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Abstract. We consider a hyperbolic differential operator P = ag (:1:)28t2 — A with
variable principal term. We first give a sufficient condition for the pseudoconvexity
which yields a Carleman estimate and a necessary condition. The former condition
implies that level sets generated by the weight function in the Carleman estimate, is
convex with respect to the set of rays given by ag(z), and gives a more general explicit
condition of ag for the pseudoconvexity. Second we apply the Carleman estimate to
an inverse problem of determining ag by Cauchy data on a lateral boundary with
relaxed constraints on ag.

¢1. Introduction.
We consider a hyperbolic differential operator
(1.1)

(Pu)(z,t) = (P(x, D)u)(z,t) = ao(z)?0Fu(z,t) — Au(z,t), zeR" t R,

where ag > 0 is a function of C%-class, x = (21,...,2,) € R", §; = %, 0 = 75—
1<j5<n, A—ijlaj.
One of the fundamental problems is the uniqueness in the initial value problem

for the equation Pu = 0 or the unique continuation. For these purposes, a basic
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2 O.Y. IMANUVILOV, V. ISAKOV AND M. YAMAMOTO

tool is a Carleman estimate, and for general theories, we refer to Hérmander [5],
Isakov [13] - [16], for example. Especially for hyperbolic operators, see further
Imanuvilov [6], Triggiani and Yao [26]. Here, according to Hérmander [5], we will
state a necessary and sufficient condition for a relevant Carleman estimate. Let us

define the principal symbol P,,(x,() b
P (,¢) = —ao(2)*Ci 4 +ZCJ7
(1.2) reR" teR, (= (cl,...,cnﬂ) cnti,
We set
t=2Zpi1, Opy1 =0, V' =(01,...,0,), V= (01, ..., On, ),

f = (617 "'7€n7€n+1) = (5/7571—{—1)5 "Sl = (gla 7671)

and
(1.3) oz, t) = V@
where A > 0 is a parameter.
Then we directly see that P is principally normal (see Definition 8.5.1 in [5]), and

we notice that the results of Chapter VIII in [5] are applicable to P. Throughout

this paper, we assume that () C R™ x R is a bounded domain. We set
Q = {z; (z,t) € Q for some t € R}.
Moreover let v, o € C%(Q) satisfy Vi) # 0 and Vo # 0 on Q. Then

Theorem A. (Theorems 8.4.1, 8.5.2 and 8.6.3 in [5]).

(i) (Sufficiency). We assume that

n+1 aP 8Pm
jga ) 8) e (@,6) g (,6)
(1.4)
n+1 8P P P
> (% T 0.9~ G 0.6) g (0.9)) @yw)(art) > 0
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if (z,t) € Q and £ € R\ {0} satisfy

(1.5) i )(059)(x, 1) =
and
n+1 OP an
j;1<ajakw>(x,t> ac (@ ok < = (2,¢)
n+1 oY > E—
(16) #5713 (e, ) . 0)) >0

if (z,t) € Q and ( = £ +/—1sVp, £ € R 5 £ 0, satisfy

il
(1.7) Z

For sufficiently large A > 0, we define p(z,t) by (1.3). Then

)(05¢)(x,t) =

there exist constants so > 0 and C7; > 0 such that

(1.8) 3/ |Vu|2625"°dxdt—|—33/ u?e**Pdxdt < C’l/ | Pu|?e**?dxdt
Q Q Q

for s > sy and u € HZ(Q). Here the constant C1 > 0 depends on ).

(ii) (Necessity). We assume that (1.8) holds. Then

1, dPy,
a0, K7 < > (000) (. t) = 9€,

k=1

(@065 @)

(1.9)

n+1 aQPm 8Pm apm 82
3 (o @0 G 0.6 = G0 i) (0p0)(a

if (z,t) € Q and € € R"T1\ {0} satisfy
n+1

(1.10) Pp(z,6) =) %P

§)(9j)(x,t) = 0.

