 1. Then V¥ is a strict contraction of Bz N Pr into itself, whence
there exists a unique fixed point (u,v) € Br N Pr which solves (1). O

3 Proof of Theorem 1

In this section we treat the nonexistence of global solutions in time of (1).
Here, we take the same strategy as in [12] and [13].

First, we should consider only the case r € (0,1/2) by comparison. Let
Am > 0 denote the principal eigenvalue of —A with Dirichlet problem in

B, defined in (4), and let ¢,,(z) > 0 denote the corresponding positive
eigenfunction, normalized by | B ¢m(z)dz = 1. Define

Fm(t):/ u(z, t)om(x)de, Gm(t):/ v(x,t)pm(x)de.

Br,m Br,m

We will show that for an appropriate choice of r, (F,,(t), G, (1)) is not global
in time, thereby contradicting the assumption that (u,v) is a global solution.
Since B, is a n-dimensional ball of radius r|z,,|, it follows that A, satisfies
C1

m_W7

A (20)
where ¢; > 0 depends only on the dimension n and 7. Let v(z) denote the
outward unit normal to B, at x € 9B, . Integrating by parts, using (20)
and the fact that ¢,, = 0 and 9¢,,/On < 0 on 9B, ,, with a unit normal
vector n, and applying Green’s formula and Jensen’s inequality, we obtain

F(t) = / ur(z, 1) om(v)dr > / (Au(z,t) + Cpt|z| P (z, ) pm(x)dx

Br,m Br,m

A (8) + Cpt® (1 = 7) 2 |)7 G (8)™

>
> 1| T | 2 En(t) + ot |z |7 G (1P

9



and

G (t) Z =AnGn(t) + Crt®((1 = r)|m|)7 Fun (1)

>
> —C1| | T2Go () + ot | x| 2 Fy (1)

with ¢y = Cp(1 — r)max{‘”"’?}. Thus, we obtain

F' (1) > —c1|wm]| 2 Fn(t) + cot®|2,,]7 Gy (8)P1 (21)
Gr(t) = —c1lwm| G (t) + cat®|wm| 7 i (£)7

Let us consider the system of ordinary differential equations
F6) = =exlin| 2 (1) + 2t | g (07 (22
In(t) = —c1|m| 2 gm(t) + cat®]m|™ fin (t)

By the scaling
f(t> = ’xm’alclfm(’xm’ t/cl) g(t> = ’xm’a262gm(’xm’ t/cl)

with & = C(2pz+1)/(pzp] 1) C(lpi+1+iji+Qi)/(pipj_1) ((i,7) = (1,2),(2,1)), we ob-
tain
fiit)=—f)+t"g()", g'(t) = —gt) +1*f(t)™. (23)
We choose a positive number to. Since t9* > ti' t%2 > t¥ for t > to, we have
fi#) = —=f@) +tg g™, g't) = —g(t) + 15 f()™, (24)
for t > ty. Here, let us consider the system of ordinary differential equations
a'(t) = —a(t) +t5'b@)™, V() = —b(t) +tFa(t)™, (25)

for t > t.
As an application of the standard theory of ordinary differential equations,
we have following two lemmas;

Lemma 3.1. ([15, Lemma 4]) Let
Q ={(a,b) € RZ; (ty"a)/P < b < tar?}.

If (a(t), b(t)) solves (25) fort > to and (a(to), b(to)) € Q, then (a(t),b(t)) € @

fort > to.

Lemma 3.2. (/15, Lemma 5]) If (a(t),b(t)) solves (25) for t > to and
(a(to),b(to)) € Q, then (a(t),b(t)) is not global in time fort > t,.

10



Note that there is only one equilibrium point

P— (ta(qulﬂl)/(mm_l), t(;(q1p2+€12)/(p1p2—1))

of system (25) in R%. Then P is a saddle point. Hence one of two separatrices
is the stable manifold, whereas another one is the unstable manifold. The
unstable manifold starts from 0 and runs to co. The stable manifold intersects
the a-axis at Ap > 0 and the b-axis at By > 0. Consequently if a(ty) > Ao
or b(tg) > By, then (a(t),b(t)) with t > t, will enter @ in finite time. By
Lemmas 3.1 and 3.2, if a(ty) > Ap or b(ty) > Bo, (a(t),b(t)) is not global in
time for ¢ > ;. Consequently when (f(t),g(t)) satisfies (23) for t > t, if
f(to) > Ag or g(tg) > By, then (f(t), g(t)) is not global in time. We put