Here and henceforth, for z € C, Im « and Re z denote the imaginary part and

the real part respectively, and Z is the complex conjugate.
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An estimate of form (1.8) is called a Carleman estimate with the weight function
¢, by which we can establish the unique continuation or stability in the Cauchy
problem (e.g., Isakov [13] - [16]), observability inequalities (e.g., Cheng, Isakov,
Yamamoto and Zhou [4], Kazemi and Klibanov [18], Klibanov and Timonov [21])
and inverse problems (e.g., Bukhgeim [2], Bukhgeim and Klibanov [3], Imanuvilov,
Isakov and Yamamoto [7], Imanuvilov and Yamamoto [8] - [11], Isakov [12], [13],
[15], [16], Isakov and Yamamoto [17], Khaidarov [19], Klibanov [20], Klibanov and
Timonov [21], Yamamoto [27]). By the inverse problem, we mean the determination
of ag(z) by overdetermining data of u on some boundary of (). Thus it is critically
important to find a weight function ¢ satisfying (1.4) and (1.6) under conditions
(1.5) and (1.7) respectively. However the existing searches for ¢ are restricted and
one mainly takes ¢ (z,t) = |r — 2°|? — 5t? where 2° € R™ and 8 > 0 is a parameter,
and after such a fixed choice of 1, we have to assume conditions on ag in order that

conditions (1.4) and (1.6) are satisfied. That is, the following is known:

Proposition B. We assume that there exists z° € R™ \ Q such that
(1.11) (V'logag(z) - (z —2%) > —1

for any x € Q. If we set

(1.12) Y(@,t) = o —2°* - B2,

then with sufficiently small 3 > 0, (1.4) and (1.6) hold respectively under (1.5) and

(1.7). In particular, Carleman estimate (1.8) holds.

Here and henceforth (¢ - ¢) denotes the scalar product in R™ or R"*!. For the
proof, it suffices to verity that (1.12) satisfies the conditions in Theorem A (i),

and see Imanuvilov and Yamamoto [10] for example. Condition (1.11) is quite
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restrictive, and we have to limit unknown coefficients to a class meeting (1.11)
when we consider the inverse problem of determining ay. We note that condition
(1.11) is merely one sufficient condition for (1.8). In other words, even though ag
does not satisfy (1.11), other choice of 1) may be able to satisfy (1.4) and (1.6).
The main purpose of this paper is to establish a sufficient condition of ¢ for
Carleman estimate (1.8) which is more directly related with ag and then to propose
more flexible choices of 1) in Theorem A to relax constraint (1.11) for the principal
term. Moreover we will also show a necessary condition for (1.8) which is similar but
weaker than the sufficient condition. Next we will apply such a Carleman estimate
to the inverse problem of determining a principal term within a more general class.
Now we will state our first main result which shows a sufficient condition and a

necessary condition for Carleman estimate (1.8).
Theorem 1.
(i) (Sufficiency). The following statement (a) implies (b):

(a). There exists By > 0, depending on Q and ag, such that a function d € C?(Q)

satisfies

(1.13) V'd(z)| #0  on Q.

and
inf{ i (0;0kd) (2)&;61, + (V'd(x) - V'log ag(z)) ;
(x,t)j:;, ¢ e R™ with [¢'| =1 and

(1.14) (€ - V'd(z)) = £2Btag(z), 0<fB< ﬂo} > 0.

(b). There exist A\g > 0 and 3y > 0, depending on Q and ag, such that if A > Ao

and 0 < B < By, then Carleman estimate (1.8) holds with ¢(z,t) = e*d@) =51



6 O.Y. IMANUVILOV, V. ISAKOV AND M. YAMAMOTO
(ii) (Necessity). The following statement (b) in (i) implies (a’):
(). For arbitrarily given € > 0, there exists By > 0, depending on Q and ag, such

that a function d € C%(Q) satisfies (1.13) and

inf{ Z (0;00d) ()€;6x + (V'd(z) - V' og ag(z)) ;

jik=1
(z,t) € Q, & € R™ with |¢'| =1 and

(1.14) (&' -V'd(z)) = £20tag(x), 0<p< ﬁo} > —¢.

In our main theorem, we establish a sufficient condition and a necessary condi-
tion in the statements where x,¢,& are more decoupled than in Theorem A. Thus
especially (i) gives more flexible choices of ¥. However, at the cost of such state-
ments, we do not have a sufficient and necessary condition. In particular, we do

not know whether ¢ = 0 can be taken in (a’).

Remark. We set
T = sup{|t]; (z,t) € @ for some = € Q}.

Sine @ is bounded, we see that T' < co. In Theorem 1, more precisely, 5 > 0 should
be sufficiently small such that ST is sufficienly small, but 7'v/3 is not necessarily
small. When we choose d(z) = |z — 2°|? with some 2° € R™ \ Q under condition
(1.11) and consider an inverse problem of determining ag over 2, it is necessary

that T'v/3 should be proportional to

1

2

<Sup |z — 2°% — inf |z — x0|2>
reN e

(e.g., [7], [10]) and T'v/ cannot be small. The same remark is valid for the following

Theorem 2. Also see condition (3.3) for our inverse problem.
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Our main result is involved with t-variable (see (1.14)). On the other hand, since
our equation (1.1) is autonomous, it is reasonable for us to expect characterization
of d for Carleman estimate (1.8) which is described only by z-variable and should

relax (1.11). As such a sufficient condition, we show

Theorem 2. For some costant g9 > 0, we suppose that d € C%(Q) satisfies (1.13)

and
S (@) Oh())&6x + (V'd(x) - V' log ao(a)) > o
g k=1

(1.15) forx € Q, ¢ € R™ with |¢'] = 1.

We define ¢ by (1.3) and 1 (z,t) = d(x) — Bt2. Then there exist constants By > 0
and Ao > 0 such that if 0 < B < By and X > Ao, then Carleman estimate (1.8)

holds with .
By Theorem 2, we directly derive

Corollary. Let an n x n matriz (0;0ka0(2))1<j k<n be non-negative definite for
x € Q and let |V'ag(x')| # 0 on Q be true. Then Carleman estimate (1.8) holds true
with the weight function ¢ = e’\(ao(m)_ﬁt2), where A\ > 0 and 3 > 0 are sufficiently

large and small respectively.

In fact, we can choose ag(z) as d(x) in Theorem 2. Theorem 2 follows imme-
diately from Theorem 1 and we will prove Theorem 1 in Section 2, whose proof is
based on Theorem A.

We note that if in (1.15), we set d(x) = |z — 2%|?, then (1.15) is rewritten as
(V'logag(z) - (z —2°)) > -1+ %O > —1
which implies (1.11). Therefore condition (1.11) is a special case of (1.15) with a

fixed choice d(z) = |z — 2°|2.
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Remark. Theorem 2 really generalizes condition (1.11) in Proposition B. Let us

2 —
Q:{xeR”;\/%<|x\<1}, ao(x):1—§]x|2, x € Q.

Then (1.11) can not be satisfied for any 2° € R™. In fact, (1.11) is equivalent to

A|z|? — 4(z - 2
(1.16) 2" — 4z -2) 1f,/1%g|x|§1.

3 — 2|x|?

set

1] _ 10
=y

For any z° € R™, we can choose ! € Q such that (z!-2%) = 0 and |z
for example, which breaks condition (1.16). However if we take d(x) = —|x|? for
x € Q, then (1.15) holds trues: [the left hand side of (1.15)] = —2 + % >4 if
2 <z <1
Our condition (1.15) for the Carleman estimate can be interpreted in terms of
the ray. For the interpretation of (1.15), we define the ray (e.g., Chapter 3 in
Romanov [24]). Let us consider the three dimensional case and let L(z, z°) denote

an arbitrary smooth curve connecting z, z° € R3 and ds be an element of the arc

length of L(x,z°). Then a ray I'(z,2") is defined as L attaining an extremal of the

/ apdx.
L(z,z9)