A=Ay, B=é&B,
Hence if (fin (), gm(t)) satisfies (22) for ¢ > t; and
f (Yi2) > Alzy|™ or gm (Y,2) > Bla,| ™
with
Yo = V|zmPto/c1, (26)

then (fim (), gm(t)) is not global in time.
As a result of these arguments and a comparison principle, we have the
following proposition:

Proposition 1. Let (F,,(t), Gy (t)) satisfy differential inequalities (21) for
t >ty and m € N. If for some m

Fp (Y2) > Az or G (Y,2) > Blam,| ™
with some A, B > 0 and Yy, defined in (26), then (Fy,(t), Gi(t)) is not global
mn time.

Lemma 3.3. Let ug and vy are BC and (ug,v9) #Z 0, and let (u,v) be a
solution of (1). Then for any T > 0 and x € R"™ and constants v > 1 and
C = C(n,T,ug, vy, K1, Ko, p1,p2,v) > 0 such that

u(z,7) > Ce™** and v(x,7)> Ce 1

Proof. We may let ug(x) # 0 without loss of generality. Then we have

1 _—

1 a2 12
e jaf2/2¢ / eI 2ty (1) dy.

u(z,t) > S(t)up(z)

v

v

11



Then we have
u(z, ) > Crel#F (27)

for every 7 > 0 with Cy = C1(71,n,up) > 0 and 14 > 1.
Next we have for ¢ > 0

t
v(z,t) > / S(t — s)Ky(z, s)uP?(z, s)ds
Ot L lz—y[?/4(t—s)
> T a2 Ty -3 K. P2
- /0 (4 (t — s))/? /Rn € 2(y, s)uP?(y, s)dyds

t 1 ) ,
> [ Pl / WP /2(t-9) D3y Nduds.
_/0 (4 (t — 5)"2 . 2y, 8)u”(y, s)dyds

Then by (27) we obtain for 7 > 27

T2 1 2 2
o(z, ) > oll2/2(ras) / eIV ey 0 $VuP(y, )dyds
/2 (4T (T2 — )7/ R
- 02 /7’2 1 €—|$|2/2(7'2—5)d8 > C2L€_|x|2/72
- o2 (4T(T2 — s))™/? — 2272
with

Cy = Cy(m2,n,up, K2) = inf / e W2 G (y, s)uP2(y, 5)dy.

tE(TQ/Q,Tg)

Then we have
2
v(z, ) > Cye 2l

with v = max{1,1/m} and C5 = C3(m,n,Cs). Put C' = min{Cy, Cs5} and

v = max{v,v,} and 7 = 7. Then we have
w(z,7) > Ce ™ and v(z, 1) > Ce .
0
Lemma 3.4. Foro >0, v > 1,z € R" andt > 7 with some 7 > 0, we have
S(t)xs(@)|z|7e ™ > C(26)7/2(2ut + 1)~ (o) 2 lel/2t
with some C = C(1,0,7,v,a,b) > 0 and B = B,(b) with a >0 and b € R",

where xp is characteristic function of B such that xg(z) =1 (x € B), 0
(x € R"\B), and B,(b) denotes the opened ball of radius a centered at b.

12



Proof. Since (8), We have

S(t)xp()|z|7e ™ > (47rt)—”/26—|$|2/2t/ |7 (20 2 g
B

A7t) /2 —|x|?/2t
v (t) Bi)a(P(t)b)

where (t) = /(1 + 2vt)/2t. Since 1 < /v < p(t) < v(7) for t > 7, we have

fort >

(o —VLI?Q (47Tt>_n/2€_|x|2/2t o —22
SE)xp()lwl7e™ M > 2771 dz
potn(t) Ba(5(7)b)

> Cot7/2(1 + 2ut)~(nto)/2—lal?/2t

with
C, = 2(”+")/2(47r)_”/2/ |2|7e ™ d.