Note that ay 1 corresponds to the wave speed and that the ray is not necessarily

functional of L:

determined uniquely for given x and 2°. Then (1.15) is interpreted that each surface
d(x) = C for any constant C' is convex with respect to the set of rays, and, under
some conditions on a smooth real-valued function d, we know the following fact:
Let us assume that (1.15) holds for any &' = (£1,&2,&3) € R3 satisfying |€'| = 1
and £ -V'd = 0. Then any ray touching the surface {x;d(x) = C}, belongs to the

domain {z;d(x) > C} at any other point.
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As for the details, see Chapter 3 in Romanov [24]. Intuitively we can understand
that rays remaining on a surface prevent us from detecting interior information of
solutions inside the domain, so that if such remaining rays exist, then the property
of unique continuation may be very complicated. Since the Carleman estimate
implies the unique continuation (e.g., Hérmander [5], Isakov [15]), the above fact
suggests that our condition (1.15) is reasonable for proving the Carleman estimate.
However we do not know whether (1.15) is a necessary condition for Carleman
estimates.

As related papers, for a more general hyperbolic operator 8,52—22 w1 05(ajk(z)0k),
Lasiecka, Triggiani and Yao [22] and Yao [28] introduce the weight function of the
form ¢(x,t) = d(x) — Bt?, where d is strictly convex with respect to the Riemann
metric derived by the elliptic part, and establish an inequality of Carleman’s type.
In our case of ajx(z) = d;pao(x)™2 where 6, = 1if j = k and = 0 if j # k, we
can verify that d is strictly convex with respect to the Riemann metric if and only
if the following n x n matrix (m;r)1<j k<n is positive definite in the domain under

consideration:

m; (-T) — a?d B 2a61(a‘7a0)(a]d) + aal<v/a0 : V,d), lfj = ka
" 9;0kd — ag 1 (9;a0)(Okd) — ay *(Orao)(9;d), if j # k.

In [22], the second large parameter A > 0 is not considered unlike in our paper and
such a parameter is generally useful for guaranteeing the relevant convexity (e.g.,
[5], [15]). In [22] and [28], the inequality of Carleman’s type yields observability
inequalities with a generous condition on the principal term, but their inequality
includes some extra lower order terms, so that it is not directly applicable to our
inverse problem and in [26] the authors proved a Carleman estimate without lower

order terms. As for weight functions with factor d(z) — Bt?, see further Isakov
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and Yamamoto [17], Lasiecka, Triggiani and Zhang [23]. Bellassoued [1] proved a
sufficient condition of the principal part for Carleman estimate for an anisotropic
hyperbolic operator ag(x)?0? — > 5 k=1 9j(a;(x)0%) and discussed an inverse prob-
lem of determining one coefficient in the principal term. His method is based on

the Riemannian geometry like in [22] and [28]. As a recent paper, see Romanov

[25] where d(z) is chosen by means of the Riemannian distance.

§2. Proof of Theorem 1.

The proof will be done by Theorem A.

Proof of (a) = (b). We assume (1.4) and (1.6) under conditions (1.5) and (1.7)
respectively. First, for sufficiently small 3 > 0, we prove that any { = £+ —1sV,

€ € R 5+ 0, cannot satisfy (1.7). In fact, (1.7) is equivalent to

(2.1) (€ V'i(x, 1)) = —26tag(x)En s

(22) €7 — () = o262y — dsPao(w)? 5712
and

(2.3) V' (x,1)]> = 45%ap (x).

Since () is bounded, we recall that
(2.4) T = sup{|t]; (z,t) € @ for some z € O} < oco.
In view of (1.13), we set

_ . / . /
cr = Inf [Viy(z,¢)| = inf [V'd(z)[ >0
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and M = [lao||(q)- Therefore (2.3) implies ST" > 737. Hence for sufficiently small
B > 0 there are no solutions (z,t) to equation (2.3). More precisely, it suffices to

choose 3y > 0 such that
(2.5) Bo < 1 and ByT are sufficienly small

and we assume that 0 < 8 < (.
Thus we need not consider (1.6) for proving that (a) = (b), and we have only to
verify (1.4) under condition (1.5). We directly see that condition (1.5) is equivalent

to (2.1) and

(2.6) €' = ao(2)*&n 41

We denote the left hand side of (1.4) by H(z,t,§). Henceforth we set ¢ =

(fl?"'afn)' Since aa% = 2€j for 1 < ] < n, % = _2a(%£n+17 akpm =

—2a0(0kao)é2.1, 1 < k < n and 9,41P, = 0, and noting that 9,.19;9 = 0

for 1 < j < n, we can directly calculate to obtain

n

H(z,t,8) = Y 46;&(0;060) + 4ag(05,,19)6n 1

k=1
+4a0572l+1(V’a0 . V/@b) + 165t£n+1a0(V'a0 . f,)

Using (2.6), we have

n

H(z,t, &) =4|¢'? Z (8k6kd)%é_’j\ + (V'logag - V'9)
jk=1
(2.7) —8{Bag|¢'|? — 2Bt&nr1a0(V'ag - €)}.

Here by (2.6) and £ # 0, we see that || # 0. Henceforth by the homogeneity of H
in £, we may assume that |{/| = 1. Then, in terms of (2.1) and (2.7), the variable

(x,t,€) has to satisfy

(2.8) (- V() = £2Btas (@),
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By €1, we denote the infimum in (1.14), and we see that e; > 0. Therefore by (2.7)
and (2.8), we have

H(x,1,) > 41 — C(B + AT).

Here and henceforth, C' > 0 denotes generic constants depending only on ag and Q.
Hence, if 8 € (0, By) is sufficiently small such that (2.5) and 4¢; — C(8+ 5T) > 0
are true, then H(z,t,&) > 0 for this 5. Thus, in terms of Theorem A (i), the proof

of (a) = (b) is complete.

Remark. In proving Carleman estimate, we need not verify (1.6) if we can take
small § > 0. This fact is stated also in Isakov [16]. According to the terminology
in [5], (1.4) corresponds to the pseudoconvexity, while (1.4) with (1.6) correspond

to the strong pseudoconvexity.

Proof of (b) = (a’). By From (ii) of Theorem A, it follows that for ¢ =
MA@ =Bt with A > )\ and 0 < B < p1, we have (1.9) under (1.10). We directly
verify that (1.10) is equivalent to (2.1) and (2.6). Let us denote the right hand side

of (1.9) by Hy(x,t,£). Similarly to (2.7), in terms of (2.1), we can calculate Hy:

H(w,t,6) =4 ) &€V (0;9)(0k)p + A(9;014)0)

jk=1
—8agént1 Y &N (00)(On 1) + 4agsh 1 {N (On10)* 0 + A(02410) 0}
j=1

+4a0)\<p(V’ao . V’¢)£Z+1 — 8&0)\90(V/CLO . fl)(8n+1¢)§n+1

=420 D (9;010)€;8 + dacho(V'ao - V'Y)E2

k=1
—8agBApEL 11 + 16agApBtéyi1(Viag - €).

By € # 0, (2.6) and the homogeneity of H; in &, we can set |¢'| = 1. Therefore

n

(2.9) Hy(z,t,6) <4\pQ > (9;06d)6&k + (V' ogag - V'd) p + CAppBT.

7,k=1



REALIZATION OF PSEUDOCONVEXITY 13

By (1.9) and (2.9), as long as 0 < 8 < 1, we see: if |{/| =1 and (2.8) hold, then

n

> (9;0kd)Ei8k + (V' logag - V'd) + CBT > 0.

7,k=1

That is, for any 5 € (0, 81), we have

inf{ Z (0;0ed) ()€;6x + (V'd(z) - V' og ag(z)) ;

Jk=1
(z,t) € Q, & € R" with [¢/| =1 and

(2.10) (& -V'd(z)) = i?ﬁtao(:z:)} > —CpT.