Ba (9(7)b)
By Lemma 3.3, we can assume
up(z) > CeHel
for some C' > 0 and g > 0. Then by a semigroup property of S(t), we have
w(z, t) > S(t)uo(z) > C(dut + 1)~ 2e 217/ (4t+1/m), (28)
Lemma 3.5. Let v be second element of the solution of (1). Then fort > T,
o(@, 1) > CHItoal2e(p 4 y-ne/2elel?/r
with some 7 > 0 and C = C(7, ug, vo, K1, K2, p1,p2)-
Proof. Tt follows from (15) that

v(z,t) > /Ot S(t — s)Ks(x, s)u(z, s)P?ds
> /Ot S(t = s)xp,, (@)CLlz|”tPu(z, s)Pds.
By (28), we have
v(z,t) > C/t(4s + 1 )P 25026t — s)XBM(x)]x]”e_p2|”|2/(48+1/”)ds.
0

13



By Lemma 3.4 with v = py/(4s + 1/u), we then have

t
v(z,t) > C/ (45 4 1/p) P22 52 (t — 5)72/2
0

—(n+o02)/2
y {M N 1} ol 2-5) g

ds+1/p
, t/2
> C(zt + 1/M>_”p2/2(t/4)QQ (t/2)02/2€—|x| /t / ds.
t/4
Thus, the inequality of the lemma holds. 0

Lemma 3.6. Let u be first element of the solution of (1) and oy > n. Then
fort>a

Ct=/2e 714/t 1og (1 /2a) ifaa =n
t) > (4 P, |
u(x,t) > { Ct=2e /L (P — (20)P), if ay > n

with C' = C(a,uo, v, K1, Ko, p1,p2,n), where a > 0 is a small constant and
p= (pip2 — 1)(a1 —n)/2.
Proof. 1t follows from Lemmas 3.4 and 3.5 that

t
u(z,t) > / S(t — s)Ki(x, s)v(z, s)Pds
t
2 C/ S(l+<72/2+Q2)p1+Q1 (S—|— 1)—np1p2/2(t_ S)ag/2

—(n+o1)/2
y {m N 1} ol /2-) g
S

t/2
> C(t/Q)m/2t—(n+a1)/2€—|x|2/t/ g{=n(p1p2—1)+(2+o2+2g2)p1+o1+201}/2

a

for small @ > 0. Since
{=n(pip2 — 1) + (2 + 02 + 2¢2)p1 + 01 + 21} /2 = (p1p2 — 1) (1 — n)/2 — 1,

this proves the inequality of the lemma. O

Proof of Theorem 1.
Define Y,, same as in (26). First we consider the case (i). We may
assume «q > ao. From the definition, we have a; > n. By Lemma 3.6, since

14



x € By, we have

Br,m YTV21
—n/2 2
t 1
> C’ m’—n (_0) Hm exp (_( +t7") Cl) :
0

where

o log(Yn/2a),  if ax =n,
" (YP —(2a)?), ifa;>n

with C' = C(a, ug, vo, K1, K2, p1,p2,n) and p defined in Lemma 3.6. Since
a1 > n, it follows that

—n/2 2
t 1
’xm’alFm (YT?L) 2 C’xm’al_n (_0) Hm exp (_(—:&) > A
C1 0

for m large enough. Thus, (F,(t), Gy, (1)) is not global in time by Proposition
1.

Next, we consider the case (ii). From (i), we should consider only the
case

max{ai, ap} < n. (29)

Since u(z,t) > S(t)up(x), it follows that

F, (V2) > (4wyg)—%[ {/nexp (—’2;3’2) uo(y)dy} b (1) d.

Br,m

Since x € B, ,,, we have

|z — y|” (I +1yl*) (X + 7)[am|® + [yl)
exp (_W Zexp|l ————— ] 2exp| — ov?

(1+7)c ly[?
= exp (—T exp _ﬂ .

Since [ ¢m(z)dr =1, we have

Fp (V) > (4nY,2) 2 exp (—m) / exp (—%) uo(y)dy

to
1\"? 1+47)2 2t
= (ﬂ) exp (—%) /n exp(—|z|*)uo (]xm] C—loz) dz.

15



Since ug € I~a1 with a1 < aq < n by (29), we have

n/2 —a1/2
1 2t
’xm’alFm (YWQL) 2 (2 ) ’xm’oq—(u ( 0)
T

1

1 2
X exp (_M) / exp(—|z[})|z|""dz > A

to
for sufficiently large m. If vy € fa2 with as < as < n, we similarly have
]xm]”Gm(YTZ) > B

for m large enough. Thus, (F,(t), Gy, (1)) is not global in time by Proposition
1.