Let € > 0 be arbitrarily given. We set Sy = min {%, 61}. Then

O<iél<fﬁ0{j%::l(ajakdxx)fjgk + (V'd(z) - V'logao(2)) ;

(z,t) € Q, & € R with [¢'| =1 and

(& -V'dx)) = j:2ﬁtao(m)}

> inf —-CpGT > —e.
0<B<Bo

Thus the proof of (b) = (a’) is complete. B

§3. Application to an inverse problem of determining principal terms.

Let 2 € R™ be a bounded domain with C?- boundary 0 and let us consider
(3.1) (Pyu)(z,t) = (ap(2)?0? — A)u(z,t), k=0,1,2€Q,tcR,

with given initial values u(-,0) and Oyu(-,0). Here a; > 0 on Q and a; € C?(Q).

We discuss

Uniqueness in Inverse Problem. Let wy satisfy Pyuy = 0 in Q x (=T,T),
k = 0,1. Then, with some positivity condition on u(-,0), can we conclude that
ap = ap in ) by

uO(x7O) :Ul(l',()), 8,5’&0(1',0) :6tU1(CL',O), T e Q’

— Jio _ 911 _T.T)?
Ug = Uy, Y B on 0f) x ( T, T) !
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Here and henceforth, v = v(z) is the unit outward normal vector to 9 at = and
% denotes the normal derivative: % =V'u-v.

In this kind of inverse problems, unknown coefficients appear in principal terms
and for the Carleman estimate which is the key, we have to assume conditions of
type (1.11) in Imanuvilov, Isakov and Yamamoto [7], Imanuvilov and Yamamoto
[10], [11], Isakov [12], [13]. Condition (1.11) definitely restricts an admissible set of
unknown coefficients and the relaxation of the condition for the Carleman estimate
is very desirable.

In this section, for simplicity, we mainly discuss the uniqueness in determining
a1 () around a given ag(x). For known ag, we assume that there exists d € C%(Q)
satisfying (1.13) and (1.14) (or (1.13) and (1.15)). We set ¢(x,t) = d(x) — 3t* and
o(z,t) = M@ where > 0 and X > 0 are defined in Theorem 1.

Now we are ready to state the main result on the uniqueness.

Theorem 3. We assume that for ag, there exists d € C*(R™) satisfying (1.13) and

(1.14). Let

V/Sup,cq d(z) — infyeq d(x)
ﬁ 7

(3.3) T >

and let uy € C*(Q x [-T,T)), k = 0,1, satisfy Ouy, € C*(Q x [-T,T)),

(34) Pkuk =0 mn £ x (—T, T),

(3.5) uo(z,0) = ui(z,0), Oup(z,0) = Oui(z,0), z€Q,
and

(3.6) Uy = uq, Juo _ Oy on 0Q x (=T,T).

8V:8y
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Moreover let

(3.7) Aug(x,0) >0, x € (.
Then
(3.8) ap(x) = ai(z), r € Q.

This theorem asserts the uniqueness, provided that strict positivity (3.7) of an
initial value is satisfied. Such positivity is not very practical but for applications
of Carleman estimates, we have to assume like in [1] - [3], [7] - [13], [17], [19], [20],
[27]. Moreover within a suitable admissible set of aj’s, we can prove the conditional
stability which estimates ag—a; by means of ug—uq and % — % on 0N (=T,T),
but we will not discuss here, and for simplicity, we will consider the case where the

boundary observation is taken over the whole boundary 952 (see (3.6)).

Proof. Now that we have established a Carleman estimate in Theorem 2, the proof

is done along the line of Imanuvilov and Yamamoto [8]. The difference y = uq — ug

satisfies
(3.9) Pyy = R(x,t)f(z) in Qx (-T,7T),
(310) y(i]j', 0) = aty(x7 O) = 07 xr € Q7
and
(3.11) —@—0 o0 x (=T,T)
. Yy = 9 on ,T).
Here we set
(312)  f(2) =ad(@) — a(x), R(,1) = 0Pus(o,t) = ——Aus (z,1)

=N

()

a
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forx € Qand t € (-1,7).
For application of the Carleman estimate, we have to introduce a suitable cutoff

function. For this, we will define relevant level sets. We set
Q) ={(z,t) € R" xR; p(z,t) > d}

for 6 > 0 and

(3.13) po = mleann d(x).