Finally, we consider the case (iii). We should show the case ug > Me="0l#l*,
Since

2 2\—2 (1+7)% €1
F,, (Ym) >(4rY,) "2 exp (—T ) exp _ﬂ uo(y)dy,
we have

F (Y;2)
o n (1+7)%c 1 9
> M(47Y2)"% exp G exp{— g3z + ) Iyl pdy

W1 "3 1+ 7)?
= M(4nY2) "2 (m + 1/0) exp (—%) / exp (—|z|?) dz

(1 +r)2c1) '

= M(2 4 415Y;2) 7% exp (— ;
0

The other case, we have

n 1 2
G (Y2) > M(2 + 4Y2) % exp (_(iﬂ) |
0

Thus, if we choose m = 1 and M > max{A, B}2 + 41,Y?)"? exp((1 +
r)%c1/to), the condition of Proposition 1 is satisfied. Thus, (Fi(t), G1(¢)) is
not global in time. O

4 Proof of Theorem 2

In this section we require max{ay, as} < n, and treat the existence of global
solutions in time of (1). Here, we take the same strategy as in [12] and [19].
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First note that condition (9) can be replaced by (ug, vo) € % x 1% since
we have 1% x [% C % x [%. Then, to establish Theorem 2, we have only
to consider the special case a; = a; and dy = as. As is easily seen, in this

case condition (11) is equivalent to
Di min{aj,n} —a; > 2+ 0; + 2q; ((2,]) = (1, 2), (2, 1))
We set for v > 0
(2, 1) = S(t)(x) "
Lemma 4.1. (12, Lemma 4.2]) We have in R™ x (0, 00),
(£ + 1)*(x)7na(, 1)

[ CO+prratmmntamiy (o) if atn,

We define the Banach space X as
X ={v;[|v/naylloc < 00},
where

[wllew=""sup  fw(z,1)].
(z,t)ER" % (0,00)

From (14) and (15), we have
v(z,t) = V(ug, vo, v),
where
t
Vo, o, 0) =S(t)un(e) + [ St = 9)Fa,s)
0

b2

X (S(s)uo(x) + /0 " S(s — 1)K (2, r)o(z, r)pldr)

(30)

(31)

(32)

ds.

If V' is a strict contraction, then its fixed point yields a solution of (1).
Moreover, using that (a + b)? < 2P~ (a? + bP) for a > 0, b > 0 and p > 1, we

obtain
V (ug, vo,v) < T'(ug, vo) + I'(v),

where

T (ug, vo) = S(t)vo(x) + 2P~ /0 S(t — s)Ka(z, s)(S(s)uo(x))P?ds,

D(v) = 2! /0 t S(t — s)Ka(x, ) ( /0 CS(s — 1)K, (x,r)v(x,r)pldr)

17
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Lemma 4.2. (i) Let (ug,vo) satisfy (9). Then T (ug,v9) € X and

17 (10, v0) /1as |0 < Ca{l[volloc,ar + [0l o, }

with some C, > 0.
(ii) Let v be a second element of the solution of (1). Then I maps X into
itself and

IT() /Nazlloc < Cbllv/na, |15
with some Cy, > 0.

Proof. (i) First, it is easily seen that S(¢)ve(x) < [|vol|co.asTay (T, ). Next,
from (30) and (31) in Lemma 4.1, we obtain

/0 S(t — s)Ks(x,s)(S(s)uo(x))P?ds

00,a1

t
< [Juol[Z2 / S(t = 5)Cu(s + 1)%(x)na, (x, s)"ds < Clluol|2 4, 10 (7).
0
Thus, we have

[T (o, vo)| < Cay (2, ) [[v0]lov,ar + 1ol 4, }-

This implies assertion (i).
(i) Similarly as above, it follows from (30) and (31) that

t
() <Cllofal? [ 5= 9)Culs + 1))
0
P2

« ( /0 " S(s = F)Cu(r 4+ 1) (2)7 e, (x,r)pldr) ds

t
<O/l [ (e = 5)Culs + 1) (@) (a,5)ds
0
SO0/ Nas |57 10s (0, 2).

Thus, assertion (ii) is concluded. O
Proof of Theorem 2

Let
Ca ([vollosan + lluolB2,4,) < m,
[w/Narlloo < My ([0/Naslloc < My By = {v € X;[[v/Na, [l < 2m} and P =
{v € X;v > 0}, where the constant C, is appeared in Lemma 4.2 (i). Then

we have ||T(ug, Vo) /Nay |l < m. We shall show that V' (ug,vo,v) is a strict
contraction of B, N P into itself provided m is small enough.
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We shall show that V' maps B, N P into B,, N P. If m is small enough,
then

HV(UO, Vo, U)/naz Hoo < HT(u07 UO)/naz Hoo + HF(U>/77(12 HOO
<m+ Cyp(2m)PP2 < 2m

by Lemma 4.2 (ii). This proves that V maps B,, N P into B, N P.
Now, we show that V(ug,vo,v) is a strict contraction on B, N P. Note
that

t
IV (ttp, v, 01) — V (tt0, v, v2)| < / S(t — s)Ky(z, )
0

P2
X

(S(s)uo(x) + /0 T S(s — 1)K (2, 1) r)pldr)

D2

- (S(s)uo(x)—l— /0 SS(S—T)Kl(x,r)vg(x,r)pldr) ds.