By (3.3), we can choose €5 > 0 such that

_ VSup,eq d(z) — (infreq d(x) — 62)‘

(3.14) T 75

Without loss of generality, we may assume that €5 > 0 is sufficiently small.
Moreover, by (1.13), the function d(z) cannot attain the minimum on Q. Hence
infyeq d(x) > po. Setting p; = inf,cq d(x) — £ and noting that 5 > 0 is assumed

to be sufficiently small, we see that

{z eR™d(x) > p} DQ,  p1> po,

(3.15) {z e R"d(z) > p1} 2 {z € R*;d(x) > p}, if p > p1.
Now we set

(3.16) 61 = e,

Therefore, by (3.14), we can easily verify that

(3.17) Q)N xR)CQx (=T,T).

In fact, let (z,t) € Q(61) N (Q x R), that is, d(z) — Bt?> > p; and x € Q. Then

Vd(z) — p1 \/Supweg d(r) — (infreqd(z) —e2)
t] < NG < 73 =T
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by (3.14). Thus (3.17) follows.
Taking p2,p3 > 0 such that 0 < p1 < p2 < p3 and |p1 — p2| + |p1 — p3| is

sufficiently small, so that

{z € R™d(z) > p3} D O,

(3.18) {z e R™d(2) > pj} 2 {z € RMjd(z) > pja} j=1.2,
in terms of (3.15). We set
(3.19) 0y = M2, 53 = s,

For j = 1,2, 3, we note that

d(x) — p; .

(3.20) (x,t) € 0Q(6;) if and only if t = + 75

By (3.18) and (3.20), we see that Q(d;41) & Q(d;) for j = 1,2. Therefore we can

define x € C§°(Q(41)) such that 0 < x <1 and

. 17 (xvt) S Q(63)7
320 0=y o< oo\ 2
We set
(3.22) z = (Opy)e*fx € C*(Q x [-T,T)).

Then, by (3.9), we have

Pyz = f(OiR)e*?x + s{—2(V'p-V'2) + 2a(2J(6tg0)8tz + (Pop)z}

(@l — V')
(3.23)
+2e*?{ag (87y)0ux — (V' (Oy) - V'X)} + (8iy)e’? Pox  in Q(61) N (2 x R).

In fact,

0,z = (0;0wy)e’?x + s(0j0)z + (Ory)e*f 05X,



18 0.Y. IMANUVILOV, V. ISAKOV AND M. YAMAMOTO

and
(3.24) (0;0:y)e*?x = 0z — s(0jp)z — (Ory)e*¥0; x.
Hence, by (3.24), we see

072 = (070hy)e”?x + (0;00y)s(0s0)e™ X + 2(0;01y)e°? (9;x) + 5(070) 2 + 5(9;0)9; 2
+(0ry)s(9;0)e*? D x + (Qry)e* 9 x
=(870y)e*?x + s(0;9){052 — 5(050)2 — (Dry)e**9;x}
+5(079)z + 5(9;0)0;2 + 2(0;00y)e** (9;X) + (0uy)s(9j0)e*FDyx + (Duy)e* I x
:(8§8ty)eswx +25(0;9)0,z + s(@?gp)z — 5%(0j¢)*2
+2(0;00)e*2 05 + (Dyy)e™? 2.
Substitution into (a§d2,,; — A)z yields (3.23).
Moreover, setting w = (9;y)x, we obtain
Pow = f(9:R)x + 2a3(97y)dix — 2(V'(8hy) - V'X)
(3.25) +(0:y)Pox in Q(01) N (2 x R).