Since |a? —bP| < p(a+b)P~a—b|fora > 0,0 > 0 and p > 1, we can estimate
as follows,

’V(Uo,vo,vl) - V(UO:UO:U2)’ < p2/0 S(t — S)KQ(JL‘, S)
( S S(s — 1)Ky (z,7) (v (2, 7)P* 4 va(z, r)pl)dr) "

ds.

/ (s = r)Ki(z,7r)(v1(z, )Pt — vo(z, )PV )dr

We put

p2—1

Az, s) = (QS(s)uo(x) + /OS S(s —r)Ki(x,r)(vi(x, r)’ + vg(x,r)pl)dr) ,

B(x,s) =

/Os S(S — 7’>K1(33',7’)(1)1(3;’7«>P1 _ 02(-73',7’)p1)d7" '

Thus, we may express

t
|V (wo, vo, v1) — V(ug, v, v2)| < pg/ S(t — s)Ky(x, s)A(z, s)B(z, s)ds.
0
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Since (a + b)P < 2max{r=1.0}(gP 4 P) for @ > 0, b > 0 and p > 0, with
v = max{vy, v2}, we obtain

Az, ) SQmaX{pz—Z,O}{(QS(S)uo(x))pg—l

p2—1

+ ( /0 TS5 — 1)Cu(r + 1) <x>”12v(3:,r)p1dr) }

and
B(z,s) < /OS S(s —r)Cy(r+ )™ {(x)7 vy (x, r)P* — vo(ax, r)Pt|dr
< /S S(s —r)Cuy(r+ 1)1 (z)™
><0p1 (v1(z,7) + vo(z, 7))oy (2, 1) — va(z, 7)|dr.
From (30) and (31) in Lemma 4.1, we have
A, 5) < 222202 g | oo, 0,y (2, 8))P2
+ (2“1}] Bl e /08 S(s —=1)Cu(r + 1)" (x)7 nbt(x, r)dr)

< 220 {(ompta s) 4 (Com) e o))

p2—1

and
B(xz,s) < / S(s —r)2Cy(r+1)® (x}"lplv(x,r)pl_llvl(x,r) — vz, 7)|dr
0

< / S5 — )20 (r + 1) @) () (0, ) g (7))
X pl(yvl(xa T) - 02(1'7 7’)’/77@ (l‘, T))d?“.

We can take m satisfying (2m)?>~! + (Cym? )P~ < 202 @2=1/2 Then we
have

|V (wo, vo, v1) — V (uo, vo, v2)|
= /ot S(t = 8)(s + 1) (@) (2*m* VP02 (w, ) na (7, 5)
X 10/ B 101/ 10z = V2 /e |odls
<CymPr im0 / St = 8)(s + g o, sl 1, — v/

0
§04mp1+p2/2—3/277a2 (33': t) HUI/%Q - 02/77@ HOO
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Since p1,p2 > 1 and pyps > 1, we obtain for some p < 1

HV(U(), Vo, Ul)/naz - V(u07 Vo, 02)/77«12 Hoo
< C4mp1+p2/2_3/2H01/77a2 - U2/Wa2 HOO < PHUI/%Q - U2/Wa2 HOO

with m small enough. Then V is a strict contraction of B,, N P into itself.
Hence, there exists a unique fixed point v € X which solves (32). We substi-
tute v into (14). Then (u,v) solves (14) and (15). Moreover, since v € By,
we find

v(z,t) < Cs5S5(t)(z)~*.

Substituting this into (14), we have

1) Slolleanti 0:0) + Co [ 506 = 5)Cu(s-+ 1) )"t 5)ds
<mng, (x,t) + Crng, (, t)og CsNa, (x,1).
Then u € B,,; that is,
u(z,t) < CgS(t)(x) ",

Put C' = max{C5, Cs}. Then the proof of Theorem 2 is completed. O
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