By (3.11), (3.17) and (3.21), it follows that w € HZ(Q(51) N (2 x R)), so that we

can apply Theorem 1 to w in @ = Q(d1) N (2 x R):

/ (s3w? + s|Vw|?)e*?dxdt < C’/ 210:R|*x*e**? dxdt
Q Q

+C/ 12a5(07y)0rx — 2(V'(Bry) - V'X) + () Pox|* e ddt
Q
(3.26)
SC’/ 2y 2% dxdt + Ce?®%
Q

for all sufficiently large s > 0. At the last inequality, we have used

(3.27) dx =|V'x| =Pox =0 in Q(d3) U(Q(01) \ Q(2)),
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which follows from (3.21), and e?*% < €2%% in Q(J2)\ Q(J3). Noting that z = we*?,

we can rewrite (3.26) in terms of z:
(3.28) / (832> + s|Vz|*)dzdt < C’/ Ax2e* P dadt + Ce?™%
Q Q

for sufficiently large s > 0.

We set Q_ = {(x,t) € Q;t < 0}. We multiply (3.23) by 0;z and integrate over

Q_:
L E/ (Poz)O0¢zdxdt = f(OLR)e** xOpzdxdt
- Q-
+/ s{=2(V'p-V'2) + 2a2(0:0)0s 2 + (Pop) 2z} 0y zdadt
—32/ (ag|0p|* — |V 0|*) 20 zdadt
(3.29

)
+ / (262(29)0x — 2(V' (9hy) - V'x) + (Ouy) Pox }e# Dy zdadt = Io.
Q_

By (3.11) and (3.21), we integrate I; by parts:

L= / (@2(022)0,2 — (A2)0,2)dadt — /

. Q_{ 50:(10e2%ad) + 5 8t(|v’z| )}dwdt

1
:/Q 5(\&2\%% + V' 2|?)vp i1 de

where v,11 is the (n + 1)-component of the unit outward normal vector to 0Q_.

Hence (3.7), (3.9), (3.10) and (3.22) imply

1 2 2
= 5 | 102)@. 0 Pad@)o

~5 [ aB()| 0 0) P . 0O

2
/f |Aul L, (())‘) X (x70)€2s<p(x,0)dx
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For I5, we use Schwarz’s inequality and (3.27), (3.28) to obtain
(3.31) I, < C/Qf2x2628‘pda:dt—|—062553
for all large s > 0. Consequently (3.30) and (3.31) yield
[ e <o [ i con

for all large s > 0. By (3.18), we see that x € Q implies ¢(z,0) > e*** = 3, which

yields x(x,0) = 1 by (3.21). Consequently
(3.32) / A (x)e? @0 dx < C/ fre®*Pdadt 4+ Ce*s%
Q Q

for all large s > 0.

On the other hand, by (3.17), we see that ) C Q x (=T,T). Hence,

T
/f2623“"da:dt§/ / e2e@ar | f2(x)da
Q Q \J-T
T
_ / f2(x)e2se (@0 / 2@ =@ g | d.
Q -T

Recalling the definition of ¢ and applying the Lebesgue theorem, we have

T
/ o25(p (@) —p(2.0)) gy

T
/ exp(?sse)‘d("”)(e_wl52 —1))dt
-7

=T

sup
rEN

= sup
rEQ

T
S/ e><;p(2$e’\d°(e*wl52 —1))dt = o(1),
-7

where dy = inf,cq d(z), as s — oo. Therefore
/ fre*Pdxdt = 0(1)/ ()2 @0 qy,
Q Q
with which inequality (3.32) yields

(1-— 0(1))/ f2(2)e??@0) gz < Ce?3%
Q
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as s — oo. By (3.18), there exists py > psz such that {x € R™;d(x) > ps} D Q,

that is, z € Q implies that ¢(z,0) > e** = §4 > 3. Hence

(1 —o(1))e?s% / fA(z)dx < Ce*%,
Q

so that

/ f2<.'L’)de S 06—28(54—53)
Q

as s — 00. Consequently, by letting s — oo, we see by 64 —d3 > 0 that f(x) =0,

x € ). Thus the proof of Theorem 3 is complete. B
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